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0. Introduction. Statement of results

Throughout this work 2 denotes a C manifold, countable at infinity,
of dimension 2n+1 (n>1). What we call here an abstract CR structure
(to be precise one should add “of codimension one”) is the datum of a C°
vector subbundle @ of the complex tangent bundle CT2 (henceforth called
the CR bundle) submitted to the following three conditions :

(0.1) [¢, ¥]1C¥%, i.e., the commutation bracket of any two smooth
sections of € over an open subset of £ is a section of € over
that same subset ;

(0. 2) #N%={0} (7 is “the complex conjugate” of ¥);
(0. 3) the fibre dimension over C of € is equal to n.
Céll &' the orthogonal of ¢ in the complex cotangent bundle CT*Q for the

duality between tangent and cotangent vectors. Note that (0. 2) is equivalent
to

(0. 4) CT*Q=%"+%".

Let Q' be any open subset of 2. A C! function (resp., a distribution) f in
@ is called a CR function (resp., a CR distribution) if Lf=0 whatever the
smooth section L of @ over £. The differentials of the C' CR functions
are continuous sections of ¢’. The CR structure ¢ is said to be locally
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integrable if at any point p of Q there are n+1 germs of C* CR functions
whose differentials at p are linearly independent (and thus make up a linear
basis of &7).

Let U be an open subset of 2 in which there are n linearly independent
C> sections of @, L, -+, L,; they generate @ at every point of U. Take
any smooth real vector field Ly in U such that

LO’ Ll, BT Lm L_ly ) L—ny
make up a basis of CT,Q2 for every pcU. For every pair of indices j,
k=1, .-+, n, there is a complex number c;(p) such that, at the point p,

1 _ _
ﬁ[lﬁ, L] —culp) LiE€+% -

It is customary to call

(0.5) <Z(p)= (Cjk(P)>1gj,kgn

the Levi matriz of the system L=(L, ---, L,) at the point pcU. Note that
(0.5) is a self-adjoint nxn matrix with complex entries. The associated
quadratic form Z(p)v-9/2 (vEC? is called the Levi form of the system L.
Actually it not only depends on the choice of L,, -+, L, but also on that of
L,, However, when true, the following is an intrinsic property of the CR
structure € :

(0. 6) At every point of 2 the Levi form (of some — of any — system
L, L, -, L, defined in the neighborhood of that point) s non-
degenerate and has exactly n—1 eigenvalues of one sign and
one of the opposite sign.

In the present paper we shall solely deal with CR structures that satisfy
Condition (0. 6).

Let us underline the fact that, when n=1, in which. case dim 2=3,
Condition (0.6) simply means that the Levi constant (=1X1 matrix) is
nowhere zero, or equivalently, that

(0.7) L, L, [L, L] are linearly independent.

In L. Nirenberg gave the first example of a CR structure on R?
satisfying (0. 7) such that any germ of CR function at the origin, of class
Ct, is constant. Nirenberg’s example is a perturbation of the Lewy structure,
which agrees with the latter to infinite order at the origin. The Lewy
structure on R? is the one defined by the vector field
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0 0

L= —iz5,

(coordinates in R® are z, ¥, u, and 2=z+1y).

In the present authors showed that, if (0.6) holds (now for any
n>1), an otherwise arbitrary CR structure can be perturbed in such a way
as to obtain a new CR structure, agreeing with the original one to infinite
order at a given point p,, and which is not locally integrable at p, (i. e., there
is no neighborhood of p, in which the new structure is locally integrable).

DEerFINITION 0.1. We say that two CR structures in 2, €9 (7=1,2)
agree to infinite order at a point p of Q, if there is an open neighborhood
Uof p in Q, and for each j=1,2, a basis L, .-+, LY of € in U such
that

(0.8) for every k=1, ---,n, L’ — LY wvanish to infinite order at p.

The reader will easily check that the condition in Def. 0.1 is equivalent to
the following property :

(0.9) given any germ of C* section L® of €V at p there is a germ
of C* section L® of €? at p such that L® —L® wvanishes to

infinite order at p.

The first result proved in the present work improves the corresponding
result in [2]:
TuroreM 1. Let the CR structure € on £ satisfy Condition (0. 6).
Then, given any point p, of £, there is a CR structure &(p,) on 2,
also satisfying (0.6), agreeing with % to infinite order at py, and such that
the following is true:

(0. 10) The differential at p, of every germ at p, of CR function (in
the sense of @(p,)), of class C', vanishes.

The proof of Th. I (Sections 1 to 4) is by construction. The modified
structure @(p,) coincides with the original one, %, in the complement of
an arbitrarily small neighborhood of p,.

Our second result applies rather to linear bases, over some open subset
of 2, of the CR bundle ¢. We show that they can be approximated, on
compact subsets and for the C* topology on the coefficients of the vector
fields, by aberrant systems. We call aberrant any system L=(L,, ---, L,) of
n smooth vector fields in an open subset £ of £ (defining a CR structure
on (') that has the following property :
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(0.11) Whatever peQ' and 6>0, every germ at p of a C** solution of
the homogeneous differential equations

(0.12) Lih=0, j=1,--,n,
is the germ of a constant function.

Note that if such a system L is sufficiently close to a basis of @ over some
compact set, it will automatically possess Property (0.6) there. In practice
we may limit our attention to systems L that have that property.

REMARK. When n>2 every system L that has Property (0.6) is hypo-
elliptic and even 1/2-subelliptic (see [1]). In particular, any distribution solu-
tion of (0.12) in an arbitrary open subset of £’ is a C® function in that
subset. Thus Condition (0.11) is equivalent to the following one :

(0.13) Whatever pc§’ every germ at p of a distribution solution of
(0.12) s the germ of a constant function.

THEOREM II.  Suppose that the CR structure € has Property (0.6).
Any linear basis of ¢ over a neighborhood of a compact subset K of 2 is
the limit, for the C* topology on a possibly smaller open neighborhood of
K, of a sequence of systems of vector fields which have Property (0.11).

Needless to say the only bases of ¥ we consider here are made up of
C> sections of #.

The proof of Th. II is based on Th. I and on a Baire’s category argu-
ment inspired by the classical work of Hans Lewy [3]. Thus the proof is
not constructive, in contrast with that of Th. I and with Nirenberg’s con-
struction in [4]. The reader will notice that the solutions (of class C'** for
some 0 >0 when n=1) of the aberrant homogeneous equations, in any open
subset of 2, are locally constant. In Nirenberg’s example the open sets had
to contain a central point. And the aberrant systems, far from being rare,
are in fact dense. It is highly likely that, if one is willing to define to
appropriate C* topology on the set of CR structures satisfying (0. 6), the latter
assertion could be precisely restated as the density of the aberrant CR struc-
tures. We have not attempted to do so here.

The present article is essentially self-contained. Some portions of the
reasoning of have therefore been repeated.

1. Perturbations of locally integrable structures

We begin by considering a locally integrable CR structure on 2. An
arbitrary point p, of 2 has an open neighborhood U in which there are
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(real) local coordinates iy, *+, Tns Y1, ~**»Yny # and n+1 C CR functions
21 vy Zny W, such that

(1 1) z,=xj+2yj (l:\/t"—l,]:ly’n>:

w=u+1id(2, 2, u) . |
We shall always assume that the coordinates and the CR functions (1.1) all
vanish at the point p,. Henceforth we refer to it as “the origin” (and identify
U to an open neighborhood of the origin in R**1). It is standard to effect

some simplifications of the Taylor expansion of ¢ about the origin, by means
of holomorphic substitutions of (2;, -**, 2, w). One may suppose that

(1.2) b(z, 2 u) = Z

J

cezsZu+O (2] lul 4|l +121%).

1

It is well known that the hypothesis that the Levi form of the structure
(at po) is nondegenerate is equivalent with the property

(1. 3) det (c;) #0.

The hypothesis (0.6) about the signature of the Levi form means that,
possibly after a nonsingular C-linear transformation of z we may assume

(L4 gz u)=|al— |2 +O0(l2 [ul+ul+]zl),

where we have used the notation 2/ =(z,, -+, 2,).

Observing that dz;, dz; (j, k=1, -, n), together with dw, make up
a linear basis of CT*Q at every point p of U we introduce the dual basis
of CT,Q. This defines 22+1 smooth vector fields in U, My, My, -+, M,
L, -+, L,, by the conditions :

Lizz=L;w=0,  L;z =245 (Kronecker index)
Mjfk:M]w———O, szkzajk’ ifj, k:l’...’n’

(1.6) Mozk:MEkZO, k:1,---,n, szl-

(1.5)

It follows immediately from (1.5)—(1.6) that, everywhere in U,

[Lj’ Lk] = [Lj’ M] = [M9 Mm] =0 ’

1.7
( ) j’ k:l,-..,n, l, m=0,1,---,n.

More explicit descriptions of those vector fields are easy to obtain. First of

all,

0
(1. 8) Mo:‘w{[l—aa.
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Then

0 0 .
FE—]—_wEJM’ M]:—a—z‘;—_wz]M, ]:1,"',71.

In slightly different notation, for j=1, ..., n,

, ) o3
(1. 10) Lj _‘212]‘ au ) M]— azj "‘z‘uj au ’

(1.9) L;=

0%
where
(L11) =g J04ig), =g /1+id).
The commutation relations (1. 7) are then equivalent to the equations

(1- 12) szzc — Lklj ’ Lj/Jk — kaj ’ Mjﬂk = Mkﬂj s
Z:f j’ kzl’ ey, h,

(1.13) Lyw.;'=—iMy2;,  Mwi;'=—iMyy;, j=1,-,n.

We shall also make use of the following differential operator
(1.14) M=3 2M,.

k=1
Note that

(1.15) M=) z

where

(1. 16) ©= élz"#" .
Evidently M commutes with each L; which is equivalent to saying that
(1.17) L;p= Mz;, j=1,,n.
For use below we note that L;w=L;(w+w) =2L;u, i.e.,
(1.18) Liw= —2i1;.
Likewise,
(1.19) Mw = —2ip.

Let us denote by #, v the coordinates in R? Consider any function
feC>(R?) whose support is contained in the sector

(1. 20) {mwem;mgq.
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Possibly after contracting U about the origin we may state :

LEmMa 1.1. Whatever the integer m, the function f(w)/2l* is smooth
in U and vanishes to infinite order on the subspace 2,=0.

ProOF. Let v=6(z, %, ) (then w=wu-+iv). From (1.4) & (1.20) we
derive
] + 122 < | 2] +const (|2] || +]ul*+]2]?)
on supp (fow). As a consequence, and provided U is small enough, we have
lu| + | 2|2 < const. |2, V(z, u) Esupp (fow) .

When 2,—0 in CY the point (2, %) converges to the origin in U and w
converges to 0 in the sector (1.20). It suffices then to note that f vanishes
to infinite order at the origin.

Let ¢ be another C* function in R? with support contained in the sector
(1.20). Let us set

flw)/z g(w)/2}
20 F=nes O T pwi

We are assuming, henceforth, that U is small enough that both | f{w)/w, 2]
and |g(w)y/2}| are very small compared to one. This is possible thanks to
Lemma 1.1.

LEMMA 1.2. The (smooth) vector fields in U,
(1. 22) L;=L;+i,,FM,, j=1,--,n,

commute pairwise. So do the vector fields

(1.23) = Lt*=L;+3,GM, j=1,-,n.

Note that there is no ¥ —1 in front of 4; in Eq. (1.23).
Proor. Straightforward differentiation shows that

(1.24)  L,F+FLyw") =[1+Aw)w.a] L flw)/z],
(1.25)  L,G—G*Lyp=[1-pg(w)/2]* L[ g(w)/].
By virtue of (1.18),
L[ fw)/z] = —2ikifolw)fz,  Lyj[g(w)/2] = —2id,gu(w)/2.

If we combine this with (1.24) & (1.25) respectively we see that there are
C* functions F;, G, in U such that
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(1. 26) L;F+FL;(w;") =Fy4;,
(1.27) L;,G—G?*L;p= G4y,
for every j=1,---,n. We have (cf. (1.7))

(L, L =[Ls(% F)— Lu(&, F) | iM,

—"Fz(ijZk—ZkMolj) M, = z‘5501\40-

If we take (1.12) and (1.13) into account, we get

go= [ L;F+F*Ly(w7)]|— 4 L F+F? Ly(w) | = 0 by (1.26).
Likewise,

[LS, L}] = ¢M,
with

¢ = & L;G—2; Ly G+ G*(3; My — 2 M)

=4&(L;G—G*L;p)—2,(Ly G— G2 Ly p) by (1.17).

It suffices to apply (1.27) to conclude that ¢ vansihes identically.

CorROLLARY 1.1. Suppose that fg vanishes identically. Then the n
smooth vector fields in U,

(1 28) A,=Lj+2j(zFM,+GM), ]:1,,7’1,

commute pairwise.

Proor. Indeed, at each point of U, 4, is equal to infinite order either
to I; for every j, or to L% for every j. ‘

Remark 1.1. For every j=1,---,n, L;— A; vanishes to infinite order

at the origin.

2. Reduction to the case n=1
Let t=(t;, ---, t,) ER"™ be a point such that
(2.1) B—+--+2)=1.

We shall always assume that [¢{|<R<+oco (R>1). In the sequel { will
denote a complex variable (in C"). Fixing ¢ as said, we call U’ the image
of a suitably small open neighborhood of the origin in C'XR! under the
mapping (&, w)>(2y, -+, 2, ), defined by the equations ’

(22) Zj:Ctj, j=1,---,n.



284 H. Jacobowitz and F. Treves

Thus Ut is a smooth 3-dimensional submanifold of U. We shall use the
notation

(2.3) ¢* &, g, u) = ¢(Ct’ &, u, w' =u+igh (- g, u) .
According to (1.4) we have

(2. 4) ¢ = 1L+ O[] 1l +ul2+1C]?) .

The functions ¢, w* define a CR structure on U'. The CR bundle of
this structure is spanned by the vector field

(2.5) L‘=%—il‘;—u, X = ¢ljwy .

It is readily checked that, along U,

(26) Lt:ithj, thitjlj.
Jj=1 j=1
We may also introduce the vector fields
(2.7) M‘:itM:i_i e 0 t = gt/
. = Jivty ac H ou ’ B = @y Wy,
2.8 Mi=(wt)
. 0o — . au .

Since the vector field M (see (1.15)) annihilates all the functions ¢;2;—#;2;
(j, k=1, ---,n) at every point of U’ it is tangent to this submanifold, and
we have, along U,

(2.9 M=C{M:.

(There is an awkwardness in the notation: g is not the restriction of the
function g of (1.16) to U’, but (g is) If then we call F* and G*' the
restrictions to Ut of the functions F and G defined in (1. 21) we may consider
the analogue in U’ of the vector fields (1.23):

(2.10) A= t,4,| = Li+2GF Mi+G LMY .
=1 v

We consider now an arbitrary C! solution h of the system of equations,
in an open neighborhood U,CU of the origin,
(2.11) Ajh=0, j=1,-n.
If At denotes the restriction of A to U'N Uy we have, there,

(2.12)  Aht=0.
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In the next section we are going to show that there exist functions f and ¢
as in (1.21) such that, whatever the vector ¢ verifying (2.1) (and [¢|<R),
the equation -(2.12) implies that the differential of A’ vanishes at the origin.
Let us show here that the latter, in turn, implies

(2.13)  dh|,=0.

Indeed we have

oht oh
(2. 14) 00 =71

oht n oht n  oh
(2- 15) ac ( ) Z j 32] 0 ac ( ) Z t] azj o

Thus, if dht=0 at the origin all the right-hand sides in (2.14) & (2.15)
vanish at the origin. But the set of vectors ¢ such that (2.1) and [¢|<R
hold generate the whole space R”, and thus the vanishing of those right-
hand sides allows us to conclude that (2.13) is valid.

3. The case n=1

We return to the CR-structure on the 3-dimensional manifold U defined

by the functions {, w’ (Sect. 2).
We notice that, when #=0, there is an open disk in {-plane, centered
at the origin, 4, such that

¢>0 in A\{0} .

Recall that ¢*=0 when {=u=0. Consequently, and possibly after contracting
4, there is a C* function of (x,¢) in an open subset of R**!, &, which we
describe below, {i(u), valued in 4, such that

1)  &O=
3.2  CYo-twf<
|6 G w—gw| <Cle—tiwf,  ced,
where
3.3 ) =¢ (0w, W), wHED,

and C is a constant >0. The subset @ is a product U,x6, with U, a
suitably small interval in R' centered at zero, and 6 a suitable open neigh-
borhood of the subset of R* defined by (2.1) and by || <R. We may then
find a number ¢>0 such that the sector in the (, v)-plane
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lu| <ev
lies above the curve v=4gk(u) - whatever ¢<6.

By virtue of (3.2) there is §>0 such that, given any point (x, v)ER?
such that

(3.4) v>dh(u) , u+v2< 6%, lu| <ev,

the equation

3.5  $#CLu=v

defines a smooth closed curve 7*(«, v) in {-plane, contained in the disk 4 and
winding around §(w).

Following we select two sequences {Aj}, {B;} (j=1,2, ) of compact
subsets of the plane converging to {0}, and further submitted to the requir-
ement that every one of them be convex and contained in the region (3. 4)
and that they be pairwise disjoint, more precisely that
(3.6) the projections on the w-axis of the A; and of the By be pair-

wise disjoint (for all j, k=1, --.).
We also require that the interior of each A; and of each B; be nonempty.
We choose the functions f, ¢ in (1.21) as follows:

3.7 f=0 in the complement of UOA,-, g=0 in the complement of
j=1
+co
U By;
j=1
(3.8) for every j=1,2, -+, f>0 (resp., g>0) in the interior of A; (resp.
B)).

LeMMA 3.1.  Let P, Q be two continuous functions in an open neigh-
borhood of the origin, U, in Ut such that there is a C' Sfunction X in U

satisfying there
3.9 L1 = (fow') P+(gow’) Q.
Then necessarily P=Q=0 at the origin.

Proor. For the sake of simplicity we shall omit the superscripts ¢ and
reason as if U. were equal to U. It will be evident that the reasoning
applies when U is smaller. We call 4 the complement in the set (3.4) of
the union of all the sets A; and By; note that & is open. When we¥

we have

(3. 10) LY=0.
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Consider then the function of w=u+iv in %,

I(w) = § X, &) de .

7(u,v)
We contend that, in ?, I(w) vanishes identically. It suffices to show that
G.1)  L=o.

For then I(w) is holomorphic in 4. But I(w) tends to zero as w converges
to any point of the curve v=g,(u) - simply because the cycle r(u, v) con-
tracts to a point. By taking advantage of (3.6) and of the fact that the
compact sets A; and B; are convex, the propagation of zeros of a holo-
morphic function at once implies that I(w)=0 in &, as the latter set is

connected.
Eq. (3.5) defines a smooth map

@ x St=(u+iv, 0)—>L(u, v, 0)E4.
Because of (3.10) we have, in & (cf. (2.7), (2.8)),
dil = MXd{+ Myxdw,
and thus Xz =(MX) s, Ao = (MX) &, .

For each fixed u+ivE%, as 0 winds around the unit circle St C(u, v, 0)
winds around &,(x) on the curve y(x, v). Thus we have

I(w) = Sz"xa:, 2uds, C=Clu0,6).

Consequently,
2r
0

Iz = S [(MX) Cw Cv+me‘] do
o 9
=" 5 e o

whence (3. 11).
Availing ourselves once again of (3.6) we select smooth closed curves in

&, cj, ¢; such that, for each j=1,2, -, ¢; (resp., c) winds around (once)
A, (resp., B;) and whose interior does not intersect any other set A; nor
any B, (resp., any other set B, nor any A) for k, 1=1,2, .-+, k+#j. Since
I(w)=0 in &, we have trivially

(3.12) § § 1(¢, &, ) dedw =0

¢ 7(u,v)
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and likewise for ¢j. For each j, the mapping
(u+iv, 6)~>(C(w, v, 0), )

is a diffeomorphism of ¢;x.S! onto a 2-dimensional torus 7,C4Xx U, Call
T its interior. When ¢/ is substituted for ¢; we use the notation 77 and
T'. By (3.12) the integral of the two-form 2d{ /\dzﬂv on T (fesp., T7) is
equal to zero. By Stokes’ theorem the integral on 7'; (resp., 71%) of

d(xdzN\dw) = LXdz Ndz N\ dw

must also be zero. According to (3.9) we have, for every j=1,2, -,

(3.13) S Flw) Pz, % u) wedadydu =0,

Zj
319 |, 00w Qlz 5 ) wodrdydu=0.
J

Note that the intersection of supp (fow) with T is defined by the fact that
we&A;. The intersection of supp (gow) with T’ is likewise defined by the
fact that weB;. And f (resp., g), which is nonnegative everywhere, is
strictly positive at some point of A; (resp. B,). As j—-+0 the solid tori
T, and T’ converge to the set {0}, and w, converges to one. If P were
+0 at the origin, as j— -+ oo the argument of the integrand in (3.13) would
not vary enough for that equation to hold, and the same is true for Q and
(3. 14).

We shall apply to the function X=Ah, the trace on U’ of
a C! solution of (2.11). By (1.21) we have

F* = fow!/{ (t;+fow'/w} (),
Gt = gow!/* (£ — #(gow!) )
(see remark following (2.9)). In view of (2.10) we therefore take

P = —i{ 12 (tyw), +fowt /)7 Xy,
Q= -1z (ti—yt(gow‘)/cyll\/l‘x .

Note that P and Q are indeed continuous (including at the origin), as
3.1 requires. By (2.4) we see that, on support of fow' and gow’, ¢—(
vanishes to second order at the origin. Since w}|,=1 the same is true of

#—¢. Likewise, on those supports, #—_ vanishes to second order at the

origin, and therefore M‘|0:§C—. If P=Q=0 at the origin it follows that

we have
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Xu:XCZO

at the same point. But the equation (2.12) implies then that we must also
have ¥;=0 at the origin, whence dht|,=0, which is what we sought.

4. End of the proof of Theorem I. Proof of Theorem II

We now consider an abstract CR structure ¢ on 2 whose Levi from
is nowhere degenerate and has a signature that conforms to the hypothesis
(0.6) (see Introduction). Given any point p, of 2 we can find a local chart
(U, &y, +» Tny Y1» ***» Yus 4) centered at p, such that the CR bundle is spanned
over U by the vector fields

0 .. 0 n 0 .
(4. 1) Lj‘b@—lljw_glzjk—az, ]—1, e, ny,
with
(4. 2) 2;=2%x=0 at p, for all j, k=1,--,n.

(That the above local chart is centered at p, means that all the local coor-
dinates x;, ¥i, u vanish at p,) Condition (4. 2) allows us to solve the follow-
ing “initial value problems”

' LjCJ" =0, Cj'_zj’=0(|212+u2), j,:‘—l""’n’

Lja):(), w—u=0(lz|2+u2), jzly"'sn’
in the ring of formal power series (in x;, ¥ ). Having done this we select
at random n+1 C* functions Z, -, Z,, w whose Taylor expansions at the

origin are equal to the formal power series (j, -+, Cny @ respectively. We
have then

(4. 4) L;Z, L;w wanish to infinite order at py (j, k=1, -+, n).

(4. 3)

Possibly after contracting U about p, we have the right to use Re Z;, Im 7,
Re w as local coordinates (this follows from (4.3)). These functions we
presently call x;, ¥ u respectively. In the new coordinates the vector fields
L; still have the expressions (4. 1) but now with the additional properties that

(4. 5) 1dj— Wg [ Wy and Ay, vanish to infinite order at p, for all j, k=
1, 7.
Define then the vector fields in U
0 0

-1 5 —
""wéjwu ou ’ _]—1,"',72.

For each j, L;— L% vanishes to infinite order at p, The L} commute
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pairwise and they define a CR structure #° on U, obviously integrable.
Possibly after contracting U about p, we may assume that the Levi form
of #° satisfies Condition (0.6) of the Introduction.

The argument in Sections 1, 2, 3 shows how to construct vector fields
Ay, -+, A4,, having the following properties :

4.7) A;— LS vanishes to infinite order at p, (j=1, .-+, n);

(4. 8) any C' function h in an open neighborhood UxCU of py which
satisfies, in Uy,

(4.9) A;h=0, j=1,--, n,

ts such that dh|, =0.

Property (4. 7) implies that, for each j, L;— /; vanishes to infinite order at p,.

Let g=C>(R**") vanish identically outside the ball of radius one and be
identically equal to one inside the ball of radius 1/2. It is elementary that,
given any sequence of numbers 7,0, if we define

9.(x, Y, w) = g(x/r, Y/r,, u/r))
then the coefficients of g,(L;— A4;) converge to zero in C®(U). Define then
(4 10) L(j")zg,/lj—i—(l—g,) Lj, _]21, e,

Note that, for each j, LY’ =4; when g¢,=1, in particular in a full neigh-
borhood of the origin, and LY’ =L; in the complement of supp g,. Moreover,
the coefficients of L}’ converge to the corresponding ones of L; in C*(U).

Call ¢“ the CR structure on £ which is equal to the original CR
structure ¢ in £\ supp ¢,, and to the one defined by the vector fields L%
in U. This makes sense in view of what has just been said. Whatever v,
every germ of C!' CR function at p, in the sense of ¥ has a differential
that vanishes at p,.

We now proceed with the proof of Th. II

Let £ be an open subset of 2 with compact closure. Suppose that the
boundary of £’ is a C* hypersurface, and that 2’ lies on one side only of it.
Then every C® function in the closure £ of 2’ extends as a C* function to
the whole of 2. Let (CTQ)" denote the Whitney sum over £ of n copies
of the vector bundle CTQ, and C*(2; (CTQ)") the space of C* sections
of (CTQ)" over 2, equipped with its natural C* topology. It is a Fréchet
space ; its topology can be defined by a metric for which it is a complete
metric space. Let 77(&) denote the closed subspace consisting of those
systems of vector fields, L=(L,, -+, L,), satisfying the formal integrability
condition |
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(4.11) at every point p of ', for every pair j, k=1, ---, n, the bracket
[L;, L] is a linear combination of L, -, L,.

The additional condition that L, ---, L, be linearly independent at every
point of 2 defines an open subset of r"(2), and the further condition that
the system L obeys (0.6) defines an open subset of the latter open subset,
which we assume nonempty and denote by

7,(n—1,1) (g/) )

The Baire’s category theorem applies to this set (equipped with the induced
topology).

Let us use a Riemannian metric in £ and the associated norm on the
cotangent spaces. Let {U,} (m=1,2,---) be a sequence of open balls making
up a basis of the topology of 2'. For any m call «,, the subset of @10 ()
consisting of those systems L that have the following property :

(4.12) There is a solution of class Ct*V™ h, of the equations
(4.13) L;h=0, =1, n,

in Un whose norm in C*v™(U,) does not exceed m and is such,
moreover, that, everywhere in U,,

(4.14)  m1<|dh|.

Let LY (v=1,2,:--) be a sequence in ./, converging to a system
Ley»12(Q). For each v we can select a solution h® eCHvm({,) of the
equations LY h=0, j=1, .-, m, such that |dh®"|>m™. By the compactness
of the embedding Ct*¥»(U,)—C%U,) and possibly after replacing the se-
quence {h”} by one of its subsequences, we may assume that it converges
in CY(U,,) to a solution A of (4.13) - which must also satisfy (4.14). In other
words the closure &/, of &/, in y®»L0(Q) is contained in the subset %,

of y®10(Q) consisting of the systems L that have the following property :

(4. 15) There is a C* solution h of the homogeneous equations (4.13) in
Un such that (4.14) holds.

But the interior of %, must be empty. For the reasoning in Sections 1, 2,
3 and in the first part of the present section has shown that, given any
point of Up, p, and any system L& %, there is another system L S =10 ()
which is as close as we wish to L in the C* sense, and is such that every
C" solution in Uy, of the equations L;A=0 (j=1, .-, n) must satisfy dh|,=0.
Just apply that reasoning in an open neighborhood 27 of & to which L
has been extended — in the place of 9.
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The above implies that the complement of the union of the sets ofn
is dense in 72 (2), and so is therefore the complement of the union of
the sets ./, Let L be an element of the latter complement, and A a
Ct* solution of Eq. (4.13) in some open subset U of £ (for some §>0).
If dh were different from zero at some point p of U there would be an
infinite sequence of integers m>1 and a constant ¢>0 such that the C'*°

norm of A in U, is <c and that, in the same set,
c1<|dh|.

By taking m large enough that m~*<Min (g, ¢), we would be able to conclude
that A is of class Ct*¥™ and satisfies (4. 14) in U, and therefore that LE &/ n,
contrary to our hypothesis. We reach thus the conclusion that every system
L in the complement of the union of the sets &/, has Property (0. 11)
(Introduction). This obviously completes the proof of Th. IL
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