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On the indices of minimal orbits of Hermann actions
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Abstract. We give a formula to determine the indices of special (non-totally
geodesic) minimal orbits of Hermann actions. Also, we give examples of such min-
imal orbits of Hermann actions and calculate their indices by using the formula.
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1. Introduction

In 1987, Y. Ohnita [O] gave a formula to calculate the indices (and nul-
lities) of totally geodesic submanifolds in a symmetric space N of compact
type and showed that the indices of all Helgason spheres in every simply con-
nected irreducible compact symmetric space are equal to zero, that is, they
are stable. In 1993, O. Ikawa [I1] investigated the Jacobi operator of equiv-
ariant minimal homogeneous submanifold in a Riemannian homogeneous
space. In 1995, by using Ohnita’s index formula, M. S. Tanaka [Tan| deter-
mined the stability of all polars and meridians in every simply connected
irreducible compact symmetric space. Note that polars and meridians are
totally geodesic. In 2008, by using the index formula, T. Kimura [Ki] deter-
mined the stability of all totally geodesic singular orbits of all cohomogene-
ity one actions on every simply connected irreducible compact symmetric
space. In 2009, by using this index formula, T. Kimura and M. S. Tanaka
[KT] determined the stability of all maximal totally geodesic submanifolds in
every simply connected irreducible compact symmetric space of rank two.
Let N = G/K be a symmetrc space of compact type equipped with the
G-invariant metric induced from the Killing form of the Lie algebra of G.
In this paper, we treat only a symmetric space of compact type equipped
with such a G-invariant metric. Let H be a symmetric subgroup of G (i.e.,
(FixT)o € H C Fixr for some involution 7 of G), where Fix 7 is the fixed
point group of 7 and (Fix 7) is the identity component of Fix 7. The natu-
ral action of H on N is called a Hermann action (see [HPTT], [Kol]). Let 6
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be an involution of G with (Fix6)y C K C Fix#. According to [Co], in the
case where G is simple, we may assume that 8 o7 = 706 by replacing H to
a suitable conjugate group of H if necessary except for the following three
Hermann actions:

(1) Sp(p+4q) ~SU(2p+2q)/S(U(2p—1) xU(2¢+1)) (p>q-+2),

(ii) U(p+q+1) ~ Spin(2p+2q+2)/Spin(2p+1) Xz, Spin(2¢+1) (p >
q+1),

(iii) Spin(3) xz, Spin(5) ~ Spin(8)/w(Spin(3) xz, Spin(5)),

where w is the triality automorphism of Spin(8). Here we note that we
remove transitive Hermann actions.

Assumption In the sequel, we assume that 6 o7 =70 6.

Let g,€ and b be the Lie algebras of G, K and H, respectively. Denote
the involutions of g induced from 6 and 7 by the same symbols 6 and T,
respectively. Set p := Ker(6 + id) and q := Ker(7 + id). The vector space p
is identified with T,k (G/K), where e is the identity element of G. Take a
maximal abelian subspace b of p N q. For each § € b*, we set pg := {X €
b | ad(b)2(X) = —B(b)*X (Vb€ b)} and A = {3 € b7\ {0} | py # {0}}.
This set A\’ is a root system. Note that we call A" a root system because
B’s (B € A) give a root system in the vector subspace spanned by them
(in the sense of [He]) even if they do not span b*. Let II' = {f,...,06:}
be the simple root system of the positive root system A’ of A’ under a
lexicographic ordering of b*. Set A’K ={B e Al_ | pgnq # {0}} and
A’f ={B e Al |pgnh#{0}}. Define a subset C of b by

™

C = {beb0<ﬁ(b) <m(vpeny), - 5 <Bb) < g(VﬁeA’f)}.

The closure C of C is a simplicial complex. Set C' := Exp(é), where Exp is
the exponential map of G/K at eK. Each principal H-orbit passes through
only one point of C' and each singular H-orbit passes through only one point

of Exp(aé). For each simplex o of C, only one minimal H-orbit through
Exp(o) exists. See proofs of Theorems A and B in [Koil] (also [I2]) about
this fact. Also, it is known that only one minimal H-orbit through Exp(o) is
unstable if o is not a vertex (see the proof of Theorem 2.24 in [I2]). Denote
by D(H) the set of all equivalence classes of (finite dimensional) irreducible
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complex representations of H and pg,p : H — GL(q) the isotropy repre-
sentation of G/H, that is, pg g (h) := Ada(h)|q (h € H), where Adg is
the adjoint representation of G. Denote by u the equivalence class of the
complexification of pg/g. Denote by By the Killing form of g. For 8 € A/,
we set mg := dimpg, mg = dim(pg N q) and mg := dim(pg N h). Also,
let B =5"_, niﬁﬁi, (B € AlL). Let Zy be a point of b. We consider the
following two conditions for Zy:

Z 3n'i8mg + Z nfmg
Bea’Y st. B(Zo)=% (mod ) e’y st. B(Zo)=% (mod )
E )3 snfml + ) bt
(I) pent s.t. B(Z0)=2F (mod ) pgeAH s.t. B(Z0)=5F (modm)
- )3 nfmy + ) snmy
,BEA’K s.t. ﬁ(ZO)_2"r (mod ) BEA'¥ s.t. ﬁ(ZO)_ s (mod )
E > nimil 4 > e
pent st B(Zo)=F (modm) pent st B(Zo)=% (modm)
G=1,...,7).
and
T w 3w
ﬂ(ZO) EO& 1 90 4 (mOdﬂ-) (Vﬁ € Ail—) &
4727 4
nf’mX + Z n’?mg
(I1) pen'Y s.t. B(Zo)=7 (mod ) pen’l s.t. B(Zo)=3F (mod)
= nfmé’ + Z nfmg
BGA’V s.t. B(Zo )E (mod ) BGA’f s.t. 8(Zo)=% (mod )
(i=1,...,7).

Denote by H 7, the isotropy group of the H-action at Exp Z,. For simplicity,
we set L := Hz, and denote the identity component of L by Ly. Set M :=

H(Exp Zy)(= H/L) and M:=H /Lo, and define a covering map 1 : M —
M by ¢(hLy) = hL (h € H). Denote by ¢ the inclusion map of M into G/K
and set 7 := v o 1. In the sequel, we regard M as a submanifold in G /K
immersed by 7. Also, denote by hz, (or [) the Lie algebra of L. We showed



254 N. Koike

that M is minimal and that h admits a natural reductive decomposition
h = [+ my (see Theorem A in [Koi2] or the proof of Theorem A of this
paper). Furthermore, we ([Koi2]) showed that the induced metric on the
submanifold M in G/K coincides with the H-invariant metric arising from
the restriction cBg|mh xm, Of some constant-multiple cBy of By to my x my,
if one of the following conditions holds:

() (I) holds, A'Y n A =0, B(Z) = 0, 7/3, 2r/3 (mod ) for all
BeNY and 8(Zo) = /6, 7/2, 51/6 (mod ) for all 3 € AT

(Io) (I) holds, A’K N A’f =0, 8(Zy) = 0, /6, 57/6 (modn) for all
6 € A’K and 5(Zy) =n/3, 7/2, 2r/3 (mod ) for all § € A’f,

(I1,) (1) holds, A'Y N A =0, B(Zy) = 0, ©/4, 31/4 (mod ) for all
B e A’K and 3(Zy) = w/4, /2, 3w /4 (mod ) for all 3 € A’f

(see Theorems C' ~ F'in [Koi2]). Here we note that, when G is simple, there
exists an inner automorphism p of G with p(K) = H by Proposition 4.39 of
[I2]. Denote by H? the semi-simple part of H and h*® the Lie algebra of H®.
Let k be the positive integer defined by

1 (G/H : Hermite type)
k:=<3 (G/H : quarternionic Kahler type) (1.1)
0 (G/H : other).

Easily we can show H = S* . H*, where k is as above. Denote by H,
the isotropy group of H* at Exp Zy. For simplicity, we set L* := H; and
denote the identity component of L® by Lg. Denote by [® the Lie algebra
of L* and 3 the center of h and 3,(b) the centralizer of b in h. In the case
where G/H is of Hermite type or quarternionic Kahler type, we assume
that cohom H = rank G/K holds, where cohom H is the cohomogeneity of
the H-action. From this assumption, b is a maximal abelian subspace of p
and hence 34 (b) = 3¢np(b). Also, we have 3 C 35(b) (see Page 92 of [Tak]).
Hence we obtain 3 C 3¢np(b). On the other hand, according to (3.1), we
have 3gnp (b) C I. Therefore, we obtain 3 C [ and hence L = S* - L*. From
this relation, it follows that M = H/L = H®/L*® and that M = H/Ly =
H$/L§. Clearly we have h* = [* + my. Let (p%.)z, : L® — GL(TElXp 7o M)
the slice representation of the H*-action at Exp Z;, where TElXp z,M is the
normal space of M at Exp Zy. Set m := (exp Zo); ! (Texp 2z, M) and m* :=
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(exp Zo); {(Tayp 2,M)- Let I(exp Zg) : G — G be the inner automorphism
by exp Zy. Easily we can show I(exp(—Zy))(L®) C K and hence

Adg(exp(—Zp))(I°) C & (1.2)

Also we can show

Adg(exp Zo)(mt) C g. (1.3)

See (3.5) about the proof of (1.3). Set q° := 3+ q. Also, let pg g : H —
GL(q) be the isotropy representation of G/H and pg/ps : H® — GL(q°)
the isotropy representation of G/H?®. Define the representation oz, : L§ —
GL(Adg(exp Zp)(mt)) by

o2 (w) = (paym(D)(w) (1€ Ly, w € Adg(exp Zo) (m™)).

Under the identification of T, ,, M and Adg(exp Zo)(m'), the restric-
tion (p%.)zolLs of (p3:)z, to L§ is identified with oz,. We regard
(Adg(exp Zp)(m1))¢ as a L§-module associated with the complexification
0%, Ly — GL((Adg(exp Zo)(m1))®) of 0z,. Denote by u the equivalence
class of the complexification p¢, ; : H — GL(q°) of pg/u and p|gs the

equivalence class of of the restriction pg, / ylms of pg /u to Hs.
In this paper, we prove the following result.

Theorem A Let G/K be an irreducible simply connected symmetric space
of compact type, H ~ G/K a Hermann action and Zy an element of b
such that (H, Zy) satisfies one of the above conditions (11), (Iz) or (II).
Furthermore, assume that cohom H = rank G/K holds. Let M, ]\/J\, H?® and
Lo be as above. Then the orbit M (hence ]/\4\) is minimal (but not totally

geodesic) and the index z(]\/J\) of]\/Z is given by

i(M) = Z my - dim Homp;: (V,,, (Adg(exp Zo)(m™))°).
AeDg/u

Here Dgg = {\ € D(H?®) | ax > ay,.}, where ax (resp. a,.) is the
eigenvalue of the Casimir operator of an irreducible complex representation
belonging to X (resp. p|ms) with respect to Bglysxps, V,, is the represen-
tation space of an irreducible representation py belonging to X\, my is the
dimension of V,, and Homps(V,,, (Adg(exp Zo)(m*))®) is the L§-module
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of all L§-homomorphisms from V,, to (Adg(exp Zo)(m=))c.

P

Remark 1.1 (i) In general, we have (M) < i(M). In particular, if L is
connected, then we have M = M.

(ii) If G/H is of Hermite-type, then the isotrpy representation p¢ /g of
G /H is an irreducible complex representation of H and, when its equivalence
class is denoted by v, we have y =v ® v and a, = a,.

In the final section, we give examples of a Hermann action H ~ G/K
and Zy € b as in Theorem A and calculate the indices of M for some of the
examples by using Theorem A.

2. Basic notions and facts
In this section, we recall some basic notions and facts.

Jacobi operators

Let f: (M,g) — (M ,§) be a minimal isometric immersion of a compact
Riemannian manifold (M, g) into another Riemannian manifold (M ,g). De-
note by 7+ M the normal bundle of f and I'(T+M) the space of all normal
vector fields of f. Also, denote by V(resp. V+) the Levi-Civita connection
of g (resp. the normal connection of f) and A the shape tensor of f. Let
ft (e <t < ¢) be a C°-family of immersions of M into M with fy = f,
where ¢ is a positive number. Define a map F : M x (—¢,e) — M by
F(z,t) :== fi(z) ((z,t) € M x (—¢,¢€)). Denote by Vol(M, f;g) the volume
of (M, f;g) and dv the volume element of g, where f;g is the metric induced
form ¢ by f;. Then we have the following second variational formula:

o [ 2 2
veonsn= [ a(a(m () ) (F,) )

(see Theorem 3.2.2 in [S]). Here F, is the differential of F', (-) is the normal
component of (-), J is the Jacobi operator of f (or M), which is defined by
J =N+ R-A(CT(TEM) — T(T+M)) (where A+ is the rough Lapla-
cian operator defined by V and V-, A is defined by g(A(v), w) = Tr(A,0A,,)
(v,w € T(T+M)) and R is defined by g(R(v),w) = — Tr(R(-,v)w) (v,w €
D(T+M))). Set Ef := {v € T(T+*M) | J(v) = v} for each A € R. The
dimension of Y, _o Ex (resp. Ej) is called the index (resp. nullity) of f
(or M).

d2
dt?




On the indices of minimal orbits of Hermann actions 257

The eigenvalues of the Casimir operators

For a compact Lie group H, denote by D(H) the set of all equivalence
classes of (finite dimensional) irreducible complex representations of H. Fix
an Ad(H )-invariant inner product (, ) of the Lie algebra h of H. Let p be an
irreducible complex representation of H. The Casimir operator C, of p with
respect to (, ) is defined by C, := >""" | p.c(e;)?, where (e1,...,en) is an
orthonormal base of h with respect to (, ) and e is the identity element of H.
Assume that H is semi-simple and connected. Fix a Cartan subalgebra a of
the Lie algebra b of H. Let A be the root system of h with respect to a, Ay
the positive root system of /A under some lexicographic ordering of the dual
space a* of @ and IT = {a,..., .} be a simple root system of A ;. Define
ANea* (i=1,...,7r) by 2{a;, N;) /{ej, ;) = 85 (1 <, 5 <r). It is known
that an injection of D(H) into Zy{Ay,..., Ay} (= {>i_, zi\i | zi € Z4})
is given by assigning the highest weight of p to each A = [p] € D(H), where
[p] is the equiva/lege class of an irreducible complex representation p of

H. Denote by D(H) the image of this injection. Then the quotient group

Zy{A4,... 7A,,}/D/([?) is isomorphic to the fundamental group m(H) of
H. Denote by (z1,...,2.) the equivalence class of the irreducible complex

representation of H corresponding to > ._; z;A;. If H is simple, then we
have C, = a,idy for some a, € R (by Schur’s lemma), where idy is the
identity transformation of h. According to the Freudenthal’s formula, we
have

ap:—<A,A+ > a>, (2.1)

OLEA+

where A is the highest weight of p.

Irreducible complex representations of T", Spin(2r) and Spin
(2r+1)

For each (mq,...,m,) € Z", an ireducible complex representation p of
r-dimensional torus group 7" (= SO(2)" = U(1)") is defined by

p(z1,. .y ze)(w) = 21" 2w ((21,...,2,) € TT =U(1)", w e C).
Denote by (mj — --- — m,) the equivalence class of this representation.

Let D(T™) be the set of all the equivalence classes of irreducible complex
representations of 7. Then it is known that D(T") = {(m1 —--- — m,.) |
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(m,...,m,) € Z"} holds (see [KO] for example).

Let H = Spin(2r) or Spin(2r + 1), and a* and II = {a1,...,a,.} be as
above. Also, let {f1,...,05,} be the base of a* defined by «; = 3; — Bi+1
(i=1,...,7—1) and

Qp = ﬁr—l + /87" (H = SpZTL(Q?"))
o, = B, (H = Spin(2r + 1)).

For an irrecducible complex representation p of H, the highest weight
A of p is expressed as A = >, m;f3; for some (mq,...,m,) € Z" +
{(0,...,0),(1/2,...,1/2)}. Then we denote the equivalence class of p by

(mq -+ m,)®. It is known that

D(H):{(ml ...mr)-|(ml,...,mT)eZW{(O,---,O), (1 1)}}

2’ 2
and that
DH/{£1}) ={(m1 --- m)* | (m1,...,m,) €Z"},

where H/{£1} = SO(2r) or SO(2r+1) (see Chapter 9 of [KO] for example).

The canonical connection

Let H/L be a reductive homogeneous space and ) = [+m be a reductive
decomposition (i.e., [[,m] C m), where b (resp. [) is the Lie algebra of H
(resp. L). Also, let m: P — H/L be a principal G-bundle, where G is a Lie
group. Assume that H acts on P as w(h-u) = h-7(u) for any v € P and any
h € H. Then there uniquely exists a connection w of P such that, for any
X emand any u € P, t — (exptX)(u) is a horizontal curve with respect
to w, where exp is the exponential map of H. This connection w is called
the canonical connection of P associated with the reductive decomposition
h=I[+m.

The rough Laplacian operator with respect to the canonical con-
nection

Let H be a Lie group and H/L be a reductive homogeneous space with
a reductive decomposition h = [+ m, where b is the Lie algebra of H.
The subspace m is identified with T.r,(H/L). Let B be an Ad(H )-invariant
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inner product of h such that h = [+ m is an orthogonal decomposition
with respect to B. Denote by (, ) the H-invariant metric on H/L induced
from Blmxm and V the Levi-Civita connection of ( , ). Let 7 : H —
H/L be the natural projection, o : L — GL(W) a unitary representation
of L and F, := H X1y W the associated complex vector bundle of the
L-bundle 7 : H — H/L with respect to 0. The Lie group H acts on
H and H/L naturally. Also, each h(€ H) gives a linear isomorphism of
W onto the fibre (Eq)rp). Denote by I'(E,) the space of all sections of
E, and set C*°(H,W), = {f € C<(H,W) | f(hl) = a(I"V)f(h) (Vh €
H.,Vl e L)}, where C>(H, W) is the space of all W-valued C'*°-functions
on H. Define a map ¥ : T'(E,) — C*(H,W), by ¥(&)(h) = h™! - &y
(& € I'(Ey), h € H). This map V¥ is a linear isomorphism preserving the
H-action. Take an orthonormal base (eq,...,e,) of h with respect to B
withe;, €l (i=1,...,n)and e, e m (b=n+1,...,m), where n := dim [.
Let Cy (: C*(H,W) — C*>°(H,W)) be the Casimir differential operator of
H with respect to B, that is, Cu(f) = Y. v, €:(&:f), where ¢; is the left-
invariant vector field induced from e;. Also, let C, be the Casimir operator of
o with respect to B|ix;. For f € C*(H,W),, we can show Cy(f) =Cyof+
> heni1 €b(€pf). Let V¥ be the connection of E, induced from the canonical
connection w of 7 : H — H/L with respect to the reductive decomposition
h=I+m ar@\éEf’ the rough Laplacian operator OLE/U with respect to V¥
and V. Set APe := Wo AP oW1, Then we have APo f =37" & (€f)
(f € C*(H,W),) by Proposition 2.3 of [O]. Furthermore, by Corollary 2.5
of [O], we have the following relation.

Lemma 2.1 ([O]) For each f € C>*°(H,W),, we have
AFof=Cr(f)=Cro f.

3. Proof of Theorem A

In this section, we shall prove Theorem A. We use the notations in
Introduction. Let (H, Zy) be as in the statement of Theorem A. Denote by
(, ) the G-invariant metric of G/K induced from Bg|,x,. We shall describe
some subspaces stated in Introduction explicitly. Set

A/ZO ={B¢c A’K | B(Zo) = 0 (mod )}
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and
A/go = {ﬂ € A’Jr | B(Zy) = g (modﬁ)}

Clearly the Lie algebra [ is given by

[=3emp(0)+ Y (Egnbh)+ > (psnh). (3.1)

penry, pend

Easily we can show that my is given by

my =)+ > (Esnbh)+ > (psnh). (3:2)

BEAV\ATY BEAHNAE

From these relations, it follows that the decompositions h = [ + my and
h® = I +my are reductive, respectively. Easily we can show that m is given
by

m=zmp(0)+ > (pena)+ > (pgNh)  (3.3)

pen\AY, penti\nl
and hence
T=b+ Y (ppna)+ > (psNh). (3.4)
Ben’y, peny

Furthermore, we can show

Adg(exp Zo)(m™)
=b+ Z (cos(ad(Zo))(ps Na) + sin(ad(Zo))(ps N q))
peny
+ Z cos(ad(Zp))(ps Nh) +sin(ad(Zy))(ps N b))
ﬁEA/ Zo
=b+ > (psna)+ > (tgNa) (Ca), (3.5)

N pen'd
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where cos(ad(Zp)) and sin(ad(Zy)) are defined by

o (D" 2k
cos(ad(Zp)) := Z (2h)! ad(Zy)

k=0
~ (D" 2k+1
sin(ad(Zy)) = Z ad(Zo) 5

(2k + 1)!

respectively. The relations (3.1) ~ (3.3) will be used in the proof of Theorem
A and (3.1) ~ (3.5) will be used in the proof of Propositions 4.1~4.8.

Proof of Theorem A. From (3.1) and (3.2), we have By(l,my) = 0. De-
note by gy the induced metric on the submanifold Min G /K. By imitat-
ing the discussion in the proof of Theorem A in [Koi2|, we can show that
(¥*g91)er = cBglmyxm, (¢ = 3/4 in case of (Iy), ¢ = 1/4 in case of ()
and ¢ = 1/2 in case of (II;)), where we use (3.2) and (3.3). Let w be the
canonical connection of the principal Lo-bundle 7 : H® — H?®/L§(= M )
with respect to the reductive decomposition h* = I* + my and F L (]/\4\ ) the
normal frame bundle of M. Note that F* (]\/4\ ) is identified with the in-
duced bundle ¢*(F+(M)) (C M x F+(M)) of F+(M) by 1. Define a map
n: HS — Fl(]\/i) by n(h) = (hL§, hiug) (h € H?®), where ug is a fixed
normal frame of M at Exp Zy. This map 7 is an embedding. By identify-
ing H® with n(H?®), we regard = : H® — H®/L§(= M\) as a subbundle of
FL(Z\? ). Denote by the same symbol w the connection of FL(]\? ) induced
from w and V* the linear connection on T4 associated with w. Denote
by V+ the normal connection of the submanifold M. By imitating the dis-
cussion in the proof of Theorem A in [Koi2], we can show that V¥ = V=,
Denote by E,, the associated vector bundle H® x,, Adg(exp Zo)(m*)
of the principal Lo-bundle = : H®* — H?®/Ly with respect to oz,, where
0z, is as stated in Introduction. Since oz, is identified with (p3;)z,

L§ as
stated in Introduction, E,, is identified with the normal bundle TLM of M
under the correspendence h - v < (hLg, h«((exp Zy)«(Adg(exp(—Zp))(v))))
(h € H*, v € Adg(exp Zp)(mt)). Also we note that TLMM is identified
with the induced bundle *(T+M) (C M x T+M) of T*M by 1. Let
U D(E,,, ) — C®(H*, Adg(exp Zo)(m™h)),,
in the previous section. Denote by V the Levi-Civita connection of ¥ *g;y.

, be a diffeomorphism defined
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Since 1¥* gy coincides with the H?*-invariant metric induced from cBg\mh xmy
and V¥ = V+, it follows from Lemma 2.1 that the rough Laplacian operator
AL of E,,, with respect to V1 and V satisfies

(Wo At oW ) (f) =Chs(f) = Coyy 0 f
(f € C®(H*,Adg(exp Zo)(m™))oy, . (3.6)

where Cgys is the Casimir differential operator of H® with respect to
cBglps xps and C,,ZO is the Casimir operator of o, with respect to c¢Bg|(x:.

Let R and A be the operators defined for M in similar to R and A stated
in the previous section, respectively. Then, by using Lemma 4.1 of [I1], we
can show

n

(WoRoU ) (f) = Z[(ei)pv [(€1)p> [l Ade (exp Zo)(m L)

(e OF(H Ado(exp Z0)(m ), )) (37)
and

n

(\I] oAo \Ij_l)(f) - - Z[(ei)ev [(ei)éa fHAdG(exp Zp)(mt)

i=1
(f € C™(H®, Adg(exp Zo)(m™))sy,,))  (3.8)

where (e1,...,en) is an orthonormal base of myy with respect to cBg|m, xm, ;
and (-)e, (1)p and (*) adg (exp Zo)(mL) is the E-component, p-component and
Adg(exp Zp)(mt)-component of (-), respectively. From (3.6), (3.7) and
(3.8), the Jacobi operator J of M is given by

(ToT oU™)(f) =—Cra(f) +Cogyue o f
(f € C*(H*,Adg(exp Zo)(m™))o,, ). (3.9)
Easily we can show

pcyus(h) = id; ®pg/u(h)
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for any h € H®, and hence

a
_ plas .
CPG/HS - 03 ® c ldq7

where 0, is the zero map from 3 to oneself and a,,,,. is as in the statement
of Theorem A. Hence we have

(0o T 0 W)(f) = —Cue(f) + 112= f
(f € C°(H*,Adg(exp ZO)(ml))OZO). (3.10)

Let A(= [pa]) be an element of D(H*®). Define a map 7,, : V,, @ Homp:(V,,,
(Adg(exp Zo)(m™))¢) — C®(H?, (Adg(exp Zo)(m™"))®) (64,) by

(Mpy (v @ ¢))(h) := P(pA(h™)(v))
(v € V,,, ¢ € Homps (V,,, (Adg(exp Zo)(m™))°), h € H®).

This map 7, is injective. Denote by E(,, ) the associated complex vector
bundle H* X (024)° (Adg(exp ZO)(mJ-))C of m : H® — H?®/L§ with respect
to (0z,)¢, which is identified with the complexification (TL]\/J )€ of TLM.
Define a diffeomorphism (¥*)¢ : I'(E(y, )c) — C*(H? (Adg(exp Zy)
() By TEOR) = 7Gxy (€ € T(Egyye)s h € HY). Set
DA((TEM)e) o= (U9) 71 (p, (Vpy ® Hompg(V,,,, (Ade(exp Zo)(m™))e)).
Then, according to Peter-Weyl theorem for vector bundles (see Page P173 of
B]), > xep(me) FA((TJ-]/W\)C) (direct sum) is uniformly dense in F((TJ-]\/Z)C)
with respect to the uniformly topology. Also, it follows from (3.10) that

ax

(9)°() = ===

——f (feD(THM))). (3:11)

From this relation, we have

i(M) = Z my - dim Homp;s (V,, , (Adg(exp Zo)(m™))°),
AeDg,u

where Dg /g is as in the statement of Theorem A. This completes the proof.
O
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4. Examples

In this section, we give examples of a Hermann action H ~ G/K and
Zy € b as in Theorem A and calculate the index of the minimal orbit
M := H(Exp Z) for some of the examples by using Theorem A. We use the
notations in Introduction. Denote by A the root system of the symmetric
space G/K with respect to a maximal abelian subspace a of p including b.
First we give examples of (H, Zj) satisfying the condition (I;).

Example 1  We consider the isotropy action of SU(3n + 3)/SO(3n + 3).
Then we have A = A’, which is of (a3,42)-type. Also, we have A/, = A/K
and hence A’f =0. Let II = {f1, ..., B3n+2} be asimple root system of A/,
where we order 3, ..., 33,42 as the Dynkin diagram of A/ is as in Figure 1.
We have A/, = {B;+---4+3; | 1 <4,j < 3n+2}. For any § € A!_, we have
mg = 1. Let Zy be the point of b defined by 8,+1(Zo) = Ban+2(Zo) = 7/3
and 5;(Zp) =0 (i € {1,...,3n+2}\ {n+1,2n+2}). This point Z, satisfies
the condition (I) (see Section 4 of [Koi2)).

B B2 B3n+2
Figure 1.

Example 2 We consider the isotropy action of SU(6n + 6)/Sp(3n + 3).
Then we have A = A’, which is of (a3,42)-type. Also, we have A/, = A’K
and hence A'f = (0. Let IT = {f,...,B30n42} be a simple root system
of A, where we order f1,..., 3,42 as above. We have mg = 4 for any
B € A, Let Zy be the point of b defined by B,+1(Zo) = Bon+2(Zo) = 7/3
and 5;(Zp) =0 (i € {1,...,3n+2}\ {n+1,2n+2}). This point Z, satisfies
the condition (I) (see Section 4 of [Koi2]).

Example 3 We consider the isotropy action of SU(3)/S(U(1) x U(2))
(2-dimensional complex projective space). Then we have A = A, which is
of (bey)-type. Also, we have A/, = A’K and hence A’f = (. Let II = {8}
be a simple root system of A’,. We have A/, = {3,268} and mg = 2 and
mog = 1. Let Zy be the point of b defined by 8(Zy) = w/3. This point Z
satisfies the condition (I;) (see Section 4 of [Koi2]).

Example 4 We consider the isotropy action of Sp(3n+2)/U(3n+2). Then
we have A = A/, which is of (¢3,,42)-type. Also, we have A/, = A’K and
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hence A’f = 0. Let Il = {B1,...,3n42} be a simple root system of A/,
where we order 1, ..., #3,42 as the Dynkin diagram of A’_ is as in Figure 2.
We have mg = 1 for any § € A/,. Let Zy be the point of b defined by
Brn+1(Zo) = Pany2(Zo) = w/3 and B;(Zp) =0 (i € {1,...,3n+2}\ {n+1,
3n+2}). This point Z, satisfies the condition (I;) (see Section 4 of [Koi2]).

o0 -0
B1 2 B3n+1 Ban+2
Figure 2.

Let G*/K be the dual of G/K, that is, G* = expgec (€ + /—1p) and set
H* := expge(hNE+/=1(h Np)), where expge is the exponential map of
GC. Then the natural action H* ~ G*/K also is called a Hermann action
(or Hermann type action) and H* ~ G*/K (resp. H ~ G/K) is called the
dual action of H ~ G/K (resp. H* ~ G*/K).

Example 5 We consider the dual action p;(SO(3)) ~ SU(3)/SO(3) of
the Hermann action SOy(1,2) ~ SL(3,R)/SO(3), where p; is an inner
automorphism of SU(3). Then A = A’ is of (az)-type. Let IT = {31, B2} be
a simple root system of A, . Then we have A/K ={6}, A’f = {02, 51+02}
and hence A’K N A’f = (). Also we have mg, = mg, = mg, 1+, = 1. Let Z
be the point of b satisfying (51(Zy), 32(Zo)) = (7/3,—7n/6). This point Z
satisfies the condition (I;) (see Section 4 of [Koi2]).

Example 6 We consider the dual action p2(Sp(3)) ~ SU(6)/Sp(3) of the
Hermann action Sp(1,2) ~ SU*(6)/Sp(3), where p, is an inner automor-
phism of SU(6). Then A = A’ is of (az)-type. Let IT = {31, B2} be a simple
root system of A’ . Then we have A’K = {6}, A’f = {f2,01 + B2} and
hence A/K N A/f = (. Also we have mg, = mg, = mg,+3, = 4. Let Z
be the point of b satisfying (81(Zy), 82(Zy)) = (7/3,—m/6). This point Z,
satisfies the condition (I;) (see Section 4 of [Koi2]).

Example 7 We consider the dual action p3(SU(2)) ~ Sp(2)/U(2) of the
Hermann action U(1,1) ~ Sp(2,R)/U(2), where ps is an inner automor-
phism of Sp(2). Then A = A’ is of (¢a)-type. Let IT = {31, 52} be a simple
root system of A\’ , where we order ; and [, as the Dynkin diagram of A/, is
as in Figure 3. Then we have A/K = {02,201+ 5=}, A’f = {01,014+ F2} and
hence A'Y N A = 0. Also we have mg, = mg, = mg, 15, = mag, 15, = 1.
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Let Zy be the point of b satisfying (81(Zy), 52(Zo)) = (—n/6,7/3). This
point Z satisfies the condition (Iy) (see Section 4 of [Koi2]).

G @)
B1 B2

Figure 3.

Example 8 We consider the dual action ps(Sp(2)) ~ (Sp(2) x
Sp(2))/Sp(2) of the Hermann action Sp(1,1) ~ Sp(2,C)/Sp(2), where
p4 is an automorphism of Sp(2) x Sp(2). Then A = A’ is of (ca)-type.
Let I = {B1,02} be a simple root system of A’ , where we order (3
and (3, as the Dynkin diagram of A/ is as in Figure 3. Then we have
A’K = {2,261 + B2}, A’f = {f1, 51 + P2} and hence A’_Y N A’f = 0.
Also we have mg, = mg, = mg,+8, = M2p,+8, = 2. Let Zy be the point
of b satisfying (81(Z), B2(Zy)) = (—7/6,7/3). This point Z, satisfies the
condition (Iy) (see Section 4 of [Koi2]).

Example 9 We consider the dual action p5(Fy) ~ Eg/Fy of the Hermann
action F; ?° ~ E;?/F,, where pg is an inner automorphism of Eg. Then
A = A is of (ap)-type. Let II = {31, B2} be a simple root system of A’,.
Then we have A'_‘: ={p1}, A’f = {f2, 01 + P2} and hence A’K N A’f = 0.
Also we have mg, = mg, = mg,4+3, = 8. Let Zy be the point of b satisfying
(61(Zo), B2(Zp)) = (w/3,—n/6). This point Z, satisfies the condition (I;)
(see Section 4 of [Koi2]).

Example 10 We consider the dual action pg(SO(4)) ~ G2/SO(4) of the
Hermann action SL(2,R) x SL(2,R) ~ G3/SO(4), where pg is an inner
automorphism of Go. Then A = A’ is of (go)-type. Let I = {01, 52}
be a simple root system of A/, , where we order ; and [, as the Dynkin
diagram of A/ is as in Figure 4. Then we have A’K = {01,301 + 262},
A/f = {02, 01+ B2,201 + B2,301 + B2} and hence A’K N A/f = (). Also we
have mp, = mp, = mp, 1, = Mg+, = M3p,+8, = M3, 428, = 1. Let Zo
be the point of b satisfying (81(Zo), 82(Zo)) = (7/3, —m/2). This point Z
satisfies the condition (I;) (see Section 4 of [Koi2]).

Example 11 We consider the dual action p7(G3) ~ (G2 x G2)/G2 of the
Hermann action G3 ~ G§/Ga, where p; is an automorphism of Gy x Gb.
Then A = A’ is of (go)-type. Let II = {31, 32} be a simple root system of
A, where we order 3; and (33 as the Dynkin diagram of A’ is as in Figure
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4. Then we have A/K = {1,361 +20}, A/f = {2, 81+ P2, 201+ P2,301 +
B2} and hence A’K N A/f = (. Also we have mg, = mg, = mg, 43, =
M2B, 48, = M38,+8, = M3p,+28, = 2. Let Zy be the point of b satisfying
(61(Zo), P2(Zp)) = (w/3,—m/2). This point Z, satisfies the condition (I;)
(see Section 4 of [Koi2]).

=g
61 B

Figure 4.

First we prepare the following lemma.

Lemma 4.1 Let G/K,H,L,0,7 and M be as in Introduction. If both the
symmetric space H/H N K and the principal orbit of the isotropy action of

the symmetric space Fix(0oT)o/HNK are simply connected, then so is also
M.

Proof. Easily we can show H(eK) = H/H N K and exp (T H(eK)) =
Fix(0 o 7)o/H N K, where exp' is the normal exponential map of H(eK).
Let F be a principal orbit of the isotropy action of Fix(f o 7)o/H N K and
M’ the principal orbit of the H-action including F. Then we can show that
the focal map of M’ onto H(eK) is a fibration having F' as the standard
fibre. Hence it follows from the assumption that M’ is simply connected.
Let pr be the natural projection of M’ onto M. In the case where M is a
singular orbit, pr is the focal map of M’ onto M and it is a fibration with
connected fibre, where we note that the fibre is the image of a principal orbit
of the direct sum representation of some s-representations by the normal
exponential map (of M) and hence it is connected. In the case where M is
a principal orbit, pr is the end-point map (which is a diffeomorphism) of M’
onto M. In both cases, pr is a fibration with connected fibre. Hence, since
M’ is simply connected, so is also M. O

For the representations py, of H; (i =1,..., k), we define the representa-
tion px,-+---pa, of Hy XX Hi by (pa,--px.) (b1 oo b)) (1 ®- - -Quy ) :=
P, (h1)(v1)®@- - -@px, (hi)(vg) (hi € Hi, v; € V), ) (the representation space
of pr,=++=px, 18 V,, @~ ®@V,, ). Denote by (A1-----Ax) the equivalence
class of py,-----px,. By using Theorem A, we shall calculate the indices of
some of the minimal orbits M = H (Exp Zj) in Examples 1 ~ 11.
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First we consider the case of n = 2 in Example 1 (i.e., the case where
G/K = SU(9)/S0O(9), H = SO(9) and M = SO(9)(Exp Zy) (B5(Zy) =
Be(Zo) = /3, Bi(Zy) = 0(i # 3,6))). Since SO(9) is simple, we have
H? = H. The equivalence class p of the complexification of the isotropy
representation of G/H is equal to (2000). Hence, according to Table 1 in
[MP], all of the equivalence classes A’s of irreducible complex representations
of Spin(9) with ax > a,,,,. consist of (0000), (1000), (0001) and (0100).
These equivalence classes (0000), (1000), (0001) and (0100) are equal
to (0000)®, (1000)*, (3 3 3 3)° and (1100)*®, respectively. Hence, (0001)
is not the equivalence classes of the irreducible complex representations of

SO(9). From this fact and H = H*, we have
Dy = {(0000), (1000), (0100)}.

On the other hand, since A" = A is (ag)-type, 83(Zo) = 86(Zo) = 7/3 and
since 3;(Zo) = 0(i # 3,6), we have A'y = {B1, B2, B1 + Ba, Ba, B5, B + B,
Bz, Bs, Br + Ps} and A’Z = (). Also we have 3 = 3¢np(b) = {0} and I* = [ =
Zi€{174’7}(f)gi +bs,., +b8,48,..)- Also we have dimbhg = 1 for all 5 € A’K.
Hence we have [¥ = 3s0(3). Hence we have L§ = SO(3)3. Hence, by using
Table 2 (the branching rules) in [MP], we have the following table:

Table 2.

A Alzg m
(0000) (0-0-0) 1
(1000) (2-0-0) @ (0-2-0) @ (0-0-2) 9
(0100) (2-0-0) @ (0-2-0) @ (0-0-2) 36

(2-2-0) @ (2-0-2) & (0-2-2)

1= (2000) | 2(0-0-0) & (4-0-0) @ (0-4-0) & (0-0-4) | 44
(2-2-0) & (2-0-2) @ (0-2-2)

Also we have dimm~® = 17. Hence we have
[(02,)¢] = 2(0-0-0) & (4-0-0) & (0-4-0) & (0-0-4).

Thus the isomorphicity of the Lo-module (Adg(exp Zp)(mt))¢ associated
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with the representation (oz,)¢ is analyzed completely. Therefore, according
to Theorem A, it follows from Table 2 and this fact that the index of M is
equal to 2. Also, since Zg belongs to an (open) 1-simplex (which we denote

by o) of the simplicial complex C , M is not stable. In fact, when M moves
along o as SO(9)-orbits, its volume decreases. Thus we obtain the following
result.

Proposition 4.2  Let IT = {f31,...,0s} be the simple root system of the
positive root system Ay of SU(9)/SO(9) (%3‘%'%8) and Zy the element
of b with B3(Zo) = Ps(Zo) = 7/3 and B;(Zy) = 0 (i # 3,6). Then the orbit
M = SO(9)(Exp(Zy)) of the isotropy action of SU(9)/SO(9) is minimal
27

(but not totally geodesic) and we have 1 < i(M) < i(M) =
the above covering of M.

where M 1s

Next we consider the case of n = 1 in Example 2 (i.e., the case where
G/K = SU(12)/Sp(6), H = Sp(6), and M = Sp(6)(Exp Zo) (Ba(Zo) =
Ba(Zy) = ©/3, Bi(Zy) = 0 (i # 2,4)). Since Sp(6) is simple, we have
H?® = H. The equivalence class p of the complexification of the isotropy
representation of G/H is (010000). Hence, according to Table 1 in [MP],
we have Dg/y = {(000000), (100000)}. On the other hand, since A’ =
A is (ag)-type, B2(Zo) = Pa(Zo) = 7/3 and since (;(Zy) = 0(i # 2,4),
Ay ={B1, B3, Bs} and A'Z = . Hence we have [ = 3enp (b)+h3, +h s, +b5,
and dimbg, =4 (i = 1,3,5). Also we have 3 = {0} and 3¢ny(b) = 6sp(1)
From these facts, we have [* = 3sp(2). Therefore, we have L§ = Ly =
Sp(2)3. Hence, by using Table 2 (the branching rules) in [MP], we have the
following table:

Table 3.
A Alrg mx
(000000) (00-00-00) 1
(100000) (10-00-00) @ (00-10-00) & (00-00-10) 12

= (010000) | 2(00-00-00) & (01-00-00) & (00-01-00) & (00-00-01) | 65
&(10-10-00) & (10-00-10) & (00-10-10)
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Also, we have dimm~* = 17. Hence we have
[(02,)¢] = 2(00-00-00) & (01-00-00) & (00-01-00) @ (00-00-01).

Thus the isomorphicity of the Lo-module (Adg(exp Zp)(m™))¢ associated
with the representation (0z,)° is analyzed completely. Therefore, according
to Theorem A, it follows from Table 3 and this fact that the index of M is
equal to 2. On the other hand, principal orbits of this isotropy action are
diffeomorphic to Sp(6)/Sp(1)%, which is simply connected. Also we have
H/H N K is the one-point set because H = K. Hence, it follows from
Lemma 4.1 that M is simply connected, that is, M = M. Therefore we
obtain the following result.

Proposition 4.3 Let II = {f1,..., 05} be the simple root system of the
positive root system A4 of SU(12)/Sp(6) (8{5};_0) and Zy the element
Ofb with /BQ(ZQ) == ﬁ4(Zo) == 7T/3 and ﬁl(Zo) == 53( 0“) == ﬂ5(Zo) = 0. Then
the orbit M := Sp(6)(Exp(Zy)) of the isotropy action of SU(12)/Sp(6) is
minimal (but not totally geodesic) and we have i(M) = 2.

Next we consider the case of Example 3 (i.e., G/K = SU(3)/S(U(1) x
U(2), H = SU(1) x U(2)), and M = SU(1) x U(2))(Exp Zo) (3(Zy) =
7/3). Clearly we have H® = SU(2). Since M is a geodesic sphere in G/K,
it is simply connected and of dimension three. Hence we have L = Ly = U(1)
and L§ = {e}, where e is the identity element of G. Since G/H is Hermite-
type, the isotropy representation of G/H is regarded as an irreducible com-
plex representation of H = U(2) and it is equal to (10)®. The equivalence
class p of its complexification is equal to (10)® & (10)®. Hence we have
plas = (10)*|gs © (10)®|gs = (1) © (1) and hence a,,. = a@1). Hence,
according to (2.3) and (2.18) in [MP] and and the Freudenthal’s formula,
we have Dg/ g = {(0)}. On the other hand, since A’ = A is (bey)-type and
since 3(Zp) = /3, we have A’go = A’go = (). Also, we have dim(m*)° = 1.
According to Theorem A, it follows from these facts and L* = L§ = {e} that
the index of M is equal to 1. Thus we obtain the following result.

Proposition 4.4 Let Ay = {3,208} be the positive root system of
SU(3)/S(U(1)xU(2)) and Zy the element of b with 3(Zo) = 5. Then the or-
bit M = S(U(1)xU(2))(Exp(Zy)) of the isotropy action of SU(3)/S(U(1) x
U(2)) is minimal (but not totally geodesic) and we have i(M) = 1.
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Remark 4.1 This result has already been proved in [G] in different
method.

Next we consider the case of Example 6 (i.e., G/K = SU(6)/Sp(3), H =
p2(Sp(3)) and M = pa(Sp(3)(Exp Zo) ((Br(Zo), Ba(Z0)) = (m/3, —/6)).
Since Sp(3) is simple, we have H® = H = Sp(3). Since the equivalence class
1| grs of the complexification of the restriction of the isotropy representation
of G/H to H® is (010). Hence, according to Table 1 in [MP], we have

Dgyn ={(000), (100)}.

On the other hand, since A" = A is (ag)-type and since (51(Zy), 52(Zo)) =
(r/3,—m/6), we have A’K ={f1}, A’f = {2, P1+ P2} and A’ZO = A’go =
0. Also we have 3¢(b) = 3enp(b) = sp(1)3. From these facts, we have
[ = sp(1)® and hence Lo = L3 = Sp(1)3. Hence, by using Table 2 (the
branching rules) in [MP], we have the following table:

Table 6.

A A L3 m
(000) (0-0-0) 1
(100) (1-0-0) @ (0-1-0) & (0-0-1) 6

flgs = (010) | 2(0-0-0) & (1-1-0) & (1-0-1) & (0-1-1) | 14

Also, we have dimm* = 2. Hence we have [(0z,)¢] = 2(0-0)). Thus the
isomorphicity of the L§-module (Adg(exp Zp)(mt))¢ associated with the
representation (oz,)¢ is analyzed completely. Therefore, according to The-
orem A, it follows from Table 6 and this fact that the index of M is equal
to 2. On the other hand, we have H/H N K = Sp(3)/Sp(1) x Sp(2) (whcih
is simply connected) and Fix(6 o 7)g/H N K = (SU(4)/Sp(2)) x U(1). The
principal orbit of the isotropy action of (SU(4)/Sp(2)) x U(1) is diffeomor-
phic to 2 x $2, which is simply connected. Hence, it follows from Lemma
4.1 that M is simply connected, that is, M = M. Therefore we obtain the
following result.

Proposition 4.5 Let Il = {1, B2} be the simple root system of the positive
root system Ay of SU(6)/Sp(3) (BO_OB ) and Zy the element of b with
1 2
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(6r(Z0), Ba(Z0)) = (m/3,~7/6). Then the orbit M = ps(Sp(3)) (Bxp(Zo))
of the dual action pa(Sp(3)) ~ SU(6)/Sp(3) of Sp(1,2) ~ SU*(6)/Sp(3)
is minimal (but not totally geodesic) and we have i(M) = 2.

Next we consider the case of Example 7 (i.e., G/K = Sp(2)/U(2), H =
p3(U(2) and M = ps(U(2))(ExpZo) ((Br(Z0). Ba(Z0) = (w/3,~m/6)).
Clearly we have H® = SU(2). Since the equivalence class p|g- of the com-
plexification of the restriction of the isotropy representation of G/H to H®
is (2) © (2). Hence we have Dg, iz = {(0), (1)}, On the other hand, since
A = A is (c2)-type and since (51(Zo), 52(Zo)) = (—7/6,7/3), we have
A/ZO = {201 + B2} and A’go = . Also we have 3¢(b) = 3enp(b) = {0}.
From these facts, we have [* = s0(2) and hence L§ = SO(2). Denote by X
the canonical extension of A € D(SU(2)) to U(2) and T? a maximal torus of
U(2). By noticing these facts and using Weyl’s character formula (see Page
409 of [KO] for example), we have the following table:

Table 7.
A by N2 Alze m
(0) | (00)° (0-0) (0) 1
D) | (5 (=3)° (3-(=3) @ ((—=3)-3) (3) ®(—3) 2
(2) | A(-1)* | A-(-D) & (0-0)& ((-1)-1) | (e 0)&(-1)| 3
Easily we can show that dimm® = 3 and furthermore [(0z,)°] = (1) ®

(0) ® (—1). Therefore, according to Theorem A, it follows from Table 7 and
this fact that the index of M is equal to 1. Also, since Zp belongs to an
(open) 1-simplex (whcih we denote by o) of the simplicial complex C, M is
not stable. In fact, when M moves along o as p3(U(2))-orbits, its volume
decreases. Thus we obtain the following result.

Proposition 4.6 Let Il = {31, B2} be the simple root system of the positive
root system /Ay of Sp(2)/U(2) (50@5 ) and Zy the element of b with
(81(Z0), B2(Zp)) = (—m/6,7/3). Then the orbit M = ps(U(2))(Exp(Zy))
of the dual action p3(U(2)) ~ Sp(2)/U(2) of U(1,1) ~ Sp(2,R)/U(2) is
minimal (but not totally geodesic) and we have i(M) = 1.

Next we consider the case of Example 8 (i.e., G/K = (Sp(2) x Sp(2))/
Sp(2), H = pa(Sp(2)) and M = pa(Sp(2))(Exp Zo) ((61(Z%0), B2(Z0))
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(—m/6,7/3)). Clearly we have H® = H = Sp(2). Since the equivalence class
| gr= of the complexification of the restriction of the isotropy representation
of G/H to H® is (20). Hence we have Dg/g = {(00), (10), (01)}. On
the other hand, since A" = A is (by)-type and since (81(Zy),52(Zy)) =
(—m/6,7/3), we have A’go = {02} and A/go = (). Also we have dim 3¢(b) =
dim 3¢np (b) = 2. From these facts, we have [* = u(2) = s0(2) + su(2) and
hence L{ = U(2). Hence, by using Table 2 (the branching rules) in [MP],
we have the following table:

Table 8.
A A L3 ma
(00) (0-0) 1
(10) (0-3) 4
(01) (0-4) 5
1= ptlgs = (20) | (0-6) @ (0-2) | 10

Also, we have dimm* = 4. Hence we have [(0z,)¢] = (0-0) @ (0-2). There-
fore, according to Theorem A, it follows from Table 9 and this fact that the
index of M is equal to 1. On the other hand, we have H/HNK = Sp(2)/
Sp(1) x Sp(1) (whcih is simply connected) and Fix(fo7)o/HNK = S3 x S3.
The principal orbit of the isotropy action of S2 x S is diffeomorphic to
S? x S2, which is simply connected. Hence, it follows from Lemma 4.1 that
M is simply connected, that is, M = M. Therefore we obtain the following
result.

Proposition 4.7  LetI1 = {1, B2} be the simple root system of the positive
root system Ay of (Sp(2) x Sp(2))/Sp(2) (,O<O 2) and Zy the element of
b with (51(2Zo),2(Z0)) = (—7/6,7/3). 2@ hen the orbit M := ps(Sp(2))
- (Exp(Zp)) of the dual action py(Sp(2)) ~ Sp(2)/U(2) of Sp(1,1) ~
Sp(2,C)/Sp(2) is minimal (but not totally geodesic) and we have i(M) = 1.

Next we consider the case of Example 9 (i.e., G/K = Eg/Fy, H = p5(Fy)
and M = ps(Fy)(Exp Zo) ((51(Z0), 52(Z0)) = (n/3,~7/6)). Clearly we
have H®* = H = Fj. Since the equivalence class u of the complexification of
the isotropy representation of G/H is (0001), we have Dg/i = {(0000)}.
On the other hand, since A" = A is (ag)-type and since (61(Zy), B2(Z0)) =
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(r/3,—m/6), we have A’ZO = A’Z = (. Also we have z¢(b) = z¢np(b) =
50(8). From these facts, we have [* = s0(8) and hence L§ = SO(8). Hence,
by using Table 2 (the branching rules) in [MP], we have the following table:

Table 9.
A AlLg M
(0000) (0000) 1
(0001) | 2(0000) @ (1000) & (0010) & (0001) | 26

Also, we have dimm* = 2. Hence we have [(0z,)¢] = 2(0000). Therefore,
according to Theorem A, it follows from Table 9 and this fact that the index
of M is equal to 2. On the other hand, we have H/H N K = F,/Spin(9)
(whcih is simply connected) and Fix(fo7)g/HNK = S x S*. The principal
orbit of the isotropy action of S¥ x S is diffeomorphic to S8, which is simply
connected. Hence, it follows from Lemma 4.1 that M is simply connected,
that is, M = M. Therefore we obtain the following result.

Proposition 4.8 Let Il = {31, B2} be the simple root system of the pos-
itive root system Ay of Eg/F, (ﬁO—OB2) and Zy the element of b with
(61(Zy), B2(Zp)) = (7/3,—7/6). Then the orbit M := p5(Fy)(Exp(Zy)) of
the dual action ps(Fy) ~ Eg/Fy of Fy?° ~ Eg?°/Fy is minimal (but not
totally geodesic) and we have (M) = 2.
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