Discrimination of the space-time V. 1.
By Hybitir6 TAKENO

§1. Introduction.

The present paper is a continuation of [1]Y, [2] and [3], and deals with
the problem of the discrimination of the space-time V. In other words,
we are going to establish a theory by which we can determine whether a
four-dimensional Riemannian space-time defined by g¢,; arbitrarily given in any
coordinate system is a V or not. Mathematically speaking, this problem is
“to determine the necessary and sufficient condition that the given g¢g,; be
reducible to the form

(1.1) ds’ = —dx*— Bdy’— Cdz*+ Ddt*,

where B, C and D are positive valued functions of x alone”.

As is easily understood, the problem of “determining whether a given
space-time is V or not” is not only interesting from the standpoint of tensor
analysis but also its solution is of importance when we consider the physical
meanings of the given space-time. If the answer of this problem is given
by some tensor equations to be satisfied by the curvature tensor K;;,, made
from g¢;;, especially when the equations contain no tensor other than g,
Dijmn (=4 —@ €4jmn) and Ki;,.., we may say that the problem is solved in
the most desirable form. Unfortunately, however, we have not succeeded
in finding such equations at the present stage of the investigations. In the
present paper and the forthcoming one [4] we shall give another way of
discriminating V' using the theory of characteristic system (abbreviated to
c.s.) developed in [1], [2] and [3]

If we see the results of [1], it is true that if we can determine whether
or not there exists a c.s. satisfying (F,), (F,) and below, the purpose of
the discrimination may be attained. But in order to carry out this plan,
we need some devices and techniques. Now let g;; be an arbitrary funda-
mental tensor whose signature is of type (— — — +), and U be the space-
time defined by this g,;. Determine from g,; the forms to be taken by the
characteristic vectors (abbreviated to c.v.) assuming that the U is a V. If
only these forms are known, we can easily determine whether the U is
a V or not by substituting them into the fundamental equations (F,), (F,) and

"1) Numbers in brackets refer to the references at the end of the paper.
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and testing whether the U satisfies these equations or not. We call
such a method of determining whether the given U is a V or not a c.v.
test. It should be noted here that in performing a c.v. test, we can ignore
in a certain sense the signs of the c.v., by virtue of the freedom of e-trans-
formation of the c.s. elucidated in [1]. Thus, in the following, the sentence

“zlt,- is determined uniquely”, for example, means, rigorously speaking, that “z;
is determined uniquely to within its sign”.

The same notations and terminologies as those in [1], and [3] will
be used, and many results of these papers will also be used without detailed
elucidations. The last two sections are devoted to the appendices, in which
we give some mathematical investigations which are in close connection with
the contents of the text.

§2. Preliminaries.

A V is a four-dimensional Riemannian space-time whose metric can be
a

brought into the form (1.1). A c.s. is composed of four unit vectors wu,,
(a, B,--+=1,---, 4 1,4,---=1,---,4), called c.v., and scalars 2., ftq, (a, b6=2, 3, 4).
They satisfy

11 2 2 3 3 4 4 « B

(Fy) —vtu, = —vu,= —vwu,=v'u,=1, v'u;,=0, (a# B);
1 2 2 3 3 4 4
(Fa) Vou;= —Apgu;— Attty + At ;
a a 1
(Fy) Viu; = Auuy, (not summed for a);
1
(FS) Vz la = Uy .

Sometimes we deal with the scalars A, (=44) and 2. (=44, a#0), as the
members of a c.s. Here 1,’s are the six eigenvalues of K.f (=K ; A,
B,.-.-=1,2,---,6), and are connected with 2,’s and g¢,’s by

(2.1) Ma=Aa)=Pa>  Aas=Aaks, (@=b).

(See § 12 below.)

It is proved in that U is a V when and only when it admits an
orthonormal ennuple and a set of scalars satisfying (F;), (F,) and They
are nothing but the members of a c.s. Some equations satisfied by them
are also obtained. The most important one that gives the starting point of
the present research is the equation

(2. 2) Kﬁ;ﬁ'= va;tj, (not summed for a),

where K;? is the Ricci tensor and the u,’s are its eigenvalues or principal
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values. It is further proved in that when [K]= {u;, A4, la, A5} 1S a C.s.
of a V, we have a coordinate system in which the metric is given by (1.1)

a
and u,’s, 1,’s and p,’s are given by

1 2
(2. 3) w=3, w=NEB &, u=yC&, u=yDoi;
(2. 4) Ah=—Pl2, =72, ,=—4d/2, (B=B|B, r=C|C, o=D'|D);
(2' 5) #2= _AB,/Z’ [132 _T’/z, /14: —5’/2a

where a prime means the derivative with respect to x. The coordinate
system is called standard for the [K]. v.s and A,’s satisfy

(2 6) V= — (212 + A+ 1214) ’ Vg — — (212 + A3+ /224) ’
V3 = —(213"'123“'234) ’ Yy = _(214"'/224"‘234) .

In the above coordinate system, we have v,=K,®, (not summed for a)

§ 3. Classification of U’s in terms of {v}, and preparatory theorems.

As is stated in the last section, the relation (2.2) is most important for
our present purpose. We classify all U’s in the following five types in
terms of the set of the principal values {v}:

U; : {v} ={a, b, ¢, d}, (a, b, ¢, d+).
Uy : » ={a, a, b, c}, (a, b, c#).
U » ={a, a, a, b}, (a#b).

Uy : » ={a, a, b, b}, (a#b).

Uy : » ={a, a, a, a}.

This classification corresponds to that of V’s given in §2 of [2], and Uj,
---,Uy correspond to Vi,---, Vy respectively. Here it should be noted that
we use the same notation v, to denote a principal value of both U and V
for brevity’s sake.

The above classification will be used throughout the remainder of the
present paper. As is stated in §1, we can perform a c.v. test only when

zat,;’s are known. It will easily be understood, however, that if some or all
of A,’s are known further, the test will become much simpler. Further, in
some special cases, we may have some methods of -discrimination which,
compared with that of c.v. test, are much simpler. Examples of these cases
will be seen in the following.

1
Next we prove a theorem which will be of use in determining %, from
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g;; when U is given. We introduced the concept of V; in [2]. A V, is
a V in which all of the six eigenvalues of K ® i.e. 4,5, are constants.
Thus when we speak of a V which is not V,, it means a V in which at
least one of ,5’s is not constant. Corresponding to V,, we shall denote by
U, a U whose six eigenvalues, which we denote by the same notations Z,’s,
are all constants.

Now we consider a V which is not V,, and let 2 be one of its non-
constant 1,'s. Since, as is easily seen, the six 1,5’s are functions of x in
the coordinate system of (1.1), the unit vector proportional to the gradient

1
V.2 is space-like and identical with #; to within its sign, which is of no
importance in the following discussions as is elucidated in §1. Further it is

also evident that any non-constant 2,; gives the same ;l,&'. Thus we have

ProrosiTiON 3.1. Consider a U which is not U,. Let 2 be one of its
non-constant 1,'s, and zlt be the unit vector proportional to V,A. If all A,4's
do not determine the same zltz, which is gradient and space-like, the U is
not V. If they determine the same zltZ satisfying these conditions, the U has
a possibility of being a V.

Here it should be noted that it is easy to discriminate whether a vector
is a gradient or not, since the condition that a vector be a gradient is given
by that its rotation be 0. For example, zltz is a gradient from (F,,).

We add another preparatory theorem. Consider a V. Then Ll@ is a

a

2
gradient. On the other hand, #; is not necessarily gradient. When #, is
a gradient, for example, we have in the standard coordinate system for the
c.s. B=const. Similar considerations lead us to

ProposITION 3.2. When u, is a gradient for some a, we have A,=
2a=v,=0 for all b (#a).

§ 4. Discrimination of V.

First we consider the problem of discriminating whether a U; is a V;
or not. (Note that the given U; may or may not be a U,) We can easily

obtain
. g Z 3 - .
PROPOSITION 4.1. In a Vi, if u;, or u; is a gradient, the corresponding

v, (. e. v, or v; respectively) is 0, and we cannot have the case in which both
2 3
u;, and u, are gradients.

The proof of the last part is evident from the fact that if both are
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gradients, we have v,=v;=0, which cannot be the case.

Now we consider a U;. It is evident that if at least one of the eigen-
vectors of K;’ corresponding to the eigenvalues a, b, ¢, d is null, the U;
cannot be V;. Next we consider the case in which all eigenvectors are non-
null, and denote the unit eigenvectors by wa, %, Ueys, %aie Tespectively.

When the U; is a Vi, these vectors must be identical with z;’s (to within
their signs) by virtue of (2.2). Therefore one of them (say, #,;) must be
time-like and the remaining three space-like, and we assume this in the fol-
lowing. Then, in principle, we can discriminate the U; by putting

1 2 3 4
(4.1) Upls =Us, Uqle=Us, Upig=Us, Uqie= U,
where (p, ¢, 7) is any permutation of (a, b, ¢), and by trying c.v. test. If
the U, passes the test for some permutation, it is a V;, while it is not when
it fails for all permutations. It will be laborious, however, to carry out this
plan. So we shall give some devices in the following.

It is evident that when all of the space-like eigenvectors uq:, Usjss el
are not gradient, the U; is not V;. Next when only one of these vectors
(say, uq) is a gradient, put

1 2 3 4

(4' 2) Ugg = Uy Upjg = Uz, Ugg=Us, Uq)s= Uy,

and try c.v. test. Then the U; is a V; when and only when it passes the
test. (Note the freedom of i-transformation. Cf. §4 of [1]) When two of
the three vectors (say, ., and u,;) are gradients, one of a and & (say, b)
must be 0 and the remaining one (i.e. @) be non-zero. Try c.v. test by
putting (4.2). If the U; passes the test, it is a V;. When it fails any-
where, it is not Vi, and accordingly not V.

We find from Proposition 4.1 that one cannot have the case in which
all of the three vectors are gradients. Further it is evident that if the given

1 0 v
U, is not U,, we can determine %, by the method stated in [Proposition 3.1,
and, in general, this procedure simplifies the discrimination process. Thus
we have completed the discussions concerning the case of V7.

§ 5. Discrimination of V7.

We proceed to Uy’s, which are defined by {v} ={a, a, b, ¢}, (@, b, c#).
They are classified into two sub-classes Uy, and Uy, corresponding to Vi
and Vi, respectively. (See §2 of [2]) In Uy, all eigenvectors correspond-
ing to the double eigenvalue a are space-like, while they are space-like or
null or time-like in Uy,.
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First we consider the case of Uy,. If the Uy, is a Vi1, one of the
eigenvectors corresponding to the simple eigenvalues & and ¢, say wu,, is
space-like and the other, say u,;, is time-like. Mutually orthogonal unit
eigenvectors corresponding to a are given by

(5.1) v¥,=v,cos w—w,;sinw, w* =v;sinw+w,cosw,
where v; and w, are any pair of mutually orthogonal unit space-like eigen-

vectors and o is an arbitrary scalar. If (u,)=(ws;, v*s, w*;, %) or (;¢)=
(v*;, w*;, sy, Ue);) Passes the test, the Uy, is a Vi, or Vi, respectively.
(Cf. §4 of and §2 of [2]) If both fail in the test, the given Uy, is
not V. ‘

Again it is evident that, when the Uy, is not U,, we can determine
1 2 3
u; by the method of [Proposition 3.1, and the determination of %, and #,,

and hence the process of the c.v. test, becomes much simpler.

Next we consider the case of Uy,. In this case, both u,,; and u,, are
space-like. Mutually orthogonal unit eigenvectors corresponding to a are
given by

(5. 2) v*,=v,coshe+w,;sinhe, w*, =v,sinhe+w,coshe,

where v, and w; are any pair of mutually orthogonal space-like and time-
like unit eigenvectors respectively and ¢ is an arbitrary scalar. The c.v.

test by putting {(w;) = (s, Ues, V*s, w*) or (s, Uz, V¥, w*,)} or (;¢)=
(0*¢, Upgy Ui, w*;) determines whether the Uy, is Vi, or Vi, respectively.
(See again §4 of and §2 of [2]) Again, when the Uy, is not U,, the
test becomes much simpler by using [Proposition 3. 1l.

Here it should be noted that the meaning of the c.v. test in the above
is somewhat broader than the one used in the last section, since an arbitrary

function w or ¢ is contained in z‘:i’s, ‘'which is to be determined in the process
of the test, in addition to 2,’s. As will be seen later in [4], however, when
the Uy is a U,, we can determine 1,’s to some extent, and by virtue of
these circumstances, it will not be so laborious to carry out such a gener-
alized c.v. test.

§ 6. Discriminations of Vi, and Vi,

Now we proceed to the discrimination of Vi, assuming that the given
U is a Uy and satisfies {v} ={a, a, a, b}, (a#b). The Viy’s are classified into
two sub-classes Vi, and Vi, as is seen in §2 of [2] Similarly, we clas-
sify Uw’s into Uy and Upg,. Both are characterized by that the eigen-



Discrimination of the space-time V, 1. 7

vectors of K’ corresponding to the simple eigenvalue & are time-like and

space-like respectively. First we consider the case of Uy which is not U,.
. " K 1 3 . : - 3 .
Naturally we can assume that u, is known. The discrimination of Vi

belonging to V, will be discussed later in [4].
: 1

" First we deal with the case of Upy,. u; must be an eigenvector corre-
sponding to a. Take any pair of space-like unit vectors v, and w, belong-
ing to the eigenspace corresponding to a, which are mutually orthogonal

B 1 .
and orthogonal to the »,. Then we can discriminate the Uy, by performing

a 1
the generalized c.v. test in which («,)=(u;, v*;, w*;, 4, where v*, and
w*,; are given by (5. 1). ,
Next we consider the case of Uyy,, in which u,; is space-like. When

uy; is different from #;, such a Uy, corresponds to Vi, and is denoted
by Ums. Let v; and w, be any pair of space-like and time-like unit eigen-
vectors corresponding to a, which are mutually orthogonal and orthogonal to

1 a 1
the u,. Then by the generalized c.v. test in which (u,)=(u;, v*;, ts;, W*;),
where v*, and w*, are given by (5.2), we can discriminate whether the
given Uy, is a Vi, or not.

1
Lastly, we consider a Uy, in which u;=u,;. Such a Uy, is denoted
2 3 4

by Ui, and corresponds to Viy,. We must choose u;, u; and %, in the
eigenspace corresponding to a. This eigenspace is three-dimensional, and
these vectors are given by

2 2 3 4 3 2 3 4
U; — lgvi + 137},5 + l4v¢ N U; = myv; -+ msv; + myv; ,
(6.1) A

Uy = NV, + N3V + N4,
2 3
where. v,, v;, v, are mutually orthogonal unit eigenvectors, the first two of
which are space-like and the third is time-like, and Z,, s, ---, 7, are coefficients
of a pseudo-orthogonal transformation (not necessarily constants) which keeps
(F,) invariant. -

Thus, in principle, we can discriminate the Uy, by making a gener-
alized c.v. test. This work is very laborious, however, since we must deal
with many unknown functions /s, m,’s and #n,’s in addition to ,’s, and it
is very desirable to reduce the number of the unknown functions as far as

a
possible. As has sometimes been stated, if A,’s and #;’s are known from
g:; to some extent, the work of the generalized c.v. test will become much
simpler. The greater part of the remaining pages is devoted to such inves-
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tigations.

§ 7. Discrimination of V., 1. Class (A).

In order to deal with the problem of discriminating Vi, which is not
V,, we investigate its properties more in detail by classifying all such Vi, ’s
into six classes (A), (B),---,(F). (A) is composed of Vij.’s, none of which
is V, but admits a c.s. satisfying ,=4;,=4,. The meanings of the remaining
classes will be elucidated in the following sections respectively. In this sec-
tion, we consider the properties of Vi;.’s belonging to (A).

Then in the standard coordinate system for the c.s., we have B=7=5,
and hence from the formulas in §2, we have

(7. 1) 4 u=2o=2s= )" (=a), Ip=lz=l (=a,),
v=—3As, Vi=vi=y,=—(Ap+243),
(A7 Ae, V1F Vo).

Thus we find that {2}, i.e. the set of A,’s, is of type

(7. 3) (8) {ar, a1, a1, a5, a5, Ay}, (a, # a,),

(7.2)

where the type number (8) is that used in §13 below, and that the sequence
of signs {1},, which is composed of the signs of the magnitudes of the
six-dimensional eigenvectors corresponding to the respective eigenvalues, is
given by

(7. 4) {(}s={+——, + + —}.

(See §12 below.) On the other hand, as the result of §7 of [3], the Vi,
admits the freedom of the generalized w-transformation of c.s., from which
we find that any set of mutually orthogonal unit vectors zz-, zz (both space-like)
and zZ (time-like) in the three-dimensional eigenspace corresponding to v,

(=v;=vy,) can be c.v. together with zl¢¢.

Conversely, from [Proposition II1.71 below, we know that.if the eigen-
values and eigenvectors of K ® of a Vi, have the properties stated above,
it must admit a c.s. satisfying 2,=2;=4,. Thus, considering the freedom of
€,-transformation, we have

‘ ProrosiTiON 7.1. Let a Uyy,, which is not U,, be given, its {2} be

of type (8), and further its {1}, be given by (7. 4), by interchanging a, and
. ,

a, when necessary. Try c.v. test by using u, and any set of orthonormal

2 3 4
vectors u;, u;, u; (the first two are space-like and the last one time-like) in
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the eigenspace corresponding to the triple eigenvalue of K;? and 1.’s deter-
mined from l=Xk=M4=ya, or —ya,. If the test succeeds, the Uy, is a
Vine, and if the procedure fails anywhere, it is not V.

REMARK. The relation between the types of {1} and those of {v} will
be studied in detail in §13 below, and the results obtained there will be of
use in considering the present problem, especially in checking the calculations.

§8. Discrimination of ¥i;., 2. Class (B).

Now we proceed to the discrimination of Viy, which is not V, and
admits a c.s. whose two 1,’s are equal. The class (B) is composed of such

Vinos.

(B,) First we consider the case of 1,=1,%#4,, and study the properties
of {1} and {v} somewhat in detail. In the standard coordinate system for
the c.s., we have f=7+4 and
4212 = 4213 = 2‘8’ + ‘82 5 4214 = 25’ + 52 5
A5 = A2y = 65 ’ 42y = :32 .

v,'s are given by (2.6) with (8.1). The condition that the V be Vi, is given:
by, in terms of 8 and 9,
(8. 2) 4B + 282+ 28"+ 0*# 20 + 282+ fo=206"+ 6+ 230 .

Using these relations we can prove that only the following cases are possible :
(i) The most general case, i.e. the case in which (A, Au, Au, A %)
In this case we have

(8 3) {'2} ={a1(12), a1(13)’ 02(24), a2(34)’ 43(14)’ a4(23)}’

(8.1)

(8 4) - {D} = {2al+a3) 2a2+a3$ » ’ » }7 (al, az, Az, Ay :#)’
where a,=2p, @&y=2u, @y=2Au, a,=123, and a’s must satisfy
(8. 5) al—'az_a3+a4:0.

Here and throughout the remainder of the paper, a,(12), @;(13),--- in {1}
mean a,=2ly, & =13, -+ respectively, and the members of {v} are arranged
in their natural order v, v,, vs, v,. Thus we have from (8.3), {A},={+ +,
- —, —, +}.

Especially when 2,,=2, holds, we have /=0 and
(8 6) {2} =’{a1<12)a a1(13)> 41(23), a2(24>9 a2(34>3 a3<14>}>

(8- 7) ——{u}={2a1+a3, 2a,+a,, » , » }: (611, a, aai),
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where 4a,=#*, 4a,=pd, 4a;=26'+0*, and B and § must satisfy -
(8 8) ‘ i 261‘1 = a2+a3 . o
When 4, = 2y -holds, we have

(8 9) {2} = {a1(14>’ 31(24)’ d1(34), 42(12)"’ ‘42(13), a3(23)} a”

(8. 10) ) ={a+2a, 3a, » , » Y, (@, @, a#),

where 4a,=26'+6"=p0, 4a,=28+f, 4ay=F,(F+#0), and § and § must
satisfy (8.8).. . ‘ .
(By) Next we consider the case of ,=24#24. In this case, we have
B=46+T7 and
Ay = Ay = 28"+ 5, Az =21"+77,

(8.11)
4223 = 4]34 = ‘BT , 4224 = ‘82 .

Similarly to the preceding case, the following three cases are poséiblé:
(l) When (212, 223, /234, 213, /224 75), we have (8 4), (8 5) and

8.12) {1} ={a(12), a(14), &(23), &,(34), a(13), a,(24)}.

" [l When Zy=4 holds, we have (8.7), (8.8) and

(8. 13) (1) = {@(12), @(14), &(24), a:(23), @(34), a(13)}.
[@] When As=/4s holds; we have (8.10), (8.8) and

.14 (0 ={m(13), a(23), a:(34), a(12), a,(14), a;(24)}.

(B,) The case in which ;=21,#2, holds is obtained from (B;) by inter-
changing the index 2 with 3 and 8 with 7. Thus we have the following
three cases:

(i) In the general case, we have (8.4), (8.5) and

(8. 15) (2) = {@(13), @(14), a(23), @ (24), &;(12), ,(34)}.
When As=1; holds, we have (8.7), (8.8) and

(8. 16) (2} = {@(13), a(14), a(34), @,(23), & (24), a,(12)}.
When A,=4, holds, we have (8.10), (8.8) and

(8.17) (1} = {@(12), @(23), @:(24), @(13), a;(14), a,(34).

Summarizing the above, we find that when a Vi, admits a c.s. whose
two A,’s are equal, its {1} is one of the following two types:
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(8- 18) ('3) {ah a,, a;, a, as, a4}, and (6) {a'ly a, a4, 4, a,, as}-

Here a,#a, when +g, and the numberings (3) and (6) are those used in
§13 below.

Conversely, if a Vi, is of type (3) or (6), the Vi, admits a c.s. whose
two 2,’s are equal if we exclude some special cases. These circumstances
will be made clear in §11 below. '

Now we come back to the Vi, admitting a c.s. whose two A.’s
are equal. (8.3), (8.12) and (8.15) are of the same type (3). But {2},
in these cases are {+ +, — —, —, +}, {+ —, + —, +, —} and {+ —, + —,
+, —} respectively. The last two are identical with each other, while the
first is different from them. Further, {v} and the additional condition (8.5)
are common to the last two cases. These come from the fact that any V
admits the freedom of the i-transformation of. c.s. Similar circumstances
also hold for the cases [ii) and in (B;) and (B,). Thus we can consider
that the cases (B;) and (B,) are identical with each other by virtue of the
freedom of the i-transformation of c.s. In the following, we say that (B,)
and (B,), for example, are (23)-conjugate, since each case is obtained from
the other by interchanging each 2 with 3 and each 3 with 2, in the indices
of 1.’s, A.s’s, etc.

As the result of the above we find that when a Vi, of type (3) is given
and it is known to admit a c.s. whose two 4,’s are equal, we can discrimi-
nate to which of (B,) and (B,) (or (B,)) the given Vi, belongs, by studying
its {4},. Similar considerations can be made with respect to the cases [ii)

and [iii] of (B,), (By) and (B,). |

The {2}38 corresponding to (8.6), (8.9); (8.13), (8.14) (or (8.16), (8.17))
are {+ + +, — —, =}, {—— —, + +, +};{+ — —, + —, +}, {+ + —,
+ —, —} respectively. These four types are exclusive with each other.
Hence by using these results, we find that when a Vi, whose {1} is of
type (6) is given and it is known to admit a c.s. whose two 2,’s are equal,
we can discriminate to which case the Vi, belongs.

In the above two cases, in which {1} is of type (3) or (6), if further the
case (B,), (a=2, 3, 4), to which the given Vi, belongs, is known, we can

express Z;s in terms of the eigenvectors w, , of K * and zlt,;, at most to
within a transformation of the form (5.1) or (5.2). Further the values of
A4’s can be almost determined from the eigenvalues of K,?. We shall show
these circumstances by taking two examples.

a) Let {2} and {24}, be of type (3) and {+ —, + —, +, —} respectively,
and the corresponding eigenvalues and unit eigenvectors of K,® be a,, a,,
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a;, a, and Uy 4, Uz g, Usja, Uy respectlvely Denote the four-dimensional
2 3 4

expressions of these vectors by u“, Uy, Ugy, Uy Tespectively. Then it is
easy to see that the Vi. belongs to (i) of (Bs) (or (B,)) and that we have

1 4 1
either {u@ju -—auj+buj, u,u'=0} or {uuu =0, u”u —auj+bu,} where a

and b are some scalars. When the latter holds, by interchanging the num-

berings of a; and a;,, we can assume that the former holds. Further we
3 1 3 4 1 .
have u,u'=¢€u; and u,u'=0. (Note that the case obtained from the above

3 a
by interchanging u, and u; is also possible) Thus «;s can be obtained from

u,,, 4s and u to within the sign of uq; and the transformatlon (5. 2) between
2

uz and %;. (We can also determine the linear space au¢+bui from the con-
dition that it be orthogonal to both uz- and ui.) Next, A,’s satisfying A=
1.+ s are obtained from (2,=a, and A4,=a, to within their common sign.

b) Consider a Vi, whose {1} is of type (6) and whose {2}, is given
by {+ + +, — —, —}, which corresponds to the case of (8 6). Denote the

eigenvalues by a;, a,, a; respectively. We can determine uq; by using uwu =

e;,, and then azzj+bzij. A’s are determined from 2, =4+, (&) =ai,
Lli=a,.

Now it is evident from the properties of Vi, studied in detail in the
above that the following discrimination theorem holds.

ProrosITION 8.1. Let a Usy., which is not U,, be given, its {1} be
of type (3) or (6), and its {2}, be one of those stated in the above. Further,
we assume that it is known to admit a c.s. whose two 1/s are equal. De-

a
termine A.’s and u;’s by using the eigenvalues and eigenvectors of K, ® and
1
u;. In determining these quantities, we will have the freedom of the trans-

formation of the form (5.1) or (5.2) for u/s and that of the sign for 2.’s.
Then try c.v. test by using these 1,s and an arbitrary orthonormal set com-

posed of ua,;’s and zig When the test succeeds, the Ui, is a V.. If this
procedure fails anywhere, it is not V.

" The reason for the middle part of Proposition comes from the fact that
any Vi, admitting a c.s. whose two 1,’s are equal admits the freedom of
w-transformation.

. a
ReEMARK. The relation between u, s and %;’s in the above can easily
be understood if we consider the results obtained in §12 below.
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§9. Discrimination of Viy,, 3. Classes (C),---,(F).

In order to establish the discrimination theorem concerning the Vi,
which admits a c.s. satisfying (%, 4, 4, #), we study the properties of such
space-times in more detail. The method to be used is the same as those
in the previous sections, but the calculations are somewhat long and tedious.
So we omit them and only state the outline of the results. In the standard
coordinate system for the c.s. under consideration, which satisfies (4,, 2;, 4. #),

A.’s are given by (2.4) with (8,7, § #), and we have
(9 1) 4212 = 2‘8, + ‘82 N 4213 = 27" + Tz ’ 4/214 = 25, + 52 Py
’ 4234 = 75 5 4224 = ﬁ5 5 4/223 = ‘BT .

The condition that the V be Vi, is given by v#v,=v;=y,, i.e.

(9. 2) At s+ A F Apt+ A+ A
. =t Aty = 214““124"‘234 .

If we use (9.1) and (9.2), we can prove that only the following cases
are possible:

(C) The most general case is the one in which all six eigenvalues 4,,’s
are different from one another, i.e.

(9' 3> (1) {'2} = {ab Az, A3, Ay, As, a6}, (apiaa Whel’l ‘0¢0)’

where (a,, a,, a;) and (a4, as, a;) (after a suitable renumbering of a,’s, when
necessary) are eigenvalues corresponding to plus and minus eigenvectors re-
spectively. Here a plus or minus vector means a six-dimensional vector
whose magnitude is plus or minus respectively. (Cf. §12 below.) Thus we
have

(9. 4) (2} ={@(12), @(13), a:(23), ai(14), as(24), as(34),

1 1 2 1 2 3
and {1},={+, +, +, —, —, —}. Evidently, w2’ w2’ --- give uy, u;, 0,
4

u;, 0, 0 respectively, and a;=24;, as=24;, as=1A34. IZrom this we find that

a
u’s and A,’s are almost known from a,’s, u, s and ;.
(D) Next we have the case in which

(9. 5) (2) {A}={a, a1, @, as, a,, as}, (a,# a, when P+ g0).
In more detail, the following six subcases are possible:

9. 6) {2} ={a.(12), @,(24), a,(13), a:(23), a,(14), a;(34)} with
9.7) {o={+— +, +, =, =},
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9. 8) (2} ={@(12), a(23), a,(13), a;(14), a.(24), a;(34)}  with
9.9 {AYe={+ +, +, —, —, —},.
9. 10) (2} ={a(19), a(24), a,(12), a(23), a,(13), a;(34)}  with
(9. 11) {(e={——, +, +, +, =},

and the three cases (23)-conjugate to the above three. {2},’s of these three
cases are given by (9.7), (9.9) and (9. 11) respectively. As a matter of course,
we must have for (9.6), for example,

9.12) at+at+aFlataz=ata;t+a;=a,+a,+as,
which is the condition that the V' be of type Vi..
[
Just as in the case (C), we can almost determine #,’s and 1,’s from a,’s,

1 3
u,4’s and u;. If we consider (9.8), for example, we can determine #; from
the six-dimensional eigenvectors corresponding to the simple eigenvalue giving

4
plus eigenvectors, %, from minus eigenvectors corresponding to simple eigen-

value, and zi.i from eigenvectors corresponding to the double eigenvalue. The
method of determining A,’s from q,’s is evident.

(E) The third case belongs to type (3) and is of very special type
given by

(9 13) {2}“_‘{50’ v, —290, —250’ _550’ 450}’

where ¢ is a non-vanishing scalar and is a function of x defined by ¢ =
—2m™%#0, (m=3x+c, ¢ being an arbitrary constant), in the standard coor-
dinate system for the c.s. The Vi, which gives (9. 13) is one of the fol-
lowing six kinds:

9.14) (1) ={p(12), p(24), —20(13), —20(23), —5p(14), 4p(34)},

9.15)  » ={p(14), p(24), —20(13), —20(34), —5p(12), 4¢(23)},
9-16)  » ={p(12), 0(23), —2p(14), —2¢(24), —5¢p(13), 4¢(34)},

and the three cases (23)-conjugate to the above three. In all six cases, we
have

9.17) {v}={6p, 0, 0, 0}.

(B, 1, 6) and (B, C, D), corresponding to (9.14), (9.15) and (9. 16) are respec-
tively
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(9. 18) 18=2m T=8m™t, 6=—4m™"; B=cm?, C=cym®, D= con™*,
9.19) B= , T=8m™, 6=2m; B=cm™*, C=cm®, D=cm?
9.20) B=2m', r=—=4m™t, 6=8m™'; B=cm?, C=cym™*, D=cm?,

where ¢, ¢; and ¢, are arbitrary positive constants. As a matter of course,
those corresponding to the (23)-conjugate cases are given from the above
expressions by interchanging (8, B) with (7, C). {2},’s corresponding to (9. 14),
(9.15) and (9.16) are {+ —, + +, —, —}, {— —, + —, +, +} and {+ +,
— —, +, —} respectively. Therefore, if a Vi, of type (9.13) with {i},=

{+ —, + +, —}, for example, is given, we can determine u,s from
(9.14) by a method similar to those in the preceding cases, and 2:'s by (4,

—f A=4f, 4=—-2f; f= 1/ —[2).

(F) The fourth case belongs to type (6) and is of very special type
given by
(9. 21) {2}={0, 0, 0, ¢, ¢,—¢},

where ¢ is a non-constant function of x given by ¢=(1/4)(1—2p)n"?% (n=
px+q, p and g being arbitrary constants satisfying p+#0, 1/2, 1), in the stand-
ard coordinate system for the c.s. The Vi, which gives (9.21) is one of
the following three kinds:

(9. 22) (2} ={0(12), 0(23), 0(24), $(13), ¢(14), —p(34)},

(9. 23) {2} ={0(14), 0(24), 0(34), $(12), $(13), —¢(23)},

and the case which is (23)-conjugate to (9.22). (Note that (9.23) is self-
(23)-conjugate.) {1},’s for (9.22) and (9.23) are {+ + —, + —, —} and
{— — —, + +, +)} respectively. Throughout the three cases, we have

(9. 24) (v}={-24,0,0,0}.

In the standard coordinate system for the c.s., we have for (9.22) and (9. 23)
9.25) B=0,7=n"t, 6=02p—1)n"'; B=c, C=cn’?, D=cn* ",
9.26) B=nt, 1=2p—1n', 6=0; B=cn'®, C=cn*"?, D=qc,,

respectively. As before we have the result: Let a Vi, of type (9.21) with

{2}s={+ + —, + —, —}, for example, be given, where ¢ is a non-constant
. 1 [}
scalar whose gradient is proportional to #,. Then we can determine u,’s

and 1,’s to some extent by using (9.22) and {3,=0, L:4=—¢; (A, 43, 4 F)
respectively.
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§10. Discrimination of Vij., 4.

If we examine the results of the preceding three sections, we can find
that Viy,'s of type (3) and those of type (6) appear in §8 and §9. First
we consider the case of (3). {A}’s of these Vi;./s are classified into the
following three groups:

( (8.3) with (8.5). {}={+ +, — —, —, +}.
(10. 1) 8.12) » » . » ={4+—, +—, +, —}.
8.15) » » . wo={— +— 4 —).
((9.14) with (9.18). {A},={+ —, + +, —, —}.
(10.2) 9.15) » (9.19). » ={——, + —, +, +}.
[ (9.16) » (9.20). » ={++, ——, +, —}.

10. 2 | The three cases which are (23)-conjugate to those given in (10. 2).

| {2),’s are identical with those in (10. 2) respectively.

The 2,s for the Vi;.’s of the three lines in (10.1) satisfy the conditions
(Ae=237FA), (=M0F2;) and (l3=2A,F 2, respectively. On the other hand, those
of the Viy,’s in (10. 2) and (10. 2') satisfy (2,, 45, 4 #). The Viy.’s in (10.1)
belong to (B,)’s, and those in (10.2) and (10.2’) to (E).

On the other hand, it is shown in [7.3] of that any c.s. of a Vi,
is obtained from a c.s. by at most ¢-, i-, w- and generalized w-transforma-
tions. If we use this theorem, we can easily find that the Vi;;.’s belonging
to (10.2) or (10.2') (these space-times are really the same) cannot be included
in those belonging to (10.1).

Now we shall show another method of arriving at the same conclusion
without using [7.3] of [3]. It is evident from the considerations of {4},s,
which are intrinsic to the space-times, that the first and second Vi, s in
(10.2) and (10.2') cannot be those in (10.1). Now we consider the third
case in (10.2). From the considerations of {1},’s, we can conclude that if
this Vi, belongs to those in (10.1), it must be the one given in the first
line. Then, if we compare (9.16) with (8.3), and consider that the double
eigenvalue corresponding to plus eigenvectors are ¢ and a, respectively, we
have ¢=a,. Similarly we have

(10. 3) v=a, —20=a,, 4dp=a,, —bp=a,.

But a,’s given by (10.3) cannot satisfy (8.5). Therefore the Vi, of the
third line of (10.2) cannot be the one in (10.1).

In the same way, we can arrive at the same conclusion with respect
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to (10.2'). Summarizing the above, we have

ProrosiTion 10.1. The Viy.'s in (10.2) or (10.2') cannot be included
in those of (10.1).

From this Proposition we find that when a Vy;, having the property
written in any line of (10.1) and (10.2) (or (10.2")) is given, we can proceed
by assuming that the 1,’s of the Vi, satisfy the conditions stated after
(10. 2") respectively.

Next we proceed to the case of type (6). The Viy,’s of this type are
given by

(8.6) with (8.8). {a},={+ + +, — —, —}.
(10. 4) 8.9 » . » o={——— 4+ +, +}.
8.13) » » . » ={+—— +—, +).
B.14) » v . » o ={t+— +—, —}
(10.5) (9. 22) with (9.25). {a},={++—, + —, =},

(923) » » oL » ={__.__, + +, +}_

The cases {(8.16) with (8.8)} and {(8.17) with (8.8)}, which are (23)-conjugate
to the third and fourth cases in (10. 4) respectively, and the case which is
(23)-conjugate to the first line of (10.5) are omitted in the list for brevity’s
sake. {2},’s are the same only for (9.22) in (10.5) and (8.14) in (10.4),
and for (9.23) in (10.5) and (8.9) in (10. 4).

Just as in the preceding case, we can find that the Vi;.’s in (10.5)
cannot be included in those of (10.4) by using the theorem [7.3] of [3]
Again, however, we shall prove this by another method without using this
theorem. As a result, we will obtain some interesting kinds of Viy.’s.

Our first problem is to determine whether or not the space-time of
(9.22) with (9.25) can be included as a special case in those belonging to
(8.14) with (8.8). For convenience’ sake, we consider the problem by using
(8.17) with (8.8) in place of (8.14) with (8.8). (Note that both are (23)-
conjugate to each other and both space-times are the same.) In (9.22), B,
7 and ¢ are given by (9.25), and this equation is obtained by solving

(10. 6) B=0, 2r'+7r=—75=28'+0,

under the condition (0, 7, 6 #). The process is as follows: If we eliminate
0 from (10.6), we have

(10.7) =27 .

If =0, we have Y= —0=const.,, and we cannot have 7=¢. If 7"#0, we
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have (9.25), p and ¢ in n being integration constants. In this solution, 7=¢
is equivalent to p=1. (It should be noted here that the Vi, of type r=
—d=const. belongs to V;, which is excluded from the present discussions.)

On the other hand, from the condition that (9.22) with (9.25) be a

special case of (8.17) with (8.8), we have

(10. 8) O=a,, ¢=a,, —¢=as, (2a, = a,+ ay),
and (B, 7, 6) satisfying (r=0+p) must be obtained from

(10.9) 2+ =pr=0, 2'+7i=-—-"r"=4¢.

By solving this, we have

(10. 10) B=0, 7=b=w", (w=z+0),

where ¢ is an arbitrary constant. In this case, we have (8.17) with (10. 8)
and ¢=—w?/4, and we cannot have 7/=0. This solution is identical with
the one obtained from (9.25) by putting p=1.

Thus the line element of the Vi, which is defined by (8.17) with (8. 8)

and satisfies (9.21) is given by
(10. 11) ds’* = —dz*— c,dy? — c;wd2? + cqwdt? (w=zx+c),

where ¢,’s are arbitrary positive constants, while that of the Vi, defined
by (9.22) with (9.25) is given by

(10.12)  ds*= —dzx’—c,dy*—cn/?d2? + ci* V?de?, (n=px+q; p#0,1/2,1).

Then we can easily show that (10. 11) cannot admit a c.s. [K’] satisfy-
1 1 2 2

ing (' =0, &', 2/, 4’ #) by using the fact that we have «/=u,, u/=u, and
(zi/, z:/) are obtained from (zstq;, z:z) by a relation similar to (5.2), which comes
from the consideration of the relation (8.17). Similarly we can prove that
(10.12) cannot admit a c.s. [K'] satisfying (4'=0, 4'=4/#0). As a result,
we find that the Vi, defined by (10.11) and that by (10.12) are intrinsically
different from each other. Thus we have solved the problem. The con-
clusion can also be obtained from (10.14) below.

Now we add some formulas which are of use in discriminating the two
space-times studied in the above. We can easily find that ¢ is —7?/4=—w™?
for (10.11) and —76/4=—(2p—1)n"?/4 for (10.12). Then if we define a
scalar M by

10.13) M= —(1/4) (— )T,

we have
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(a) M=¢, for (10.11), and
(b) M=¢€h, (h=p@2p—1)"+#1), for (10.12),

which characterize both space-times respectively. The reason why €, (= £1)
appears in (10.14) comes from (10.13) and the fact that any c.s. admits the

(10. 14)

freedom of €,-transformation, by which we can change the sign of zii, while
¢ is intrinsic to the space-time and is common to all c.s.

Summarizing the above, we find that when a Vi, of type (9.21), whose
{1}, is {+ +—, + —, =), is given, it is the Vi, defined by (10.11) or (10.12)
according as (a) or (b) respectively.

We can make similar considerations on the Vi, defined by (9.23) in
(10.5) and that by (8.9) in (10.4). Vi, of type (9.21) whose {2}, is {— — —,
+ +, +} is one of the following two space-times:

(10. 15) ds? = —dz*— cowdy® — c;wd? + ¢, dt?
(10. 16) ds® = —dz*—cn’?dy? — cn*VPd2? + ¢, dt’ .

The ¢’s of these two Vin,’s satisfy (10.14a) and (10.14b) respectively just
as in the preceding case. Evidently these results are of use in the theory
of the discrimination of Vij,.

Lastly it should be remarked that the considerations concerning the c.s.
hitherto made are consistent, as a matter of course, with the theory of the

freedom of c.s. of Vi, developed in [3].

§11. Discrimination of Viy,, 5.

As the result of §§7,8,:--,10, we find that all Vi;.’s, which are not
V,, are classified into the following three classes:

1) Vi.s, each of which admits a c.s. satisfying (l,=2=24). In this
case, {4} is of type (8).

2) Vius, each of which admits a c.s. whose two 2,’s are equal. In
this case, {1} is of one of the following two subtypes: 2a)---(3), and 2b)
-+ (6). \
3) Vu.’s, each of which admits a c.s. satisfying (4, 4, 4#). In this
case, {1} is of one of the following four subtypes: 3a)-:-(1), 3b)--+(2), 3¢)
.-a special type of (3), i.e. (9.13), and 3d)---a special type of (6), i.e. (9.21).

The properties of these classes of Vip.s have been studled in detail.

Espemally the types of {1},’s and the methods to determine ui s and 4,’s

from u¢, a’s and w,.’s have been made clear, although they have been
omitted in some cases for brevity’s sake. From these considerations, we
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find that the type of {1} of any Vy;,., which is not V;, is one of (1), (2),
(3), (6) and (8), and that we have the following converse theorems:

ProrosiTioN 11.1. When {2} of a Viu., which is not V,, is of type
{(1) or (2)} or (8), it belongs to 3) or 1) of the above list respectively.

PROPOSITION 11.2. Let {1} of a V., which is not V,, be of type (6).
Especially when it is of type (9.21) and satisfies (10.14b), the Vi, belongs
to 3d), otherwise to 2D).

ProposiTION 11.3. Let {A} of a V., which is not V,, be of type
(3). Especially when it is of type (9.13), it belongs to 3c), otherwise to 2a).

If we use the above Propositions together with the results obtained in
the previous sections, the discriminations of all Vi, ’s are not difficult. The
first example is given by Proposition 7.1, which is an application of Pro-
position 11.1. It is evident that the combination of Propositions 8.1 and
I1. 2 gives the complete method of discriminating Vi, belonging to 2). In
general, we have

ProrosiTioN 11.4. Let a Uy, which is not U, be given. Determine
to which class of 1), 2), 3) (or to which subclass, in the case of 2) or 3)) it
belongs, by calculating a,s and w, s, by making {1}, clear, and by using

the above theorems. Further, determine ;z’s and 2,’s as far as possible by
using the methods stated in §§7,8,--- and the present section. Try c.v.
test by using these quantities. If the Uy, succeeds in the test, it is a Vi,
and if the procedure fails anywhere, it is not V.

§12. Appendix 1. Some properties of the six-dimensional space M.

We have introduced in §1 the six-dimensional symmetric tensor K Z.
This comes from the idea that any antisymmetric tensor in a Riemannian
space-time can be considered as a vector in a six-dimensional space M.
Generalizing such an idea, we have established theories of m-vectors in an .
n-dimensional space. One of these is the one developed by the present author
[5], and is of use in the present discrimination theory as has been seen
frequently. The main results restricted to those which have an intimate
connection with the present theory are as follows:

The fundamental tensor in M is defined by

(12- 1) gAB = 2g[i[mgj]n] ) .(/AB = 2g[‘i[mg,j]n] ’ gABgBC = 63 ’

where A=(ij), B=(mn), (A4, B,C=1,2,-.-,6). Here the correspondence be-
tween the index (e.g. A) of the six-dimensional expression of a quantity
and the pair of indices (e. g. (¢j)) of the four-dimensional expression of the
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same quantity is arbitrary, with a proviso that the correspondence should
be kept unaltered during a research. Any antisymmetric tensor p.; in the
four-dimensional space-time has a one to one correspondence with a vector
P4 in M by the relation p;; (= —p;)=p4. The raising and lowering of
the indices in M are done by using ¢g*® and g, defined by (12.1) respec-
tively. With such a consideration, we can put K/ =K,;”". Then it is
evident that K, is a symmetric tensor in M.
Using these results in the present case, we have

ProrosiTioN 12.1. The six eigenvalues of K, ? in M are A, and 2,
(@, 6=2, 3, 4, a#b; Ay=12a), and the unit eigenvectors corresponding to these
values are given by

1 a a b
(12. 2) ulalA - 2u[¢uj] 5 @labm == 2u:iuﬂ .

ProoF. From (2.11) of and the above (12.2), we have

(12- 3) K, = 112’"12|A“12|B + 213’“131/1“1313 +ee

"'214”14|A’“14|B_224@!24[‘4’“241B_ et
On the other hand, from the orthonormality condition (F;), we can easily
see that the six vectors (@134, %134, #ss4) and (U4, s s, Usy ) are mutually
orthogonal plus and minus unit vectors respectively. In other words, they
form an orthonormal ennuple in M. From these, the proof is evident.

§13. Appendix 2. Relations between the types of the eigenvalues
of K ,? and those of K.

As is seen in §3, we classify all V’s into five classes Vi, Vi, - and
Vy from the standpoint of the eigenvalues of K;?. Now we denote the
types of these V’s by I, II,--- and V for brevity’s sake. On the other hand,
we can classify the types of the set of the six eigenvalues of K ® into the
following eleven types:
(1) Aai, as, as, as, as, ag}, (2) {ay, a1, @z, as, a,, as} ,
(3) {ai, a1, @, ay, as, a}, (4) {a,, a1, a1, s, as, a,},
(5) Aa, a1, @2, a3, as, a3}, (6) {a, a1, a1, a3, a5, a3},
(7) {al, a, 4y, 4y, Ay, as} ’ (8) {41, a,, a1, 4z, Ay, az} ’
(9) {ai, a1, a1, a1, @, @}, (10) {ay, a\, a1, a1, a1, @},
11) Aa, a1, a1, @y, ay, ay} .
Here a,#a, (0,6=1,2,---,6) when P+#¢. The numbes of different eigen-
values belonging to these eleven types are 6;5;4,4;3,3,3;2,2, 2;1
respectively. This classification has been used in §§7,8, --- and 11.
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Now we consider the relation between these two classifications. Evi-
dently, any v, is obtained as a linear combination of a,’s. Our present
purpose is to make clear, by using this relation, what kinds of I, IL-- and
V can be obtained from any of (1), (2),--- and (11). Then, as will be seen
in the following, we can make clear at the same time, from what kinds of
(1), (2),-+- and (11), a given type of I, II, :-- and V can be obtained.

We deal with the problem only from algebraic point of view. We take
as an example, the V’s of type (8) and make clear what types of L II, -
and V are possible for these V’s. The v,’s and 2,5’s are connected by (2. 6).
Since the V’s under consideration are of type (8), we have the following
10 (=4Cs/2!) cases to consider:

—~

1) o= Ap=Au=a, Au=Au=IAz=a,.

e=An=An=a, Au=rlu=Au=a,. (2,3 4)
===, u=lu=ls=a. (23,4)
iii’) e=dp=du=a,, Au=lu=ln=a. (2,34

— =]
et o
[
ot o]
] e

—~

Here (2, 3, 4) means the two cases obtained from the left one by the cyclic
changes of the indices 2,3 and 4 of ,’s, and it should be noted that, since
a,#a,, the cases obtained from the above by interchanging a, with a, are
classified into the same cathegory.

Since (2.6) is symmertic with respect to the three indices 2, 3 and 4,
and and (iii") are (23)-cojugate to each other, it is evident that, in dealing
with the present problem, the three cases contained in or or (iii)
give the same results and that (iii’) can be dealt with similarly to Thus
we have only to consider the three cases explicitly written in (i), and
In these cases, v,’s are given respectively by

(i) YV = ""3(11, Vg = Y3 = Yy = —(a1+2a2)¢!)i,
(ii) Vi = Vy = V3 = —(2a1+612), Yy = —3a2:/&l)1,
(iti) w=w=—Q2a+a), vi=v,=—(a+2a)F.

Thus we find that a V of type (8) is of type III or IV according as it is
of type {(i) or or or (iii")} respectively.

We can make similar considerations concerning the remaining types of
Vs (1),(2), -+, (7),(9),---. In some cases, however, the circumstances are
somewhat complicated. For example, in the case of type (3), we have 45
(=¢C;+4Cs/2!) cases to consider. But we omit them for brevity’s sake and
only give the following rough results:
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ProrosiTioN 13.1. We have the following corresponding table, the
meaning of which will easily be understood:

(1)— I, IIL (2)—1 II, . (3)— I II, III, IV.
(4)— 1, IL. (5)>1L IL V.  (6)—1 IL II, IV.
()L IL IV.  (8)—II, IV. (9)—1II, V.
(10)— IL (11)— V.

Reversing the order, we have

(1), (2), (3), (4), (5), (6), (7).

H < (2), 3), (4), (5), (6), (7), (9), (10).
III < (1), (2),.(3), (6), (8).
IV < (3), (6), (7), (8).

V < (5), (9), (11).

We obtained more detailed results for all subcases like those appearing
in the discussions concerning the type (8). But we omit them for brevity’s
sake. Further it should be noted again that the results obtained in the
above are those only from algebraic point of view. At any rate, the results
are compatible with those in the preceding sections.

(To be continued.)
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