Some characterizations of vanishing Bochner

curvature tensor

By Toyoko KAsHIWADA

Introduction. In Riemannian manifolds, it is well known that the
Weyl conformal curvature tensor vanishes if and only if R...=0 for indi-
ces a,b,c, d, which differ from one another. In this paper, we get the
analogous property to it for the Bochner curvature tensor, and by this, we
have some necessary and sufficient conditions in terms of sectional curva-
tures in order that K&hler manifolds have vanishing Bochner curvature
tensor. These theorems are analogous to results of J. Haantjes and W.
Wrona and R. S. Kulkarni [4].

The author wishes to express her hearty gratltude to Prof. S. Tachi-
bana for his valuable criticisms.

§1. Relations of R,.. and B... Let (M” g) be an n(=2m) dimen-
sional Kihler manifold and ¢, Ras’ Ra(=R.a®) be its complex structure,
the Riemannian curvature tensor and the Ricci tensor respectively. Let
Sw=0sR;. With respect to a ¢-base {e, -, e, ve1, -, pe,} the compo-
nents of these tensors have relations as follows”

Gar = Oas
Pux = —Paxs = 1, @i =0 (aﬁ\:i*),
Rabkl* = —Rabk*la Rij = Ri*j* ’ Ru* = —R¢*j s
Su = Si%j* = R'i*j > Sq:j* = _Sz‘*j = Rv:j .

Let B be the Bochner curvature tensor, i.e.

1
Babcd = Rabcd+ n+4 Uabcd

where we put

Uabcd = Rac Jva— Rbc Qaat Riigac— Rad GJoc

+ Sac Doa— Sbc Paat+ de Pac— Saa Dpet 28 Peat ZScd Pav

R
— 55 (Ga0G0a— Goc Gaa PacPra™ PrcPaa+ 2ParPoa) -

It follows that

1) a,b,--=1,--,m 1% -,m*; *=i+m; 1,5, =1 ,m
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R
Uabba= —<Raa+Rbb-—m> (|a|#lbl)l),

(1. 1) AR )

Uii*i*i = _<8Rzz_m

We get an analogous property of conformally flat manifold as follows.
ProPOSITION?. Let M, n=2m=8, be a Kihler manifold. If

Rapea=0  (lal, |8], [c], |d]| )"
holds good for every ¢-base {e, -, en, pe,, -, ve,}, then the Bochner cur-
vature vanishes. The converse is true.
To prove this proposition, at first, we remark the following property,
(Bishop & Goldberg [1]).

LeEMMA. Let L be a semi-curvature-like tensor, i.e. tensor field of type
(1. 3) such that
(1) Labcd = _Lbacd
(2> Labcd = Lcdab
(3) 1-st Bianchi’s identity is satisfied.
Then L=0 if and only if Lep.=0 Sfor every base.
Especially, in the case of a Kéhler manifold, for L=0, it suffices that
Lippa=0 for every ¢-base.

The Bochner curvature tensor B is a semi-curvature-like tensor. So,
by virtue of this lemma, it suffices to prove that Bg;,=0 for every ¢-base.

ProOOF OF ProprosiTION: For a ¢-base {e,: *, e,, e, -+, 0€,},
(1. 2) Raea=0  (lal, |b], |c],| d|=).
We take another ¢-base
€; =ce;+se;
(*) e; = —se,+ce,
| ee=¢e. (la|¥ij)

where ¢ and s are real numbers such that ¢*+s*=1 and ¢s=0.
As (1. 2) is true for this base, we have

0= g <R(e»2, ea)e.’h eb)
= —5(Riasp— Rjajb) ’

1) lil=14  |*[=4
2) Cf. Eisenhart [2], p. 124.
3) This means that lal, |&]|, |c|, |d| differ from one another.
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i.e. Rauin = Rajp (lal7 |b|’i, J*)
By replacing e; with e;,, we have

Rm*s*b = Rajjb .

So we get-

(1. 3) Ry = Ruxio  (lal, 0], i)

Since (1.3) is true for every ¢-base, for ¢-base (*) we know
0 (R(€), exx) s, €)) = —g(R(¢, ex) e, €5)

which implies

(1. 4) Ripwini— Rypxins = Rires— Ryens -

Replacing e; with e¢;, and adding it to (1.4) we have

(1.5) Risrne= R (E%E)

Since (1.5) is true for every ¢-base, computing (1.5) with respectgto
¢'base (*))

0(R(ei, €hs)€ix, 1) = g (Rleis €)) €5, €),
we obtain after all,

(1. 6) Riswoxit+ Rypugns = 8Ryys (Z7).

Then we have

2 (Riwane+ Ryjugns) =82 Rij
J(*1) j=1

(m—2) Rysxsxs+ pt=4(L Ryjpu+ Z Rijx jxs)
J=1 J(=)

=4 (RM_RM*i*i) ’
1. e.
1

(1- 7) Riivivi = m—_l_2‘(4Rﬁ—#)

where we put p=j§1Rﬁ*j*j and take account of R,;;;=R;j«;+«;. Taking
sum of (1.7) from i=1 to i=m, we have
(1. 8) R=(m+1)p.

So from (1.7) and (1. 8) we get

1

4R
(1- 9) Rn*z*z = m(sti_m) .
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On account of (1.6), it follows

1 R
(1. 10) R,”ﬁ — m(RM"l"Rjj—m).
On the other hand,
(1. 11) Rd*j*j*'t* = szjz .
Then, from (1.1), (1.5) and (1. 9)~(1.11) we obtain
1 .

Babba =Rabba+m Uabba=0 (lal#lbl)’
(1.12) )

Biz*z*a; = Rii*i*i +n—+4‘ Um‘*i*z‘ =0.

So by lemma, we get
B=0.
The converse is trivial since Ug,=0 for |al, |b], |c], |d]|#. Q.E.D.

ReEMARK : In this proof, we know that the property (1.12) depends
only the property (1.6).

§2. Theorems. We have several necessary and sufficient conditions
to be B=0 in terms of the sectional curvature.

THEOREM 1V. Let M**, m=4, be a Kahler manifold. Then, the fol-
lowings are equivalent at every point peM.

(1) The Bochner curvature tensor B(p)=0.
(2)? For every ¢-base at p,
Ples, ex)+0(ey, ;)= 80(e;, e,
(3) For each holomorphic 8-plane WS T, (M),
k,(W,b)=0(e,, &)+ 0(e;, )

is independent of p-base b={e,, -, e, pe,, -, e} of W.
(4) For every orthogonal 8 vectors of T,(M) such that {e,, -, e, ve,,
e 5034}’
Ple, e)+P0(es, e)=0(e, e)+0(e,e).

Proof. (2)=(1) is noted at the last of proof of proposition.
(1)=»(2) 1is trivial since (1.1) and

1) An analogous theorem have been got independently by Ogitsu and Iwasaki, [5]

2) This was remarked by Mr. M. Sekizawa. " '

3) O(ea, er) means Riemannian sectional curvature with respect to tse plane spanned by
€a, €d.



294 T. Kashiwada

—1

Rane =757

Uabba .

(3)=>(4) is trivial.
(4) =(1): Let {e, ", em, e, -, pe,} be arbitrary ¢-base of T,(M).
For {e;, e;, e, &, pei, pe;, pe,, pe}, by assumption,

R+ Ry = Runa+ Ry -

We take another orthonormal vectors {e;, €;, e, €, ve;, pe;, ver, ver)
such that
e;=ce;+Sse
er= —Sse;+cey, (c®+s*=1, csx0).
Since P(e;, €;)+0(er, €)= 0 (e;, &)+ 0(ej, ex), it follows
(2. 1) Rjii/c = lellc .

Since (2.1) is true for every ¢-base, for the above base,

g (R (e;e5) €, e,) =g (R (e;er) er, e,)
which implies
Rijui+Riri=0.
Then by Bianchi’s identity, we get R;;;=0. Replacing e;—¢;x, e;—~>€5u -
etc, we obtain Ru..=0 (|a|, |8, |c|, |d|=). So, by proposition, the Bochner

curvature tensor vanishes.
(1) =(3): Let B=0. Then, for a ¢-base, it follows

1 R

Rabba=m<Raa+Rbb—m> (la|#10]).

Let b= {eb eZ) e3y €, 97613 50629 5063, 9"34} ’ b' = {e;’ eéy ei,h e;, SDe;, Soe;’ SDe;,;, SDe‘/i} ’
be basis of WC T,(M). We construct two basis of T,(M) such that
f = {ely s Copy PO, 0, wem}

f’,= {e{"“, ei) €555 €y SD@;,"', SDe"ia 50657"',506%} .

Then we have

1 2R
(2- 2) p(ela ez)+‘o(es, e4)=m§(sz“n—_l_2‘>-

Let R,., R.; be components of the Ricci tensor with respect to base

£of. So, as R=Y,R,,=),R;, and R;=R,, (i>4), we have

4 4
Z Ru = Z -Réz .
=1 =1
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Then by virtue of (2.2), we know that %,(W, ) is independent of b.
Q.E.D.
By this proof, we know “8-plane” can be changed with arbitrary “2d-
plane” (8=<2d=<m) in this theorem. So, for example,

THEOREM 2. Let M be a Kihler manifold of dimension 4m=8.
Then, B=0 if and only if, for every ¢-base f of T,(M),
kp(f‘) = p(el, eZ)+ vt +‘0(e2m—1’ eZm)
is independent of f.

§3. Another proof? of a part of Kulkarni’s result.

Theorem (Kulkarni [4], Theorem 3.2). Let M", n=4, be a Riemennian
manifold. Then the Weyl conformal curvature tensor C vanishes if and
only if

(e, &)+ P(e, e)=P(e, e)+P(e, &)

for every quadruple of (orthogonal) vectors {e, e, €, €.}

Kulkarni proved this by conformal change of metric. Now, as equa-
tions in this theorem are all algebraic, we shall give an algebraic proof.

ProorF oF KULKARNI’'S THEOREM. Necessity is trivial.

Sufficiency : By assumption,

‘O(eia ej)+p(elu el) = ‘0<ei: el)+p(e.i7 ek) (i,ja k: l#) .
Taking summation with respect to [(31,7j, k) and k(¢ j), we have

n

(i—1)(n=2) P, &) = n—1) {51 P er, e)+ B p e, @)= 3 Plews )

t,r=1
This equation means

1 R

Rign—= =g Rt R}~ 1y gy =0

which is nothing but
Cz'm =0.

As the last equation is valid for any base, we know C=0 By virtue of
lemma. Q.E.D.
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1) This proof was ramarked by Prof. S. Tachibana.
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