Distribution of zeros and deficiency of a canonical

product of genus one

By Mitsuru Ozawa

1. Introduction. It is known that a simple geometrical restriction
on the distribution of zeros is enough to make zero a Nevanlinna deficient
value. This interesting phenomenon was firstly found by Edrei and Fuchs
[1]. Soon after Edrei, Fuchs and Hellerstein [2] extended the results. One

of their results can be stated in the following manner.

THEOREM A. Let g(2) be a canonical product of genus one and having
zeros {a,} in the sector

_ < T
|r—arg a;| = 50
Then
A
«0, g
3(0,9) 1+A

with a positive constant A.

Their formulation has a more general form. Of course #/60 is far
from the best. Indeed in we proved the following.

TueEOREM B. Let g(2) be a canonical product of genus one and with
only zeros {a.} in the sector

|z —arg a;| = p< % .

Then
A(B)

0 09 g_'"'—'_?

0, 9) T+ A(
where

s+_‘/.—2_—_ . )
A(‘B)=—LSW 1 _2 _ ssin2B8+sin g }ds.
) s | $£+42s+1  $+2scos f+1

In this paper we shall prove the following

THEOREM 1. Let ¢(2) be a canonical product of genus one and with
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only zeros {a,} in the sector
|z —arg akléi—-

Then

A
1+A

b

0(0,9)=
where

A=

1 S“’ 2J—2—sz+2\/—3—s+_{:2—
Az ), S2(s'+465°+3s°+465+1)

THEOREM 2. Under the same assumptions in Theorem 1
lspspP=2,

wher P and p indicate the order and the lower order of g(z), respectively.

It is an open problem to decide how wide the best possible opening
of allowable sectors is. It is our conjecture that the result remains true
when the opening of the sector is less than #. There are several evidences
supporting the conjecture. The result does not hold if the opening of the
sector is equal to =z, which was shown in [2].

We shall give an evidence, which proves the conjecture under a sym-
metrical condition on the distribution of zeros. In order to state the result
we need a preparation.

Let us consider eight points

lale™?, j=1,2,---,8
satisfying conditions :
T2+ eSS Se=a;=a,=r,
G=—a,, =—a,, 0g=—a;, a;=—a, (mod2x),
a,+a, =brf4+3¢/2,
a+a;=3r/2+¢,
a+a,=Trld+e/2.
Here ¢ is an arbitrary fixed positive number satisfying 0<e<z/2. Then

a set of these eight points is called an eight point group. If a point P
satisfies

|r—arg P|< —é,

T
2
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we can make an eight point group. We require the following condition
S: every zero a, of g(z) satisfies

|r—arg a;| =< % —¢

and other seven points of the eight point group formed by a, are also
zeros of g(=2).

THEOREM 3. Let ¢(2) be a canonical product of genus one with con-
dition S. Then '

Ae)

4 (0, g)gm

with a positive constant A(e).

2. Lemmas. In order to prove Theorems 1 and 2 we need two
lemmas.

LemMMmA 1. Let ¢(y, 0, a) be
% log L(a)+2y cos a cos @,

L(a)=1—4y cos a cos 0§+ 2y*(cos 20 + 4 cos’ a)
—4y’cosacosf+y'.

RS

Then
¢(y, 0, @) < Py, 0, 3x/4)
for 3r/A<aZrn, 0L0Z7/6 and y=0. =
Proor. Let us consider 9¢/da. Then

of(y,0,a) _ 2y’sina
ocx L(a)

—4 cos’ @)+ 4y* cos a cos? §—y° cos 6} .

{2 cos a cos 260+ vy cos § (3—4 cos* @

Evidently a¢(y, 6, a)/da<0 under the given conditions. Hence ¢(y, 8, a) is
monotone decreasing there. This gives the desired result.

LEMMA 2. ¢(y, 0, 3z/4)<0 for y>0, 00 x/6.
ProOOF.

(v, 0,3x/4) _ ¥ & _
o = LG {W 2 cos 6(1—2 cos 26)

—2y cos 20—y 2 y? cos 6} .
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Hence a¢/oy<0 for y>0, 0<0=z/6. Thus
¢(0, 0, 3n/4) =
implies the desired result.
3. Proof of Theorem 1. Let us consider
G(z) = g(2)9(®) .

Then N(r,0,G)=2N(r,0,q) and m(r, G)< m(r, ¢(z)) + m(r, ¢(®) = 2m(r, g).
Hence

—5(0, G)=Tim V1,0, G) 5 N(1,0,9)

T G) Z e min g 00

Hence it is sufficient to prove the result for G(z). Evidently

1-——2r—e“ cos a; + -
Iakl lakl

+ 29{( T ¢ cos ak>}
Iakl

-3 ¢<—’—,0, ak).

By Lemma 1

k=1 4
for 0<0=z/6, r=0 and by Lemma 2

log |G (re")| < §¢<lakl i)

{0 7)<

for 0=Z60=z/6, r>0. Let

Put

Then

Thus
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m(r,0,G)z —— 5"’ log |G (re*)|df

_LSZ/G log | H(re")|df .
T
The right hand side integral is equal to

/4

___1_ n/4+u/61 | (re“’)ldﬁ 1 j —x/d+= /6 g]h(re”‘")ldb’.
T

Evidently A(2)=h(2). Hence we have

m(r, 0, G) z — 2 L fa log |h(re")|do

/4—x/6

Now by Shea’s representation [4] we have

m(r, 0, G)>4—7ES N0, G)K(t, r)d,

rsin—5£+tsin—5—5 7 sin —— + ¢ sin ——
12 6 12

LKt )= _ °

2 t:+ 2tr cos or +7r? t:+ 2tr cos Tn?j_l- r?
Then

Kt )= r2J 2824243 tr+ {2 1)
’ 6+ 3t 6 tr3+rt

Hence

m(r, 0, G)=

v

1 Soo N(ST, 0, G) K(S, l)ds
0

A s
* K(s, 1)

1 s

ds

>N(r, 0, G)-L g
4r

=AN(,0,G).
Evidently A>0. Therefore

500, G)=Tim N(r,0,G)

—0(0, G)=lim N, 0,G)+m(, 0, G)
1

~1+A4°

which gives the desired fact.

IA
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- 4. Proof of Theorem 2. Using the same notations as in §3, we have

2m(r,9)=m(r, G)=m(r, 0, G)

> 1 J“” N(s7,0,9) g (s, 1)ds.
27[' 0 Sz
Further
1 sin—5—7—r- — sin 1—7:2-
- K 1)z

s?+2scos ——+1
12

sinﬁ — sin 1—”2
> =M
2{1+ cos _n'_)
12
for 0<s<1. Hence
m(r, )2 MrS’_Mt;ZO—’w dt,
0
M= A2
4| 1+ cos —ﬂ—)
12
Since ¢(2) is of genus one,
lim Sr_]\](t’_._o_’_g)_dt = 00 ,
rooo Jo tI
Hence
lim mrg) _ 00
77— r ’
which implies 1<p. p<0P<2 is known.
5. Lemmas. In order to prove we need two Lemmas.

Let
é(y, 0, a)= % log L(a) L(B)+ 2y cos #(cos a+cos B)

with B=Tr/d+¢/2—a, 0<e<n[4 and a€ I=[3r/4+¢/2, Tr/8+¢/4].

LEMMA 3. ¢(y, 0, n) is monotone decreasing for a€l, if y=0 and
o€ J,=[n[A—¢[2, n[4] or € J,=[—n[4+¢[2, —x]4+¢].
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Proor. Let us consider d¢(y, , a)/da. Then

a¢(ya0’a) 2y* P+ + R+ S+ Tt + U ) 7
= + Vyb+ Wy'),
o L@ LG (P+Quy+Ry*+Sy*+ Ty* + Uy’ + Vy ')

P = cos 20(sin 2a—sin 2f),

Q = —cos f(sin a—sin B+ 2 sin a cos 2a—2 sin B cos 28)
—2 cos  cos 20(sin a—sin B+ 2 cos 8 sin 2a—2 cos a sin 2§),

R =sin 2a—sin 28+ 2 sin (a— ) + 4 cos 8 sin a cos 2a
—4 cos a sin 8 cos 28+ cos 20(3 sin 2a—3 sin 28+ 2 sin 2(a—p)
+6 sin (a— )+ 4 cos § sin a cos 2a—4 cos a sin § cos 28)
+cos® 20{4 sin (a— )+ 2 sin 2a—2 sin 28},
S = cos §(—3 sin a+ 3 sin $—2 sin acos 28+ 2 sin B cos 2a
—4 cos B sin 2a+4 cos a sin 28—4 sin « cos 2a
+4 sin B cos 28—4 sin a cos 28+ 4 sin 8 cos 28 cos 2a)
+ cos 0 cos 260(—6 sin a+ 6 sin 8 —8 cos B sin 2a+ 8 cos a sin 23
—4 sin a cos 2a+ 4 sin B cos 28 —4 sin a cos 28
+4 sin 8 cos 2a)
+cos  cos® 260(—4 sin a+ 4 sin §),

T =2 sin (2a—28)+ 2 sin 2a—2 sin 28+ 4 cos a cos B(sin 2a—sin 28)
+ cos 20 {SSin 2a—3 sin 23+ 4 cos a cos B(sin 2a—sin 2p)
+ 4 sin (a— B)+ 8 cos a cos 8 sin (a——ﬁ)}
+ cos® 26 {4 sin (a— B)+ 2 sin 2a—2 sin 2,8} ,

U = cos 0{——3 sin a+ 3 sin 8—4 cos $ sin 2a+ 4 cos a sin 28
—2 cos 2B(sin a—sin B)—2 cos 2a(sin a—sin 19)}
+4 cos 0 cos 20(—sin a+ sin f—cos B sin 2a+ cos a sin 28),
V = sin 2a—sin 28+ 2 sin (a— f)
+ cos 20 {sin 2a—sin 2B+ 2 sin (a— ,8)} ,
= —cos #(sin a—sin f). .
Evidently P= —2 cos 260 sin (8—a) cos (a+ B)<0. Let us consider Q, which
is equal to —cos @(sin a—sin ) {3—4 sin* a—4 sin a sin §—4 sin® g}
—2 cos 8 cos 26 (sin a—sin §) (1+ 4 cos a cos B).
Let f(@) be 3—4 sina—4sinasin f—4sin* . By df/da= —1 we have

d%f(a) = +4sin (8—){2 cos (a+H)— 1)
— 4sin (ﬁ—-—a){Z sin(%+%)—1} >0.
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Hence f(a) is monotone increasing for a€l. Further

f(?’: +%) =1+2sine>0.

Hence f(a)>0 for ael. Thus Q=<0. Let us consider R, which is equal to

—sin (ﬁ—a)[l—l—cos (a+ B)+ 4 cos a cos B cos (a+ p)
+cos 20 {3+ 3 cos (a+ B)+ 2 cos (B—a)+ 4 cos a cos 8 cos (a+ p)}
+cos? 260 {4+ 4 cos (a+ 13}]

This is evidently non-positive. Let us consider S.
S = —cos # (sin a—sin p)

[3+4 sin a sin 8+ 8 cos a cos S+ 4 cos 2a cos 28+ 2f(a)

+cos 260 {8+ 16 cos a cos B+ 2f(a)} + 4 cos’ 20]
<0.
Consider 7. Then
T=—2sin(f—a)

[cos (B—a)+2 cos (a+ B)+8 cos a cos 8 cos (a+ B)

+cos 20 {2+ 3 cos (@+ B)+ 4 cos a cos B(1+cos (a+ B))}

+cos? 20 {2+ 2 cos (a+ ﬁ)}]
0.

IA

U is equal to
—(sin a—sin B) cos 0{3+ 2 cos 2a+2 cos 28+ 8 cos a cos B
+4 cos 20 (1+ 2 cos a cos ,8)},
which is non-positive. V is equal to
—2sin (,B—a)[l + cos (a+ B)+ cos 20 {1+ cos (a+ ,8)}]

which is non-positive. Trivially W<0. Hence

a¢(y’ 09 a) S O
oo o

for a€l, y=0 and € J,UJ,. This implies the desired fact.
Let
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(y, 6, a) = %log L(@)L(B)L(r)L()

+ 2y cos 0 (cos a+ cos B+ cos T+ cos d),

where

a+ﬁ=§£+——?—’—e, ,B+T=-§—7r+s, T+5=in‘+~§—
4 2 2 4 2

and

T 4+e<as< i77:+—3—:s.
2 8

@ is constructed from eight prime factors corresponding to an eight point
group, if y=r/|al, |z|=r. Let @=0,+®,, where

_ z
|ale?

oz
' |a;|e”

+§R(z+z+z+z).

|az|e™ |a,| e |az|e” |a.|e”

P4

1— P4
lak‘eﬁ

|axle™

@1 = log

Then by the rotation z={ exp {(—x/4+¢/2)i} we have
¢<lakl’ T T2 a8 %)
O=argl, @=argz, O@=0+rn/d—e/2.

By we have
@1< 2] a, a)§@1(——li, 0, —7r—+e)

|a| ’ | @ 2

for 0=0=<¢/2. Similarly
q)Z( 2] 0,a)gq)2<—|ﬂ-,a,L+e>

| @ ’ || 2
for 0=<60=<¢/2. Hence
¢<lz] 0 a)é@( |2l ,0,—7r—+e>

@ T

for 0Z60Z¢/2.

LeMmma 4.



Distribution of zeros and deficiency of a canonical product of genus one 227

Jor |2|>0, 0=0=¢/2. Here the summation is taken over all the eight point
groups formed by the zeros of g(z). Further 0<e<r/4 is assumed.

ProoF. In this case a=x/2+¢, f=7=3n/4+¢/2 and 6=n. Hence we
can use the Valiron representation.

p L+e)=_rﬁ£’2m
b b 2 0 2 b

S

P4

ay

Zo(

K=K1+K2, Kz<—0)=K1(0),

20+ . ssin(s+20)+cos(%—-—§——0)
K,(0) = szcos cos 49
s+2scosf+1 sz+2scos<i—i—0)+1
4 2

4 —Scos (2¢+ 20) + sin (¢ + 6)
s*+2ssin(e+6)+1

Hence it is sufficient to prove K;>0 and K, >0 for 0560=<¢/2. We firstly
consider K;, whose numerator can be represented by

A+ Ays'+ A+ AP+ Ass+ A,

A, = cos 20 —cos (2 + 20)+ 2 sin (¢ + 26) ,
A, = cos §—2 cos 0 cos (2 + 260)+ 2 cos (%—— % —0)
+ sin (0+e){2 cos 260+ 4 cos + 1+ 4 sin s+0)}

+2cos|- = —-£ —¢ {cos 20 — cos (23+20)},
4 2
A, =2 cos(—z— - —0){3 cos §—2 cos @ cos(23+20)}
4 2
+ 2 cos 20—2 cos (2¢+ 26)+ {6 cos § + 8 sin (e+0)}sin (e+0)
+2005(-Z——%-—0)(2 cos 20+ 3) sin (¢+6),
A, =2 cos 260—2 cos 8 cos (25+20)+4cos(%——;——0>

+ 2 sin (¢ +6) {3 + cos 20+ 4 cos fsin (s+0)}

+2 cos(—Z— - % — 0) {cos' 20— cos (2¢ + 26)+ 8sin fsin (¢ + 0)} ,
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A; = cos 20—cos (2 + 29)+ 2 sin (e + 26)+ 4 cos 8 sin (¢ + 6)
+2cos( - —-5 —¢ {3 cos 0+3sin(e+0)},
4 2

Ag =cos 8+ sin (s+0)+2cos(% -—%—-0).

It is very easy to prove that each A;>0 for 0=<0=¢/2 and 0<e<rn/4. Hence
K,>0 there. Similarly K,>0 there. Thus we have the desired result.

LEMMA 5.

2 sin 2¢ n sin 2¢ _ sin 3¢
s’+2scose+1  sSf+2ssine+1  s*+2ssin3e/2+1

for s=20, 0<e<r/4.
Proor. Consider the numerator, which has the form
As'+ Bs*+ Cs*+Ds+ E,
A=E=3sin2¢—sine,

>0

B =2 sin Ze(cos e+ 2 sin e+ 3 sin %e)
—2sin 3 ¢(cos 2¢+sine¢),

C =6 sin 2¢—2 sin 3¢+ 8 sin ¢ sin 2¢ sin ie

. . 3 . .
+ 4 sin 2¢ sin 75 cos e—4 sin ¢ sin 3¢ cos 2¢,

D =2 sin 2¢ (cos e+3 sin-g—e+2 sin e)

—2 sin 3¢ (cos ¢+ sin g).
By a simple calculation we have
A=E=3sine+ A’,
B=—6sine+ B,
C=6sine+(C,
D= —2sine+ D,

where A’, B, C', D’ are positive for 0<e<r/4. Hence it is sufficient to
prove '

m(s)=3s'—65"+65"—25+3>0
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for s=0. To this end differentiate m(s) twice
m'(s) =1258*— 185+ 125s—2,
m' (s) = 36s*—36s+12.

m''(s)>0 implies that m'(s) has only one zero a and m'(s)<0 for 0<s<a
and m'(s)>0 for s>a. Hence m(s)>m(a). Consider '

8m(s)—2sm’' (s)+m'(s) = 65>+ 22 .
This is evidently positive. Hence m(a)>0. Thus m(s)>0, which is the

desired result.

6. Proof of Theorem 3. By it is enough to show the
result for 0<e<n/4. Let b, be any representative of the kth eight point
group formed by a zero of g(2). Let h(z) be

ﬁ <1+ ad )e‘z/”’/c'
1

Let

Then

Hence by and Lemma 4 for >0, 0<60<Z¢/2
log |g(re”)| =log|G(re”)| <0 .
Evidently N(r, 0, 9)=N(r, 0, G)=8N(r, 0, h). Further

m(z,0,0)2 -1 "log lo(re")1ds

IIV

log |G(re)|db

’l\) :u[r—*

-l
S log | (re)|dg— L S T og | (re)|d

0 T —z/2+s

—x/4+s X
log | (re)|df— _g log |/ (re")|db
T

—n/4+¢/2

2/2— 2/2

/2—a

=.1N=.[H=.

j' log |h(re*)|dp
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By h(2)=h(z) we have
2 o/2 1 7/2—¢ '
N e S

T Jo T Jz/2-3:/2

2 /4
_2 S log | (re")|db .

T Ja/a—e

Now by Shea’s representation we have

m(r, 0’ g) g 1 Sw N(Sr, O, g) L(S, e)ds ’

T Jo st

. 3
. . . ssin 3e+cos —¢
2s sin 2¢+ 2 sine ssin 2e+cos ¢ 2

+ . -
s’4-2scose+1 st4+2ssine+1

Lis,e)=
st +2s sin-g—s+1

_ 2s cos 2¢+sin (l —¢
25+4 2 4

S+4y2s+1

2+ 2s cos(% — s>+ 1

Since s*+42s+1Zs+2scos (n/4—e)+1 and sin (r/4d—e)<y 2, the sum of
the last two terms is positive. Since s+ 2sin e+ 15+ 2ssin 3¢/2+ 1 and
cos ¢ >cos 3¢/2,

cos s(sz + 25 sin % + 1) >cos-%e(s2+2s sine+1).
Further using Lemma 5 we finally have

L(s,e)>0
for s20,0<¢<zn/4. Hence

m(r, 0, g) = 1 Sm N(s, 0, 9) L(s, €)ds
87'[,' 1 52

{ 1 S“ L(s. <) ds}N(r, 0, )

872' 1 S
A N(r,0,9).

I

I

Therefore we have

Ale)

5(0,9)?—_’—1—:@-
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This completes the proof of

Department of Mathematics
Tokyo Institute of Technology
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