A

Quasi-invariant measures on linear topological spaces.

By Yasuji TAKAHASHI

§1. Introduction
In [1], Dao-Xing has shown that the following:

THEOREM Let H be a separable Hilbert space, and let § be the totality
of weak Borel sets in H. Let @ be a linear subspace of H, and suppose
that @ itself is a complete o-Hilbert space with respect to the sequence of
inner products (¢, ¢),, n=1,2,3, -

where (¢, h=(p, P = .
Also, suppose that the inclusion mapping T from @ into H is continuous.

For each n, let @, denote the completion of @ with respect to the inner
product (¢, {),. Then, the following conditions are equivalent.
(1) There exists a P-quasi-invariant finite measure (non-trivial) p on

(H, B)-

(2) There exists n such that the inclusion mapping T can be extended
to a Hilbert-Schmidt operator from @, into H.

In the Dao-Xing’s original it is necessary that g is regular.
In this paper, we shall show that this assumption can be taken off, fur-
thermore this theorem can be extended to complete g-normed spaces.

Throughout this paper (except for §2.1°. and §5.), we shall assume
that linear spaces are with real coefficients.

§2. Basic definitions and well known results

1°. p-absolutely summing operators (1<p< o)
Let E and F be Banach spaces.

DeFINITION 2.1.1. Let {x,} be a sequence from a Banach space E.
{z,) is called scalarly I, if for each continuous linear functional x*€ E¥,
we have the inequality

Y |2* ()P < oo

n=1

{x,} is called absolutely I, if i |z, |2 < 0.
n=1

DEFINITION 2.1.2. A linear operator T from E into F is called p-
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absolutely summing if for each {x,}CE which is scalarly 1, {T(x,)}CF is
absolutely 1,.

We shall say “absolutely summing” instead of “l-absolutely summing”.
ProposiTioN 2.1. 1. (c.f. [2])

A linear operator T from E into F is p-absolutely summing iff there
is a constant C such that for every finite set in E x, 2, -+, x,, the following

5 IT@IP<C sup (£ 124217

lletfls1 \&k=

holds.
ProrosiTioN 2.1.2. (cf. [3])

Let a linear operator T from E into F be p-absolutely summing. If
1=p=q<oo, then T is g-absolutely summing.

ProrosiTioN 2.1.3. (cf. [3])

A linear operator T from E into F is p-absolutely summing iff there
is a probability measure p on the compact set K¥= the w*-closure of the
set of all extreme points of the unit ball of E*, and a constant C such that

1

IT@I<C(], |e*@Pdpa®)”, for z€E.

CoroLLARY 2. 1. 1. (c.f. [3])

Let T be a 2-absolutely summing operator. Then there is a probability
measure ¢ on K* and an operator S: L,(p)—F such that

(@) S is a continuous linear operator.

(6) T=SeJ-I, where I: E—C(K¥) is the canonical isometry x—z(x*)

and J: C(K*)—L,(y) is the identity operator.

ProrosiTION 2. 1.4 (cf [3])

Let K be a compact Hausdorff space and p be a probability measure
on K. Then the identity operator I: C(K)—L,(y) is p-absolutely summing.

ProposiTION 2.1.5. (c.f. [3], [4])

Let H, and H, be Hilbert spaces and let T be a linear operator from
H, into H,. Then the followings are equualent.

(@) T is p-absolutely summing.

(6) T is a Hilbert-Schmidt operator.

By (Corollary 2.1.1], Proposition 2.1.4. and [Proposition 2.1.5|, we have
the following Proposition.

ProrosiTiON 2.1.6. (c.f. [3])
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Let H be a Hilbert space and E be a Banach space. Then the follow-
ings are equivalent.
(@) T is 2-absolutely summing.

(b) There exists a Hilbert space H, such that
H—H —E
u v

T=VoU where U is a Hilbert-Schmidt operator and V is a continuous
linear operator.

ExaMmpLE 1. identity operator I: [—>[, is absolutely summing.

ExaMmpLE 2. identity operator I: [,—>[, is not p-absolutely summing,
for 1<p< 0.

REMARK. Generally, p-absolutely summing operator is not necessarily
compact. (c.f. Ex. 1.)

But a p-absolutely summing operator 7" from a Hilbert space H into
a Banach space E is compact.

2°. Cylinder sets and Cylinder measures

In this subsection, we describe certain os-algebras which will often be
used in the ensuing discussion, and examine the relations between them.

DEFINITION 2.2.1. Let E be a real linear topological space and E* be

a adjoint space of E. If A is a Borel set in real n-dimensional space R,,
and x,, x,, -+, x, € E, the set

{¥|(@*(z), -+, 2*(2,))e A, 2* € E*}

will be called the Borel cylinder with base A corresponding to z, -+, x,.
If the elements x,, -, x, generate the linear subspace M of E, then we also
call the above set a Borel cylinder corresponding to M, or a Borel M-cylinder.

The totality of Borel cylinders corresponding to a fixed M form a
o-algebra, which we denote by S(M), and the totality of all Borel cylinders
Sforms an algebra S. Let J denote the smallest o-algebra containing S ; we
call the elements of ¥ weak Borel sets.

Similarly, let & be the smallest g-algebra of subsets of E which contains
all sets of the form

{xlx*(x)<a} —oo<La<oo, x¥e E*,

The elements of § will be called weak Borel sets.

The following lemma shows that the weak Borel sets constitute a
sufficiently wide class of sets.
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LEmMma 2.2.1. (ct. [6])

If E is a separable g-normed space, then every open (or clased) subset
of E is a weak Borel set.

LEmMmAa 2.2.2. (c.f. [6])

Let E be a separable a-normed space, with the norm sequence {||x,|}.
Then, S_,(R)={||z*||..<R} is a weak Borel set in E*.

By this lemma, we can conclude that E} is a weak Borel set in E*.

DEFINITION 2.2.2. Let E be a linear topological space, and let S be
the algebra of all Borel cylinders in E*. Suppose that P is a set function
on S having the following property: if M is any finite dimensional linear
subspace of E, and S(M) is the ¢-algebra of Borel cylinders corresponding
to M, then the restriction of P to S(M) is a probability measure. Then
we call P a cylinder measure on E*. Clearly, any cylinder measure P also
has the following properties :

(1) o=P(Z)X1 for all Ze S

(2) P(E¥)=1

(3) P is finitely additive.

However, P is not, in general, g-additive.

But if it happens that P is ¢-additive, then, using well-known technique,
we can extend P to a probability measure on the o-algebra ¥ generated
by S.

Next, we shall show the continuity of cylinder measures.

DEFINITION 2.2.3. Let E be a linear topological space, and let P be
a cylinder measure on E*. Suppose that, given any positive number e,
there exists a neighborhood V of zero in E such that

P({z*| |z*(@)]>1, 2* € E¥})<e

whenever x€ V. Then we say that P is continuous.
LEmMA 2.2.3. (ct. [1], [5])

Let E be a linear topological space and let P be a cylinder measure on
E*. Then the function

L(x) =S

is continuous iff P is continuous.
LEmMA 2.2.4. (c.f. [1], [5])
Let E be a linear topological space and L(x) be a continuous positive

¢+ ® dP(z*)

E
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definite function on E [with L(0)=1). Then, there is a unique continuous
cylinder measure P on (E*,S), such that

E*

L(x)=§‘ “O4P(z*)  for z€E.

REMARK. In Lemma 2.2.4., if E is a nuclear space, then P is a pro-
bability measure on (E*, ).

If E is a o-Hilbert space and L(x) is continuous relative to the nuclear
topology, then also P is a probability measure.

(For details, c.f. [1], [5], [6], [7]

3°. The existence of quasi-invariant measures

DEerFINITION 2.3.1. Let E-be a linear space, F be a linear subspace of
E, and let B be a c-algebra in E, which is invariant under translations.
A measure p on (E, ) is called F-quasi-invariant if

©(B)=0 implies p(B+x)=0 Jor every x€ F, Be®.

DEFINITION 2.3.2. Let E be a linear topological space, E* be a adjoint
space of E, let || x|z be a continuous Hilbertian norm on E.

It is easily seen that the following L(x) is continuous positive-definite
JSfunction on E.

Lx)=e LK

The corresponding measure on E* (by Lemma 2.2.4.) is called a Gaussian
measure. (mean zero, variance 1)
ProrosiTioN 2.3. 1. (c.f. [5], [8])

Let E be a nuclear space, and |z||z be a continuous Hilbertian norm
on E. Then, the corresponding Gaussian measure pg on E* is ¢-additive
and E-quasi-invariant.

(ECc H= H*CE¥)

ProrposiTiON 2.3.2. (c.f. [1], [5], [8])

Let H, G be separable Hilbert spaces such that G is a linear subspace
of H and the natural imbedding (G—H) is a Hilbert-Schmidt operator.

Let & be the o-algebra of weak Borel sets in H. Then, there exists
a (Gaussian) probability measure p on (H,§) which is G-quasi-invariant.

4°. Dao-Xing’s inequality

In this subsection, we shall show the most important lemma for our
purpose.
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LEMMA 2. 4. 1. (Dao-Xing’s inequality) (c.f. [1], [9])

Let E be a linear topological space, F a linear subspace of E, and let
B be a g-algebra in E which is invariant under translations and contains
all cylinder sets.

Let X be the topology on F such that (F,X) is a linear topological space
of the second category, satisfying the first axiom of countability, and suppose
that X is stronger than the topology on F induced by E.

If there exists a F-quasi-invariant measure p on (E,B), then there exists
a neighborhood V of zero in (F,X) and positive number C, such that

sup | x*(x)) _S_CSEIx* (2)|dp(x) for every x*e€E*.

REMARK. In original Dao-Xing’s inequality, it was necessary that p
was locally finite and regular. But in [9], these assumptions were omitted.

§ 3. Main theorems and other results

In this section, we shall prove the following main theorems.

Throughout this section, we assume that linear topological spaces are
with real coefficients.

THEOREM A. Let H be a separable Hilbert space, with the inner pro-
duct (z,y), and let §F be the totality of weak Borel sets in H.

Let E be a linear subspace of H, and suppoe that E itself is a complete
o-normed space with respect to the sequence of norms ||x||, n=1, 2, ---, where
lzlh=lzl=s--.

Also, suppose that the inclusion mapping T from E into H is continuous.
For each n, let E, denote the completion of E with respect to the norm
lxll.. Then the following conditions are equivalent.

(1) There exists a E-quasi-invariant finite measure (non-trivial) p on
(H, B).

(2) There exists n such that the adjoint operator T* from H* into E}
is absolutely summing.

(8) There exists a separable Hilbert space H, such that

EcH,cH
J K
T=KoJ where injection map J is continuous and K is a Hilbert-Schmidt
operator respectively.

THEOREM B. Let 1=p=2, let {a,} be a sequence of positive numbers,
and let 1*(a,) denote the totality of real number sequences &={£,} which
satisfy the condition
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Jel = (3 o) < oo

[?(a,) forms a Banach space with respect to the usual coordinatewise linear
operations and the norm |&||. In particular, we write I* instead of [*(1).
Let & be the g-algebra in [*(a,) generated by the totality of Borel cylinders

{elen & -+, &) e B

(where B represents an arbitrary Borel sets in n-dimensional space).

Let @ be a linear subspace of [*(a,), and suppose that @ itself is a
complete o-Hilbert space with respect to the sequence of inner products
(Sp, ¢)m n=1,2, - where (50’ 50)1§(§9, $D)Z§ U :

Also, suppose that the inclusion mapping T from @ into [*(a,) is con-
tinuous. For each n, let @, denote the completion of @ with respect to the
inner product (¢, ¢),. Then the following conditions are equivalent.

(1) There exists a @-quasi-invariant finite measure (non-trivial) on
(*(a,), B) |

(2) There exists n, such that the adjoint operator T* from [*(a,)* into
@y is absolutely summing.

(3) There exists separable Hilbert spaces H, and H, such that

¢c H,cH,cCl*(a,)
I J K

T=KoJ-1 where injection map I and K are continuous, J is a Hilbert-
Schmidt operator.

In order to prove these two theorems, the following proposition is
necessary.

ProrosiTioN 3.1. Let F be a Banach space, E be a linear subspace
of F, and suppose that E itself is a complete g-normed space. Also, suppose
that the inclusion mapping T from E into F is continuous.

Then, the existence of a E-quasi-invariant finite measure (non-trivial)
p on (F, §) implies that, there exists n, such that

(1) T* is absolutely summing (T*: F*->E})

(2) T* is compact (T*: F*-E})

ProoF. (1): We may assume that g satisfies the condition

J, Izldp(@) < oo

for otherwise, we can replace ¢ by the equivalent measure
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mA)= | edple)  Aeg

A

which certainly satisfies this condition.
Now, by Dao-Xing’s inequality, there exists a positive number C; and
n, such that

IT*@¥l <G It @ldpte)  axeFr ()
Let {x}}CF* be scalarly /,, then we may assume that
2 |} (x)| < o0 zeF
Putting
p@=% |zi(®)| =zeF,

obviously p(x) is a lower semicontinuous seminorm on F.
Since F is a Banach space, using Gelfand’s theorem, p(x) is continuous.
Therefore, there exists a positive number C, such that

p@=Cllz|  zeF
Using (*), we get

Nl < G| 5 Jat (@ldp(@) = G [p@) di()

Ms

i

n

< GG leldu(a) <oo
Q.E.D.

that is the assertion.
(2): Let {x}} C F* be a sequence which converges weakly to zero.

Using (*) and Fatou’s lemma, we have

fim 7% (@)l < Tm [ | @)ldp(o)

n—eoe

_ s lim |z} (2)|dp(z) =0.

Fn—oo

Namely, {7%*(x})} converges strongly to zero in E;. Therefore, T is
compact.

Q.E.D.

ExampLE. Identity operator I: ['->[® is absolutely summing, but it
is not compact. Therefore, there is not a /'-quasi-invariant finite measure

on ({=, §)
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CoROLLARY 3.1. Let E be a Banach space, B be a g-algebra in E
which is invariant under translations and contains all cylinder sets.
Then, the following conditions are equivalent.

(1) There exists a E-quasi-invariant finite measure (non-trivial) on
(E, B).

(2) E is finite dimensional.

ProoF of THEOREM A.

(1)=>(2): Using Proposition 3.1., it is obvious.

(2)=>(3): By assumption, there exists n such that the adjoint operator
T* from H* into E} is absolutely summing.

Using [Proposition 2.1.2, and Proposition 2.1.6., there exists a Hilbert
space G such that

H*—G—E*
TV

T*=V-U where U is a Hilbert-Schmidt operator and V' is a continuous
linear operator respectively.

Here, we may assume that G is separable and U(H*) is dense in G.
For otherwise, we could replace G by U(H*) (closure of U(H*) in G, which
certainly satisfies this condition.

Considering the adjoint operator of T* = VoU, we get T** = U*-V*

Ef—G*—H
% U*

Since U(H¥*) is dense in G, U* is a injection. Also, since T'=T** g,
it is easily seen that we have the assetion.

(3)=>(1): Using [Proposition 2.3.2], it is obvious.

ProoF of THEOREM B.

(1)=>(2): Using Proposition 3.1., it is obvious.

(2)=>(3): We shall define

0@ =(are)  for e=(E)el(a).

Then, ¢(&) is a linear isometry from [?(a,) onto [?. Therefore, we may
assume that a,=1 n=1,2, -,

By assumption, there exists 7, such that the adjoint operator T™* from
({’)* into @} is absolutely summing. Therefore, by Proposition 2.1.2, it is

p-absolutely summing. Let {e;} be a sequence from (I7)*, | where e =(9,4)

5, = {1 if k=n

0 if & #n) then it is easily seen that {e}} is scalarly /,, therefore we

get
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% [ T* ()2, < oo

n=1

Next, we shall show that a linear operator T from @, into [? is p-

absolutely summing. -
Let {z:}C®,, be scalarly /,, namely

5 Kz P <0  a*edy,
k=1
then, it is easily seen that the following inequality holds
sup 3. [(zy, 2*)|7< 00 .

leMls1 k=1

Then,
N T@I7 = 5 B KT, edlr = 5 3 Kaw THe)I”

T8

< (sup £ Kaw a4)12) & ITHeE, <o

lla¥|S1 £=1

Thus, T is. p-absolutely summing, and also 7 is 2-ab§01utély summing.
By similar discussions for A, we have the assertion.
(3)=>(1) : Using [Proposition 2.3.2, it is obvious.

Q.E.D.
REMARK (1): [Theorem| A and [Theorem| B is the generalization of the

Dao-Xing’s theorem for complete o- normed spaces and [*(a,)-spaces, and
also, in Proposition 3.1., if E is a complete ¢-Hilbert space and F is a
separable Hilbert space, using [Proposition 2.1.5, we get the Dao-Xing’s
theorem. :

REMARK (2): In Proposition 3.1, A and B, if a
quasi-invariant measure p is o-finite, then these results are valid.

Next, we shall show the relations between nuclear spaces and quasi-
invariant measures.

LEmma 3.1, (c. f. [3])

Let E, F and G be Banach spaces respectively, and T(E—F), S(F—G)
be absolutely summing .operators respectively.

Then, S°T(E—G) is nuclear.

ProposITION 3.2. Let E= ﬁ E, be a complete g-normed space. Then

n=1
the following conditions are equivalent.
(1) For any n, there exists a E-quasi-invariant finite measure p, on

(E., B,).
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(2) E is a nuclear space.

Proor.

(1)=>(2): Using Proposition 3.1., for any m, there exists z such that
T* (adjoint operator of the natural injection 7) is an absolutely summing
operator from E into E}. Furthermore, for 7, there exists s such that
T* is an absolutely summing operator from E} into Ef. Using
2.1.2., Corollary 2.1.1., Proposition 2.1.4. and [Proposition 2.1.5,, it is easily
seen that the natural injection 7" from E, into E, is absolutely summing.

Similarly, there exists ¢ such that the natural injection 7" from E, into
E, is absolutely summing.

Using Lemma 3.1, we have the assertion.

(2)=>(1): Since E is nuclear, hence E is a nuclear o-Hilbert space.

Thus, we get E= N E,= N @, (where @, is a separable Hilbert space).
I N pa 11ibert
For any n, there exists s and # such that

¢t——)@s——)En
S
(where natural injection 7 is a Hilbert-Schmidt operator and S is a con-
tinuous linear operator respectively.)
Using the similar technique for the proof of A, we have the

assertion.

Q.E.D.

ProPosITION 3.3. Let E be a separable g-normed space, and § be the
totality of weak Borel sets in E*. Then the following conditions are
equivalent.

(1) For any n, there exists a E}-quasi-invariant finite measure p, on

(E*, B

(2) E is a nuclear space.

Proor.
(1)=(2): Since Ef € (see Lemma 2.2.2), the sequence of sets Ef

is monotonic increasing, and E*¥= U E}, there exists s such that g,(E*)>0

[with s=n]. Restricting $§ and ;zns tlo EY, we obtain a E-quasi-invariant
finite measure f, on (E;, I\ z*).

Using Proposition 3.1., natural map (Ej*— E}*) is absolutely summing.
Furthermore there exists ¢ such that natural map (Ef*—E}*) is absolutely
summing. Using the same method for the proof of [Proposition 3.2, we
have the assertion. _ . _

(2)=(1): By the similar discussions for the proof of [Proposition 3.2,
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we have the assertion.

Q.E.D.
ExaMpPLE. L= a P(@n,) 1Sp<co, 0<anSann<®
n=1
(m9 n=1, 2, 3’ ')

L is a complete a-normed space with respect to the following norms

&l = (glam,nléml”)? for any &=(&,)€ L.

Then, the following conditions are equivalent.

(1) For any n, there exists a L-quasi-invariant finite measure p, on
(07 (@n.n)s B)-

(2) L is nuclear.

(3) For any n, there exists s such that

Proor.

(1)4= (2): By Proposition 3.2, it is obvious.

(1)=>(3): By Proposition 3.1., there exists s such that the adjoint
operator (I?(am.n)*—>(?(@n,s))* is absolutely summing. By easy calculations,
we have the assertion.

(3)=>(2): It is easily seen that if for any n, there exists s such that

. 1
£ (5 <o

ams

then, L is nuclear.
But by assumption, we obtain the followings ;

there exists ¢, u, --- such that
(o] 0
a
e I
m=1 amt m=1 amu

Using Holder’s inequality, we have the assertion.
Q.E.D.
Finally, we shall show the relations between Bochner’s theorem and
quasi-invariant measures.
ProrosiTiON 3.4. (ct. [7])

Let @ be a separable o-Hilbert space, with the inner products (¢, 2),
and let U be a linear subspace of @, and suppese that ¥ itself is a complete
separable o-Hilbert space with respect to the inner products (¢, ¢),. Also,
suppose that the inclusion mapping T from ¥ into @ is continuous. For
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each n, let @,, (¥,) denote the completion of @, (V) with respect to the inner
products (¢, o)sy (¢, o)) respectively. Then, the following conditions are
equivalent.

(1) T is a Hilbert-Schmidt operator from ¥ into @ in o-Hilbert spaces.
Namely, for any m, there exists n such that T is a Hilbert-Schmidt operator
Sfrom ¥, into @,,.

(2) For any n, there exists a ¥-quasi-invariant finite measure p, on
(2., B,,).

(3) For any continuous cylinder set measure p in @*, the cylinder set
measure T*y in ¥* induced by T and p is o-additive.

(4) Let p, be the Gaussian measure, defined in @* by (¢, ¢,)%, then
for any n, the measure T*p, in ¥* induced by T and p, is ¢-additive.

(5) For any positive definite continuous function L(p) on @ with L(0)=1,

there exists a unique probability measure p on (¥*, F) such that

Lg)=| emoam

-

Proor.

(1)=>(2): For any n, there exists s such that 7" is a Hilbert-Schmidt
operator from ¥, into @,.

Using the similar method for the proof of A, there exists
a separable Hilbert space H such that

vc Hco,
S U

T=U-S where the injection map S is a continuous linear operatar and U
is a Hilbert-Schmidt operator respectively.

Using Proposition 2.2.3., we have the assertion.

(2)=>(1): Using Proposition 3.1. and Proposition 3.1.5., it is obvious.

Finally, by [7], (1), (3) and (4) are equivalent, and by Lemma 2.2.3
and Lemma 2.2.4., (3) and (5) are equivalent. Thus we have the conclusion.

Q.E.D.

REMARK (1) In the above Proposition, ¢-algebra B, (%) are weak Borel
sets in @, (¥*) respectively.

REMARK (2) In the above Proposition, let @ and ¥ be separable Hilbert
spaces, then the Dao-Xing’s results is that (1), (3) and (4) are equivalent.

§ 4. Further discussions for 7*(a,) and I*(X, p)

Throughout this section, we assume that linear spaces are with real
coefficients.
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1°. Let 1=<g< oo, let {b,..} be a double sequence of positive numbers
with

bm,n é bm+1,n m, n= 1, 2, s
and let ﬁ 1%(b,, ») denote the totality of real number sequences £=(¢,) which
m=1

satisfies the condition
oo R
6l = (B bualtale]” <0 m=1,2,

then, N 1(b,,,) forms a complete s-normed space with respect to the usual
m=1

coordinatewise linear operations and norms ||§||.,. Let /*(a,) and & be the
same notations of B.

Then, we have the followings.

ProrosiTION 4.1.1. Let ﬁ 1b,n,.) be a linear subspace of I*(a,) and

m=1
let the injection map T : Qllq(bm,;,)—»l”(a,,) be continuous. If we also as-
sume that 1Sp=<2, 1=<q9=<2, then the following conditions are equivalent.
(1) Thereexistsa N I (bm,n)?éuasi-invariant finite measure on (I*(a,), F)-
m=1
(2) There exists m, such that the adjoint operator T* : I*(a,*—14(b,, .J*
is absolutely summing.
(3) There exists m, such that the adjoint operator T* : I?(a,*—>1%(b, »)*
is p-absolutely summing.
(4) There exists m, such that
D
q

i an/b,:o,,,<oo .

1

(5) There exist separable Hilbert space H, and H, such that

N80 S HS B, 1*(a,)
m=1 I J K
T=KoJoI where injection map I and K are continuous, and J is a Hilbert-
Schmidt operator.

Proor. Using [Proposition 2.1.2,, [Proposition 2.3.2. and Proposition
3.1, (1)=>(2)=>(3) and (5)=>(1) are obvious.

(4)=>(5): We assume that there exists m, such that

> L
glan/bﬂqpoyn < o b

then we have
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GG P(abi )S (anbi )
(M K 0’

J

where natural injections  and K are continuous, and J is a Hilbert-Schmidt
operator. ‘

1
Next, we shall consider ¢(&)=(b. .&,) for é=(&,)€l?(a,), then it is clear
2
that /,(a,) and /7(a,/bt ,) are linearly isometric by ¢(£). Thus we have

D8

1 (b ) C LB, ) = 97

L

m=1

(@fb2,.)

Cgo—l(ﬁ(an/b,g"f; ) =0(a,).

Cgp"l(lz)Cy?"I(lz

rru— D
Putting H,=¢7'(l?), I£=ga*1.<lz_(an/b,,$o,n)>, we have the assertion.
Finally, for (3)=>(4), we shall prove more general case in §4. 2°
Proposition 4.2.1.. - S : '
Q.ED. -~
REMARK. If 1<p< oo, 1<g=<2 then we can show that (1), (2), (3)
and (4) are equivalent, and (5)=>(1) is valid,  however, (4)=>(5) is not valid.
Furthermore, if 1<p< oo, 1<¢g< oo, then, (1)=>(2)=>(3)=>(4) are valid,
however, (4)=>(1) is not valid. (c.f. Proposition 4.1.2., Proposition 4.1.3.)

PrROPOSITION 4.1.2. Let 2=p< oo, 1< g< oo, and I*C [?’(a,),
[with Z_:l a,< 00]. If there exists a l'-quasi-invariant finite measure p on

(?*(@n), B).

Then, we have

. 2 11
Baf<o  (gror=1)

Proor. Since /#(a,)C*(a,), by assumption, we can easily show that
there exists /%quasi-invariant finite measure g on (*(a,), &)

Then, by A, injection map (/?— *(a,)) is a Hilbert-Schmidt
operator, theorefore it is g*-absolutely summing.

From this, we have easily the assertion.

Q.E.D.

ProprosITION 4.1.3. Let 1=p< oo, 1<g< oo, and I*C[*(a,), where
the injection map is continuous. If the injection map is a Hilbert-Schmidt
operator, then we have
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- q*

Lar<oo.

1

PROOF is easy.
2°.  Throughout this subsection, let X be a set and B be a o-algebra
in X, and let ¢ and v be non-trivial positive measure on (X, 2B).

PropPoOSITION 4.2.1. Let L3(X,v)CL*(X, p) 1<p< oo, 1< qg< o) be
usual Banach spaces and let the injection map T (LY(X,v)— L*(X, p)) be
continuous. Let B, be a g-algebra in L*(X, p) which is invariant under
translations and contains all cylinder sets.

Then, the following implications (1)=>(2)=>(3)=>(4) holds.

(1) There exists a L(X,v)-quasi-invariant finite measure on (L*(X, pt),B,).

(2) The adjoint operator T*: L*(X, py*—L*(X, v)* is absolutely sum-
ming.

(3) The adjoint operator T* : L*(X, u*— L (X, v)* is p-absolutely sum-
ming. .

(4) For any {X,}CX which is measurable and pairwise disjoint with
0< p(X,)< o0, 0<y(X,)< oo,

we have
2 p(X,)
nZ=1 v(X,) T

Proor. The implicatios (1)=>(2)=>(3) are valid by Proposition 3. 1.
and Proposition 2.1.2..
(3)=>(4): We shall define

rearns for zeX,
f,,(x)—{ 0 for zeX,’

then {f,}CL?(X, p)* is scalarly /, by the following (x).
(*) If p=1, then for any g€ L*(X, p)*, there exist complex sequence
{an} such that lanlzly Kf;n g>|=an<f;u g>°

Therefore, for any positive integer N, we have

S ) = (2 0 for0)

<co.

n=1

N
S22 a.fs
n=1

. lgllzx = llgllox -

Thus, we have the assertion.
If p>1, then for any g€ L?(X, y), we have
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IS 0| =

[ £ 9() dta)

1 1

< an £ ()] dﬂ(x)]FUx lg(z)]? dﬂ(x)]?

n

1

~[f, lo@r aua]”.

n

From this, we have

(KhwPSE | lo@lrdp@

1 X,

< | lo@)r du@)<eo.

DM

That is the assertion. .
- Next, by assumption, the adjoint operator 7% : L?(X, p)*—L%(x, v)* is
p-absolutely summing, namely

2 IT*(f)lze < o0
On the other hand,
1Tl = sup [KT*(£), 03]

lighlzgs
= sup [<, T(g)|= sup | frods
lgllzas1 llglt ra=1
vibal 1 To_ aX)r
2 ) s ey | = A

Thus, we have

That is the conclusion.

Q.E.D.

Let (X, 3B, ) be a measure space. The p-measurable set E of positive
measure is called an atom whenever for any g-measurable subset E, of E
we have either p(E)=0 or y(E—E,)=0.

If (X,%, 1) be a o-finite measure space, then we may show that X=
X, + X, uniquely, where neither X, nor any of its measurable subsets is an
atom, and X, is a union of an at most countable number of atoms of finite
measure. When this, we shall say X, non atomic part of p.
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THEOREM 4.2. 1. Let (X, B, p) be a non-trivial finite measure space,
and let B, be a g-algebra in L*(X, p) which is invariant under translations
and contains all cylinder sets. If 1=<p=q=2, then the following condition
are equivalent. T

(1) There exists a LY(X, p)-quasi-invariant finite measure (non-trivial
on (L*(X, 1), B,)

(2) The adjoint operator (L*(X, p)*— LUX, p)*) is absolutely summing.

(3) The adjoint operator (L*(X, p)*— LUX, p)*) is p-absolutely summing.

(4) For any {X,}CX which is measurablt and pairwise disjoint, we

have i y(Xn)‘”%< 0.
n=1

Proor. The implications.{1)=>(2)=>(3)=>(4) are valid by Proposition
3.1., Proposition 2.1.2, and Proposition 4.2.1..

(4)=>(1): Suppose that the condition (4), then it is easily seen that
the non-atomic part of g has zero measure. o

Since p(X)<oo, p is concentrated on at most countable sets.

In this case, using [Proposition 4.1.1., we have the assertion.

Q.E.D.

REMARK., If 1<p=<q¢g< oo, the implications (1)=>(2)=>(3)=>(4) are
valid. However, (4)-=>(1) is not valid.

COROLLARY 4.2.1. Let 1Sp=<qg<oo, and let (X,B, ) be a finite
measure space. If the non-atomic part of p has a positive measure, then
there exist no LY(X, p)-quasi-invariant finite measure on (L*(X, ), B,).

ExAMPLE. Let p be a Lebesgue measure on ([a, b}, B), and let 1< p=
g<oo. Then there exist no L'X, p)-quasi-invariant finite measure on
(L*(X, p), B,).

ProposITION 4.2.2. Let (X,%B, yt) be a g-finite measure space, and B,
be a g-algebra in LP(X, p) which is invariant under translations and con-
tains all cylinder sets. If the non-atomic part of p has a positive measure,
then there exist no L*(X, p)N LYX, p)-quasi-invariant finite measure on
(Lp(X, 1“)’ 5Bp)s f07‘ any 1§P§°°, 1=g=oo.

Proor. Let X, be a non-atomic part of p.

Case 1. 0<p(X))<oco.

Assume the contrary, then it is easily seen that there exists L?(X, #)N
L%(X,, p)-quasi-invariant finite measure on (L*(X;, ), ®B,), but by Corollary
4.2.1.,.it is a contradiction.

-~ ...Case 2. p(X;)=oo0.
Then, there exists {X™}C X, which is measurable and pairwise disjoint
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with
ﬁ(X(n))=1 n=1, 2, .
We shall define

filz)= {1 for zeX®
" 0 for xeX®e (complement of X™).

Then, we have {f,}cL?(X, p)N LY(X, p).

Since L?(X, p)NLY(X, ¢) is a Banach space with the norm | f||=I£I,
+ | flly for feL?(X, p)n LYX, p), and natural injection (L?(X, g)N L¥(X, p)—
L*(X, p)) is continuous, if we assume the contrary, by Proposition 3. 1.,
natural injection (L?(X, )N LY(X, p)—L?(X, ) must be compact.

However, {f,} is bounded in L?(X, )N L*(X, g} and

1

hf={] o

for p=o

for any nxm,

therefore, any subsequence of {f,} is not convergent in L?(X, p).
That is a contradiction.
, Q.E.D.
REMARK. In the above Proposition, we may take the following condi-
tion (*) instead of the above condition.

(*)  There exist positive number Cl, C, and {X,} C X which is measurable
and pairwise disjoint such that

Clé/“( n)éCZ 7’l=1,2,"'

EXAMPLE. Let p be a Lebesgue measure on (R¥,B), then there exist
no L*(RY, p) N LY(R”, p)-quasi-invariant finite measure on (L?(R¥, p), B,), for
1=p=< oo, 1=g= 0. |

§5. Appendix

Let H, and H, be Hilbert spaces. The class of all Hilbert-Schmidt
operators from H, into H, (resp. of all absolutely p-summing operators)
will be denote by &,(H,, H,) (resp. II,(H,, H,)). :

Then, using a quasi-invariant measure, we shall give another proof of
the following Pietsch’s [T

THEOREM. &,(H,, Hz) Up(I'L, H,)  for 1=<p=2.

First, we shall prove the following Lemma.

LEmMMA 5.1.- (c. f. [3])

Let E, and E, be normed sprces. If 1Sp<q<oo, then
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1,(E, E)cll,(E, E,).

Proor. We may assume that 1<p<g<oo.
If Tell,(E, E,), then for each {x,}CE, which is scalarly /, and for
each {1,} €l,, , and 2*€Ef (dual of E,), we have

B KT 2 )7 = 3 (2K, 2

o q—-p/q [ A
(B 1l K 2 10)t < oo,
n=1 n=1
Namely, {|2n|%xn}CEl is scalarly /,, therefore we have

glllT(lznla’a—x,,)szglgznl 1T ()P < oo .
Thus, we have

(IT@)7 ely,  (dual of Zy,-,).

From this, we have easily the conclusion.
Q.E.D.
LemMma 5.2. ©,(H, H,)cClIl,(H, H,)
Proor.
Case 1. Let H; and H, be separable Hilbert spaces with real coefficients.
If Te®,(H, H,), then we have the following decomposition :

T, I
H,—T(H)— H, T=1IT,
where T'(H,) is the closure of T(H,) in H,, T\(=T) is the Hilbert-Schmidt

operator from H, into T'(H,) and I is the identity map from 7T(H,) into H,.

Since the image of H; by 7 is dense in T(H,), T;* (adjoint operator
of T) is a injection map from T(H,)* (dual of T(H,)) into H* and also
a Hilbert-Schmidt operator.

Then, we may consider that T(H,* is a linear subspace of H* and
natural injection is a Hilbert-Schmidt operator.

Therefore, by [Proposition 2.3.2., there exists a 7 (H,*-quasi-invariant
Gaussian measure g on (H*, §).

Hence, by Proposition 3.1., T* (adjoint operator of TF) is a absolutely
summing operator from H, into T(H).

From this and 77*=7T), we have easily the conclusion.

Case 2. Let H, and H, be separable Hilbert spaces with complex
coeficients. . v . SR
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Since H, and H, are isomorphic to /* (usual Hilbert space with com-
plex coefficient), we may assume that H,=H,=1/

For any &= (£,) €% we shall denote (Re. &,) [resp. (Im. (£,)] by Re. &
[resp. Im. £], then it is easily seen that Re. é€l% (usual Hilbert space with
real coefficient) and Im. &€ /%.

Let {x,}C/* be scalarly /,, then by the following (), {Re. x,}C/% and
{Im. x,}Cl% are scalarly /, respectively.

(*) By assumptions, for any x=({,) €%

we have

% Kaw 2] <o,
Let Re. z,=(¢%") and Im. z,=(5y), then

n

oo

21 ESZ" Ck + i:ézl 7]5?) Ck

k=

<o,

1

hence we have

-+

UScn) C/cl <00,

iMs

es&n)Ck' <OO ’

iMs
T™Ms

1 1 1

k=1

Namely,

2 [{Re. z,, x)| <0, Z} |KIm. x,, x)|<oo.

1 1

Now, let T'€®,(H,, H,), since
T(x,) = T'(Re. x,,)+iT(Im. x,)
= Re. T'(Re. x,)+iIm. T'(Re. z,)+ Re. iT(Im. z,)+ ilm. iT(Im. x,,),

it is sufficient to show that:

21 | Re. T(Re. z,)|| < oo, gl | Im. T'(Re. z,)|| < oo,
% IRe iT(Im. z)|<oo, % |Im. iT(m. )] <oo.

Let J be a continuous linear mapping from /% into /% such that J(x)=Re. x
for any xel’, then JoT is a Hilbert-Schmidt operator from % into Z%.

Using Case 1., JoT is a absolutely summing operator from /% into l%,
and therefore we have

21 |Re. T(Re. z,)]| < oo .
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By similar arguments, we have the assertion.

Finally, we shall prove the general case.

Let T€®,(H,, H,), for any {x,} C H, which is scalarly /;, we shall denote
a closed linear subspace of H, generated by {x,} by M, and denote the
closure of T(M,) in H, by M, then T is a Hilbert-Schmidt operator from
M, into M,, and {x,} C M, is scalarly /,, and therefore using Case 2., we have

> | T(@)l < oo

n=1

That i1s the assertion.

Q.E.D.
Proor of THEOREM. By Lemma 5.1 and Lemma 5.2, we have
@Z(Hly HZ)CHP(I{IS HZ) ’ ”p(Hly I—IZ)CHZ (Hh IIZ)
for 1<p=2.

Therefore, it is sufficient to show that [1,(H,, H,)CS,(H,, H,).
If Tell,(H,, H,), for any orthonormal sequence {e,} C H,, since {en}CH1
is scalarly /,, we have

> | Ten)< o0

n=1

Namely, T is a Hilbert-Schmidt operator from H, into H,.
Q.E.D.
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