On a PL embedded 2-sphere in 4-manifold
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§o.

Let M?* be a simply connected differentiable manifold, and let &€z, (M?**)
be a given homotopy class of maps S*—>M?. It is known that if n>2,
the class é can be represented by a differentiable imbedding f: S"—>M?.
This follows from a reasoning similar to the one used by H. Whitney to
prove that every differentiable #-manifold can be differentiably imbedded in
Euclidean 27 space. For n=1, let F,, be a compact connected orientable
surface of genus p with ¢ boundary components, where ¢ may be equal
to 0. Let ay,-, a,b, b,C,,C,, be standard generators for the
H(F,,: Z). Here the C; correspond to consistently oriented boundary
circles (one is omitted because it is homologous to the sum of the others),
and the g, and b, are standard curves on F,, chosen so that a;,Na;=b;
Nby;=a;Nb;=¢ if i#j and a, b; intersect nicely at one point. Then S.
Suzuki proved the following :

y4 D

Suzukr's THEOREM. A non zero homolo class aa;+ b, +
gy o o
i= i=

-1
qZ 7.C; of H\(F, ,: Z) is representable by a simple closed curve on F,, if and
t=1

only if one of the following two conditions is satisfied :

(1) Not all the a; and B; are zero and the g.c.d(ay, -, ay, B+, Bp)
=1,

(2) a;=PBi=0 for 1=i=<p and |1;|=1 for 1=5i<q—1 and all non zero
7, have the same sign.

For n=2, whether or not &€ H,(M*) is representable by a differentiable
imbedding f: S*—>M* depends on the class & ([2], [6]). On the other hands
there exists no example whose class &€ H,(M*) is not representable by
a PL imbedding f: S?—>M"* So we attack a problem representing a class
¢eHy(M*) by a PL embedding f: S*->M*‘ And we obtain a following.

THEOREM. Let M* be a l-connected closed PL 4-manifold. Then
any 2-dim. homology class &€ Hy(M¥k(S®x S?) is representable by a PL
embedding f: S*—>M#k(S*x S?) for some k=0 where MEk(S*%x.S?) is a con-
nected sum of M with k-copies of S*x S
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§1.

ProrosiTION 1. (Kervaire and Milnor [2]) Let M be a closed PL
4-manifold containing a 2-dimensional subcomplex K such that

(1) M-K is acyclic, and

(2) The boundary of a regular neighborhood of K is a 3-sphere.
Then, every homology class (€ H,(M:Z) can be represented by a PL im-
bedded 2-sphere.

COROLLARY 1. Let M* be a closed connected PL 4-manifold containing
a 2-dimensional subcomplex K such that M-Int D' collapses to K (i.e. M-
Int D'\\K).
Then every homology class ¢€H,(M:Z) can be represented by a PL im-
bedded 2-sphere. .

Proor. Since M-Int D\\K, U=M-Int D is a regular neighborhood of
K in M. So dU=0D*=S® and M-K=~M-M-Int D*)~D*. Hence M-K is
acyclic. So by [Proposition 1|, every class §e Hy(M:Z) can be represented
by a PL embedded 2-sphere.

CoROLLARY 2. Let M* be a closed connected PL 4-manifold with the
Sfollowing handle decomposition,

M*=D{y(D'x D) UU(D*xD?,uD!  or
i J

M*= D{UU(D?x D,UU (D*x DY) U D!
J . k

(i.e. M* has a handle decomposition without 3-handles or without 1-handles).
Then every homology class ¢€ H,(M"*) is representable by a PL imbedded
2-sphere.

Proor. If M'= D3V %J (D, x D3),U SJ (D*x D*,UD4t,

M-DiINDVU(D* x {0}V U(D* x {0}),
Nes (U x (o)) U(D*x (0);N3 DY)
VUD'x {O}),,ULg(D’ x{0});=K

where ¢ is the center of D} (see also [4. P. 83]). Then K is a 2-dim
subcomplex of K which satisfies the conditions (1), (2) of [Proposition ]
because M-D" is a regular neighborhood of K in M. Hence every homo-
logy class ¢€H,(M:Z) can be represented by a PL imbedded 2-sphere.
If M‘=D3Ulj(szD"’),ULg(DxD‘),,UUD{‘, we may take the dual handle

decomposition. of the above ([4, p. 82]).
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Then M has a handle decomposition without 3-handles and so the conclu-
sion follows from the above proof.

REMARK. PC(2), §?x.S* and non-trivial S* boundle over S? satlsfy
the hypothesis of [Proposition 1.

CoROLLARY 3. Let P(T,m,) be a 4-manifold obtained by plumbing
according to the weighted tree (T, m,) such that dP(T, m))=S? (see [1, p. 56]).
And let M=P(T, m,)U D*.

2

Then every homology class §e Hy(M : Z) is representable by a PL imbedded
2-sphere in M.

Proor. M-D*=P(T, m;)\S?*V --- V§*=K

where each S? is a zero section of DZ%*bundle over S%. And since M-D*
is a regular nighborhood of K in M, the conclusion follows from Pro-
position 1.

THEOREM. Let M* be a 1-connected closed PL 4-manifold. Then any
2-dim. homology class ¢ H,(M$k(S*x S?) is representable by a PL embed-
ding f: S*—>MEE(S?x S?) for some k=0 where M$ k(S?x S? is a connected
sum of M with k-copies of S%x S* :

Proor. Let M‘= D‘UU(D1XD3) UU(D2><DZ) UU(D x D), U D4,

Since every 2-dim. homology class of closed 4- mamfold without 1-handles
is representable by a PL imbedded 2-sphere by [Corollary 2 to [Proposition|
1, we will show that all 1-handles of M can be eliminated by attaching
S?x 8% Let ¢,: (0D'x D*,—dD}§ be an attaching map. Then

DéU(DlxD3) =S'xD?®. And let

St St D“UU(szDz)UD‘. and
W, = (M-Int(D4U(D* x D3),)) U (S? x S?~Int(D:U (D? x D))
9, a

where a: S'x5*—>S85'xS8?is a PL homeomorphism given by
a(z, y)=(z, y) since

3(M-Int(D4U(D' x D*)))=S'xS*  and
¢,
9(S? x S*-Int(DiU (D?*x D?),))=S"x S*.
Then — Wi=M§(S'xS). For S'x{0}cS'x D*=D4y(D x DY),

is homotopic to a poi.nt in M since m(M)={1}. And there is a non-
singular 2-ball B? with dB*=S'x{0} because dim M=4. And a regular
neighborhood U(B? M) is a 4-ball containing S!x {0} in its interior. - ‘So
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we may assume that there is a 4-ball D* in M such that Int D*D D}
U (D' x D?),. '
9

Then W, = (M-Int(D3Y (D' x D)UY U(S? x S?-Int(D4U(D? x D?),))
= (M-Int(S* x DS)) U(D?x S .,
~ (MInt DY U (D‘ Int(S" x DY) U(D*x 5?).

Here (D*Int(S" % 133)) (D*x S?)
= (D" x S*Int D“) (D?x S?%)=S? x S*Int D*

because (D*-Int(S Iy D¥))=S*Int(S' x D¥)-Int D*=(D?*x S*Int D%
where S*=D* U D! and DtcInt(D?*x S?. Hence

W= (M—IntD‘) (SZXSZIntD‘) M#(S*x S?).

And W, has a handle decomposition
W, = U(szDz) U(U(D!'x D%;,UU(D?x D?*,YU(D?x D", U D)
@ 421 7 ' k .

(i.e. one 1-handle was eliminated and one 2-handle was added.) where ¢
is given by following ; |
since S?x.S* is a closed manifold, an attaching map

¢: 0D;—a(D3Y Lj (D*x D?),) is a homeomorphism
=1
onto and (D* x aD%,Ca(DIV V(D D).
=1 .

So we define ¢ =¢7!|(D?*xdD?*,. And for @ if ¢ is an attaching map in
M of a handle in
U (D'x D*,VU(D?*x D*,VU(D®*x DY), UD3},

J P

122
a”'¢ is an attaching map in W, of a handle in

U (D' x D3V L;l (D?*x D*,Vy(D*x DY) UD}4.
22 k

So we denote a=a'@.

By reordering lemma ([4. p. 76]) we may assume

W, = D3V U (D'x D?, (szDZ)ZU(U(szDZ),UU(D3xD1)kUD{).

i @22
Next for D3} U (D'x D%, we do same procedure as above and replace it
by D3V (D2><D2)2 where S?xS?=D{U(D*x D*,U(D*x D*,UD;. We con-
¢y

1
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tinue ‘this steps until all'1-handles can be eliminated. Finally W,=M# k(S?
% S? has a handle decomposition without 1-handles where % is the number
of 1-handles of the original handle decomposition of M.

REMARK. For a differentiable case, there is an example such that some
class §@0€H,(M)® H,($%(S?x S?) can not be represented by a differen-
tiable imbedding f:S?*->M#k(S?xS? for any £=0. Let M=S52xS? and
£=2(a+pP)eH,(S*x.S?) where a and B are the classes representing S%x
b, g% S? respectively. Then by ([2. Cor. 1]) £ can not be represented by
a differentiable imbedding f: S*—S?x.S% But since the signature ¢(S?x S?)
is zero, £ @ 0€H,(S*x S*) @ H,($£(S*x S?) can not be represented by a dif-

ferentiable imbedding f: Sz—f:}#(k+1) (S?x S? for any k=0 (see [2. Th. 1]).
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