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§ 1. Introduction and main theorem

In the present paper we are concerned with the boundary value prob-
lem for a 2m x2m strictly x,-hyperbolic system P of order one:

JP(x, Diu=f in 2,

£ B lB(x’)u=g on I',

where 2 is the open half space {r=(z/,x,)=(xy, X', z,); BER', 2'€R*7,
-2,>0} (n=2), its boundary I' is noncharacteristic for P and B(x') is an
mx 2m matrix of rank m for every x’el’. All coefficients of differential
operators considered here are assumed to be smooth in £ and constant
outside of a compact subset of £. Then the problem (P, B) is said to be
L*~well posed if and only if there exist positive constants 7, and C such
that for every =7, f€H,,(Q) and g€H,, ,(I') (P, B) has a unique solution
u in H,,(2) satisfying

(1.1) a3 < C(IA e+ lol2r)-

This definition of L2-well posedness is weaker than that in Kreiss [7], but
it implies a certain well posedness of the corresponding mixed problem
with initial data on x,=0. (See §5 in Kubota [8]).

In a recent paper Sato and Shirota have refined the results at §7
in Ohkubo and Shirota who investigated the above problem under the
condition that all of constant coefficients problems frozen the coefficients
at I' are L>-well posed. In this paper we try to complete some of the
results at §§5, 6 and 8 in [11]. Here we shall use the same terminologies
as in unless otherwise indicated, but we denote by ¥{ the branch of
square roots of { such that ¥1=1 (see [15]).

Throughout the present article we assume the following conditions
(z) and (z7):

CoNDITION (7) (with respect to the principal part P° of P). Let (y,
a, A) be the covector of (z% x", x,). Then for every (x,, 0)€l’ x(R"\0) the
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real zeros of the polynomial det P’(x, 7, 0,2) in 2 are at most of double
multiplicity and it does not have more than one double real zero. Fur-
thermore det P°(x, 0, g, 2) is elliptic for x€l.

CoNDITION (77) (with respect to Lopatinskii determinant). Let L(&,
t, o) be the Lopatinskii determinant of (P°, B), where t=y—if and T is con-
sidered as a real parameter. (See Definition 4.1 in or (2.9)). Then
if L(z/,t, 6) vanishes at a point (z2°, 1°, ") €l" x (R™\0),

IL(x", n°—i?’,a°)|gc7’l/2 or Cr

Sor small 7>0 according as det P'(z2°, 1", 0°, A) has a double real zero or
not, where C is a positive constant independent of 7.

Condition (Z) is the same one as the condition (I) in and Condi-
tion (iz) means that for fixed (2% ¢°) L(2° 7, ¢°) is simply characteristic in
a certain sense. (See the condition (II) in [11], (2.11) and (2.13)). In
particular, if L(z’ 7% ¢°)=0 and det P°(z" 7°, ¢°, 1) has a double real zero,
then L is decomposed as

Lz, 7, 0)= (x/z'—ﬂ(x’, o) —D(Z, o)) - (nonzero factor)

in a conic neighborhood of (z°, 7, ¢°) with Im z<0.
Using the above root D(x/, ¢), we finally impose the following additional

CONDITION (2ii).

lIm D(x/, a)l < —CRe D(x',0) or |Re D(x/, a)l < Clm D(Z, o)

in a neighborhood of (2°, 6") according to the case (a) or (b) of (2. 4) below,
where C=C (a2 1", 6°) is a positive constant.

This holds under the conditions (II) 8), 7) and (III) in [11].

Now we shall state our main

THEOREM. Under the assumptions (i), (ii) and (iii) described above
the following three conditions are equivalent :

(A) The problem (P, B) is L*well posed.

(B) Every constant coefficients problem (P, B), obtained by freezing
the coefficients of P° and B at x'€l’ is L*~well posed and the constants C
in (1. 1) with respect to these problems are independent of the parameter x'.

(C) Hersh’s condition holds, that is,
L(x',z,6)#0, if Imc<0.

And for every (&', %, 6)€l’ x (R™\0) there exist a constant C=C(Z', 3, 8) and
a neighborhood U (&', %, 5) in I' x Cx R* such that
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(1.2) |bz.j<x', 7, 0)|'< ClIm 2| 2|Im 2 (', 7, 0) Im 25 (2, =, 9)|

for all (,z,6)eU@, 7, 6)N{Im <0} and 1,j=1,---,m. Here b;; is the
coupling coefficient of (P°, B) (see Definition 4.2 in or (2.19)) and
A (x, 7, 0), A5(x, 7, 0) are zeros of det P'(z,r,0,4) with positive imaginary
part and negative one when Im <0 respectively.

The implication (A)—(B) in our theorem follows from Theorem 1 and
Lemma 2.2 in Agemi [1], and (B)—(C) is proved in Lemm 3.1 below.
To prove the implication (C)—(A) we shall derive in section 3 certain
relations among the coupling coefficients, the Lopatinskii determinant and
its zeros. In fact, we obtain the main inequalities (3.2) and (3.13), by
virtue of which we may simplify the proofs in [11] and, in particular,
from the latter we can derive the inequality (6.5) in which is assumed
there. Using those inequalities we construct in sections 4 and 5 such
modified symmetrizers as in which give us a priori estimates mi-
crolocally. In section 6 we complete the proof of the imlication (C)—(A)
by showing that an adjoint problem of (P, B) also satisfies Conditions (7),
(#%), (¢¢7) and (C). Thus we may assert that under Conditions (Z) and (i)
the microlocal structures of L?-well posed problems are completely de-
scribed by our theorem in the case where there is no point (', 7, o°) €l
x (R"\0) such that L(z" 7% ¢°)=0 and det P°(z’, 7%, ¢° 1) has a double real
zero, but it remains to investigate the microlocal one in the other case.
(See [15]).

As an application of our theorem we shall give in section 7 full proofs
of and Corollary in the preceding paper which characterize
the L:-well posedness of such an iterated mixed problem as in Mizohata
or Agemi [2, 3]. The method used in proving those can be also
applied to another iterated mixed problem treated in Sakamoto [13]. (See
Remark 7.3). Furthermore it should be pointed out that in general the
L*-well posedness of a variable coefficients problem need not follow from
that of the frozen constant coefficients problems, as we have already re-
marked in [9]

The author wishes to express his hearty thanks to Professor T. Shi-
rota for the kind criticisms. The author thanks also Dr. R. Agemi and
‘Mr. S. Sato for the valuable discussions.

§ 2. Notations and preliminaries

2.1. In order to express our assertions in simple and precise form it
is convenient to introduce the following notations. By x’ we often denote
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a boundary point (2/,0). Let X be the closed hemishere {(z, s)=(n—1i, 0);
n€R,, 6eR*", 720, |[z|°*+|o/?=1}. Then by 9 and 3, we denote the
boundary of X and {(, ¢);(p—1ir, 6)€3} respectively. Moreover X is often
identified with {(x,0,7); (9, 6)€R", 720, 1*+ |6|*+7?=1}. Let

A(z, 0) = (|| + o)}
Then we use the notations :
' =tA(r,0)" and 7' =7A(r,0)" etc.

By a (conic) neighborhood of a point (2% 7’ ¢°)€l'x 02 we mean one in
I'x CxR*' or 2xCxR** according as I" or 2 is considered as the base
space respectively and by U(2’, 1, ¢°) its appropriate neighborhoods, unless
otherwise indicated. E, stands for the identity matrix of size 2 which is
omitted if there is no ambiguity. Furthermore we use the function spaces
H,.2) (k=0,1,2,---) and H,,(I") (s: real) depending a real parameter
7 (r+0) with the norms ||-|z;, |-|., and the inner products (-, *)i,; <5 Vs
respectively. (See for instance §2 in [8]. We also use the same class S%
(g: real) of symbols of (tangential) pseudo-differential operators with non-
negative parameters x, and 7 as in §2 of [11]. With a symbol a(z', 7, o,
7)€8%2 we associate a pseudo-differential operator by

alX, D, u(x)= (Zn)”"s et g (2, 0,T) 4(z, 0) dydo

R

for ueH, ,(I'), where

ZAL (T, 0') — Sre—i(rzo-f-oz'r) u (xl) dxl ,

and for simplicity we denote a(x’,D',7) by a(«/,D’). If a C*-function
a(x, 7, 0,7) defined in a neighborhood of (z°, 7%, 6°, 7°) €I’ x ¥ is homogeneous
of degree q in (7, 0,7), then we extend it to 2 x((R*x[0, c0))\0) so that
the extended one belongs to S% and is denoted also by a(x,,a,7).

2.2. In this and the following two subsections we shall give a sum-
mary of fundamental concepts for our problems. (See §§3, 4 and 6 in
and §2 in [15]).

a) For every point (2%, 10, ¢°)€I" x 33 such that det P°(2’ 7, ¢°, 2) has
a double real zero, there exists a smooth and real valued function #(z, o)
defined in a conic neighborhood of (', ¢°) which is homogeneous of degree
one in ¢ and such that §(z° ¢°)=72" and det P°(x,r, s, A) has a double real
zero precisely on the surface r=@(x, ¢) in a conic neighborhood of (z', 7,

7). (See in [11]). Furthermore, as in [15], we shall often use
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the function :
{=1—0(z,0).

B) By virtue of the assumptions with respect to P and I' we may
assume without loss of generality that near I’ the coefficient of D, in
P(x,D) is E. Let (2°%17%06°)€l'x2. Then there exists a smooth and
nonsingular matrix S(z, r, 6) defined in a conic neighborhood of (z°, 7°, ¢°)
which is homogeneous of degree zero in (r, ¢), analytic in = and satisfies

2.1) SP(x,7,0,2)S=2E—M(x,,0),
where in general

[ 4 ]
A
(2. 2) M(x,t,0)= My (z, 7, 0),

(2.3) S(x, t, 6) = (A, ht, by, Bt b, hi) (2, 7, ).

Here denoting by 2/ the number of the real zeros of det P°(z°, 7°, o°, ), we
set I={l+1, .-, m}, I={1, ---,I—1} or {1, ---,1} and |I|=I—1 or [ accord-
ing as the polynomial has a double real zero or not respectively. More
precisely

1) Af(x,7,0) are |I|x|I| diagonal matrices whose eigenvalues are
simple zeros of det Pz, 1, 0,4) with positive imaginary parts or negative
ones when Im <0 respectively and are real when Im 7z=0.

2) My(x, 7,0)is a 2x2 matrix which has eigenvalues 1%(z, 7, 6) with
positive imaginary part or negative one when Im <0 respectively. Moreo-
ver if =6 (x, ¢), then they are equal to the double real zero of det P°(x,
7,0,4), and Al (x,7,06) or Aif(x,r,e) is an eigenvector or a generalized
eigenvector of My (x, r, 0) associated with the eigenvalue ifi(x, ¢(z, o), o)
respectively.

3) =Mg(x, 7,0) are (m—I)x(m—I) matrices whose eigenvalues have
positive imaginary parts at (z° 7% ¢°) and, in fact, whose imaginary parts
are positive definite. (See and §3 in [1I]).

7) Next let (2% 7" ¢®)€l'x 32 be a point such that det P'(z’, 7’, ¢°, )
has the double real zero . Then the eigenvalues Ai(z, 7, ¢) of My(«, 7, o)
are functions defined in a conic neighborhood U(x’, 7', ¢°) with Im z <0
and are represented as
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(a) 2z, 1,0)= Az, 1,0) TV 2(x,7,0) oOr

(2. 4) "
(B) E(z, 7,0)= Az, 1, 0) iV Xz, 7, 0)

according as the normal cone cut by x=x°" and 6=¢" is convex or concave
with respect to 7 at (7", X) respectively. Here 4;, 4, and Z are real valued
for real 7, analytic in {, 4€S%, A, 4L €S? and 4, 4 are positive at (2, 7%, ¢°).

(See in [I1]). Moreover M has the following expansion :

[Zl(x, 0(x, o), o) A(z, o) ]

M, s Ty =
ul®  0) 0 Az, 0(x, o), o)

(2. 5)

hy A
+Re c[e“ e”] (x, 7, o)—ir[ . ""] (z, 3, 0)+ O (1247,
€y € hyy hg

where e;,(x, 7, ) and h;,(x, 7, 0) belong to Si, e;; are real valued,

(2- 6) €11 == €y
(see P. 132 in [15]) and at (2°, 7", ¢°)
(2- 7) ex="hy>0 or <O

according to the case (a) or (b) of (2. 4) respectively.

In what follows for simplicity of description we shall be concerned
with only the case (a) above unless otherwise indicated.

2.3. In order to define Lopatinskii determinant let (1, s(z, 7, )) be an
eigenvector of My (x, 7, ) associated with the eigenvalue Afi(z, 7, ¢) and set

(2. 8) hit = hi;+ shi.

Then hii(x,7,0) is an eigenvector of M(x, r, ) associated with ifi(x, 7, o)
and the function

(2.9) L(x, 7, 6) = det B(z') (AT, hii, hin) (X, 7, 0)

is said to be Lopatinskii determinant of the problem (P°, B). (See Defini-
tion 4.1 in [11]). By (2.8) and the fact that s(z, 6(x, o), 5)=0 (see (2. 4)
and (2.5)), (2.9) becomes

(2.10)  L(x', 7, 0) =det B(z')(h{, hiy, hin) (2, 7, 0), if z=0(Z,0)

Let (2°, 7% ¢°)€1'x 02 be a point such that L(z% 7", 6°)=0 and det P*(z",
7°, ¢°, ) has no double real zero. Then L(x,7,0) is defined in a conic
neighborhood of (2%, 7%, ¢°), analytic in = and smooth in (2,7, ¢,7). Moreo-
ver it is represented as

(2.11) Lz, 1,0)= (z'-—v(x', 0)) LY, 7, a)
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in a conic neighborhood of (2 7%, 6°), where v(x’, ¢) is smooth, homogene-
ous of degree one in g, v(2°, ¢°)=7°, and L®(z, 7, ¢) is smooth, analytic in
7, homogeneous of degree —1 in (r,0) and L®(2’, 7’, 6")=(dL[d7)(2’, 7’, o°)
#0. (See P. 111 in [11]).

Next let (z°, 7, ¢°)€I' x 02 be a point such that L(z°, 7° ¢°)=0 and det
P%z° 7, 6%, 2) has a double real zero. Then we find by virtue of (2.4),
(2. 8) and (2.9) that L(z',r, ¢) is defined in a conic neighborhood of (2, 7",
¢°) with Im =<0, homogeneous of degree zero in (r, ¢), analytic in 4 and
smooth in (z/,VC, ¢), so it is continous, since s(z’,z, ¢) is so. Moreover
we obtain

(2.12) det B(x°)(hf, hit, hi) (2%, 7°, 6°) # O
(see P. 120 in [11]). Therefore L is represented as
(2.13) L(x,r,0)= <«/E—-D(x’, a)) - (nonzero factor)

in a conic neighborhood of (2, 7% ¢ with Im <0, where D(z,0) is
smooth, homogeneous of degree 1/2 in ¢ and D(z’ 6°)=0. (See P. 84 in
[L1]).

Now let us define a function Q by
(2.14)  Q(a', 7, 0)=(det B(hi, Aff, hitw)) " (det Bht, hls, hitn)) (', 7, o).
(See in [11]). Then by the implicit function theorem we find

a smooth and real valued function #(z’, ¢) defined in a conic neighborhood
of (z°, ¢°) which is homogeneous of degree one in ¢ and such that o(z, ¢°)
=7’ and 7' =p(x, ¢') satisfies

(2.15) (IQI*+ea Re L(1+6, Re )™ (', 7/, 0") = 0.

(See Remark 7.1 in or Lemma 2.3 in [I5]). Moreover let Ly(2/, 7, o)
be the Lopatinskii determinant of the problem :

f (Dpy—My(zx, D)) uyy=f in 2,

| wli+Q(«, D)ufy=g on I,
where uy=%uf;, ui1). (See Lemma 6.3 in [11]). Then from (6. 4. 3) in

we have

(2 16) LII(x{, 7 0) = Q(x’a () 0')+S(.ZL", 7, 0')
' = L(2/, z, ¢) - (nonzero factor).

Hence we find from (2. 8), (2.20) and (2.21) in that in the case (a)

of (2. 4)
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(IQ]2+321 Rel(1+e; Re Q—l) (=, 7', a’)

(2.17)
= ((Re {+|D|’) A—4Re L BRe D) (', 7/, ),

(2.18) (s:Re Q) (', 7, o') = (ARe D—(Re L+ |D[*) B) (, 7, o),

where s,(x, 5, 0)>0, A(z', 5, 6)>0 and B(x, 5, 0) is real.
2.4. Finally let L(2', 7, 6)#0. Then the elements b,; 7, j=1, :--,m of
the following matrix are said to be coupling coefficients of (P°, B):

(b, 7y 0); i 41, e, m, j—1, oy m)
bii biu b
(2.19) = b1 buun bum (2, 7, 0)
burr b b

= (B(h{, ki, hit))” BUhr, b, i)
(See Definition 4.2 in [11}]).

§ 3. Necessary conditions for (P, B) to be L*>well posed

First of all we shall show the following
LEMMA 3.1. The implication (B)—~(C) in Theorem is valid.

ProoF. It is known that (B) and (C) are equivalent in the case of
constant coefficients. (See Theorem 4.1 in [1I]). Therefore we only have
to show that the constant C in (1.2) is independent of z'. Let (P, B),
be L*well posed for a point y’€l’. Then, if f(x) belongs to H, (&) and
vanishes when x,<0, the solution u(x) of the problem (P, B),, with ¢=0
is so. (See §5, Remark 3) in [8]). Hence, applying the method used in
the proof of Theorem 4.1 in [5], we find that under the condition (B) the
norm of the Green’s operator € B(L?(0, c0), L*0, o)) of the boundary value
problem for an ordinary differential system depending parameters (&', 7, o)
(Im <0):

{ P2, 7,0,D,)ulz,)=flx,) in z,>0,
| B@)ulxz,)=0 on z,=0

is estimated by Im |z|™' uniformly with respect to (&/,,¢) near a fixed
point (&', %, 5)€I"’ x83. Therefore we can obtain (1.2) by the same proce-
dure as in the proof of Theorem 4.1 in [11]. This completes the proof.

In what follows (&, 7—i7, ¢) varies only near a given point (2°, 7°, ¢°)
e’ x 33 and throughout sections 3, 4 and 5 we assume that the condition



82 K. Kubota

(C) holds, so every constant coefficients problem (P°, B),. is L*>well posed.
Let (2% 7% ¢’)€I'x32 be a point such that L(z%7%¢°)=0 and the
polynomial det P°(x’, 7° ¢°, 1) has no double real zero. Then we have

LEMMA 3.2. There exist indexes i and j with Im 2} (z°, 17, ¢°)>0 and
Im 25(2° 7%, 6°)<O0 such that '

1) The matrix resulting from replacing the i-th column of the
Lopatinskii determinant by Bh7; does not vanish at (x°, 0, ¢°), that is,
(3. 1) det B(xO) (hi*-a Tt hz-—l, h';’ h1-3|-+1, BRREY h;—a) (xo’ 770? 00) + 0 >
where hi, p=1, ---,m and hj are generalized eigenvectors of M associated
with 25 and 25 at (2° 10, 6°) respectively.

2) There is a positive constant C=C(2°, 10, 6°) satisfying

(3.2) |(Ba L)', 9, 0)[ + |81 L) (&, 9, o) < CIm v(, o)

Sfor n=Re v(z', 6). Here v(Z', 6) is the function in (2.11).

Proor. We first observe from (2.9) and (2.19) that the left hand
side of (3.1) is equal to (b;;L)(x" 7, 6°), for every 7,j=1,---,m. On the
other hand, since L(z’, 7°—i7, ¢")=0(¥), it follows from (1. 2) with (&, 7, ¢)
= (2% 9"—1ir, ¢°) that (b;;L)(z% 7" 6¢°)=0 if i€l or jel. Hence we find
indexes 7,j€IIl satisfying (3. 1), because of (2.11) and rank (BS)(z®, 7°, ¢°)
=m. (See also the proof of (1) in [11]). Furthermore (2. 11)
and the Hersh’s condition imply that Im v(x’, ¢)=0.

To derive (3. 2) let det P°(2" 7', 6°, 2) have simple real zeros. Then it
follows from (1.2) that for ¥>0 and some C>0

(3.3) (b1 L) (&, p—iT, )| < CrY| L, p—i1, o),

because of 8), 1) and 3) in §2.2. On the other hand from (2.11) we
have for some C

(8.4)  |L(x,9—ir, o) < C(r*+ (Im v(, o)f), if 7=Reu(,o0).

Furthermore the left hand side of (3. 3) is estimated from below by
27|81, L) (', 7, o) —0(1%),

since (b1;L)(x', p—1il, o) is smooth. Thus from (3. 3) and (3. 4) we obtain

(3.5) |60, L)(#, Re »(, 0), o)< C{r+7 (Im v(, o))}

for small >0 and some C>0. Here we may assume that 0=Im »(z, o)
< for some 6>0 and that (3.5) is valid if 0<7<é with the same 9.
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Now let us fix («/,¢). Then if Im v(z,6)=0, the left hand side of
(3.5) must vanish, since 7 is independent of (2’,¢). Otherwise let 7=1Im
v(2', ). Then from (3.5) we also obtain for some C>0

|61, L), Re v(, 0, o) < CIm »(, o).

Similarly we can conclude that (3.2) is valid. The proof is complete.

Next we consider the case where the double real zero exists. Here-
after in this section let (2%, 7%, ¢®)€I’ x 83 be a point such that L(z°,7’, ¢°)
=0 and det P2’ 7", ¢°, A) has a double real zero. Then we obtain

LemMma 3.3
(3. 6) (b L) (&, m, o)f +|Bur L), m, o) < C| D, o)

for n=p(z', 6), where P(x', ) is the function defined by (2.15) and C is
a positive constant.

Proor. It follows from (1.2) and (2.13) that for 7>0
3.7 |GuiL)a, 9—it, o)f < Cr|Im 4w, y—iT, | VT~ D', o)

because of 8), 1) in §2.2. Hereafter in the proof let C denote various
positive constants independent of (x/,7,,7). Then by (2.4) we have

(3.8) |Im 23 (27, p—i, o)| < C[ImV T |+ OM).
Furthermore the choise of the branch v implies

(3.9) Clgf<s—Im/{<CC}, if Re(=0.

On the other hand from (2. 8), (2.9) and (2. 19) we have for j€l

bIIjL = det B( il-, h;, hi*-II)’
bjIIL = det B(hi‘-, ) }-—1, kﬁ, j-+1’ T h’?il’ h’{b hﬁl)‘

Hence (by ;L) (2, p—ir, ¢) is smooth in (z',7,¢,7). Therefore from (3:\7),
(3.8) and (3.9) we obtain S

(8.11) |(ba: D) (2, m, o) S CrC (I + ID(, o))

for small 7>0 and Re <0, as in deriving (3.5). Furthermore (2. 15) and
(2. 17) imply

(3.12) C'[Re (| =|D(&, o)[< C|Rell, .if 7=0(z,0).

(3. 10)

Hence from (3.11) we have

I(me) (', 9, o)lzé Cr-! (T+ D, 0)\2>*
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for small 7>0 and »=0(2, ¢), since Im {=—7. Therefore we obtain
(b L) (', 0(z', 0), o) < C|D(, 6)|,

as in the proof of (3.2). Similarly we conclude that (3.6) is valid, since
it follows from (3. 10) that (b, L)(x’, p—i7, ¢) is smooth in (&', 7, g, 7).

CorOLLARY 3.4. Under the hypotheses of Lemma 3.3 Condition (iii)
implies that
(B L) (2, 7, 0)[ +|(Brs L) (2, 7, 0)f

<—CReD(z,0) or Clm D(Z,q)

for n=p(x', 6) and some constant C>0 according to the case (a) or (b) of
(2. 4) respectively, where the left hand side of (3.13) is regarded as zero if
det P(x", 7", 6° A) has no simple real zero.

(3. 13)

§4. Construction of modified symmetrizers I

In this section we shall show that (3.2) is sufficient for a modified
symmetrizer to be constructed in the case where the double real zero is
absent and then we derive microlocally a priori estimate.

Iet (2% 7°, ¢®)€l’ x33 be such a point as in and suppose
that the condition (C) holds. Then we have

LEMMA 4.1. There exists a 2mx2m hermitian matrix R(xz,,0,7)
€S?, homogeneous in (3, 6,7) such that

(4. 1) Re (iRM)(x, 9, 6, V) u-u = a,7|ul?
for (z,1,0,7)€2x 2 and wvector :
(4. 2) u ="Cuf, ‘ur, ‘uiyy, ‘ui) €C*™

satisfying um=0, where
ui = (ulia B uﬁl)’ tulin = (uit"'l’ T u;:b),

ay=a,(x", 1’, 6°) is a positive constant and v-u stands for the inner product
in C**. Furthermore

(4. 3) R, 90, Nu-uz=z0

for (&, 9,0,1)el’x Y and uecC® of the form (4.2) such that
(4. 4) B(x") S(z', p—it, ) u=0

and

(4. 5) lul_il = (O, T 0, uj 09 ) 0\:’
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where j is the index in Lemma 3.2 and S(z,t,0) is the matriz in (2.1).

REMARK 4.2. The restrictions #;;=0 in (4.1) and (4.5) on u are
due to the fact that the Dirichlet problem for D,—Mi(x, D) is coercive.
(See below).

ProoF of LEMMA 4.1. We may assumed without loss of generality
that i=j=m in Put

B (2, 7, ¢) = B(x')(h1, hiw, b)) (X, 7, 0),
B"(z', 7, ¢) = B(Z')(hi, ki, k) (2, 7, 0),

where III'={l+1, ---,m—1}. Then (3. 1) becomes

(4. 6)

(4. 7) det B"(2% 7", ¢") #0.
Now we shall define a hermitian matrix R(x,#,¢,7) in the following
way :
c E,
(4.8) R(z, 7, 0,7) = | oo
: —T’Em—l Ro
0 111

where Rj; and R, are matrices whose elements equal zero except the
lowest right ones ri; and 7,, respectively, and where ¢f and 7 are
positive constants to be chosen later. Furthermore

(4.9) Tmm (2, 7, 0,7) = (2i) a(L®) det B"(2', 7/, ¢),

where a is a positive constant to be chosen later and L (&, 7, ) is the
function in (2.11). Then we see easily that the matrix R(x, 7, ¢,7) thus
defined belongs to S?, is homogeneous in (», s, 7) and satisfies (4. 1) when
¢, ror and a are arbitrary positive constants. Therefore it is enough to
show that (4.3) is valid. Hereafter in the proof we consider only such
#€C™ as described in the statement of the lemma. Then (4.2) and (4. 8)
imply
(4.10) R(Z,n,0,Nu-u=—uf uf +cyur-ur
—7 Ut U+ Ty U+ 2RE Vi i U,

Let

kII kI 111’ kI'm
(4. 11) (B" B (&, 7, 6) = |kur1 kuv e Ruv |, T, 0).

kit Ruur Bmm
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Then it follows from (2.9), (2.19) and (4. 6) that

(4.12) Rmn =(det B")'L,
(4.13) b L =Fk,; det B, by, L =—kFk,, det B".
Furthermore (4. 4) may be written as
ut kit Rim _
(4. 14) who| = — |t B |(@) 7, a)[”i],
u, Rui  Ram "

if (4.5) is satisfied, i.e., ug-=0.
Now we insert (4.14) into (4.10). Then by a simple calculation we
have

T ur ur
415 Ry r>u-u=["“ a ]<x', ne, r)[ ] [ ]
qlm q'rnm u;; uj,;
where
(4- 16) QII(x’; n, 0, T) = (CI— + 71 IkaP) Ez—kflku'*‘o(r),
(4' 17) qlm(x'? 09 g, T) = —kikm kII + rﬁI Emm kml—rmm km1+ O(T)
and

(4.18)  Gual@, 7, 0,7) = —2Re(Toum ) + 7t k= Vi =T (1 + oxi )«

Here and in what follows we suppose that (3, ,7)€3. On the other hand
it follows from (4.9), (4.12) and (2. 11) that

(4.19) —2Re(7mbmm) (X, 9, 0,7) = a(T +Im v(2/, o))

and

(4. 20) |2, 7—i7, 0)f = {(n—Re v(a, )P+ (7 +Tm v(, o)} | EDL2,
where

ED(2° 7, 6°) = (det By LM%, 70, 6°)# 0.
Here we shall use (3.2). Then from (4.7) and (4.13) we have for some

constant C>0
(4. 21) |k1m (', np—1r, a)|2+ Ik"“ (', p—17, 0')|2
' < C{Im u(&, o) +(n—Re vz, o) +77.

Therefore taking a, rij; sufficiently large and using (4. 18)4. 21) we obtain

(4. 22) (@, 7, 0,1V 2T +Im w2, 0)+ (7—Re v(&, o)) .
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Hence from (4. 16), (4. 17) and (4. 21) we have

. E 0
(4. 23) [q“ & ](x', » 0, r)zl[ ; ]
qlm qmm 2 0 T

for (2, 5,0,V e('x2\NU(Z", 7', ¢°), if we take c¢i sufficiently large. Thus
(4.15) and (4. 23) give (4.3). This completes the proof.
To obtain a priori estimate we also use the following

LemMA 4.3. For every (2% 1% ¢°)€l’ XX there are positive constants
C, 7, and a neighborhood U(x', 7°, ¢°) such that

Igoll2 .+ gvl3,, < C|| (Da— M) o}, +C, ([0l + [0[254.1)
for all veH, () and 1=7, where ¢(x,1,0,7)€S?, supp ¢N(2 x3)cU(L,
%, d°) and C, is a constant independent of v and 7.

This is well-known. Concerning its proof see for instance
5.1 in [11]. _
LemMMA 4.4, Let (2 7°, 0" )€’ x0X be such a point as in Lemma 4. 1.

Then there are positive constants C, 7, and a neighborhood U(x’, 1°, ¢°)
such that

(4.24)  ligulls, < C(|(Du—M) g}, + |BSpul},r)+Co ([lulls s+ lul24.r)

Sor all ueH, (2) and 7=7,, where ¢ and C, are analogous to those in
the previous lemma.

Proor. We keep using the notations in the proof of Lemma 4. 1.
Let U(2" 7% ¢°) be an appropriate neighborhood and ¢, ¢ €S} be symbols
such that supp ¢N (2 x3)cU(2", 7', ¢°), ¢(x,7,0,7)=1 on supp ¢ and |p|<

1. Furthermore let u€H, ,(2) have the form (4.2) and put
(4. 25) {(D,~M(z, D)) ¢gu=f in @,
l¢uII+BII—lBI¢uI= g on F,

where

| u = t(tul—’ e, ul), ' = t(tuil-, udo, um)
(See (4.6) and (4.11)). Then we have
. . 1
(4.26) —Re(iRf, ¢ppu),, =Re(iRM¢pu, $éuk,,+5Re (Ropu, Ty

where R(x, 7, 0,7) is the symbol defined by (4. 8) and (4. 9).
We first show that for sufficiently large 7

(4.27)  Re(Regu, ¢guds, = —Cr™(|guiinl}s+ |gls) — Copluliss.
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Hereafter in the proof let C and C;, denote various positive constants
independent of « and 7. Let

!’

u= T[u"] and R =T*RT,
u

where T is a constant orthogonal matrix. Then we have
R, pguvo, = (Ro| o], o[5]),
=<E¢[¢ = ] ¢[¢u¢’5’u~,‘g]> +< ¢[¢u¢’j'u ] ¢[g]>o,r
# (Refo]. olg o)), + (Rl 4[],

Since |¢|<1 and ¢u""—g=—B""'B ¢u’ by (4.25), the last three terms in
the right hand side are estimated from below by

—8717|gu’ |24, —C1 7913, —Co slul2y,; .
Hence we see that for 7>0
L ’ ’
Re (R¢gu, guy,, = Re /\Rﬂb[__Br?—thBf ¢u']’ ¢[_B;;¢—Z1¢B; ¢uf]>0 .
—87'r|gu' |24, —CrYgl3,—C lul® s,

Now we shall consider the first term in the right hand side of (4. 28).
Let us decompose ' as

u' ="ui, 0, ut)+40, ‘uny, 0).

(4. 28)

Then, by the same way as above, we have

e[} o],
(4. 29) > Re <q¢¢[2£], ¢[z:£]>w 17’<]¢u1 |24+ (P2 |2 %r)
—C17YPunr |3, r—Cs.olte)2 4.1,

where on the support of ¢ the principal symbol of ¢, is equal to the
matrix in the right hand side of (4.15). Therefore we see by virtue of
(4. 23) and the sharp form of Garding’s inequality that the first term in
the right hand side of (4.29) is estimated from below by

47 (|gui 2, +7 |gut 2 4.7) — Copluly .

From this, (4. 28) and (4. 29) we obtain (4. 27).
On the other hand it follows from (4.1) that
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(4.30)  Re(iRM¢gu, ppu,, 2 Crligulls,—C™77|gumll,, — Cy,ollulli.;

for 7=7,>0. Thus we obtain (4. 24) from (4. 25), (4. 26), (4. 27), (4. 30) and
Lemma 4. 3.

§ 5. Construction of modified symmetrizers II

In this section we shall establish the analogues of Lemmas 4.1 and
for the case where the double real zero exists.

Let (2% 7%, ¢°)€I’ x 92 be such a point as in Lemma 3.3. Then from
in we have the following

LEmMA 5.1. Let Rylx, v, 0,7)€S) be a 2% 2 hermitian matrix, homo-
geneous in (1, a,7) such that
b d 0 ¢
(6.1) Ryu(x,n,0,7) =[ 1](.1‘, 7', d') +T’[ ) f],
—if 0
where dy and f are positive constants, dy(x,y, 6)€ S) is an arbitrary real
valued function which is homogeneous in (v, o) and

5.2) b(2 7, 0) = (dreaRel(1+euRel)) (. 7, o).

Then for every positive number & there is a neighborhood U, 7", ¢°) such
that

0
(5. 3) Re(iRII MII) (x, 77, (7> T) ; T [‘(Z)O 5_1]

for all (x,73,6,7)e(2x2)NU(2" 1, 6°) if we take f sufficiently large ac-
cording to d,, d, and 6, where a, is a positive constant dependent only on
d, and My is the matrix in (2. 2).

Now suppose that the conditions (iiz) and (C) hold. Then we have
_ LEMMA 5.2. There exists a 2mx2m hermitian matrix R(x, 7, 0,7),
homogeneous in (1, 0,7) such that the inequality (4.1) is valid for (x,7,q,
V€2 x 3 and vector :
(5. 4) w=""uf, "ur, u, uif, ‘uty, ‘um) €C*",
where uf and ufi, are those described below (4.2) and uf;, uii are complex
numbers. Furthermore
(5. 5) R(x,n, 0, u-u=—a,7|ujl
is valid for (x',9,0,7)€l'x2Y and such wu satisfying (4.4), where a, is
a positive constant independent of (z', 7, 0,7) and u.

Proor. We define a 2m x2m hermitian matrix R by
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(5° 6) R(.’L‘, 7, 0, T) = RII (x, 7, 0, r)a
Ry

R
where
Rf=—E,,, Rf =ci E;_,, Rin=—7TE, ;, Ru=0,

¢f is a positive constant to be chosen later and Ry (x, 7, 0,7) is the mataix

in Lemma 5.1. Then it follows from and B), 1) and 3) in
§2. 2 that for every 6>0 there is a neighborhood U;(2' 7’ ¢°) such that

(5.7) Re (iRM)(x, 1, 6, T) u-u = ao¥[u|*+ 07" |ug|*
for all (z,9, 0, 7)€(@x2)NU,(2% 7", 6°) and u€C*™ of the form (5. 4) satis-

fying un;=0, where a, is a positive constant independent of 4.

Next to derive (5.5) we set
B, (x', 7, 0') = B(x’) (h1—7 h{h hI—II) (x” T 0):
B'(x, z, 6) = B(z')(hi, hi, hin) (2, 7, ).
Notice that the matrix B’ is different from one used in [11]. Then we
see from (2.12) that B”(&/, 7, ¢) is nonsingular. Furthermore put

kII kI I1 kI III

(5.9) (B"'B)(z',t,0)=|ku:r kun kum |(Z, 1, 0)

kIII I kIII II kIII III

(5. 8)

(see (6.3) in [11]) and
(5. 10) u, = t(tu;, u{h tuI_II) ’ u” = t(tuii-, u{{, tuﬁl)-
Hereafter in the proof we shall consider only such #€C™™ as described in

the statement of the lemma. Then it follows from (2. 3) and (5. 8)«5. 10)
that the boundary condition BSx=0 may be written as

ki1 kin -
(5- 11) ' =—|kur kuu [ I]-

’
U

kIII 1 kIII II

Here we remark that (5.8), (5.9) and (2. 14) give
(5.12) kuu (2, 7, 0)=Q(2, 7, 0).
Moreover (3. 10), (5.8) and (5.9) imply
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(5. 13) bIIIL = ku[ det B”, bI IIL = _kl 11 det B” .

Now we shall consider the left hand side of (5.5). After a simple
calculation with (5.6), (5.1) and (5. 8)-(5.12) we have

(5. 14) R, 9,0, Nu-u= [qu 9in ](x’, 7, 0,7) [u:'] . [uf] .

’
i qun Ut Uy

Here, when 7=0,

(5- 15) qii=¢C1 E,_\—kfikiy+dokiy ik,
(5- 16) qinn = _(dr‘dzg) kit — ki ki,
(5. 17) Juun = ""2d1 Re Q+b+d2lQ!2—|kIIIl2-

Furthermore it follows from (5.17) and (5. 2) that

qu 11(33’, 7, 0, O)

(5. 18) — —Zdl Re Q+d2<IQ|2+e21Re C(l +612Re C)—]')-—lkllllz, if (77, 0‘)620.

We now show that there exist a positive constant C, and a real valued
function d(z', 5, 6)€S?, homogeneous in (3, ¢) such that

IkIII(x', 1, o) |2+|k111(x’, 7, 6) iz
< —CyRe Q(, 7, 0)+d(|QI" +en Re L(1+en Re L)) (&, 7, 0)

for (3, 0)€X,, in the case (@) of (2.4). To do it we shall use the inequality
(3.13). Let p=p(«,0). Then it follows from (3.13) and (5. 13) that for
some C>0

(5. 20) (sl + leusl?) (2, £(2, 0), 0) < —CRe D(, 0).
Furthermore from (2.17) and (2. 18) we have

(5.19)

(5. 21) Re D(x' 6)=Re Q (x’, p(x, o), o) - (positive factor).
Hence (5. 20) implies that for y=p(2/, ¢) and some C;>0
(5.22) (fexna*+ | usl?) (', 7, 0) < —C, Re Q(', 3, 0).

Here we shall apply the method used in the proof of in [15)
Let w(z', 7', o') denote the left hand side of (2.15). Then we see that

(z', w, o') may be taken as new variables in stead of (&, 7/, ¢), since (2.10)

and (2. 14) imply

(5. 23) Q' 7, ¢")=0,

so (dwfoy) (2’ 1° 6®)#0 by (2.7). Put
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(5. 24) G («', w,d") = (|kul*+ |kui*+ CyRe Q) (2, 7/, o).
Then (5. 22) implies
(5. 25) G(,0,d)=0.

On the other hand Taylor’s formula gives
G, w,0)=G(Z,0,0)+wG" (2, w, o).
Now we define d by

d(z',7,0)= G (2, w(a, 7, 6'), o').

Then (5. 19) follows from (5.24) and (5. 25) and d(«', 7, ¢) has the required
property.
Now let

dl '—': CO, dZ (xa 7 0') = Zd(x” 7, 0) .
Then from (5. 18) and (5.19) we have

(5. 26) quu (@, 7, 0,0) 2 (Jkeul*+ [Bil?) (2, 7, ).
Thus it follows from (5. 15), (5.16) and (5. 26) that
r E_, 0
(5. 27) [QII diu ] (&, 7, 0,0)= 2 [ 1 ]
dirr dun 0 0

if we take ¢f sufficiently large. Consequently from (5.27) and (5.14) we
obtain

(5 28) R<x" n, g, T)uug lul—lz'—alrlu{llz
for all (&, 9,7, 0)e(I’x )N U(x", 7, ¢°) and #€C*. The proof is complete.
Using (5. 7), (5. 28), and [15], 1 we can prove

the following lemma, as in the proof of Lemma 4.4. (See also the one
of Lemma 4.2 in [15]). .

LEMMA 5.3. There are positive constants C and T, such that
7 lgull, < C(I(Da—M) gull, + | BSgult,.)+ ot (all+ 2l

Jor all weH, ,(Q) and TZ=7,, where ¢(x,1,0,7)€S and supp ¢N(2x3)C
U’ o', o°).

§6. Proof of the implication (C)—(A)

Since I'" is noncharacteristic for P, from the main estimate in [7],
Lemmas (4, 4 and we obtain
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LemMmA 6.1. (Global a priori estimate). Suppose that the conditions
(#i7) and (C) hold. Then there exist positive constants C and 71, such that

(6.1) 7 |lul, < C(I1Pullf,,+|Buls.)
Sor all ueH, ,(2) and T=7,.

Proor of (C)—(A). Since the L:-well posedness of (P, B) follows from
(6.1) and the analogous estimate for its adjoint problem according to §5,
Remark 1) in [8], in view of it is enough to show that the
hypotheses of the lemma are also fulfilled by an adjoint problem of (P, B):

(P, B) [P (@ Djv=f in 2,
|\B® ()v=g on .

Here for real (z, o, 2)

(6.2) P (z,7,0,2)=P(—x, 2", x,, —7, 0, ),

(6. 3) B® (2= B (—x,, x"),

P'(x, D) is the principal part of the formal adjoint of P(x, D) and
(6.4) B'(z) = (8{(2), -+, b (),

where {b}(2'); j=1, .-, m} is a base of ker B(z') which is smoothly varying
on I. Notice the relation

(6. 5) B(x')(B'(z))* =0, z'er.
Now (6. 2) implies
(6.6) P (z,7,0,2) = (P (=2, &, %,y =%, 0, 1))

from which Condition (Z) follows. By L' etc. denote the Lopatinskii
determinant etc. of (P, B®) respectively. Then (6. 6) gives

(6° 7) 0(*) (x9 6) = —0(_x0’ x"s Lns 0) .
Furthermore it follows from Lemmas 9.1 and 9.2 in respectively that

(6 8) bij(*)(x” 7, 0) = _bji(_an .TC”, -7, 0), 27]= 1’ e, M

and that the Hersh’s condition holds. Hence (6.6) and (6.8) imply (C).
Next for a moment let Condition (iZ) be fulfilled. Then from (9.10) and
(9.11) in we have

(6.9) L™®(z, 7, 6) = — L(—x, £, —7%, 0) - (nonzero factor).
From this, (2.13) and (6. 7) we obtain
—Re D' (&', 6) =Im D(—x,, 2", 6), Im D (&, 6) = —Re D(—x,, 2", 0).
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Therefore Condition (ziZ) is satisfied.
To prove the validity of Condition (7Z), the boundary matrices B and
B’ may be assumed to have the following forms:

(6. 10) B(«")=(E,,0) and B'(Z')=(0, E,)

after appropriate transformations of the dependent variables, because of
(6.5). Let (z% 7" ¢")el'x0% and L™ (—x3, 2", —1°, ¢°)=0.

Then it follows from Lemma 9.2 in that L(2% 7, ¢")=0. In what
follows we shall restrict ourselves to the case where det P°(z’ 7’, 6% 2) has
no double real zero, because the other one also may be deal with similarly.
Put

So(&, 7, 6) = (h{, hity, AT, hm) (X, 7, 0).
Furthermore set

(B, By) (&, 7, 6) = B(z') Sy (&, 7, 0),

(B, B,) (', 7, 6)= B' () (S5 (#', 7, 0))",
where B,, B,, B, and B/ are m xm matrices. Then

Lz, 7,06)=det B, (2, 7, 0)
and it follows from (9. 8) in that

L*) (— x4y, 2", —7%,0)=det B, (£, 7, 0).
Therefore it suffices to prove that

rank B, (2% 7" ¢")=m—1.
(See (II) &) at P. 149 in [11]). Hereafter by B, etc. we denote B, (2, 7', ¢°)
etc. respectively. Then from the hypotheses we have

rank B, =m—1 and rank (B,, B)=m.

Hence there is an orthogonal matrix 7" which exchanges a column of B,
and one of B, so that the first m columns of BS,T are linearly independ-
ent. Therefore it is enough to show that the last m columns of B'(S;')*
T are so. Put

Ty Ty,

T21 T22
Then it follows from (6. 10) that
BS,T=(Ty, Tw), B (So l)* T = (T3, Téz)

SOT=[

T T
] and (So“)*T=[ ‘2].

Th T

and

Tu éf“"le Tg =0,
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where T}, is nonsingular. Hence we have
721 = "‘Tzz(TulT12> .

Thus we find that rank T =m, since rank (T}, Th)=m. This completes
the proof.

The following criterion is useful in applications. (See the proof of
Corollary 7. 2).

COROLLARY 6.2. Let the constant coefficients problem (P°, B),, be L*-
well posed for every x'€I’. Furthermore suppose that Q(x',n, o) ts real.
Then necessary and sufficient conditions for (P, B) to be L*-well posed are
that for such point (2% 10, ") as in Lemma 3.2 there are indexes i,j€Ill
satisfying (3.1) and, say i=j=m,

6.11)  (ewul>+ owsl?) (', 7 a) <C Imy(a, ), if 1=Rev(x, ),
and that near such point (2°, as in Lemma 3.3

a°)
(6.12) (|km|2+|km;)(x 70 )g C.Q(, 1, 0), if n=0(z,0)

according to the case (a) or (b) of (2. 4) respectively. Here ki, kny and ki,
k1 are the vectors defined by (4.6), (4.11) and (5. 8), (5.9) respectively and
C,, C, are positive constants.

ProoF. We first remark that under the first hypothesis the left
hand side of (6.11) is still well-defined. (See the proofs of
and 3.2).

Necessity. The main theorem mplies that the condition (C) holds.
Therefore (6.11) follows from (4.21). Next we see from (3.6), (3.12) and
(5. 13) that for some constant C>0

(Vecul?+ |Ril?) (2, 6(2, 0), o)
< 2 (Jkrul*+ [kuil?) (2, 0(2, 0), 0) + O (|0 (&, 0)—0/(, o))
<C|D&,9)|.

On the other hand it follows from (2.16) and the realness of Q(x/,, o)
that L(2, 5, 0) is real for » with 7=6(z, ¢) modulo nonzero factor. Hence
we find by the implicit function theorem that D(z', ¢) is real. Furthermore
it is known that under the hypotheses of the corollary Q(&, 6(, a), 0) is
nonpositive. (See the proof of Lemma 6.5 in [11]). Thus we obtain
(6.12) by (2.18).

Sufficiency. As seen in the proof of the implication (C)—(A), the
L*-well posedness of (P, B) follows from the a priori estimates for the
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problem and its adjoint problem (P™), B*®) which are derived from (4. 21)
and (5.22) for those problems as well as Conditions (z) and (7). Notice
that the two conditions are also fulfilled by (P*), B*®). Therefore it is
enough to show that (4.21) and (5.22) are valid for both the problems.

We now see easily that (6.11) implies (4.21). On the other hand it
follows from (6.12) that for some constant C>0

(Vecul?+ ki) (2, £ (2, 0), o)
< —CQ(z, (', 0) 0)+0(|P(2, 0)—0(, 0)]).

Hence we obtain (5.22) by (2.15). Therefore it suffices to show that
(6.11), (6.12) and the hypotheses are fulfilled by (P‘*), B*).

Now the L*well posedness of (P B), implies that of the adjoint
problem. (See Theorem 2 in [8]). Furthermore from (2.1), (5.8), (5.9),
(6.5) and (6.6) we obtain

(B B ) (9, 0) = —((B" B) (— 2 2", =1, 0))*
(see also the proof of Lemma 9.1 in [11]), so
KR (', 7, 0) = (km(—xo, ', —n,0))",
B, 7, 0) = —(bixe(— 0, 2, =7, 0))"

and

Q(*)(xl’ 7, 0)= —Q( Ty, Ty —7), 0 )
Thus (6. 12) and the hypotheses for (P™*, B(*)) follow from those for (P, B).
(See also (6.7)). Similarly we obtain (6. 11) for (P™*), B*)), since (2. 11) and
(6.9) imply that

Re v* (&', 6) = —Re v(—x,, 2, ),

Imv™® (2, 06)=Imyv(—x, 2", 7).
The proof is complete.

ReMARK 6.3. Condition (éZ) has been used only in deriving (3.13)
from (3.6). Therefore if the simple real zeros are absent then it may be
weakened so that

ReD(x',6)£0 or ImD(x,e)=0
according to the case (a) or () of (2.4) respectively.

REMARK 6.4. In the case where P(x, D) is a differential operator of
higher order we can also obtain the analogous results by reducing the
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problem in question to a system with (tangential) pseudo-differential opera-
tors. (See the proof of Corollary 7.2 below).

§7. Applications
Consider the following problem for a strictly z;-hyperbolic operator P :

55 .. 5 [FEDu=r in 0.
y D1 » Mm lgj(x”D)u=gj on F,j=1, e m.

Here the principal symbols Pz, <, , ) and BY(z, 7, g, ) of P and B, have
the following forms:

B° =Py P,
B =B,
B =B,

B} = BIP}PY,
By =BL\P,_ - P,
where PY(x, D), j=1,---,m are homogeneous x,-hyperbolic operators of
second order whose normal cones cut by z=1 do not intersect each other
and are bounded surfaces in the (s, 2) space for every fixed x€l'. Further-
more B%(x', D), j=1, ---, m are homogeneous boundary differential operators
at most of first order such that I' is noncharacteristic for Bj. All the
coefficients are assumed to be real. (See [10], [2, 3]). Then we have
COROLLARY 7.1. ([9]). The problem (P, B,, ---, B,)) is L*well posed if
and only if every constant coefficients problem (P°, B, .-, B, €l is
L*~well posed and the constants C in (1.1) with respect to these problems
are independent of the parameter x'.

Proor. Let (P° 9B, -, BY), be L:-well posed for every x'€l’. Then
in view of it is enough to show that Conditions (z), (iZ) and (z77)
are fulfilled. We first see by the assumptions with respect to the normal
cones that Condition (i) holds and for every j=1, -, m Pj(x,t,g,2) has
zeros A3 (x,,0) and Aj(x,t, o) with positive imaginary part and negative
one when Imz<0 respectively. Let L and L, j=1,---,m be the Lopa-

tinskii determinants of (P°, BY, ---, B2) and (P}, BY). Then it follows from
(3.2) and the proof of Theorem 1 in respectively that
(7.1) L=L,-- L, - (nonzero factor)

and that every constant coefficients problem (Pj, BY), (x'€l,j=1, ---, m) is
L*well posed. Hence we find by virtue of Theorem 3 in and the
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realness of the coefficients of B? that L(z,z, o) vanishes at a point (2, <°,
6°)€l'x X if and only if Im°=0 and there is an index / such taht L,(z",
7%, 6°)=0 (so B} is of first order) and P}(2’ 7°, ¢°, ) has a double real zero.
Furthermore we see by means of Condition (Z) that such / is uniquely
determined by the point (2%, 7% ¢°) in question. Therefore from (7.1) we
have

L(2,t,6)=L,(2,,0) - (nonzero factor)

near (2%, 7° ¢°). Hence it suffices to show that L, fulfilles Conditions (i)
and (777). Now the former follows from (2. 4) with A;=2/, since

Ll (.ZJ, T 0') = B(l’ (x" T’, 0’7 Z?. (x', T’y 0’)> .

Therefore we find from the proof of the [Corollary 6.2 that D(x’, ¢) is
nonpositive. This completes the proof.
In particular let

Pj(z, D)=D§—aj(x)zkz7j:1Dk, j=1, -, m, 0<a,< <a

and

n—1
B.g(x’9 D) = Dn_kglbjk (x’) Dk_cj(x,) DO’ j= 1, -..’ m‘

Then Corollary in is a special case of the following which is a con-
sequence of [Corollary 6. 2.

Corollary 7.2. Necessary and sufficient conditions for the problem

o~

(P, B, -+, B,,) to be L%-well posed are that

7.2) (Zou@) Sa,@)e,(@), el j=1,,m

and that if L,(2° 7% ¢°)=0 and P}(z", 7', ¢°, 2) has a double real zero, i.e.,
7.3) 7= ta (@) and Fbu(2) et +e (@) =0

for some [(1=/<m) and (2% 7°, ¢°)€l’ x 33, then

(7. 4) (Zbsu@) o+, (@)1) £ =C(Tbul@) outeila) )

for j=I+1, .-, m and (2,9, 0)€l xZX, with 9=8,(x, ¢), according to 7°=
+a,(2°)|e°| respectively, where 6,(x’,0)= +a,(x')|¢|] and C is a positive
constant.

Proor. It is known that for every fixed x'el’ (P°, B!, -, BY), is
L’-well posed if and only if (7.2) is valid and

(7.5) Ci b (2 )2>* = a,(x) ¢, (') 1ZI<m)
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implies
(7.6) bu(@)=c;(x)=0 (j=I+1,---,m k=1, -, n—1).

(See Theorem 1 in and in [2]).

Now it follows from (7.5) for fixed z/, say 2°, that (7.3) is valid for
some (1 ¢°). Moreover (7.2), (7.3) and (7.4) give (7.6) for z'=2', since
0<a;(x%)<a,(x" for j>I. Therefore every constant coefficients problem
(P, ~‘1’, “ee §,2)x may be assumed to be L’-well posed.

Next to examine (7. 4) let (2 7%, ¢®) €I’ x 32 be a point satisfying (7. 3)

s~

and reduce (P, B, ---, B,)) to a system by the transformation :
V=44 u, A D, u, -+, DX"'u).

Notice that the Lopatinskii determinant of the system thus obtained is
equal to that of the original problem modulo nonzero factor. Then we
find from §2 in (in particular (2.27) and (2.28)) that Aiu, kur and Q
defined by (5.9) (with Q==FA; ) are as follows:

(7.7) Q,r,0)=—a,(x,7,d),

(7. 8) k=0, kyr= (R, ; j—=L+1, -, m).
Here

(7.9) a2, r,0)= :ibj,c(x’) ortc; (), j=1,,m,

(7.10) B, (2,7, 0) =|(BIQN (A7) (BIQ ()5 pib, -+, g=1+1, -+, j|(#, ', @)

where Q?=1, Q%=PP3---PS_,, p=2, ---, m, Q%(2}) etc. are abbreviations for
Qv (L, 7,0, AT (L, 1, 0)) etc. respectively and we have omitted a nonzero
factor in (7.10). Since (7.7) and (7.9) imply that Q(&/, 7, ¢) is real, we
find by virtue of (7.7), (7.8) and [Corollary 6.2 that (P, B, -, B,) is L*
well posed if and only if for some constant C>(

m

(7. 11) >

Jj=I+1

k(@ n, 0)f < Cay(2,9,0) for n=a,(2)]ol.

Furthermore by a simple calculation we see from (7.10) that for j=[/+1,
e , m

éj (x,7 77’ 0)

=210, Q5 (1) T Q8 41| H ) Pz

(P9-+-P2_y) () -+~ (P2-+-P2_,) (A3)
+O (la| + -+ + |ayo)
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=a,(x, 7, ¢')- (nonzero factor)+ O(Iall + et |aj_ll>

Thus (7. 11) is equivalent to (7. 4) by (7.9).
REMARK 7.3. In Sakamoto was concerned with another iterated

problem (P, B,, --
symbol of B;.

., B,) such that BY=DBY I[ P!, where 3% is the principal

k#j

Corollary 7.2. Then we see that both £ and %y; in (7. 8) vanish. Thus

we find from the preceding argument that (P, B, -

., B,)) is L*-well posed

if and only if (P}, B%),j=1, ---,m are L’-well posed.
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ADDED IN PROOF: The statement of [Corollary 7.1 is also valid in
the case where the coefficients of BY(x’, D) are complex-valued, if Condition

(1) is satisfied and P3(x, D), j=1, ---,m are the same ones as in Corollary
7.2.
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