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On homomorphisms of a group algebra into

a convolution measure algebra

By Jyunji INoUE
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Throughout this paper, G denotes a LCA group with the dual group G.
The group operation in G (resp. &) is expressed under the multiplicative
notation. M(G) denotes the convolution algebra of all the bounded regular
complex Borel measures on G, and L'(G) denotes the group algebra of G,
the convolution algebra of all the absolutely continuous members of M(G)
with respect to the Haar measure of G. 9 denotes a commutative semi-
simple convolution measure algebla (cf. J. L. Taylor [6]).

In this paper, we consider the following problem : how can we deter-
mine all the homomorphisms of L(G) into M? If M is a measure algebra
M(H) of some LCA group H, a complete answer to this problem is known
(cf. P. J. Cohen [1], [2]). Using the Cohen’s results and the Taylor’s theory
on convolution measure algebras, we will give, in theorem 2 and in theorem
17 below, an anologous answer to this problem in the general setting of M.

§1. On the range of the homomorphisms.

In this section, we consider the range of a homomorphism of L'(G)
into M. For this purpose, we can assume without loss of generality that
IN contains an identity of norm 1. By Taylor’s representation theorem
on convolution measure algebras, there exists a compact commutative to-
pological semi-group S, called the structure semi-group of I, and we can
consider IR a weak*-dense closed L-subalgebra of the measure algebra
M(S) of S. Moreover the maximal ideal space of I can be identified
with §, the set of all the non-zero bounded continuous semi-characters on
S, and the Gelfand transform of €M is expressed by f(f)={yfdu(feS).

S is a compact separately continuous topological semi-group with respect
to the Gelfand topology and the pointwise multiplication. §*={fe §|f=0}
is a closed subsemi-group of 8, and S* becomes a partially ordered set
with the natural order: f=g¢ if and only if f(s)=g¢(s) (s€S). Every closed
subset (#¢) of S* has a minimal element, and this fact will play an im-
portant role later.
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An element A of S* is called a critical point if and only if % is an iso-
lated point in AS*={hf|f€ §*). If h is a critical point, I',={f€ S||fl=h}
becomes a LCA group with respect to the induced topology and the multi-
plication in I',. The following theorem which we need in this paper is

due to J. L. Taylor.

TuroreM 1 (Taylor). Let h be a critical point of S*.
(a) There exists a LCA group G(h) such that:
i) I, is the dual group of G(h) '
ii) the kernel K(h) of the compact subsemi-group S,={s€ S|h(s)=1}
is the Bohr compactification of G(h).
(b) Let a be the canonical injection of G(h) into K(h), and let i, be
the isomorphic isometry given by M(G(h))—>M(K(h)): p—>pea™. Then, if
we identify p with i,(y) (g€ M(G(h)), we have

L (G(h)c W M(K () Rad L} (G(h))

A commutative semi-simple convolution measure algebra N is called
an almost group algebra if there exist a LCA group G’ and a L-subalgebra
N MG, with LNG)cW cRad L'(G'), such that R’ is isomorphic to R
as a measure algebra. By the above theorem, MnM(K(h)) is an almost
group algebra for each critical point A€ S*. Converse of this result is
also true, that is each subalgebra of M which is an almost group algebra
is a subalgebra of MaM(K(h)) for some critical point heS*. The closed
linear span of {L}(G(h))|h: critical point of S*} is a subalgebra of It, which
is called the spine of M. For the proof of above result, we can refer to [7].

In the rest of this paper, Z and C denote the set of all the rational
“integers and the complex number field, respectively. If €'>a, we express
by @ the complex conjugate of a. If g, ve I, p'v implies that g and »
are mutually singular.

THEOREM 2. If @ is a homomorphism of LYG) into M, there exist
a finite number of critical points hy, -+, h,, of S* such that
1 & 1
o(L (@) c pap2 (G(hy).
For the proof of theorem 2, we prepare the following lemmas.

DEFINITION 1. Let O be the 0-homomorphism of L'(G) into C. We
consider GU{0} the one point compactification of G. :
If U is a homomorphism of L'(G) into M, we call the mapping

S§——GU{0} : fl— o7,
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the dual map of V.
We denote by ¢ the dual map of the homomorphism @ of theorem 2.
Obviously ¢ is continuous, and if ~ express the Gelfand transform, we have

o) =0 () (fed pell@).
LemMa 3. If he 8" is a critical point, the set A= {feJ*|f=h} is

open and closed in S*.

PrOOF. Let ¢ be a positive normalised measure in L'(G(h)), then the
Gelfand transform of p restricted to S* is the characteristic function of A.
This shows that A is open and closed in S™.

LEmMA 4. If he St and peIN satisfies §(f)=0(fe S, |fISh), then
we have hp=0.

ProoF. Since MM is semi-simple, the relation

hatf)= | fhdp = ih)=0  (fe8),
implies hp=0.

LEMMA 5. For each pe LN (G), O(p) is a symmetric measure in IN.

Proor. For each pe LY(G), we define fi by a(E)=p(E™) (E: Borel set
‘of G). Then the relation

—

— T S
O (ppxd (@) (f) = O(pxi) (f) = (witt) (9 )

shows that @(y) is symmetric in M.

LEMMA 6. If r, -, 7x€G, and if V is a compact neighberhood of the
unit of G, there exists pe LNG) such that

i) el =+N,
i) p(n)=(l:re{n, -, rN}
lo . TQE {rls ) rN}' V.
ProOF. Let @ denote the Haar measure of G. For each open set W
in G with W=W~ and WWcCV. we can choose g€ L(G) (cf. [5], 2. 6. 1.
such that :
1) f(r)= f1: re{r, -, ry
0: 7& {7, oy ) W- W,
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i) el < (o, b Wio(W)] SN,

and p satisfies the required properties i) and ii) of lemma 6.

Let 7 be a non negative integer, and we express the following set of
assumptions by (*).

(*) i) hy -, hy€8*: critical points,
i) e e €,
i) Y ={fe3I(@(m+ 5ol #) () %0 for some pe G| #4.
iv) h8nY=¢ and h®(p)e ";RdLl( (hs))

(#€LMG))  for i=1, -, n.

v) 1Y1={lfllfey}, 1Y : closure of |Y],
vi) h: one of the minimal points of |Y]|".

Remark 1. Under the assumption (*), @(g)+ fn'_, e;h; @(p) is concentrated

Z h;
in S\U{s€S| [(s) =1} by lemma 4 and, [@(x)|Z [0(x)+ e ®(p)]
(e LNG)).
LEmMA 7. Under the assumption (*), he|Y| implies that h is a criti-
cal point.
Proor. Obviously Y is open in S. Since h€|Y|, there exists feY
such that |f|=h Let peLYG) be such that (@<y)+§ e:h @ () (f) #O.

Since @(p) is symmetric by lemma 3, @(y) is concentrated in S\{s€ S|0<
| f(s)| <1} (cf. [6]x Therefore the minimality of A in |Y|™ implies |f|?=
| f], and thus

hS AS :

Ffa
is a homeomorphism. So {h} = F(YnhS)nhS* is open in AS*, and & is
a critical point by definition.

LemMA 8. Let the assumption (*) be satisfied, and let (f)aCY be
a net such that im |f;|=h. Then for each i (1<i<n), we can choose 2;€ A
2

such that g€ Y and |g|Z|fi| for some 2=2; imply either of the following
a) or b).
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a) hzxh, and |g|Zh,
b) hzh;, and |g|Zh;.

Proor. First we suppose that hZzh,. By lemma 3, A={fe §*|fzh;}
is open in 8§*, and we can choose 4, €4 such that |f;|]€ A (1=4;). Hence
if |g|<|fil for some A=2;, we get |g|=h,.

Next we suppose h=h;. By lemma 3, A'={feS*|f=h;} is open in
S*. If b) were not true, 4,={A€4||g|=|fil for some geY with |g|¢ A"}
is a cofinal subset of 4. For each 1€ 4,, fix an element g,€ Y such that
l:|£1£i| and |g,/¢ A’ Then {g:}ics, has a subnet {bg)sez such that {|bsl}ss
converges to an element of S*, say g*. Hence we have

[ o*au= limj (gl < nmj Iled/x=S hdp  (0<ped) (1)
s B S 2 S S

and (1) implies ¢g*<h. Since A is minimal in |Y|", we have ¢g*=he A4/,
and there exists 8;€ B such that |b]€e A’ (8=B). On the other hand,
|bs| ¢ A’ (8€ B) by definition, and this is a contradiction. This completes
the proof of lemma 8.

LEMMA 9. Suppose the assumption (¥) is satisfied, and let (fi)en be
a net in Y such that lim|f;|=h. Then there exists € A such that
A

7

(Ze now) ()= 2 echi0(e) (hf)
(1€ Li(G), feY with |flZ |f] for some AZ 4)

(2)

ProoF. By lemma 8. there exists 1,€ 4 such that ge Y and |f;|=|g|
for some 1=2; imply either of the following a) or b).

a) hzxh, and |g|Eh,,

b) A=h, and |g|=h;.

It is easy to see from (3) that (2) holds for 4 =sup {4, -+, 2,}, and lemma
9 is proved.

LEMMA 10. Under the assumption (*), h is a critical point.

Proor. To prove lemma 10. it is enough to show Z€|Y| by lemma
7. So by assuming A ¢|Y|, we will reduce to a contradiction.
Let (fiis be a net in Y such that lim|f;/=h. Here we can assume
2

[fil*=1£il (A€ 4). To prove this, we put |[fi|”=lim|f]" and g,=|£["f:
(a€ 4. Then |g;|*=|g,| is obvious, and g;€ Y follows from lemma 5. Cho-
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ose a subnet {bglps of {g:}:ex and ¢g*€|Y|™ such that lim|bs=¢* Then
[

the relation

| o*du=tim{ pidpstim( |flde={ hde  0=pem),
S B S 2 S S

implies A=¢*. Since A is minimal in |Y]~, we have A=¢* and we can

take {bplgen for {fihies-
We choose 4,€ 4 so that (2) of lemma 9 holds, and put g,=f;. Sup-
pose that ¢, -+, g, are already chosen in Y, which satisfy

) lel=lg.* (GE=1,--4),
i) (2 eshs @) ()= (2 ks (1)) (hF)
i=1 i=1
(#€LNG), feY with |g|2|f] for some i (1<i<h).
(4)
To choose g¢;4; in Y, we show that either of the following a) or b) holds.
a) There exists : (1={<%) and g€ Y such that

i) lg.| is minimal in {|g], ---, |gel}
i) lgI*=lgl = lgil,
i) ¢(g:)# ¢(gilgl) .
b) There exists 4,€ 4 such that
) A2k
ii) if |g;| is minimal in {|gl|, ey |gk|}, we have (fzkgz-S’)F\Y———qS.

To prove this, we suppose that both a) and b) are not true. Since b)
is not true, there exists, for each (43)A=4, i=1i(A)€{l, ---, k} such that
lg;| is minimal in {|gi|, -, |g:|} and (g:,8)n Y#¢. Choose an element of
(9.£,8)nY>g such that |g|*=]|g|, then we have ¢(g;) = ¢(g:lg]) since a) is
not true. Putting g,=g¢:|g| (A€ 4, 2=1), we get a net {g:}zzs. If we choose
a subnet {Bps:5 of {g:}12,, and g* € |Y|~ such that {|&]}ss converges to g%
then we have

[ o*au= nmj lbpldyélimg fldp={ hdp 0= pem)  (5)
S B S i S S

(5) shows ¢g*<h, and we have g*=h by the minimality of k. Further,
by taking to a subnet of {b;} again if necessary, we can find 7, (1=4,<#)
such that
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lgy,| is minimal in {|g,], ---, |gel} ,
0(g:,)=00s), bp=g.lbl (BB,
and thus we have, for each pe LY(G),

B3 (9.) = lim B (b)) = im B2 (0, |6i) = D) (0,h) ~ (6)

On the other hand, since g, € Y and ¢,z ¢ Y, we have from (4)

0 4:( (W4 5 eche @) (0)—(9()+ 5h.0) (0, 1)

1
N

o )(9:,)—P(e) (95,h)  for some pe LNG),

and this contradict to (6). Therefore either of a) or b) must hold.
If a) holds for g€ Y, we put g,;;=¢. If a) dose not hold, then b)
must hold for some 2,€4, and we put g,..=f;,. It is easy to see that

g1, ***» gr+1 satisty (4) and thus we can construct a sequence {9:}>, inductively.
Now let N be an integer which satisfies YN >||@]| = sup N (ll/ 1l ell-
0#pe LY @)

By taking to a subsequence if necessary, we can suppose that {g,};>, satis-
fies either I or II below.

L Igll>|g2|>' 5 so(glc):'éso(‘gk+l|gk> (k= l’ 2’ '”):
IL (gig;SnY=¢ (F+#j;47=12 )

Choose elements g,, **, 9,y,, from {g;};2; which satisfy I' or II' below
according as {g;};>, satisfies I or IL

I i) 1gn > 100> >0y, )

i)) {p(Gn #@nil0nnl)|i=1,+, N+1}=AUB, AnB=¢.

- iii) A dose not contain both ¢(g,,) and ¢(g,,|9,,+|) for each (1=
i< N+1), and the same is true for B.

. §) (90, 0Y=¢  (i#j, 4,j=1, N+1),
i) {p(g.) P(gnh)|i=1, -, N+1}=AUB, AnB=9,

iii) A dose not contain both ¢(g,,) and ¢(g,,A) for each i(1=:i=
N+1), and the same is true for B.

Such a choice of g,, ", ¢.,,, in the case II is possible by (4) and the
fact g, h €Y.

In either cases of I’ and II’ above, there exists by lemma 6 an element
¢ € LY(G) such that ||| VN and {|A (the restriction of g to A)=1, {i|B=0.
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In the case I', [[@(g)||= N is obvious. In the case II', ||@(y)]|= @ (p)+
}i e h; @(p)||=N+1 follows from remark 1, (4) and lemma 4. Thus, in both
i=1

cases, we have [|@]|=]@(p)||/|l¢l|=4N, which contradict to the choice of N.
The proof of lemma 10 is now complete.

PROOF OF THEOREM 2. Let N be an integer such that YN>|@|. In

the first, we show that there exists a finite number of critical points
hy, -+, h, € 8T such that

0(L!(G)) 3 Rad L} (G(h) (7)

Let Y, ={feS|®(p)(f)+0 for some peL'(G)). If Y,=¢, we have
©® =0 and theorem 2 is trivial. If Y,#¢, there exists a minimal element
h of |Y,|~, and since the assumption (¥) is trivially satisfied with =0 for
Y=Y, and A, h is a critical point by lemma 10. We put A,=h and Y,=

{fe §|(@(y)—h1@(;z)/)\(f)#:0 for some pe L}(G)}). If Y,=¢, we have @(p)e
Rad L'(G(h,)) (g€ LY(G)), and we get (7). If Y,#¢, and if 2 is a minimal
point of | Y|, (*) is satisfied with n=1 for A,;, e?=—1, Y=Y, and A, and
h is a critical point by lemma 10 again. We put A,=h and Y;={fe€ §]
(@(y)—h1¢(y)——h2@(y)+hthQ(y))/\(f):#O for some pe LY(G)}. If Y;=¢, we
have @(p¢)e Rad L'(G(h,))+Rad L} (G(h,)) (#€ L'(G)) and we have (7) again.
If Y;#¢ and % is a minimal point of |Y|, (¥) is satisfied with n=2 for
hy, hy, e¥=a, ¥=—1, Y=Y, and A, where a=0 or —1 according as
hih, = h, or hih,<h,. Suppose this process continues to the A-th step and
that (*) is satisfied with n=%—1 for A, -, hp_y, =6 (=1, -+, k—1),

Y=Y, and h, where Y,={f¢€ §|((D(p)+/§]ls§"’hi¢(p))/\(f)-7’:0 for some pe€
L'(G)}, then A is a critical point by lemri;at 10.

We put A,=h, and choose integers &**?, ---, ¢**V such that Y,,nh;S=¢
(=1, ---, k), where Y,,, = {f€ S‘|((D(y)+ﬁe&"“)hi@(y)/)\(f):#O for some pe
L'(G)}. Such a choice of &**Y, ..., eﬁc"f‘l) is possible by theorem 1. If
Y,.1=¢, we have @(pc)=——;‘;,le§;’““)hi@(y)e éRad LYG(h,;)) (ge L*(G)), and

the process ends here. If Y,,,;#¢ and % is a minimal point of |Y,,.|", it
is easy to see that (*) is satisfied with n==% for A, ---, h,, ™V, ... &+
Y=Y,,, and A, and we go on the same way as before.

Suppose that this process continues infinitely. Then we have the infi-
nite sequences {h;}5-1, {{®, -+, e&¥}7_, and {Y,}5-1, where h,_;, ), ..., e,
and Y, are given at the %-th step of the above process. Let f;€ 8 be such
that |f;|=h; (=1,2, ---), and put
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An={rEG| > eﬁc”)qﬁ:O} (n=1,2, ),

1Sisn
. 9’("'/‘; fn)zr

where ¢”=1 for each n. Since Y,#¢, we have A,#¢ (n=1,2, ---).

Casg I. Assume that UA, is an infinite set. Then there exists an
n=1

increasing sequence of positive integers 7y, ---, 7y such that
A, SA VA, S SA,U---UA

1 nN °
Choose r,€(A4, U---UA,)\(A,,U--UA,, ) (=1,2, .-+, N), and define a func-
N
tion F of U A,,u{0} into {0, 1} such that
i=1

) FN=0 (r&{n ),

ii)

F e Flphfi)| 21 (k=1 N).

k
From the choice of 7;, such function F can be defined inductively on UA,,.
v i=1
from =1 to N. By lemma 4, we can find g € L(G) such that [|z||<V/N
N
and f|UA, =F. Therefore we get
i=1

(#8)+ Zé"'”hfp fn,c —Z‘.e(""’ 1(o(furh
(o -Benlonn)

—lZe‘”k)F< (Fh))|z1  &=1--N)
For each 1€ and /(1=:< o), we decompose v as
v=(h+0) : Ohe M(K(R)),  Ohe(@aM(K(R))  (9)

Then (8) with the notation of (9) becomes

(@),

and thus [|@ ()] zgll [(@(p1))n, ] ZN. From this we have [| @] 2 [|@()ll/ ]|l

>4+ N, whic contradicts to the choice of N.

- ”((D(pl)"" tgleﬁ""’hz@(m))nk >1 (k=1,--,N),

Case II. Assume next UA,; is a finite set. Then there exist a strictly
k=1

increasing sequence 7, ---, ny of positive integers and 7y, *-+, r,€ & such that
A, ==A, ={r, 7).

Let g€ L'(G) be such that |l <1, f(r)=1 and fy(ry)="+--=£(r)=0. In
the same way as the Case I, we have for this p,,
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ngp—1

3 e b (1))

i=1 nk

(@), ||=||(@(e)+ >1 (=1, N),

and we have ||@(w)]| = N. Hence we have ||@] = ||@(w)|/llll = NV, which
again contradicts to the choice of N. This proves (7).

To complete the proof of theorem 2, suppose that theorem 2 is false.
Then there exist 2(1<k<m) and v, € L'(G) such that

(@()), € Rad L'(G(h)\L} (G (h)) ,
(2(),e LH(G(hy)  (hi<hy).

If h;<h, and if 4., denotes the unit mass at the unit e, of the group K(h,),
LYG(h))— M(K(h,)) : pl—> pxd,, and LYG)— M(K(h):v—>(h(D(v)))}*d,, are
homomorphisms, and hence both gx3,, and (h.(®(v)))*d., belong to the spine
of M(K(hy)) (cf. [4]). Therefore

(20:), = (0(), 8., = (e O (140,

(10)

— % (00m) .,

hi<hp

belongs to the spine of M(G(h;)), which contradict to (10). This completes
the proof of theorem 2.

REMARK 2. In the proof of theorem 2, the only properties which we
required to L'(G) were that L'(G) is a commutative symmetric Banach
algebra which satisfies lemma 6. In other words, theorem 2 remains true
if we replace L'(G) with a commutative symmetric Banach algebra A which
satisfies the following propery (**).

(**%).  There exists ¢>0 such that if 7y, --+, 7y are a finite mimber of
elements of the maximal ideal space 4, of A, and if W is a compact
subset of 4, which contains {r, -+, 74} in the interior, then there exists
a€ A which satisfies

lal SN,  a(r)=|1:re{n, - ra}
lO cre W.
COROLLARY 11. Let A be a commutative symmetric Banach algebra
which satisfies (**¥). If @ is a homomorphism of A into W, there exist
a finite number of critical points hy, -+, h,, € Stsuch that @(A)Czilel(G(hi).

COROLLARY 12. Let M be a commutative semi-simple symmetric con-
volution measure algebra which satisfies (**). Then there exist a finite

number of critical points hy, -+, h,, € §* such that M= __f,lLl(G(hi)). .
PrOOF. Let @ be an identity map of M into M. Then by corollary
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11, there exist a finite number of critical points A, -+, A, € S‘* such that
M= 0(A)C 3 LG (h)) cM.
i=1

This completes the proof.

COROLLARY 13. Let A be a commutative symmetric Banach algebra
which satisfies (**), and let S be a commutative discrete semi-group such
that S, the set of all the bounded semi-characters, separates points of S.
Then if ® is a homomorphism of A into M(S), there exist subgroups
G, -, G,, of S such that ®(A)C M(G,U---UG,,).

PrOOF. Since § separates points of S, M(S) is semi-simple (cf. [3]).
The structure semi-group of M(S) is the Bohr compactification § of S,
and the Taylor’s representation of M(S) is given by

in s M(S)—— M(S) : pl— poa™ (11)

where a is the canonical injection of S into § (cf. §4.1) ~
By corollary 11, there exist a finite number of critical points Ay, «-+, A, € ST
such that

i.(0(4)) fl L(G(h) c §1M<K(hi)> (12)

By (11) and (12), we have @(A)C M(a""(K(hy))U - Ua (K(h,,)), and a (K(h;))
(=1, ---,m) is a subgroup of S. This completes the proof.

§2. A characterization of the dual maps.

At the point of view of theorem 2, we restrict ourselves to the case :
S+ = {hy, ++, B} s M= iLl(G(hi» and S = G th_,
=1 i=1

We can suppose without loss of generality that A; is maximal in {h,, ---, A}
(i=1, -+, m). .

Let H be a LCA group. A subset E of H is called an open coset
if Eis a coset of some open subgroup of H. The cost ring of H means
the ring generated by all the open cosets of H. A map a of an open
coset K of H into G is called affine if a satisfies

alrr’r" ) =a(r)a(r) a(r")™ (r, ', r"eK).

DEFINITION 2. Let a be a map of H into GU{0}). Suppose that:
(1) a (G is a finite disjoint union of elements E,, ---, E, of the coset
ring of H,
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(2) for each l(1=I<n), there exist an open coset K, and a map a; of
K, into G such that E,CK, and a, is centinuous affine with a,|E,=alE,;.

Then such a is called a piecewise affine map. ‘

DEFINITION 3. Let X be a topological space and let a be amap of X
into GY{0}. If a(X)CG, we call a a k-map if the inverse image of a com-
pact set is also compact. If a(X)={0}, a will be called a trivial map.

DEFINITION 4. Let Y be a subset of a set X, and let a be a map of
Y into G. A trivial extension o of a to X is the map of X into GU{0}
such that

a*(x) = ]a(x) : x€Y,
l 0 : xéY,

Let H be the dual group of H. We consider H an open subset of
the maximal ideal space 4, of the measure algebra M(H). If M=M(H),
the following theorem determines all the homomorphisms of L'(G) into I
by characterizing the dual maps restricted to H.

THEOREM 14 (Cohen). Let a be a map of H into GU{0).

(a). « is the restriction to H of the dual map of a homomorphism
of L\ (G) into M(H) if and only if a is piecewise affine.

(b). « is the dual map of a homomorphism of LYG) into L'(H) if
and only if a is piecewise affine and ala~(G) is a k-map.

DEFINITION 5. Let J(I',,) denote the coset ring of I'y,(1=i=m). Sup-
pose J(I',,)3 E has a representation of the form

E=rH\Ur;H, (13)

with i) {ry, -, r,yCI'y, i) Hy, -, H, is a set of open subgroups of I',,,
iii) Hy/H;nH, is an infinite group (j=1,-, n).

Such E will be called a canonical element of J(I',,).

LeMMA 15. Every non-void element of J(I',,) (1=i=m) can be repre-
sented as a finite disjoint union of canonical elements of J(I';,).

ProOF, Let E be a non-void element of J(I',) and let Xz be the
characteristic function of E. It is easy to see from the definition of the
coset ring that X; has a representation of the form

with i) a;€ Z and r;€ I',, ii) H; is an open subgroup of I',,, iii) if H;=H,,
then we have r;7;' ¢ H,.
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Further, by dividing r;H,;(1<j<n) into the cosets of a subgroup of H; if nec-
essary, we can assume without loss of generality that $={r;H;|i=1, ---, n}
satisfies the following: iv) r;H;nr; H; is a finite desjoint union of ele-
ments in 9, and if H,dH,; we have #H,/H;nH;)=0c0, for 1<j, j<n.
By rearranging the sequence nH,, -, ,,H, if necessary, we can suppose

n—1
H, is maximal in {H,, ---, H,}. Then r,H,d Nr;H; is obvious, and from
=1

(14) we have a,=0 or a,=1. If a,=0, the representation

n—1

XE= j;lajx,,.jﬂ'j (15)

n—1
satisfies i)~iv) above. If a,=1, F=r,H,\(U7r;H;) is a canonical element
Jj=1

of J(I',;,) and
n—1
Xorp=Xzg—Xp= 2, ajX,,m, for some aj€Z (16)
5=1 \

If n—1%0, we repeat, using (15) or (16), the same process as before, and
n times repetition of this process will give the conclusion of lemma 15.

DEFINITION 6. For each ve M(G(h,)) (1£i<m), we decompose v as
v=v4v",  VeL(G(h)), 'eLGh),
and define the projection P, by
P, : M(G(h)

L1<G(hi)>L ] E——

LEMMA 16. Let E€J(I',,) 1<i<m) be canonical, and let K be an
open coset of I',, which contains E. Suppose that a is a continuous affine
map of K into G and that ¥ is a homomorphism of L'(G) into M(G(h;))
such that the dual map ¢ of ¥ satisfies

O(r)= 0 :rel’,, r¢e E,
{a(r) : reE.

Then, if ¢|E is not a k-map, we have

T o~
P(¥(w) =T (reE peLXG)).

ProoF. Let v be the idempotent of M(G(h;)) such that the Fourier-
Stieltjes transform of v is Xz. Since E is canonical, we can represent v
in the form

n .
V=190 + jZlaj 74P},
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with 1) {ry, ==, 7.} €4, ii) a;€Z and H; is an open subgroup of I',,;, iii)
Ouy is the normalized Haar measure of the annihilator Hj of H; in G(h,),
iv) roHy,Dr;H; and Hy/H; is an infinite group, v) r,H;nE=¢ (j=1, -+, n).

Let ¥’ be a homomorphism of L}G) into M(G(h;)) such that the dual
map ¢’ of ¥’ satisfies

¢’(r)=J 0 :rel’y, rérH,,
la(r) : renH,,
then we have ¥'(pxv="(p) (r€ L'(G)). Since ¢'|E is not a k-map, we
have P,bi(W’(y)*rOPEé)=W’(y) and P, (¥’ ()a)*rjPH;) is either W’(y)*'rjpgji or
0(1=j=n) (cf. [4]). Therefore we get from v) above

— T T
P, (T (1) (1) = Pog (¥ () ()
~P, (Zlf( peroPas ) (r)+ % P, (rs0up" () (7)
~T@A=F@0)  (reE pelG) 17)
This completes the proof.

DEFINITION 7. Let a be a map of S= Gl’hi into GU{0). We call
i=1

a non-void subset E of S a a-admissible set (in abbr. a-set) if E is a ca-
nonical element of the coset ring of some I, and that either a|E is trivial
or there exist an open coset K of I',, and a continuous affine map o' of K
into G such that a|E=a'E. E is called a (k, a)-set if E is a a-set and that
a|E is a non-trivial k-map. '

DEeFINITION 8. If h;<h;, we denote by 7} the continuous homomor-
phism

fh,.

DEFINITION 9. Let a be a map of S into GU{0}, and let

Fhi——)['hj :fl

U ={Ey|E;Cly, I=1, o, my, i=1, -, m)

be a collection of subsets of S. U will be called a finite disjoint system
of a-sets if W satisfies the following conditions.

i) E;; is a a-set (I=1, - n, i=1, -, m),
i) EgunEp,=¢ (ixd arlxl),
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iv) For each i, j and Il with h;<h, and 1<I[<n,, we have
05(Ei) CEjpug for some 1(7, )€1, -, ny}.

i)
DEFINITION 10. Let « be a map of 8 into GU{0), and let
A= {Ei;liEi;lCth I=1,-n, i=1, -, m}

be a finite desjoint system of a-sets. For each i, j and | with h;<h; and
1=I=n,;, we put

B(j, i 30) = {helhy S he < by and aon}| By, is @ non-trivial k-map)
DEFINITION 11. Let a be a map of 8 into GYU{0}, and suppose that
U= {Ey|E;CT,, I=1, -, n, i=1, -, m)

be a finite disjoint system of a-sets. Suppose moreover U satisfies the fol-
lowing conditions.

(a) If Ey; is a (k, a)-set or a|E;,; is trivial, and if h;<h; such that
E;51) ts a (b, a)-set we have *E(j,1;0)=2 (*A denotes the cardinal number
of A). .

(b) If E;,; is not a (k, a)-set and that a|E,,; is non-trivial, then there
exists one and only one j such that h;<h, and E,,;. is a (k, a)-set with
¥3(j,7;0)=1. Moreover in this case, we have a|E,,=a-n}|E,,.

We call such a system W a compatible system of a-sets.

DEFINITION 12. Let a be a map of S into GYU{0}, and suppose that

U={Ey|EyCTh,, I=1, -, my, i=1, -, m}

is a finite disjoint system of a-sets. If E,, €W and h;<h;, we denote by
D, (resp. D;.;) the homomorphism of L'G) into M(G(h;)) such that the
trivial extension of a|E,;,; (resp. a°nj|E; ;) to I',, is the restriction to I, of
the dual map of @, (resp. D;.1). v, is the idempoint of M(G(h;)) such
that the Fourier-Stieltjes transform of v, is the characteristic function of
E.,. With these notations we have

D ssrso (s = 0pi(p) (e LNG)).

THEOREM 17. A map a of S into GU{0} is the dual map of a homo-
morphism @ of L'(G) into WM if and only if there exists a compatible system
of a-sets.

LEmMA 18. If a is the dual map of a homomorphism @ of L'(G) into
W, there exists a finite disjoint system of a-sets.



On homomorphisms of a group algebra into a convolution measure algebra 93

Proor. Let @,(1=i=<m) be the homomorphism of L'(G) into M(G(h;))
defined by LYG)—=M(G(h;)): pr>(h,®@(p))xd,,, where d,., is the unit mass at
the unit e; of K(h;). Then the restriction to I',, of the dual map of &,
is equal to a|I';,, and by theorem 14 a) and lemma 15, there exist a finite
disjoint system of a|l',-sets UV={E,|E;,CIs,, =1, n} (i=1, -, m).
If h;<h, and E€J([',)), (3)(E) is an element of J(I',,). So, dividing

elements of A® (=1, ---, m) if necessary, we can suppose without loss of

genefality that A= UA® satisfies the condition iv) of definition 9. This
i=1

completes the proof.

LemMA 19. Let a be the dual map of a homomorphism @ of L'(G)
into WM, and suppose

A= {EiillEi;lCth I=1,-n, 1=1, -, m}

is a finite disjoint system of a-sets. If h;<h; and 1=<I=<n; such that Ejy;,;,
is a (k, a)-set, then T(j,1;1) has an unique maximal element.

Proor. If h,, h,€Z(j,7;1), there exists h,€S* such that (cf.

L(Gha) kL (G (k) c LG (Ro) (18)
By definition 12, we have for each pe L'(G),

D g, 510,6) (¥Ve5 200,00 = D 032000, (1) (19)
D ;520,00 (I ¥Ves1000,5) = D g 00520005 (1)

By (18) and (19), we have

Dy 032000, (¥ D 30052000, (1)
= @106, (D, 5000, 00 (¥V 50000, € L (G(hw)>

By theorem 14 b), (20) shows that aoy?|E.;xuw.) is a k-map. Since Z(j,7;17)
is a finite set, this completes the proof of lemma 19.

(20)

ProoF oF THEOREM 17. Suppose that a is the dual map of a homo-
morphism @ of L'(G) into M. By lemma 18, there exists a finite disjoint
system of a-sets

A= {Ei;l|Ei;lCFhi, I=1,,mn, i=1, -, m}

If m=1, A is a compatible system of a-sets by theorem 14 b). If
m>1, {Eyy, -+, Ey, )} is a compatible system of a|I',-sets by theorem 14 b)
again. If we put
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e(1,1;)=1 (=1, n,
U ={Eslh;<h, 1SISn}  (i=1,-,m),
it is clear that the following (21) holds with £=1.

a) U is a compatible system of a|h;S-sets (i=1, .-+, k).
b) {e(j,7;0|h;=h;, i<k, I=1,---,n} is a set of integers
which satisfies the following conditions.
i) If i<k and 1<I=<n,, then we have

&g, i;0)= f1: alE;,; is either trivial or k-map
1 0 : otherwise.
ii) If h;<h, and 1=<I=n,, and if E;,;, is not a (%, a)-
set or a°n}|E;, is not a k-map, then &(j,7;1)=0.
iti) If 2;<h; and 1=<I=<n,, and if E;;; is a ( a)-
set and that a-pj|E;, is a k-map, then we have

N e<j, w;l(u, z)) =0.

3y €503, 150)

c) If i<k we have

Ny

hOp= % 5 Ne(uil)Ouls)  (#eLiG).

hgShg hgSh,Shyl=

/

We suppose that (21) holds with 2=p(<m), and we will show that (21)
also holds with £=p+1 by defining an appropriate set of integers

{E(j,P"l‘ 1 ;l)lhj é hp+1, 1 é Z é np+1} .

To prove (21) a) with k=p+1, fix an integer 1<[/=<n,,, arbitrary,
and put

A(p+1;0)={jlhj<hpe1, Egspen is a (k, a)-set and *T(j, p+1;0) =1}
If h;<h,,, and Ej;; 41 is a (&, a)-set, and if we put

Vsl = % e ;200 p+1) @y (Bvyens (1€ LNG)),
hyShy<hpi,
(22)

we have from lemma 16, lemma 19 and (21) with 2=p that the following
i), ii) and iii) hold for each pe LY(G) and r€ E,,,;,.

i) If *T(5,p+1;0)=2 and h,, ¢ Z(j,p+1;]) then ¥,,(¢)=0.
ii) If *(j,p+1;0)=2 and A, €Z(j,p+1;1), then

Vo) € L (Glhyn) (23)
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i) If #8(j,p+1;0)=1, then P, _ (¥Vyu(t)) (1) = Dppurialp) ()
= ii(a(rz(7)).
From (21) with k=p, (22) and we get
0=Po,. (@)= = % eljiu;lluwprl)

hj<tpta BjERy<tpi,

Qj,u;l(u,pﬂ)(ﬂ))*”pﬂ;z) = Ph,,+1 <@p+1;z<#)>'— 2. Php+1<wj;z(l‘)>

jeA(p+1;2)

(#e L1(G)) (24)

Suppose first, E,,1; is a (k a)-set or a|E,.y, is trivial that is @,y (¢)€
LY (G(h,4,) for each pe LNG). If we choose 7€ E,1y;; and g€ L'G) such
that fo(a(m2*(ry)))=1 (je A(p+1;10)), then we have from (24) that A(p+1;/)
—=¢, and definition 11 (a) holds. Next, suppose E,.i;; is a non (&, a)-set
and that a|E,.;;; is non-trivial, then from lemma 16 and (21) (b) iii) with
k=p, (24) becomes

T T —— e TT—

P, (@,00i(e) (f)— Po, (F5) ()

jeA(p+12)

ilalh)= 2 #latm ) (f€ B e LG).
(25)

From (25), it follows easily that #*A(p+1;/)=1 and that (b) of definition 11
holds. Thus we have proved that ,,, is a compatible system of oy S-
sets. It is easy to define integers {e(j, p+1;0)|h;Shppr, I=1, -+, 7,4} SO
that b) and c) of (21) hold with 2=p+1.

From above, we can conclude by induction that A=2,, is a compatible
system of a-sets.

Conversely, let A={E,,|E;,Cl,, (=1, n;, i=1,---,m} be a com-
patible system of a-sets. If we put e(1,1;0)=1 (=1, -, m), it is clear
that (21) b) holds with 2=1. Suppose that p<m and we have already
defined {¢(j, 7 ; )|h;Shi, i<p, I=1, -+, n;} so that b) of (21) holds with k=p.
Since U is a compatible system of a-sets, we can define a set of integers
{e(, p+1;D|h;Shysr, =1, -, n,,,}, by definition 11, so that b) of (21)
holds with 2=p+1. Thus we can define by induction a set integers
{e(G, 1 D|h,;Shy;, =1, -, n;, i=1, ---,m} so that b) of (21) holds with k=
1, ---,m. Therefore, if we put

0

m ng

OW=3 = Relii:DPuly) (#eLNG),

i=1 hj§hi =1
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we get
O\ Ey= foalEyy  (1<ism, =1, n) (26)

It is easy to see from (26) that @ is a homomorphism of LY(G) into M
with the dual map a, and this completes the proof of theorem 17.

References

[1] P.J. COHEN: On a conjecture of Littlewood and idempotent measures, Amer.
J. Math. 82 (1960), 191-212.

{2] P.J. COHEN: On homomorphisms of group algebras, Amer. J. Math. 82 (1960),
213-226.

[3] E. HEWITT and H. S. ZUCKERMAN: The [/l-algebra of a commutative semi-
group, Trans. Amer. Math. Soc., 83 (1956), 70-97.

[4] J. INOUE: On the range of a homomorphism of a group algebra into a measure
algebra, Proc. Amer. Math. Soc., 43 (1974), 94-98.

[5] W.RUDIN: Fourier analysis on groups, Interscience Pubrishers Inc., New York,
1962.

[6] J. L. TAYLOR: The structure of convolution measure algebras, Trans. Amer.
Math. Soc., 119 (1965), 150-166.

[7] J.L.TAYLOR: Measure algebras, CBMS Conference report No. 16, A.M.S. 1973.

Department of mathematics,
Nagoya Institute of Technology,
Gokiso, Showa, Nagoya, Japan.



	\S 1. On the range of ...
	THEOREM 2. ...

	\S 2. A characterization ...
	THEOREM 14 ...
	THEOREM 17. ...

	References

