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with simple graded Lie algebras
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Introduction

In our earlier paper [6] we have settled the equivalence problems as-
sociated with the class of simple graded Lie algebras of the first kind (ir-
reducible [-systems in the terminology there). In our recent paper we
have also settled the equivalence problems associated with the class of simple
graded Lie algebras of contact type, and have applied the results to the
geometry of non-degenerate real hypersurfaces of complex manifolds.

The main purpose of the present paper is to settle analogous equivalence
problems for the full class of simple graded Lie algebras.

Let g=721g, be a graded Lie algebra over the field R of real numbers

y4
which satisfies the following conditions: 1) g is finite dimensional and simple,
2) §_1#0, and m=}g, is generated by g-i. Such a graded Lie algebra will
»<0

be called a simple graded Lie algebra of the p-th kind, where g stands for
the positive integer with g_,#0 and g,=0 for all p<—p. Let us denote by
® (resp. by M) the graded Lie algebra g=2.gp (resp. m=7Yq,).

Vg p<0

Now to the graded Lie algebra ®& there is associated a homogeneous
space G/G’ in a natural manner, where the Lie algebra of G is equal to
g, and the Lie algebra of G’ to ¢ =)g,. Let G be the linear isotropy group

P20
of the homogeneous space G/G’ at the origin o, which may be represented

on the vector space m. Then we extend the group G to a linear Lie group
G% of m, and introduce the notion of a Gf,-structure of type WM. It should
be noted that the two groups G and G¥ coincide if and only if & is of
the first kind or of contact type. (By definition & is of contact type if it
is of the second kind and dim g_,=1.) It should be also noted that a G%-
structure of type I admits a strongly regular differential system (in the sense
of [7]) as an underlying structure. Furthermore we introduce the notion of
a normal connection of type ®, which is defined to be a Cartan connection
of type G/G' whose curvature satisfies certain linear relations.

The main theorem (Theorem 2.7) in the present paper is concerned
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with the equivalence problem for G*-structures of type I, and may be
roughly stated as follows: Assume that & is the prolongation of (IR, g).
Then every normal connection of type ®, (P, w), on a manifold M induces
a G¥-structure of type M, (P% &), on M in a natural manner, and the as-
signment (P, w)—P* &) gives a one-to-one correspondence up to isomorphisms
between the totality of normal connections of type & and the totality of
G*,-structures of type M. We also show that the “harmonic part” H(K)

of the curvature K of a normal connection (P, w) gives a fundamental system
of invariants (Theorem 2.9).

In the forthcoming papers we shall apply our theory to various problems
in the geometry as well as the analysis, especially to the geometrizations
and integrations of differential equations (cf. Tresse [9] and Cartan [2]). For

example, consider a system of ordinary differential equations of the second
order :

(%) y”i - ¢i(x, Y15 s Yn—15 y,b R y'n—1>’ 1 é z é n—1.

Then we shall show that to the equation (£) there is associated in an in-
variant manner a normal connection of type &, (P, w), defined on the space
(T, Y1 > Yn-1sY 1> - Y ny), so that the integrals of the equation (£) may
be represented by the geodesics of the connection (P, w), where ® is a simple
graded Lie algebra of the second kind, and the underlying Lie algebra g is
isomorphic with the simple Lie algebra 8l(n+41, R). In particular we shall
find from this fact that the integration of the equation (£), to a great
extent, depends on the structure of the automorphism group of the equation
(£) or of the connection (P, w) .

In §1 we first recall several known facts on the graded Lie algebra ©,
and then define a complex {C?.4(®), 9}, which is naturally associated with
®, and which generalizes or rather refines the so-called Spencer complex
(associated with a simple graded Lie algebra of the first kind). We also
show that there is naturally defined the “adjoint operator” o*: Cr4(®)—
Cr+14-1(@) of the operator 9: CrrLe{(®)—C?4(S). We shall see that the
“harmonic theory” for the system {C?.4(®),d, 0*} plays an important role
in our whole theory. In § 2 we introduce the notions of a G¥-structure of
type MM and of a normal connection of type ®, and state the main theorem.
We also prove Theorem 2.9, based on the Bianchi identity for the connection
(P,w). §3~§5 are devoted to the proof of the main theorem. First of
all we prove, in § 3, the important fact that every G¥ystructure of type I,
(P% &), is naturally reduced to a G-structure (P, & (Theorems 3.7 and 3.8).
Starting from the G-structure (P, &), we construct, in § 4, a normal connec-
tion of type ®, (P, w), the prolongation of (P% &), which induces the given
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(P &) (Theorems 4.6 and 4.15). We thus see that the assignment (P, w)—
(P% &) is surjective. Here we notice that our method of the prolongation
adopted in the present paper is closely related to Cartan’s general method
of the equivalence ([1]). Finally in § 5 we prove the uniqueness of normal
connections of type & or the statement that the assignment (P, w)—(FP*% &)
Is injective.

Preliminary remarks

1. Let V be a finite dimensional vector space over a field K. As usual
GL(V) denotes the general linear group of V, and gl(V) the Lie algebra of
all endomorphisms of V. V* denotes the dual space of V, and A?(V)
the space of exterior p-vectors of V. Given another vector space W over
K, the tensor product WX AP(V*) may be naturally identified with the
space Hom (A?(V), W), i.e., the space of all linear maps of A?(V) to W.

2. Graded Lie algebras. Let g be a Lie algebra over a field K. Let
(@p)pez> Z being the group of integers, be a family of subspaces of g which
satisfies the following conditions :

(GLA. 1) a=2.0p (direct sum);
(GLA. 2) dim g,< 0 ;
(GLA. 3) (90> 8] C@psa -

Under these conditions we say that the system &={g, (g,)} or the direct
sum g=, g, is a graded Lie algebra over K.
»

Let 8={g, (g,)} and & ={d’, (¢',)} be two graded Lie algebras. A homo-
morphism ¢ of g to ¢ as Lie algebras is called a homomorphism of & to &
if ¢ preserves the gradings, 7.e., ¢(g,) Cg, for all p. A homomorphism ¢
of ® to & is called an isomorphism of & onto & if ¢ is bijective. The
notion of an isomorphism naturally gives rise to the notions of an auto-
morphism and of a derivation.

3. In the present paper we always assume the differentiability of class
C= unless otherwise stated. Let M be a manifold. 7'(M) denotes the tangent
bundle of M. Given a vector field X on M, sy denotes the Lie derivation
with respect to X.

As to Lie groups and principal fibre boundles we use the standard nota-
tions as in [3]. Especially let P be a principal fibre bundle over a base
manifold M with a Lie group G as structure group. For a=G, R, denotes
the right translation P=z—2a=P. Let g be the Lie algebra of G. For
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Aeg, A* denotes the (vertical) vector field on P induced from the 1-para-
meter group of right translations, {R,}, where a,=exp ¢A.

Let P be as above. Let H be a Lie subgroup of G, and Q a principal
fibre bundle over the base space M with structure group H. Then we
say that Q is a reduction of P to H if the following conditions are satisfied :
1) Q is a submanifold of P; ii) @ =nos, where ¢ denotes the injection of Q
to P, and x(resp. @) the projection of P (resp. of Q) onto M; iii) ¢ gives
a bundle homomorphism of Q to P (corresponding to the injective homomor-
phism of H into G.)

4. Linear group structures. Let V be an n-dimensional vector space
over the field R of real numbers, and G a Lie subgroup of GL (V). Let
P be a principal fibre bundle over an n-dimensional manifold M with struc-
ture group G, and # a V-valued 1-form on P. Then we say that the pair
(P, 0) is a G-structure on M if it satisfies the following conditions :

(LG. 1) Let X be a tangent vector to P. Then #(X)=0 if and only
if X is a vertical vector ;

(LG. 2) Rj*0=a'0, ac=G.

Let (P, 0) (resp. (P',0")) be a G-structure on a manifold M (resp. on
M’). A bundle isomorphism ¢ of P onto P’ is called an isomorphism of
(P, 0) onto (P',¢') if ¢*0' =4.

We shall now remark that our definition of a G-structure is equivalent
to the usual one.

Let M be an n-dimensional manifold, and F(M) the frame bundle of
M. As usual F(M) may be regarded as the set of all linear isomorphisms
of V onto the tangent spaces T(M),, x& M, which is a principal fibre bundle
over the base space M with structure group GL(V). Let # be the V-valued
1-form on F(M) defined by 6(X)=2"1s 74(X) for all XeT(F(M)), and z=
F(M), where = denotes the projection of F(M) onto M.

Now a reduction of the frame bundle F(M) to the group G is usually
called a G-structure on M (cf. [5]). Let P be a G-structure in the usual
sense on M, and ¢ the injection of P to F(M). Put §=¢%8, which is usually
called the basic form of P. Then the pair (P,6) gives a G-structure in our
sense on M. Conversely every G-structure in our sense, (P, ), on M can
be obtained in this manner. Indeed there is a unique bundle homomorphism
¢ of P to F(M) (corresponding to the injective homomorphism of G into
GL(V)) such that ¢ induces the identity transformation of M and such that
0=¢*6. Hence P may be regarded as a G-structure in the usual sense on
M, and @ as its basic form. Thus we have seen that the two definitions
are equivalent.
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Finally let H be a Lie subgroup of G. Let (P,6) (resp. (Q, 7)) be a G-
structure (resp. an H-structure) on M. Then we say that (Q,7) is a reduc-
tion of (P, 0) to H or (P, #) is an extension of (Q,7) to G if i) Q is a reduc-
tion of P to H, and ii) »=¢*0, ¢ being the injection of Q to P, or equivalently
if i) QCPCF(M), and ii) Q is a submanifold of P. Clearly every H-struc-
ture has a unique extension to G.

5. Cartan connections. ILet G/G' be the homogeneous space of a Lie
group G over its closed subgroup G'. Let g (resp. ) be the Lie algebra of
G (resp. of G'). Let P be a principal fibre bundle over a base manifold
M with structure group G’, where dim M=dim G/G’, and let w be a g-
valued 1-form on P. Then we say that the pair (P, w) is a Cartan connec-
tion of type G/G' on M or » is a Cartan connection of type G/G' in P
if the following conditions are satisfied :

(C. 1) Let X be a tangent vector to P. If w(X)=0, then X=0;

(C. 2) wA¥=A, Acsq;

(C. 3) R*jo=Ad(a)w, acC'.

Let (P, w) (resp. (P, «')) be a Cartan connection of type G/G’ on a mani-
fold M (resp. on M’). A bundle isomorphism ¢ of P onto P’ is called an
isomorphism of (P, w) onto (P, &) if ¢*o =w.

§ 1. Simple graded Lie algebras
1.1. Simple graded Lie algebras (cf. and [8]). In the following K

means the field R of real numbers or the field C of complex numbers.
Let ®={g, (g,)} be a graded Lie algebra over K. Put
m= ), 3p »

»<0
being a subalgebra of g. Then we say that & is simple if it satisfies the
following conditions :

(SGLA. 1) The Lie algebra g is finite dimensional and simple ;

(SGLA. 2) g_,#0, and the Lie algebra m is generated by g_;.

We denote by I the (truncated) graded subalgebra {m, (g,),<o} of ®.
Then (SGLA. 2) means that MM is a fundamental graded Lie algebra (or simply
FGLA) in the sense of [7]. A simple graded Lie algebra ® is called of the
p-th kind if 9N is of the p-th kind, i.e, g_,#0 and g,=0 for any p< —p.

Let @ be a simple graded Lie algebra of the p-th kind over K. Let

B denote the Killing form of the Lie algebra g. The following two lemmas
are well known.

LeMMA 1.1. There is a unique element E in the centre of g, such
that
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9p = {XG QI[E, X] :pX} Sfor all p.

LemMma 1.2. (1) B(gp g)=0 if p+q+0.

(2) For every p the restriction of B to §,Xg_, is non-degenerate.
In particular it follows that g,=0 for all p>p.

LEmMA 1.3. Let p=0.

(1) [8-p+1 8-1]=8-».

(2) If X,eg, and [X,, 6] =0, then X,=0.

Proor. By (SGLA. 2) we have [g_py, g_1]=g_, for all p=2. Since EC
g we have [gy, g, ]=g_;. Furthermore we easily see that a=[g,, 9-1]+i§)9z

is a (graded) ideal of g. Since g is simple and aDg_;#0, it follows that
a=g and hence [g;, §_;]=g,. We have thus proved (1). Using (1), we have
B([ Xy, a.1) - p+1) =B(X,, g-p)=0. This fact together with Lemma 1. 2 gives
X,=0, which proves (2).

Consider the derivation algebra Der () of the FGLA, 9. By
1.3, go may be naturally identified with a subalgebra of Der (%), and &
naturally with a graded subalgebra of the prolongation of (M, gq,). (For

the definition of the prolongation, see [7]) Let us now define an ideal §,
of g, by

b= {Xcg|[X, 9] =0 for all p=< -2},

which may be naturally regarded as a subalgebra of gl(g_,).

LemMma 1.4, The following three statements are mutually equivalent :

(1) © s the prolongation of (WM, gy).

(2)  The subspace Yy, of gl(g_y) is of finite type, i.e., the k-th prolonga-
tion B® of G vanishes for some k.

(3) The first prolongation H" of Y, vanishes.

The proof of this fact is quite similar to the proof of [Lemma 3.4 of

[8], and therefore it is omitted.

LemMa 1.5. (1) The case K=R. There is an involutive automor-
phism o of g having the following properties :

1) 68,=8»;

2) B(X,0X)<0 for X+0.

(2) The case K=C. There is an involutive automorphism ¢ of g as
a Lie algebra over R having the following properties :

1) 68,=8 »;

2) o(AX)=20X for 2€C and Xe&g, and hence the bilinear form
B(X, oY) (X, YEq) is hermitian;
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3) B(X,eX)<0 for X+0.

Although this fact is known, we shall give an outline of the proof for
completeness. (The following proof is due to Dr. Kaneda.) First consider
the case K=C. Since ad(E) is a semi-simple endomorphism of g, there is
a Cartan subalgebra Y) of g such that E€}. Let 9, be the real part of b,
i.e., B, is the (real) subspace of §) consisting of all HEY such that a(H) is
real for any non-zero root a (associated with Y). Since the eigenvalues of
ad (E) are all integers, it follows that E€Y, However we know that there is
a compact real form u of g such that h,C —1u (cf. [10]). Hence Ecy—1u,
which proves our assertion. Next consider the case K=R. In this case
we may assume that the complexification ¢ of g is simple. (Suppose that
¢ is not simple. Then g is endowed with a complex structure, so that ®
becomes a simple graded Lie algebra over C. Thus the problem is reduced
to the case K=C.) As above there is a Cartan subalgebra § of g such
that E€Y, and E is in the real part §, of §*. However we know that there
is a compact real form u of g¢ such that g=gNu+gNv—1u and such that
h,C+/ —1u (cf. [10]). Hence E=gn+—1u, which proves our assertion.

LEmma 1.6, Let 1=p=p—1.

(1) [g-p-1, G1l=6-»-

2) If X,Eg, and [X,, g_p-1]=0, then X,=0.

ProoF. Since m is generated by g_;, we see from Lemma 1.5 that
the subalgebra gogi of g generated by g.° For any i= —p, we define a sub-

space b; of g; inductively as follows: b_,=g_, and b;=[b;4, g] if ¢>—p
From the remark above we see that the sum b=)_b; is a (graded) ideal of g.

tz—n

Since g is simple and 6 Dg_,#0, it follows that b=g. Hence [g_,_1, %] =8
for any 1=<p=p—1, proving (1). (2) follows easily from (1) and LEMMa 1. 2.

1.2. The homogeneous space G/G'. Let & be a simple graded Lie
algebra of the p-th kind over K.

Consider the automorphism group Aut(g) of the Lie algebra g. Since
g is simple, the Lie algebra of Aut(g) coincides with the Lie algebra ad (g)
of all inner derivations of g, and the assignment X—ad (X) gives an isomor-
phism of g onto ad(g). We shall identify g and ad (g) through this isomor-
phism. Thus we have

Ad(a) X=aX, acAut (g), Xeg.

We denote by G, the automorphism group Aut(®) of the graded Lie
algebra ®. It is easy to see that the Lie algebra of G, is g, ([8], Lemma
2.4). For any p we define a subspace {? of g by {? =23 g, Then the
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family F={f"} gives a filtration of the Lie algebra g. We denote by G
the automorphism group of the filtred Lie algebra (9, B), i.e., G is the sub-
group of Aut(g) consisting of all a< Aut (g) which satisfy Ad (a) {? ={® for
all p. Then it can be easily shown that the Lie algebra of G’ is

g =1"= 20
120
([8], Lemma 2. 5).

LEmMA 1.7 ([8], Lemma 2.6). Every element a of G' can be written
uniquely in the form:

a=b-exp X -exp X,,

where be Gy and X,<q,.
Let Aut(g)° denote the connected component of the identity of Aut (g).
Then we define an open subgroup G of Aug (g) by

G = Aut (g)°-G' = Aut (g)°- G,

G’ being a closed subgroup of G, we have the homogeneous space G/G'.
Clearly G/G’ is connected. Here we notice that if K=C, then G, G’ and
G, are all complex Lie groups, and G/G' is a complex manifold.

We denote by p the linear isotropy representation of G’ on the tangent
space T(G/G"), to G/G' at the origin 0. We have

g=m+¢ (direct sum),

and hence, as usual, T(G/G'), may be identified with the vector space mi.
This being said, the representation p : G">GL(m) may be described as follows:

pla) X=Ad(a) X (mod ¢),

where a=G’ and Xem. The homomorphism p: G'—GL(m) naturally in-
duces a Lie algebra homomorphism ¢ —gl(nm), which we denote by the same
letter p. We have

p(X)Y=[X, Y] (mod g),
where X&g and Yem.
By using Lemmas and we can easily prove the following

LemMma 1.8. The natural representation of Gy on g_y is faithful.

LEmMMA 1.9. The kernel of the homomorphism po: G'—>LG(m) is exp g,.

This fact follows easily from Lemmas .6, 1.7 and L. 8.

Finally we note that the action of G on G/G' is effective (cf. [8], Lemma
3.7), and that the space G/G’ is compact (cf. [8], Lemma 3. 8).
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1. 3.¥ The operators d and 0*. Let & be a simple graded Lie algebra
of the p-th kind over K.

Let us consider the subalgebra m=7 g, of g. We remark that g may
p<0

be regarded as a (left) m-module with respect to the representation m=> X—
ad(X)egl(m). Accordingly, as is well known, to the m-module g there is
associated a complex

0
.o ___)CQ<®)__._)CQ+1<®)._.) e
as follows: C%(®) is defined to be the space

g® At(m*) = Hom (At(m), g),
and the operator o is defined by the following formula :
(@) (Xi N A Xgp1) = 2 ('—I)HI[Xi; C<X1/\"'/\Xi/\"'/\XQ+1)]

+ X (=1 c([X, XAAXA AR A AR GA A Ko
i<
where ceC4(®), and X, ---, X, Em.

Let ¢ be an involutive automorphism of g having the properties in Lemma
1.5. Then we define an inner product ( , ) in g by

(X,Y)= —B(X,sY), X, Yeg.

It should be noted that if K=C, then the inner product ( , ) is hermitian.
The inner product ( , ) in g naturally induces an inner product in C%@®).
Namely let {e, -+, en} be an orthonormal basis of g: (e;, ¢;)=d;;. Then

] 1 /
(c, ) :?ix;ifc(eil/\“-/\eiq), e, A Aey)) s
where ¢,  €CY®).
Let us now calculate the adjoint operator 0* of 9. Let {e;, ---, em} be
a basis of g. By the space >,g, may be regarded as the dual
>0

space m* of m=7Jg,, and hence there is a unique basis {e*, ---, e*,} of m*=
p<0

2.8, such that Ble;, e*;)=d;;. Then we define an operator o*: Crr1(®)—
p>0
C¢®) by the following formula :

@%0) (XA AX) = X [e%), cles AXiA - A X

J

1 . -
_|_7izj<_1)z+1c<[e*j, Xi]_/\ej/\Xl/\“'/\Xi/\"'/\Xq> ,

*) The discussions in this paragraph are closely related to the studies of Lie algebra
cohomology done in Kostant [4]
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where ceCY(@), X, -+, X,&m, and [e*;, Xi]_ denotes the m-component of
[e*;, Xi] with respect to the decomposition g=m-+q'. As is easily seen, 0*c¢
does not depend on the choice of the basis {es, 5 em}.

LEmMa 1.10.  The operator 8% defined above is the adjoint operator
of 0 with respect to the inner product ( , ), that is,

(dc, ') =(c, %), ceCy®), deCr(©).

Proor. We shall prove this lemma in the case where q=1. (The
general case can be similarly dealt with.) Let {e, -, en} be an orthonormal
basis of m. Then we have ¢*,= —ge,, and hence

leo el = 32 Bllew es], ) e = 3 Blew [en 4] e
}; E<aez, [oe;, ae* ]> e = — ; B<e*i, [e*j, ek]> e
< , [e*, ek]_> C .

*M

Therefore we obtain
(e, ) = — 5 5 B((d6) (ese,)s o (e Aey)
B([ew cles)] o (e.ne))
([e5 cled], o' (e:ne))
B(c(lew e), o (e Aey)
cleg), o[exn ¢ (ene))]))

I
|
&

1
=5 5 Bleled, o ([e*), @] Aey)
- (Cs a* > ’
which proves [Lemma 1. 10.

As usual the operator
4=0*%0+00*: C?(®)— Cy®)

will be called the Laplacian, and a form ¢=C¢®) will be called harmonic
if 4c=0. Clearly ¢ is harmonic if and only if dc=0*c=0. We denote by
H(®) the space of all harmonic forms in C4(®). Then we have the ortho-
gonal decomposition
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Cu(®) = Hi(®) -+ ACH(S) .

The group G, linearly acts on the space C%®) through the map G,X
CY®)>(a, c)—c*=C:®) defined as follows :

(Ca> (Xl/\/\Xq) :Ad(a_l) C<Ad<a) X1/\/\Ad<a) XQ> ’

where X, ---, X,&m. We can easily prove the following.

LemMma 1.11.  The action of G, on CU®) is compatible with the opera-
tors 0 and 0%, that is,

(0c)* =d(c"),
(0% c)* = 0*(c%) , ceCy®), acG,.

Now the group G’ linearly acts on the space C%®) through the map
G’ X CY®)=3(a, c)—c*=C1S) defined as follows :

() (XA AX) = Ad(a) ¢(p(a) XA+ Apla) X,) .

Lemma 1.12. The action of G' on C¥®) is compatible with the oper-
ator 0%, that is,

0*(c?) = (0% ¢)*, ceCy®), acG .

Proor. We shall prove this lemma in the case where ¢=2. (The
general case can be similarly dealt with.) For any Xem we have

(#(e) (X0 = Z[es (e (esn X)) + 5 2 (e (fe%,, X]_Ae)

J

— ; Ad(a‘l)[Ad(a) e*;, C<P(a> e;\p(a) X>]

+5 ZAdY c(pla) ek, X]_Apla)e,).
We have Ad(a) e*;&m* and
B(p(a) e Ad(a) e¥;) = B(Ad(d) e, Ad(a)e*))
= Bles, %)) = du; .

Hence putting ¢ ;=p(a) ¢;, we obtain ¢*;,=Ad(a)e*;, Furthermore we can
easily show that

pla) [e*), X1 =[¢*; p(a) X]_.

Therefore it follows that
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(0%(e) (X) = 2 Ad(a [¢%) (¢ sA0(a) X)]
+ é- ZJ} Ad(a™) c<[e'*j, pla) X]-/\e’*,-)
= (0*c)* (X),
which proves [Lemma 1. 12.

The group G’ acting on the space C%®), the Lie algebra ¢ acts on
C4®) through the map ¢ X CY®)>(X, c)>c*=C4®) defined as follows :

d
CXZ%(C%%:O (a, = expt X).
Clearly we have
() (XN NX) = —[X, C<X1/\“°/\Xq)]
+ X e(XA - Ap(X) XA A Xy) s

where X, ---, X,em.
1.4. The spaces CP4(®). Since m=}g; the space A‘m*) is de-

J<o0

composed as follows :

/\q(m*) — Z g*rl/\.../\g*rq .
rl,n-,'rq<0

For any ¢ an 7 we define a subspace A(m*) by

Atm¥) = 20 g% A Agk .
it trg =1,
rl,"-,rq(()

Here we promise that Aj(m*)=K, and that A¢(m*) vanishes in the follow-
ing three cases: i) ¢>0 and > —gq; il) ¢g<O0; iii) g=0 and {#0. Clearly
we have

Nm¥) = 20 Ad(m¥) (direct sum).

Consequently since g= ) g;, the space g A¢(m*) is (orthogonally) decomposed
J .

as follows :
gRANY(m*) = ZJ g; QA Hm*) .

These being prepared, we define, for any p and ¢, a subspace C?4(®)
of CY®)=gX N m*) by

Cp’q(@) - ; gj®/\%—p—q+1(rn*> .
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In particular we have

Cro(®) = 3p-1,
Cr4(6) = 0, @0% s

Clearly we have the orthogonal decomposition

CH(®) = £ Cr(®).

We can easily verify the following

LemMma 1.13. (1) aC?1(@)cCrre+1(@).

(2) o*CrU@)cCrrre (@) .

Accordingly we obtain the two complexes {C?4(®), 3} and {CP4(®), 5%*}.
The complex {C?%(®),d} is a generalization or rather a refinement of the
so-called Spencer complex associated with a simple graded Lie algebra of

the first kind.

By Lemma 1. 13 we have 4C?¢(®)CCr(®). We denote by H»¢(®)
the space of all harmonic forms in C?%@®). Then the space CP4¢(®) is
orthogonally decomposed as follows :

Cr1(®) = HP1(®) 4+ 4CP1(®) ,
and the space H(®) as follows :
H(®) =3 H»(®) .

The derivation algebra Der (0) of the FGLA, 9% may be regarded as
a subspace of C*(®)=},g,X ¢*;. This being said, we remark that Der ()
F<o0

is the kernel of the map d: C*!(®)—C-12(®), which means that
H*Y(®) = Der (M)/dg, .
LemMma 1.14. © is the prolongation of (W, g) if and only if, for every
p=1, the sequence
0
0—>0dg, — CP1(B) —> C?~12(S)

is exact.

This fact is clear from the definition of the prolongation given in [7].

In terms of the spaces H?'(®), Lemma 1. 14 means that ® is the prolonga-
tion of (M, g, if and only if

Hr (®)=0, p=1.

Finally we remark that g; X A%(m*) and hence C»¢(®) are G,-invariant
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subspaces of C%®), and we add the next
LemMma 1.15. If Xeg, (r=0) and if c€CP4Q), then XeCrm4().

§ 2. Gi-structures of type I, normal connections of type &,
and the main theorem

In this section except the last paragraph, & will be a simple graded
Lie algebra of the p-th kind over R, and the differentiability will always
mean that of class C*.

2.1. Notations. Let B be a manifold.

(1) For example consider a function F: B—C*®)=gX A%m*). For
any X, Yem, F(XAY) denotes the g-valued function on B given by

F(XAY)(x) = F(z)(XAY), x&B.

Let @ and B be m-valued differential forms on B. Take a basis {e;}i<i<m of
m, and express the forms a an B as follows: a=) ae; and B=3; fe.

Then F(aAp) denotes the g-valued differential form on B given by
F(a/\ﬁ) == Z_ai/\ﬁj'F(ei/\ej) .
7

(2) Let a be a g-valued differential form on B. «a; denotes the g;-com-
ponent of a with respect to the decomposition g=),q;:
7

Y3
OKZZC(]':_Z aj.
J

J=—n

Let F be a function B—C¢®)=g&X A4m*). F; denotes the g;-component
of F with respect to the decomposition C4(®)=7 g, X A?m*), and F? the
7

C?1(®)-component of F with respect to the decomposition C¢(®)= 3} C?4(®).
»
Furthermore F?; denotes the CP%-component of F with respect to the de-
composition C4®)= 73, C?%;, where
Dy J
C74; = g; QN _p—gu1 (M%)

Then we have

F .
Fj: ij, Fp:Zij.
7

(3) For a moment let us denote by #¢ the space of all functions F':
B—C4@®). The operator 9: C1(®)—C*1(®) naturally induces an operator
0: I—>¢1!:
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(0F)(x) = oF (x), Fege, rzEB.

Similarly we have the operator 9*: €%'—%? The action of the group
G, on C%®) naturally induces an action of G, on ¥¢:

(F9) (z) = F(x)*, Fege, xEB.

Similarly the group G’ as well as the Lie algebra ¢ act on %<
(4) Let {0;};c0 be a system of g;-valued 1-forms 6, j<O0, on B. As-
sume that the system {6}, is independent in the sense that dim B=m -+

dim N,, x=B, where m=dim m=7J dim g5, and N, denotes the subspace
<0

of T'(B), consisting of all X&T(B), such that 6;(X)=0 for all j<<0. Now
let V be a finite dimensional vector space over R, and let « and B be V-

valued differential forms on B. Let p be any integer < —1, and define a
subset I(p) of ZXZ by

I(p) ={r, S)EZX Z|p<r,s<0, and r+s<p}.

Then by a=p we mean that

a= ﬁ{mod 0,(r<p); 07/\03<(7', S)EI(P)>}

(see [7]). Namely let 2*(B) denote the exterior algebra of all differential
forms on B. Take a basis {esb1ign,; of g; for each j<O0, and a basis
{#.}1<<r of V. And express the forms 6,, « and 8 as follows : 0;=2.05¢€5,
a=)au, and f=3B,u,. Then a=p means that the forms a,—p§, are in

the ideal of Z*(B) generated by the following forms :

071(1 glgnn rép);
0uN0u(lSA= 0, L= 0=, (r,5)€1(p)).

2.2. Gf-structures of type M. In this paragraph we introduce the

notion of a G*-structure of type 9%, which is one of the subjects in the
present paper.

By Lemma 1|. 8 the natural representation of the group G, on the vector
space m, i.e., the representation p: G'—>GL(m), restricted to G,, is faithful.
Since Go=Aut (&), the image p(G,) of G, by p is contained in the auto-
morphism group Aut (M) of the FGLA, IN. It is not difficult to see that
p(Gy) is closed in Aut (I). Hereafter we shall identify the two groups G,
and p(G,) through the isomorphism p: Gy—p(G)).

By using the subgroup G, of Aut(M), we now define a subgroup G,
of GL(m) as follows: We first denote by N the subgroup of GL(m) con-
sisting of all a&GL(m) such that
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aY,=Y,(modd,,,) for all Y,&q, and p<0,

-1
were D, = 2, g;. Then we define G} to be the closed subgroup Gy«N°
Jj=p+1

of GL(m):
(;#0:: (;0°}VD.

We denote by G the image p(G') of G’ by the homomorphism p: G'—
G L(m), which is nothing but the linear isotropy group of the homogeneous
space G/G’ at the origin 0. By Lemmas 1.7 and [.9 the group G may
be expressed as follows :

G = Gyeplexp &) p(exp g,_1) -

It is easy to see that p(exp g)---p(expg,_,) is a closed subgroup of N° and
hence G is a closed subgroup of G%.

ReEMARK. By definition the simple graded Lie algebra € is of contact
type if it is of the second kind and if dimg_,=1. This being said, we
remark that the two groups G% and G coincide if and only if ® is of the
first kind or of contact type. The equivalence problems associated with
these simple graded Lie algebras have been already discussed in our papers
[6] and [3].

Now G*, being a Lie subgroup of GL(m), we may speak of a G¥-
structure. Let (P% &) be a G¥%-structure on a manifold M. Taking values
in m, the basic form & may be expressed as follows :

&= Z 51' .
J<0
Following the paper [7], we say that the G%-structure (P?% &) is of type I
if the basic form & or the system {&;},., satisfies the equations

1 .
df]‘*‘? Z [Sr)fs]?o» ]§_2,

r+s=7

where the symbols = are considered with respect to the system {&;} ;0.

J
It should be noted that a G*-structure of type I admits a (strongly) regular
differential system of type 9 as its underlying structure (see [7]).

2.3. Connections of type &. Let us consider the homogeneous space
G/G' associated with the simple graded Lie algebra &. According to the
previous paper [8], a Cartan connection of type G/G’ will be called a con-
nection of type .

As usual the group G may be regarded as a principal fibre bundle over
the base space G/G’ with structure group G'. Let w be the Maurer-Cartan
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form of G which is the g-valued 1-form on G defined by w(X)=X for all
Xeg, where g should be regarded as the Lie algebra of all left invariant
vector fields on G. Then the pair (G, ®) gives a connection of type & on
G/G', which is called the standard connection of type .

Let (P,w) be a connection of type & on a manifold M. We denote
by @_ the m-component of w with respect to the decomposition : g=m-+¢/.

Lemma 2.1. (1) Let 2P, and X&T(P),. Then o_(X)=0 if and
only if X is a vertical vector, i.e., X is of the form A*, with some Aeg.

2) RYyo_=p(a)‘o_, acC'.

Proor. We first recall conditions (C. 1)~(C. 3) for the Cartan connec-

tion w. (1) Let A denote the g'-component of w(X) with respect to the de-
composition : g=m+¢q. Using (C. 2), we have

o(X—A%) = w_(X).

Therefore we see from (C. 1) that w_(X)=0 if and only if X=A*, which
clearly proves (1). (2) is clear from (C. 3).
We define a g-valued 2-form Q2 on P by

0 :dw—k-é‘[a), wl,

which is usually called the curvature form.

LemMa 2.2. There is a unique function K: P—C*S) = g 22(m*)
such that

Q= %K(w_/\w_) .
Proor. Let Aeg. Using (C. 2) and (C. 3), we have
A*Jdo = Lyo—do(A*) = —[4, o],

whence

A*1Q = A*1do+[A, 0] =0.
Now the lemma follows from this fact and (1) of [Cemma 3. 1.

The equation in Lemma 2.2 will be called the structure equation, and
the function K will be called the curvature function or simply the curvature.

For any X&g we define a vector field &(X) on P by
o(é(X))=X.

Then we have the following :

(1) For any 2&P the assignment X—a& (X), gives a linear isomorphism
of g onto T'(P),.
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2) @(X)=X* Xe&4g.
(3) (Ry) x@(X)=a@(Ad(a™) X), X&g, ac=(C.
Note that the curvature function K may be explicitly given by

K(XAY)=[X,Y]-o([&(X), 6(V)]), X Yem.

LEmMma 2.3. R*,K=K% ac(C'.
Proor. Using (C. 3), we have

R*,0 = Ad(a™) 2 = 5 Ad(a™) K(o_Aw ).
On the other hand using (2) of Lemma 2.1, we have
R#,0 = (R%K) (o0 Apla o).
It follows that
Ad(a™) K(XAY)=(R*K) (p(@ ' XAp(@'Y), X, Yem,

proving the lemma.
Following the general notations given in 2.1, the connection form
is decomposed as follows :

0):20)]',
J

the curvature form 2 as follows :

‘Q:Z‘Qj,

J

and the curvature function K as follows :
K= K;=2K?,
J P
Kj:ZKpj, Kp:ZKpj'
» J
We note that (C. 2) may be described as follows:
0, (X*,)=10; X, X, €q,, 0=r=yu,
and (C. 3) as follows
(l) R*awj:Ad(a_l) @j, aEGo,
m xx*rwj: —[Xr, (Uj_,-] s X,Egr.
(In the proof of this last fact we use Lemma 1.7.) We also note that

2.3 is equivalent to the following two assertions :
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(l> R*aKp:(Kp)a’ aEGO)
(i) L g KP = (KP7)%r X, €g9,, l=r=yu,
from which follows the following

LemMma 2.4. If for some p the functions K¢ vanish for all q<p, then
we have

R¥,Kr=(K®p,  acG,

where b denotes the Gy-component of a with respect to the decomposition
given in Lemma 1.7.

The structure equation is decomposed into the equations

1 1
(E)  2;=5 Kijlo-No.) :7§K1’j(w~/\w_),

and the 2-forms 2, and K?;(w_Aw_) can be expressed respectively as follows :

1
.Qj:dwj‘}‘—é“ Z [wu; w'v] ’

utv=73

Krjlw_Now)= 3 Ko No).

r+s=j—p—1,
7,8<0

For any p and j<p—2 we define a g;-valued 2-form £7; on P by

1
ij:dwj—i——g Z [(l)u, (UU] .

Uu+v=7j,
w,v=p—1

The next lemma can be easily derived from equations (E;).

LeMMA 2.5, For every p we have the equations

1 .
) 2= 3 Ko pe),  jSp-2,

j-p i=p—-1 -
where the symbols = are considered with respect to the system {w,} ;<.
j-p

The system of equations (E?;), j<p—2, is, so to speak, the structure
equation which is satisfied by the system o® ={w,} ;<,_;. Fix any integer
J. Then equation (E?;) is nothing but equation (E;) for sufficiently large p
or symbolically

(E;) =lim (E?;) .

P00

Let us now show that to every connection of type &, (P, ), on a manifold
M there is associated a G-structure (P, €) on M in a natural manner: Let
G" denote the kernel of the homomorphism p: G'—G. Then we define
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P to be the factor bundle P/G"”, which is a principal fibre bundle over the
base space M with structure group G=G'/G". Let p denote the projection
P—P. Then we see from Lemma 2. 1 that there is a unique m-valued 1-

form & on P such that p*#=w_, and that the pair (P, & gives a G-structure
on M.

Now recall that the group G was extended to the group G% CGL(m).
Correspondingly the G-structure (P, &) is extensible to the group G%, (see
Preliminary remarks). We denote by (P &) the extended G¥,-structure on M.

In this way we have seen that every connection of type ®, (P, ), induces
a G*)-structure (P &) in a natural manner. Let (P, ) (resp. (P',¢)) be a
connection of type & on a manifold M (resp. on M), and (P% &) (resp. (P'f,
¢')) the corresponding G*-structure on M (resp. on M’). Then we remark
that every isomorphism ¢ : (P, w)—(FP', ') induces an isomorphism ¢*: (P% &)
—(P'*, &) in a natural manner. More precisely let o (resp. /) be the natural
homomorphism P—P* (resp. P'—~P'%). Then there is a unique isomorphism
of 1 (P% &) —(P'%, &) with o op=¢top.

2.4. Normal connections of type &, and the main theorem. We say
that a connection of type &, (P, w), on a manifold M is normal if the curva-
ture K satisfies the following conditions :

(NC. 1) Kr=0 for p<0;

(NC. 2) 0*K? =0 for p=0.

It is clear that the standard connection of type &, (G, w), on G/G is
normal, because the curvature K vanishes.

LEMMA 2.6. Let (P,w) be a connection of type & on a manifold M,
and (P, &) the corresponding G* -structure on M. If (P, w) is normal, then
(P% &) is of type .

Proor. Let (P, & be the G-structure on M corresponding to (P, ).
We have p*é=w_, and from (NC. 1) and Lemma 2.5 we obtain

Hence we see that the basic form & of P satisfies the equations

1 _. :
déj—}—_— Z [’Shfs]EO, ]§_27
2 r+s=7 7
where the symbols = are, of course, considered with respect to the system

j
{&;} j<o. Using this fact, we show that (P* §) is of type M, i.e,

r+s=j

1
df]+? Z [Em Ss]

|
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Indeed since the matter is of local character, we may assume that P admits
a global cross section, say ¢g. Then there is a unique map a: P*—G?, such
that 2=¢(n(2))-a(z), z=P* = being the projection P*—>M. If we put =
g*é=g*¢, we have £=al.n*y. Let b be the G,component of a with
respect to the decomposition G%=G,-N°. Then we easily see that

E;=blem*y; <mod ﬂ*m(r<j)> ,
g =bd (mod &(r<j)).

Furthermore we see from the equations above for & that

1 .
Byt 2 end =0 (mod g, Aplr4s<j)).

r+s=j
Now our assertion follows easily from these facts. We have thus proved
the lemma.

We are now in a position to state the main theorem in the present
paper:

TueorEM 2.7. Let © be a simple graded Lie algebra over R. Assume
that & is the prolongation of (IR, g,).

(1)  Every normal connection of type ®, (P, w), on a manifold M in-
duces a G¥y-structure of type I, (P* &), on M in a natural manner. Con-
versely if (P% &) is a G¥-structure of type I on M, there is a normal con-
nection of type ®, (P, w), on M which induces the given (P%£).

(2) Let (P,o) (resp. (P',&)) be a normal connection of type & on a
manifold M (resp. on M), and (P% &) (resp. (P €)) the corresponding G-
structure of type M on M (resp. on M'). Then every isomorphism ¢ : (P, w)
—(P', o) induces an isomorphism ¢*: (P* &—(P"* &) in a natural manner.
Conversely if ¢*: (P% &—(P'% &) is an isomorphism, there is a unique iso-
morphism ¢ : (P, o)—>(P', o )which induces the given ¢

This theorem will be proved in § 3~§ 5.

REMARK. Let (P, w) be a connection of type & on a manifold M. By
the very definition of the operator 9%, the function 9* K can be described
as follows :

0*K=K*+R,
where the functions K* and R are respectively given by
K*(X)= X [ex KA X)),
R(X)= % S K([e*, X]-Ae),  Xem.

(2
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The function K* was already introduced in the previous paper as the
x-curvature. Furthermore in the special case where & is of contact type,
the connection (P, w) was defined to be normal if the *-curvature K* vanishes :
However we have the following.

ProPOSITION 2.8. Assume that & is of contact type and that it is
the prolongation of (M, q,). Assume further that the torsion part of K
vanishes, i.e., K ,=K_;=0. Then the connection (P, ®) is normal in our
present sense if and only if it is normal in our previous sense.

The proof of this fact uses the results in [8] (especially § 8 there) toge-
ther with Theorem 2.7. For example the assumptions in the proposition
are satisfied by the connection (see [8]) which is naturally attached to a non-
degenerate real hypersurface of a complex manifold.

2.5. Fundamental systems of invariants. Let (P, w) be a normal con-
nection of type & on a manifold M. (We do not assume that & is the
prolongation of (M, g,).) The main aim of this paragraph is to show that
the harmonic part H(K) of the curvature K gives a fundamental system
of invariants of the connection (P, ) (Theorem 2.9).

We first explain the notations, which will be necessary for the statement
of the theorem.

We denote by .#(P) the algebra of all differentiable functions on P.
In general let V be a finite dimensional vector space over R, and L a dif-
ferentiable function P—V. We denote by .#,(L) the subspace of % (P)
consisting of all the functions of the form

(L, v*),

where v*V*., And we denote by Z,(L) the subspace of .#(P) spanned
by the functions in #,(L) and their successive covariant derivatives, 1. e.,
all the functions of the form:

(X)) d(X)f,

where fe.#,(L), and X,, -, X;em ({=0,1,2,---). Furthermore we denote
by (L) the subalgebra of .# (P) generated by .Z(L).

Applying the notations above to the curvature K: P—C?*®), we have the
spaces #(K) and Z(K). Let us now recall that the sapce C*®) is ortho-
gonally decomposed as follows :

C(®) = HY(®)+ 4CX®) .

We denote by H the orthogonal projection C?*®)— H?(S). Applying the
operator H to the curvature K, we have the function H(K): P—H*®),
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the harmonic part of K. Then the function H(K) gives rise to the spaces
FoH(K)) and Z(H(K)). Clearly we have Z,(H(K))C #,(K) and Z(H(K))
c#(K). Finally we denote by K_ the torsion part of the curvature K, 7. e.,
K_=)YK;.
J<o0

These being prepared, we state the following

TueoreMm 2.9. (1) Z(K)=2Z(H(K)).

(2) If K_=0, then 4,(K)=5(H(K)).

CorOLLARY. The curvature K wvanishes if and only if the harmonic
part H(K) of K vanishes.

By E. Cartan [1], the space Z,(K) or #(K) gives a complete system
of invariants of the connection (P, w). Theorem 2.9 indicates that the har-
monic part H(K) of the curvature K gives a fundamental system of invariants.
The study of the fundamental system of invariants is preceded by the cal-
culation of the spaces of harmonic forms, H??(®). In the forthcoming
papers we shall calculate the spaces H??(®) for various simple graded Lie
algebras ®.

We shall now prove Theorem 2.9. The proof is based on the Bianchi
identity for the connection (P, ), which may be stated as follows :

LemMA 2. 10. (cf. [8], Lemma 8. 2).
(OK) (X A XA Xy) = 86 (X)) K(XA X)—BK (K (XA XA X;) ,

where Xy, X,, Xs€m and & stands for the cyclic sum with respect to (X,
X2a X3)

The curvature K is decomposed as follows :
K= Kr.
V4

For any p=0, we define a function ¥?~': P—(Cr~.3(®) in the following
manner : Take any negative integers 7, 75, and 75. For each 1<{<3,
take any vector X;&gq,. Then the function ¥?7'(X;AX,A\X,) is defined
by the following formula :

U (XA XA Xy = =@ (X) Ko (XA X) — 3 (X)) K7 (XA X)
—ry=r,—2
—B(X) KX AX)— 5 K (KGAX)AXy)

=0

—r,—ry—

2 —ry—r;—2
=R (ROGAXIAX) - K (KUGA XA K.

=0

(Putting i=r,+7,+7;, we see that ¥?-1(X; A\ X, A\ X;) takes values in g;yp1s-
Hence the formula above really defines a function ¥?-!: P—Cr-13(@®).)
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LEmMA 2.11. The Bianchi identity may be described as follows :
oK? =yr1 p=0.

Proor. The notations being as above, we first remark that (0K?) (X; A
X; A\ X;) is the @i p,-component of (0K)(X,AXAX;). Clearly the gy
component of &(X;) K(X;AXp) is @ (X)) K (X,AX;). By using (NC. 1),
we see that

—r,'—rz—-Z
K_(XiNXy) = ZZ;; KH{XNXy),
and hence that the g;,,,;-component of K(K_(X;AX)AX,) is
—ry—r,—2
> K (KU A XA ).
=0
It is now clear that the Bianchi identity may be described as in
2.11.

Lemma 2.12. (1) .ﬁo(wp—l)cj<§ll<l>.
=0

(2) If K_=0, then /O(WP‘I)Cf()(pZ_]IKl).
ppr

These facts are clear from the definition of #»~! and the proof of
2. 11.

We put
L» = Kr— H(K?),
which takes values in 4C?.2(®).
LEMMA 2.13. LP=471%¥r-1 p=>0.

Proor. By Lemma 2. 11 we have L?=¢(K?— H(K?))=0K? =¥r-1,
By (NC. 2) we have ¢* L?=¢*(K?— H(K?))=§*K?=0. It follows that 4L?=
W=t and hence L?=A-19%Wr-1,

We are now in a position to prove Theorem 2.9. By (1) of
2.12. and Lemma 2.13 we have

FL)cF (5K = (ZHK+E L),
=0 i=0 2=0
Since dK'=¥"1=0, we have K'=H(K"). Therefore it follows that
(L) cj(”iH(Kz)) . =0,
=0

This fact clearly implies that .7,(K)C #(H(K)) and hence .#(K)c #(H(K)).
Since £ (H(K))C #(K), we obtain Z(K)= 4 (H(K)), proving (1). Now
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assume that K_=0. By (2) of [Lemma 2. 12, and Lemma 2. 13 we see as
above that

F)CA(SHK)),  p20.

Hence we obtain #,(K)=.,(H(K)), proving (2).

We have thus completed the proof of Theorem?2. 9.

2.6. Normal connections of type & in the complex analytic category.
Let @ be a simple graded Lie algebra over the field C of complex numbers.
There correspond to & the FGLA over C, I, and the complex Lie groups
G, G’ and G, (see §1). Thus we have the notion of a G¥,-structure of
type M in the complex analytic category as well as the notion of a normal
connection of type & in the complex analytic categroy. (These notions can
be defined in the same manner as in the real case by considering everything

in the complex analtyic category and by localizing the definition of =)
Vg

Here we remark that Theorem 2.7 holds in the complex analytic cate-
gory, which can be deduced from the proof of the theorem given in § 3~
§5. Moreover we remark that Theorem 2.9 also holds in the complex
analytic category.

§3. A reduction theorem for G*;-structures of type I

This and the subsequent two sections will be devoted to the proof of
Theorem 2.7, as we promised. In the following & will be a simple graded
Lie algebra of the p-th kind over R, and we shall assume that & is the
prolongation of (M, g,). The spaces C?¢(S) will be simply written as C?2.

In this section we shall prove the important fact that every G¥-structure
of type M is naturally reduced to a G-structure (Theorem 3. 7).

3.1. Algebraic preliminaries. For any p=0, we define subspaces C?'*_
and CP1_ of CP! respectively as follows :

Cr_=29,Q8% )
J<o0

Crt o= 2 g,Ra0% .
0= j<p

Clearly we hvae
Crt=Cri_+Crt, (direct sum).

Note that C®', =0 and C?!_=0, p=p. We denote by n_ (resp. by =) the
projection of CP! onto C?!_ (resp. onto C?!,).

By Lemma 1. 14 we easily have the following
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Lemma 3.1. z_(0g,)={ceCri_|[dccoCrl,}, p=1.

LemMma 3.2, (1) If p=1, then the map rm,00: g,—CP', is injective.

(2) If 1=p=p—1, then the map n_od: g,—CP'_ is injective.

The first assertion of this lemma follows from Lemma 1.3, and the
second from Lemma 1.6. The next lemma is clear from Lemmas 1. 14 and
3.2.

LemMma 3.3. (1) If p=1, then the map o: C»'_—Cr=2 is injective.

(2) If 1=p=p—1, then the map d: CP' . —Cr=12 §s injective.

For any p and ¢ we define a subspace 729, of CP? by

/Py, = {CECI”‘IIG*C = O} .
Clearly we have
Cra = Zpty +oCr+iat (direct sum) .
For any p=1 we now define a subspace W»! of Cr1_ by
Wrl=Z7Zri,nNCr_,

LemMma 3.4, Let p=1.

(1) Cri_=Wrlin_(dg,) (direct sum).

(2) Crt2=7r 12, L 3WPI4aCr, (direct sum).

Proor. Let c=C?!_. Since C?!'_ | Cr!', with respect to the inner
product ( , ), we have (¢, #_(0g,))=(c, 3,) =(0*c, g,). Hence it follows that
W1 is the orthogonal complement of z_(dg,) in C”'_, proving (1). Let
us prove (2). Using (1) we have

oC?t = 9CP1_40Cr1,
= aWP i+ ox_(3g,)+aCw1, .

By Lemma 3.1 we have dr_(dg,) CoC?',, and by Lemma 3.1 and (1) we
have oW?1NaCP!, =5(WPNr_(dg,))=0. Hence we obtain

oCr1=oWnr.14Cr:1, (direct sum).

Since CP~t2=7r"12,49C?.! (direct sum), we have proved Lemma 3. 4.

The Lie algebras § and g%. We denote by § and g% the Lie algebras
of G and G*, respectively, which are subalgebras of gl(m)=m®m*. Then
we have

r—1
a= . p(gs),
p=0

r—1
g% =p(gp) + ;’Z:,‘OCP’I_ .
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Here we notice that p(g,)CC”!_ or more precisely
o(Xp) = —z_(0X,), XpE8y.

The subalgebras u? of g%. For each 0<p<p—1 we define a subalgebra
u? Of g#() by

»
WZQﬁ@HW,

where

r—1

@= 2, Cr_.

J=p+1

Clearly we have
g =uDulo---Dur =3,
The subgroups U? of G%. For each 0<p=< ¢—1 we define a subalgebra

n? of u? by

b4

=2 o(g;)+q?,

=1

and denote by N? the (closed) Lie subgroup of G*¥, generated by n?. (The
group N° defined here coincides with the group N° defined in 2. 2.) We
have

N ON'D-..DONF1,
We then define a closed subgroup U? of G¥, by

Up — Go‘Np .
It is clear that the Lie algebra of U? is u?, and that

Gh=U>DU>D.--oU1=G.

3.2. Normal p-systems in UP-structures. UP being a Lie subgroup of
GL(m), we have the notion of a U?-structure.

Let (B?,§) be a UP-structure on a manifold M. Taking values in m,
the baisc form & may be expressed as follows :

&= Z &5
J<0

LEMmMmA 3.5. (1) &;(A%¥) =0, Acur.

(2) R*¢&;=Ad(a™) ¢, a=G,.

Q) ZLxybi=—[Xn €], X Eg,, 0=r=p.

(4) =p=—AE; ), AsCit_, pHl=i=p—1.

This lemma is clear from the following conditions for the U?-structure :
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) £(AM=0, Acu?; ii) R¥,E=a'¢, acUP.

We shall now introduce the notion of a p-system in (B?,&). Let ? =
{6} j<p-1 be a system of g;-valued 1-forms ;, j=<p—1, on B?. Assume that
0 is compatible with the basic form &, 7.e., 6;=&;, i<0. Then we say
that §” is a p-system in (B?,¢) if it satisfies the following conditions :
(p. 1) 1) 0;(p(X)*)=0;r Xs, XrEQr, 0=r=p,
) 0,(A*)=0, AeqP.
(p. 2) 1) R*,0,=Ad(a™")0;, ac=(G,,
)
)

1

I

.. JZI,(XT)*aj‘E 1_[XT’ 0]’—7’]’ Xregn Oéréz),

il
. J—p_
i) ZLu0;, = 0, Asg?,

J—p-1

where the symbols = are considered with respect to the system {0} ;.
j—p—1
It should be noted that these conditions are compatible with
3. 5.
Let 6 be a p-system in (B? §). Let ¢g=<p and j=<q¢g—2. Using the
l-forms 6;, i<qg—1, we define a g;-valued 2-form 6% on B? by
1

utv=74,
u,v=q—1

Hereafter the symbols = will always be considered with respect to the
k
system {0} ;<.

LEmMMA 3.6. There are unique functions R': B*—C.2 [<p—1, such
that

03

I

LS RWG NG,  j<p—2,

jpzlépl -

|

where 0_=7),0;,=¢.

J<o0

ProoF. This lemma can be easily derived from the equalities

A*108 =0, Acwr, j=p-2,

I

which we shall prove from now on. By (p. 1) we have
;ZA*HJ- — A*_] dﬁ,—}—dﬁj(A*) - A*_] da; s

whence

A%y =s£,.0;+ T [0.(A¥), 6,

u+v=7j

If Ais of the form p(X,) with some O0=<r=<p—1, it follows from (p. 1) and
(p. 2) that
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P<X )*1 @ —[X, 0;i— 1 +[X,, 0;_r]

O.

I 7 i

J—p~1

Similarly if A=p(X,), we have
p(Xp)*105 = —[X,, 0, ,] =0,
Ji— J—p

p—1

kS

and if Aeqg?, we have

A*107 = 0
Jj—p-1
We have thus shown that A*192=0 for all Aeur, proving Lemma 3. 6.

Y4-p
The system of the equations in Lemma 3.6 will be called the structure

equation, and the system of functions, {R") 1<p—1, Will be called the curvature.
Clearly the structure equation induces the equations

1 .
@fgfquR@(a_/\a_), J=q—2, q=p.

Isq—-1

Finally we say that the p-system 6 is normal if its curvature satisfies
the following conditions :

i) R=0 for /<0,

i) 0*R'=0 for 0<I<p—1.

3.3. Reduction theorems. We say that a UP-structure is of type (I, p)
if it admits a normal p-system. We have U'=G%. Clearly a UP-structure

of type (I, 0) means a G¥%-structure of type M. We have U—1=(. Thus
we have the notion of a G-structure of type (I, ©—1).

The main aim of this section is to prove the following

THEOREM 3.7. Every G¥-structure of type I is reduced to a unique
G-structure of type (I, ©—1).

The existence part of this theorem is derived from the following

THEOREM 3.8. If 0=Zp=<u—2, then every UP-structure of type (I, p)
is naturally reduced to a Ur*'-structure of type (W, p+1).

In the subsequent paragraphs we shall prove these theorems together
with some related facts.

3.4. The invariance of normal p-systems in U?-structures of type (I, p).

LemMma 3.9.  Let (B?,§) be a Ur-structure of type (I, p) on a manifold
M. Let 0P ={0};cp_s and 6P ={0' }} j<,_, be two normal p-systems in (B?, £).
Then we have

0; =

j—p-1
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Let {R"},<,_; and {R'"},<,_; be the curvatures of § and 6'” respectively.
The proof below will indicate that

Ri=R, I1<p—1.

Accordingly we know that the curvature of a normal p-system is an invariant,
while the p-system itself is only an invariant in an equivalence relation.

ProoF of LEMMA 3.9. By induction we shall prove the following state-
ments :

(Sg) 0'jj‘_5q_10j . J=q—1,
where 0=<¢=<p. Clearly (S is true, because ¢';=0; (=¢&;), j<0. Assuming
(S,) for some 0=g<p, we shall prove (Sg1).
By (p. 1) we have 6 (A*)=0,(A*) for every Acu?, meaning that ¢,=0,.
—1

As we have just remarked, 6';=0,, j<0. From these facts together with
(S,) we see that there is a unique function f*!': BP—C%{™! such that
(3 1) 5,jj520j+fq+1(0j_q_1>, ]éq

e

The structure equations for #®*t? and # @*? yield the equalities
q y q

(3. 2) op O = ZZ(R” ~RYWO_NO), j=q—1,
—q- lsq

where
1

(3.3) oy =di;+ 3 [0w0.,

(3.3) O =db j+ 5 2 [0w 0]
d 2 utv=7J
(In the following, the letters « and v mean integers =g, while the letters
7 and s negative integers.) We shall now calculate the left side of (3.2).
Since 6® is normal, we have R'=0, [<0. Hence we obtain @0_0

1< —2, whence

de’i = O’ lé]_Q“'z,
j—aq-1
1
dﬂj_qﬁl = —7 Z [07«, 08] .
Jj—q—-1 r+s=j—q—1
Therefore we see from (3.1) that

1
= foh1(dl )
—5 % fe(W,0).

1 r+s=73—q—1

(3. 4) de' ;—

—-q—

|
|
Q,II

J
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Moreover we see form (3.1) that

1 1
(3 5) 7 Z [0,u: 0,1)] - —2— Z [0u, 0'0]
utv=73 Utv=7j
. = Z ‘[fq_Fl(au—Q—l)s 0v]
J—q-1 u+v=3
— gt+1
j—g-1 r+s:j—q—1[f (@), 08] )
Now recalling the definition of the operator d, we have
1 1
(3. 6) S @ 0-NO)=—5 3 (@) (0, N0y
r+s8=j—q—1
1
— g+1 — gt1
«r+s~*§:~q—l[ <0T)’ 08] 2 r+8 =Zj——q—1f <[0r’ 0S]> '

From (3. 3)~(3. 6) it follows immediately that

S R NOWYAY

J=a-1
From (3.2) and (3.7) we obtain
L(R5—=R5)(0-N0) = @f),;00_.N0.), j=q—1,

i=q J—q-1
which clearly mean that R*=R!, [<q, and
R4— Re = gfett,

Since both R? and R'? take values in Z%% it follows that §f**1=0 (and hence
R?=R?. Therefore we have f©*'=0 by Lemma 3.3, which proves (S,.,).
We have thus found (S,) to be true, completing the proof of Lemma 3.09.
Incidentally the proof above indicates that R*=R!, [<p—1.

REMARK. Hereafter we shall frequently use the reasoning in the
proof of Lemma 3.9. See the proofs of the following: [Lemma 3. 11,
Lemma J. 12, [Lemma 3.17, Lemma 4. 16, Lemma 4. 17, Lemma 5.3, and

Lemma 5. 4.

3.5. Normal pre-(p+1)-systems in UP-structures. Let (B?, &) be a Uer-
structure on a manifold M. Let 9*Y={0;},_, be a system of g;-valued
1-forms 60;, j=p, on B?. Let 0¥ denote the system {6,};<,_;. Then we
say that §¥*Y is a pre-(p+1)-system in (B &) if it satisfies the following
conditions :

(p+1. a) 6P is a p-system in (BPE).
(p+1.B) i) Oplo(X%) =0y X,y X, Eg 0=r=p,
) 6,(A*)=0, Aeqr.
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<P+1 C) R*aﬁp:Ad(a_1>0p, aEGO.

Let 6"V be a pre-(p+1)-system in (B?&). For any j=<p—1 we define
a g;-valued 2-form ©%*' on BP in the same manner as before, that is,

Ot =di+y % 160,

Hence there are unique functions R!

: BP—(Ch2, [<p, such that

o5 = ZRl(ﬁ NO),  j=p—1.
i—p-1 2 isp

As before the system of the equations above will be called the structure

equation (for 6%*?), and the system of functions, {R'},<,, will be called the
curvature (of §?*P),

The structure equation for §®*? induces the equations

T D RO.AL),  jEp-2,

; |||

j

which together form the structure equation for the p-system 6@
LemMma 3.10. R * RP=(Rr)*

, a=G,.
Proor. By (p. 2) (p+1. ¢) we have R *0;=Ad(a™?) 8, for all acG,

and j=p. Therefore it follows from the structure equation for #®*? that

Ad(a™) 63"

;( FRY) (Ad(@) 0_NAd(a)0_) .

l.
s, I

These equations together with the structure equation yield the equalities
Ad(a) (R*R%) (Ad(a™) 6N Ad(a™) 6_)

which clearly mean that R*R'=(RY)%, [<p.

Finally we say that the pre-(p+1)-system 6®*? in (BP &) is normal if
it satisfies the following conditions :

i) The p-system ¥ in (B?, &) is normal,
i) The function R? takes values in ZZZ+4oWr*i:1,

= R3(0-N6.),

J-p-1

3.6. The existence and invariance of normal pre-(p+1)-systems in U?
structures of type (I, p).

LemMMA 3.11. Every UP-structure of type (IR, p) admits a normal pre-
(p+1)-system.
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- ProOF. Let (B?, &) be a Ur-structure of type (I, p) on a manifold M.
As is well known, the principal fibre bundle B? admits a connection (in the
usual sense) (cf. [3]), that is, there is a u?-valued 1-form a on B? such
that i) a(A*)=A, Acu?, and i) R*a=a'aa, acUr. Let a, denote the

D
0(gy)-component of a with respect to the decomposition : up:ZO,o(gj)—I—qp.
=

Clearly the 1-form a, satisfies the following :
a(0(X)*) =0 0(X),  X.Eg, 0=r=p;
a,(A*) =0, Aeqgr;
R*a, =alaya, acsG,.

By or Lemma 3.2 there is a unique g,-valued 1-form #, on B?
such that @,=p(f,). Then the formulas above for a, mean that 6, satisfies
(p+1. b) and (p+1. ¢).

Now take a normal p-system 6 ={0,},.,_, in (B &), and consider the
system 6PV ={f;}, , formed by {0,},<,-, and #,. Then it is clear from
the remark above that §%™0 gives a pre-(p+1)-system in(B?,&). We shall
modify 6" to obtain a normal pre-(p+1)-system.

By [Lemma 3. 4 the space C?? is decomposed as follows :

Cr2 = Z*p.2+aWp+1,1_|_aC£+1,1 .

Let {R'},<, be the curvature of §?*P. R taking values in C?2, we denote
by L? the 9CZ*“'-component of R?. By [Lemma 3.10 we have R*Rr=
(R?)%, a= Gy, and by Lemma 1l. 11 each subspaces in the decomposition above

is Gy-invariant. Hence it follows that

(3. 8) R* Lr = (Lr) acG,.

We now show that there is a function f?*!: BP—~C2*'' such that Lr= —gfr+1
and

(3.9 R} frtl = (fritye aceGy.

First consider the case where 0<p=<p—2. By Lemma 3.3 there is a unique
function f7*!: BP—C%*"! such that L?= —gf**1. By (3. 8) and Lemma 1. 11
we see that f?*! satisfies (3. 9). Next consider the case where p=p—1. We
have Cy'=C*1=274'+3g,, and we know that H*!(®)=0 (see 1.4). Hence
there is a unique function f*: B*'—Z&! such that L*'=—3f* and as above
we see that f* satisfies (3.9).

Using the function fP*! thus obtained, we now modify #®*? as follows :

0';=0;+f""0;_p-1), J=PpP.
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Let @t ={¢";},c,. Then it is easy to see that ¢ ®*V gives a pre-(p+1)-
system in (B? &). (In the proof of this fact we use (3.9).) We assert that
¢ ®*? is normal. Indeed let {R'‘},., denote the curvature of ¢ ®*Y. Then
we deduce from the proof of Lemma 3.9 that R'=R!, [<p, and R?=
Rr+0f**t, (Since 6™ is normal, we have 6?=0, ¢<0. Hence it follows

that
1 .
@Gp+1—@?+11—_:;_17(3fp+1)1(0—/\0—>’ j=p—1,

which together with the structure equations for #®*? and 6 ®*? yield the
desired equalities.) Since #° is normal and since R'?=RP— L? takes values

in Z2%+oWr*tt1 we therefore see that §'®?*? is normal, proving our assertion.
We have thus completed the proof of Lemma 3. 11.

LemMma 3.12. Let (B>, &) be a UP-structure of type (W, p) on a manifold
M, and let 6PV and 6Pt be two normal pre-(p-+1)-systems in (B?,§).
(1) If 0=p=p—2, then
o, = 6,, J=Pp.

j—p—2
(2) If p=p—1, then there is a unique function (,: BP—g, such that
03 jf_laj_i_[gm 01'—-#] s ] élu_l .
Proor. By (p+1. b) we have #,(A*)=6,(A*) for every Acu?, whence
¢ ,=0,. We have ¢ ;=0,, j<0, and by Lemma 3.9 we have §'; = 6;, j<p.
_1 J-p-1

o
From these facts we see that there is a unique function f?*!: BP—Cy*"!
such that

0; = 0;+/"05—p—1), J=P.

J—p—2

Let {RY},., and {R'Y,., be the curvatures of #®*Y and ¢ ®*? respectively.
Then it follows that

R'» = Re 4+ gfpt1

(cf. the proof of Lemma 3.9). Here we notice that both R? and R'? take
values in Z22+0W2»+t1 Therefore we see from that gf**1=0
(and hence R'?=Rr). If 0<p=<p—2, we have f#*'=0 by [Lemma 3.3. Now
suppose that p=pg—1. We have C4'=C*»!, and we see from Lemma 1. 14
that there is a unique function ¢,: B* '—g, such that f*=—ag,; We have
S 0,_)=109.,0;_,]. We have thereby proved Lemma 3. 12.

The notations being as above, we already know that R''=R!, [<p (see
3.4). The proof above also indicates that
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R?=Rr.

Accordingly we know that the curvature of a normal pre-(p+1)-system in
a UP-structure of type (IR, p) is an invariant.

Remark. We have Us'=G. Thus we may speak of a (normal) pre-
p-system in a G-structure. We have W»lcC»'=0. Hence a pre-p-system
0 in a G-structure is normal if and only if its curvature {RY,.,_, satisfies
the following conditions : i) R'=0 for [<0; ii) 0* R'=0 for 0<I<p—1. By
Lemma 3.11 every G-structure of type (M, p—1) admits a normal pre-p-
system. Let us consider the special case where & is of the first kind.
Clearly every G-structure is of type (W, 0). (Note that G#=G =G,). Let
6 be a normal pre-l-system in a G-structure, and {R"},<, its curvature.
Then the function R° is nothing but the torsion or the structure function
of the G-structure (cf. [6]).

3.7. Proof of Theorem 3.8. Let 0=<p=<p—2, and let (B?, &) be a Ur-
structure of type (I, p) on a manifold M. By [Lemma 3.11 (B?,£&) admits
a normal pre-(p-+1)-system. We take any normal pre-(p+1)-system @+V =
{0} j<p in (B?, &), and denote by {RY,., its curvature.

First of all we recall that the Lie algebra u? is decomposed as follows :

ur = jﬁoﬂ(gﬂ‘i‘qp,
qP = CrHilpqett
CoH = plgyya) + W1,
Especially every element Y of C”**! can be written (uniquely) in the form :
Y= o(Xpi) +Y',
where X, E0p4; and Y eWrtt1 This being said, we state the next three
lemmas, which will be proved in 3.9~3.11.
LEMMA 3.13. Let 1=k=p and X,Eg;.
(1) gP(Xk)*ﬁjj-‘f—z —[ X, 0;_x], j=p.
(2) L, xyRP=(RrF)%x,
LemMMmA 3.14. Let Ye(Crt,
(1) 3Y*0jjf_2 —[Xp11,05-p-1] =Y (0;_5_1), j<p.
(2) =nRP=-0Y".
LemMMaA 3.15. Let Zeqgrt,
(1) <20, = 0, j<p.

J—bp-

(2) =z Rr=0.
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Every element a of U? can be written uniquely in the form :
a — b.Cl"'Cp+1'd,

where b= Gy, crexp p(gr), 1=Sk=Zp, ¢, Eexp C2Y and d=exp ™!, Fur-
thermore the elements ¢, ¢,;; and d can be expressed uniquely as follows :
ce=exp p(Xi) with X,eqi, cppi=exp Y with YeC?™ and d=exp Z with
ZeqP*t. We also note that as before Y can be expressed as Y=p(X,,,)+7Y".
Clearly a is in the subgroup Ur*! of U? if and only if Y'=0.

These being prepared, we shall prove the following

LEmMaA 3.16. Let 2= B? and a=UP.

(1) RP(z+b)=Rr(2)°.

(2) RP(zecy)—RP(2)EZ422, 1Zk<p.

(3) RP(zec,.)=RP(2)—0Y".

(4) Rr(z+d)=Rr(2).

(5) Assume that RP(2)=Zy??. Then RP(z-a)EZy"? if and only if
acsUrtt,

First of all (1) is nothing but Lemma 3. 10.

(2) By Lemma 3 13 we have <f,x,-RP=(RP*X. Since p—k<p,
R?7% takes values in Zy?7%2, (Note that #*V is normal) Therefore we
see from Lemma 1. 12 that (RP%)¥=.<£, 4 ,.R? takes values in Zy?2, which
clearly means (2).

(3) and (4) follow immediately from Lemmas 3. 14 and 3. 15 respectively.
(5) By (3) and (4) we have

R?(zea) = RP(2ebec; -+ cp)—0Y" .

Since R?(z)& Zy?*2, it follows from (1), (2) and Lemma 1.11 that R?(z«bec;--c;)
&Zy??  Therefore we know from Lemma 3.3 that Rr(z-a)&Zy?? if and
only if Y'=0, i.e, acUr*!.

We have thus proved Lemma 3. 16.

Using the invariant function R?, we define a subset B?*! of B? by

Brt = {zEBP‘RP(z)EZ*P’2} .

We want to show that BP*! defines a reduction of the principal bundle B?
to the group U?P*!. For this purpose we first prove that, for each point
xyE M, there is a local cross section s of BP defined on a neighborhood
V of x, such that s(V)C B**'. Indeed take a local cross section 5 of BP?
defined on a neighborhood V of z, Fix any point x&V. Since R?(5(x))
takes values in Zy?2+oWPtL1l there is a unique A(zx)eW?*l1 such that
Rr(5(x))—0A(x)eZyx??. Let s denote the local cross section of B? defined by
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s(x)=35(z)+a(x) for all x£V, where a(x)=exp A(x). Then we see from (3)
of Lemma 3. 16 that R?(s(x))=R?(5(x)) — 0 A(x)E Zu?? for all z<V, meaning
that s(V)C BP*1. This proves our assertion. Now let & B! and ae UP.
Then (5) of Lemma 3. 16 means that zea=B*! if and only if acUrt!,
We have thus seen that B?*! is a principal fibre bundle over the base
space M with structure group U?*! and it is a reduction of B? to Ur*!

Let ¢ be the injection B?*!—BP. Then the pair (Br*1, ;*&) gives a Ur*!-
structure on M. We assert that system ¢ @0 ={*§,},, is a normal (p+1)-
system in (B!, *¢). Firstly it is clear that ¢®*? is compatible with the
basic form (*&. Secondly #®*? is a (p+1)-system in (BP*1, *&), which can
be easily verified from conditions (p. 1)~(p-+1. ¢) for 2P, and Lemmas
3.13~3.15. Thirdly #®*? is normal. Indeed the structure equation for
0" induces the equations

1 .

lC A— 72(5*R‘)(z*0_/\:*0_), j<p—1,
j—p-1 i<p

which together form the structure equation for # ®*?, Since §%*? is normal

and since ¢*R? takes values in Zy?'2, we see that ¢ ®*" is normal, proving

our assertion.

In this way we have seen that every U?-structure of type (IR, p) is
naturally reduced to a Ur*!-structure of type (I, p+1). (The naturality fol-
lows from the fact that the function R? is an invariant.) We have thereby
completed the proof of Theorem 3. 8.

3.8. Proof of Theorem 3.7. Our task here is to prove the uniqueness
part of the theorem.

Let (P% §) be a G¢-structure of type MM on a manifold M. By Theorem
3.8 there is a sequence of UP-structures of type (I, p), (B, £7), on M (0<
p=p—1) such that (B &)=(P%¢) and such that, for every 0<p=pu—2
(Brtt, gr*1) is the natural reduction of (B2, £?) to Ur*!:

>

P#:BODBID :)BP—I.

Let (P, %) be any G-structure of type (IR, £—1) on M which is a reduction
of (P% &) to G. Then we must show that (P, &) =(B*71, &1 or equivalently
P=B1.

For this purpose we shall prove by induction that Pc B for all 0< pP=
p—1. Assume that PCB? for some 0<p=<pu—2. Let 0 ={0,} ;<._o be
a normal (¢—1)-system in (P, &), and {RY} 1<u—z 1ts curvature. Similarly let § @+v
={0"} j<» be a normal pre-(p+1)-system in (B?, €?), and {R'},., its curvature.
Let ¢ be the injection P—Br*!. Then by Lemma 3.17 below we have
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(*R'?=Rp

Since BPt'={z& BP|R'?(2)&Z«"?} and since RP takes values in Zy??, it
follows that P BP*1, completing our induction. Thus we have Pc B*! and
hence P=B*1, which proves the uniqueness part of Theorem 3.7.

LEmMA 3.17. (*RP?=Rpr

Proor. Clearly we have ¢* ¢ =0_. The structure equation for #%*?
induces the equations

@q+1

Z SO-N0), j=q—-1, 0=qg=p,

p— S - -

_

and similarly the structure equation for ¢ ®*? the equations

*OG = 22< RY@O_NO), j=q—1, 0=q=p.

I=q

By condition (#z—1. 1) for #“ Y, and conditions (p. 1), (p+1. b) for ¢ @+?»
it follows that

*0,=40,, 0<g<p.
—1
We further notice that both #“~? and 6 ®*Y are normal, and especially
e° ]_0 J=—2. Therefore we deduce from the proof of Lemma 3.9 that
e*H', = 0, j=p, and *R'=R', [<p. (See also the proof of Lemma 3.12)

j—p-2

Thus we obtain Lemma 3. 17.
3.9. Proof of Lemma 3.13.
LEmMMa 3.18. :.%f(,(X,C)*ﬁp_ [Xk, p— k]

Proor. This fact can be derived from (p. 1) and (p+1. b) as follows :
Putting

a = o%p(Xk)*ap—*_[Xk’ 0p-k] )

we must show that a(A*)=0 for every A=u?. Let Acu?. Then we have

(L e 0) (A%) = (X 0,(A%) 0, ([0 (X, 4%]

= —0,([o(X, AT'),

a(A%) = =0, ([0(X), A]") +[ Xe 0,-4(4%)].

If A=qg?, we have [p(X}), A]€qP, because ¢? is an ideal of u?, and hence
it follows that a(A*)=0. If A is of the form p(Y,) with some 0=r=p
and some Y,eEg,, it follows that

and hence
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olol0) = 0o (% Y1)+ 0ap017)] =0

We have thus shown a(A*)=0 for every Acu?, proving Lemma 3. 18.
By (p. 2) we have & ,x,.0, = —[X,, 0;_xl, jI=p—1, and by Lemma 3.5
j—p—1
we have <£,x,:0,=—[Xs, 0,_4], 7<0. From these facts together with Lem-
ma 3.18 we see that there is a unique function f?*!': BP—C%*"! such that

<3 10) zP(XIc’*Hj '_f_z - [Xk’ 0j—k] _|_fp+1 (0J'—p—1) ’ ] = p.

J

LemMa 3.19. £,y RE=(RFF)%e+gf P71,

Now Lemma 3.13 can be obtained from (3. 10) and [Lemma 3. 19 in the
following manner. We first remark that R? takes values in Zy?2+4oW?* L,
From Lemmas 1.12 and 1.15 we see that (R?7*)% takes values in Zy??
(cf. the proof of Lemma 3.16). Therefore it follows from Lemmas 3.3,
3.4 and 3.19 that f»*'=0. Thus Lemma 3. 13 follows.

We shall now prove Lemma 3.19. The structure equation for ¢®*?
gives the equations

1

(3.11) @1}“.5 5 R5(0_NG_), j<p—1,
j—p-1 I<p
where
1
(3.12) O =db,;+ o> > (6w 0] -

u+v=7

Since <£,xp-0:;=0, <0, it follows from (3.11) and (3.12) that

(3.13) d<Z yxy+0; +u+;:j[°zp<x,d*0u, 6,]
1
= 5 D(Lua R 0N )= TRy (o(X) 0_A0-).
j—p—1 I<p izp
(Note that £,uxy0_=—p(Xz) 0_).
We have df; = 0, i<j—p—2, and
j—p—-1
1
dﬁj—ﬁ—l . = — 7 Z [07-, 03] .
j—p—1 r+s=7—p—1

(In the following the letters » and s mean negative integers.) By (3.11) and
(3.12) we have

1 1
die = = 3 [0t + 5 DRILO-ND).

j—p—1 utv=Jj—k

Therefore it follows from (3.10) that
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(3.14) ZLoxprl; = —[Xy, dO; 4]+ 1(d0;_,_y)

F—-p—1

f é‘ Z [Xk, [0u,(9v]]

~5 % (i,0]).

r+s=j—p-—1

1

lép

[ RS_4(0-A0.)]

Furthermore we see from (3.10) that

B.15) % [Zm00 0
= = 2 |[XeOusl, 0]+ 5 |2 Oupi), 0,].
o Ry bzl |
316 5 % [Xel6d]- 2 [Xood0] = o,
(3.17) R PLau (RN IS L (AN

If I>p—Fk, we have
le—k(a—/\ﬁ—): Z Rl(ﬁr/\as)_ = 0,

whence

(318 N[XeRiL0-A6)] =

I=p F—p—-1

|mt1

[ X Riz6-10 )]

Similarly if I>p—k, we have

RY(0(X,) a_Ao_):m:;_l R([X.,0,010,) =0
whence
(3. 19) LR, (00X 0_A0_) = DRy (0(X) 0_NG_).

Moreover recalling the definitions of the operator § and the functions (REE) Xk
we obtain

1

3200 F@0-A)= 3 [0)6)

r+s=j—p-1

—5 5 r(.0)),

r+s=j—p—1

(3.21) % ((Rl—k)Xfc)j O_NO_) = — %[X,c AN

‘f‘le_k(p(Xk) 60_NG_) .
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From (3.13)~(3. 21) it follows immediately that
Z <>‘ZP(XIC)*RZJ’> (0—/\0—)

ISp

= X ((R9%), (0- N0+, (0-N0),

j—p—-11IZp

meaning the &, ,R'=(R" %, [<p, and
2 yoxp RO = (REHe 497+

We have thereby completed the proof of Lemma 3. 19.
3.10. Proof of Lemma 3 .14. Since YEq?, we have (£y.0,) (A¥)=—0,
([Y, A]*) for every Acu? (cf. the proof of Lemma 3.18). Hence we obtain

gY*ﬁpEO.

-1
By (p. 2) we have &y.0; = 0, j=p—1, and by we have £y.0;
J-p-1
=—Y(0;_p_1), j<0. From these facts we see that there is a unique func-

tion fr*1: BP—C2™! such that

(3. 22) :gy*aj = <_ Y+fp+1> (0]'—1)—1) b jép .

j—p—2
LEMMA 3.20. £y RP=0(—Y+/fP*).

Now Lemma 3.14 can be obtained from (3.22) and [Lemma 3.20 in
the following manner: We have Y=Y +p(X, ) =Y —7_(0Xp+1), and 0n_
(6Xp41) = —0m,(0Xps1). Therefore from Lemma 3. 20 we obtain

LR = —0Y +on_(0X,,.) Fofrt
=~V +3 (P — 7, (0X,p0)) -

Hence it follows as before that f?*1=z,(3X,.,) and &£ y.R?=—0Y'. Moreo-
ver if 0=j=<p, we have

SPUOj—p1) = w4 (0Xp11) (O5-p-1) = —[Xpr1, O5-p-1] -
Consequently we see from (3.22) that

L3 = Xy bypl =Y 0,50, JSp-

j—p—

Thus Lemma 3. 14 follows.
We now proceed to the proof of [Lemma 3.20, which is analogous to
that of Cemma 3. 19. First of all we obtain
dgy*aj_!_ Z [QZY*aua 01)]

utv=7j

(£ RY)O-NO)— 2 RG(YO_NG.),  j=p—1.

1
j—p—-1 2 isp I<p
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Putting ¢7*'= — Y+/?*1, we further obtain the following equalities :

1
dszyd; = " Ndyp) = —5 T gi([0,,0)),
p

J—p-1 J—p—1 r+s=j—-p—1

Z [;’fY*ﬁu» 01’] — Z [gp+1<0r): Hs] ’

utv=j J=p—1r+s=j-p-1

Ry(Y6o_NO_)= ¥ R{YB,_,_ 1/\0)

= ’
r+8=75-71—1 pl

From these equalities it follows immediately that

2 (v Ry (0-NO) = (37, (6_N0_),

Isp J—p—1

meaning that «,.R'=0, [<p, and
aZY*Rp = agp+1 .

We have thus proved Lemma 3. 20,
3.11. Proof of Lemma 3.15. As before we have

xzﬁpzo.

y (p. 2) we have &£,.0; = 0, j<p—1, and by Lemma 3. 5 we have L 7l

j—p-1

= 0, j<O0. From these facts we see that there is a unique function JrrL:
J—p=2

Br—C2™! such that

(3. 23) Lzl = 0, =P

JpZ

LEMMA 3.21. £, RP=qfrt!,

The proof of this lemma is quite similar to that of Lemma 3.20, and
therefore it is omitted. [Lemma 3. 15 follows easily from (3. 23) and
3. 21. ‘

§4. The existence of normal connections of type

The main aim of this section is to accomplish the proof of Theorem
2.7, (1). Let (P%¢) be a Gf-structure of type M on a manifold M. By
Theorem 3.7 (P%¢) is reduced to a unique G-structure of type (I, p—1),
(P, ), on M in a natural manner.

4.1. The set of normal pre-g-systems. Let 6% ={g,} j<u—1 b€ a system
of g;-valued 1-forms 6, on P which is compatible with Z, 7. e., 0,=¢&;, j<O0.
Then we recall that % is a pre-g-system in (P, &) if it satisfies the following
three conditions (. a), (¢ b), and (u. ¢):

(#. @) The system 0“?={0;},, , is a normal (x—1)-system in (P, ),
i.e, for any j<p—2 @, satisfies the following conditions :
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(-1.1) 0;(o(X)*)=6, X,, X, €6, 0=r=p—1,
(-1.2) i) R*,0;=Ad(a™)0,, acG,,

) &,u0;=—[X,0;_], X, =g, Osr=p—1.
j ©®
(/’l b) 0# 1( <X7‘> > ;: ITXT, X Eg'r’ O<r</,! ].

(. ©) R*0, ,=Ad(a)0,_,, ac=G,
Let 6“ be a pre-p-system in (P, ). Then we have the structure equa-
tion :

Il
N] —

6"; R;O0-NO), j=p—2.

1<p—-1

|

J—un

We recall that % is normal if the curvature {R'} 1<, satisfies the following
conditions :

1) R=0 for [0,

i) 0*R'=0 for 0<I=<pu—1.

LemMa 4. 1. Let 6“ be a normal pre-p-system in (P, g. Let 1<
k=<p—1, and X,Eg;. Then there is a unique function ¢, : P—»gk such
that

:%P(X/c)*af = —[X, 0j—k] + [gp(X/c)’ 0]'_#] s J= p—1.

J—e—1

Proor. The proof of this lemma is quite similar to that of
3.13 (see 3.9). First of all we see that there is a unique function f*: P—

Ciy'=C+1 such that
L yxp+0; = —[ X, 0,-4] +0;_,) , J=p—1.

J—er—1
Then we can show that
chp(Xk)*R#_l = (Rﬂ_l_k)Xk‘i‘af’” .

Since 6 is normal, both R*! and (R* "% take values in Zi7%. Hence
df*=0. Therefore it follows from Lemma 1. 14 that there is a unique func-
tion ¢, P—>g,, such that f*= —00,xp, proving Lemma 4. 1.

Let 4 be the set of all normal pre-g-systems in (P,&). Let a={a;} j<,_1,
B={Bi}isu-1€E4. By (2) of Lemma 3. 12 there is a unique function fus: P—
g, such that

(4.1) a;j jf_lﬁj+[faﬂ, Bi-dl s Jj=p—1.

Let 1=k=p—1, and X,=gq,. By Lemma 4.1 there is a unique function
0%xy: P—g, such that

(4.2) ZLxt; = —[ X, aji] +[g:‘<xk>, ;-] s J=Sp—1.

J—r—-1
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We can easily prove the following

LEMMA 4.2. foo+fo=fa

LemmMma 4.3. (1) R* f,=Ad(a)f., a=G,.

(2) L, far=0ocxn — hixy)

ProoF. (1) can be obtained by applying R*, to (4.1) and using (z—1.
2), i), and (g. c) (cf. the proof of Lemma 3. 10). Similarly (2) can be obtained
by applying <£,x,+ to (4.1) and using (4. 2).

LemMma 4. 4. (1) R*agf,'(xk)———Ad(a_l) g’;(Ad(a)Xk)’ aEGo.
2) If 1<, s=p—1, and if X,€g, and Y,Eg;, then we have:
L x) Oy, — <L v Joix,) — 95ix,, v.h = Oy ris [X., Y.

Proor. (1) can be obtained by applying R*, to (4.2) and using (z-1.
2), 1), (¢, ¢) and the following equalities :

R*ac&f,,(xk)*aj = ;&f(Ra_])*p(Xk)*R*aaj

= &, aaxy) R¥aa; .

(2) Applying £, to the equalities

cg‘n(Ys)*ajj = L - [YS’ aj—'s] + [g:’z(Ys)’ aj_l‘] ’
.
we obtain
»Zﬂxr)*xp(ys)*ajj = T [Ye, &£z, 0 ]
e
+[Z oz, Oocryys X
= [Ys> [XT’ aj—’l'——S]]
J—p—1
<L, Oorys @il -
Since

Ly x g L iy g — Ly r L px, r = L px,, Y 5

it follows that

xp([Xr)YS])*aj . = — [[XT, YS]’ aj—r—s]

Jj—nr—-1
+ [3,,(1&’,)* Jocy ) — <L piv Oa(x,)s aj—,u]'

On the other hand if r+s<pg, we have

(X, Y x Aj = _[[Xr’ Y, aj—'r—s]

F—p—1

+H0%x, v @ioul -
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Furthermore if r+s>p, we have [X,, Y] =0, and if r+s=yu, we have
o([X;, Y])=0. Thus (2) follows.

4.2. The principal fibre bundle P. Consider the kernel G” =exp g,
of the homomorphism p: G'>G. For any a, =4 we define a map o, :

P—G" by
G = €XD [,

Then by Lemma 4. 2 we see that the system {o.5) gives a system of tran-

sition functions, 1. e.,

Oap Oy = Oy .
Hence the system {o,,} defines a principal fibre bundle P over the base space
P with structure group G”. And there corresponds to every a the canonical
trivialization

b.: PoPXG" .
Let p denote the projection P—P. Then ¢. may be expressed as follows :

9(2)=(o(2), 0.(2)), =z€P.

For any «, 8 we have
02 =04(pe)) ailz),  zeP,
and putting ¢,,=¢,o¢5!, we obtain
Golt, ) = (2, 05(0)u), (5 W)EPXG".

We shall show that the group G’ acts on P to the right in a natural
manner, so that P becomes a principal fibre bundle over the base space
M and p: P—P becomes a homomorphism of P onto P corresponding to
the homomorphism p: G'—G.

First of all for any 2P and a=G, we define zac=P by

Gu(za) = <p (2)a, alo.(z2) a) )

By (1) of we have o¢,(xa)=a"'6,,(x)a, xEP, showing that za
does not depend on the choice of @. Clearly the group G, acts on P by the
rule PXG,3(2, 9)—>za=P. For any Xeg, we denote by X* the vector field
on P induced from the 1-parameter group of transformations 2—z-exp tX.

]
Let us define subspaces n and p of ¢ =’ g, respectively by
J=0

/"
n= Z 3>
i=1
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p=1
p=2.4g;-
j=1
Then 1 is an ideal of ¢, and we have:

g =g+n (direct sum),
n=p+g, (direct sum) .

For any A€p()=p(p) and a4 let us define a function ¢5: P—q, by
r—1
ga= ; g%, »
where A, is the p(g,)-component of A with respect to the decomposition
r—1
o) =5 pla)
Let Xen. Then we define a vector field X* on P by
<¢a* X*>(x,u) == <p(X)*x: (g:(x) (x)+X,,>u> > (x, ZL) EPX GH y

where X" stands for the g,-component of X with respect to the decompo-
sition n=p-+gq,. (Note that we are identifying g, with the Lie algebra of
all left invariant vector fields on G".)) We show that X* does not depend
on the choice of a. Indeed let (Y, Z2)eT(P),x T(G"),. Then we have

(@odx (Ys 2) = (Y, (Yot 2) »

where Z is the unique element of ¢’ with Z,=Z. Hence using (2) of Lemma
4. 3, we obtain

(e (0 (XPear (0500(@),) = (030 (X eaf o F G5 (@), )
(o (X%, (60 (@), )

which proves our assertion.

Let us now calculate the integral curves of X*. For any A=p(n) and
acd we define a function ¢4 : P—»g,, by

~

gi@)= | oslwexptA)dr,  zeP,
0
and define a map ¢4 : PG’ by

¢4 —exp g5 .

LEMMA 4.5. Let Xen and 2€P. Let 2,=24(t) be the maximal in-
tegral curve of X* with zo=2. Then 2, is defined for any tER, and
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da(2) = (p(2)+exp £p(X), 0,(2) < (0(2)-expeX”),  tER.

Proor. Put ¢,(z;)=(z, u,), which is a maximal integral curve of ¢,. X*.
Hence we have

d
& = X%,

Pt = (g e+ X7)

uy
Since zy,=p(z), it follows that
x, = p(2)+exp tp(X).
If we define a curve v, of g, by exp v,=u,, it also follows that

dv .
—a’tt = 0 <p(z) «exp tp(X)) + X",
whence

4

v, = 1, +So Jocx) (p(z) -exp tp(X>> dt+t X’

= Vot Jroy <p (Z)> +t X" .

Since u,=a,(z), we therefore obtain

= 0,(2) ¢l (p(2))-exp X",

proving Lemma 4.5. (From the discussion above it is clear that 2, 1s defined
for any t€R.)

We denote by N the connected Lie subgroup of G’ generated by the
ideal n of ¢, which is nothing but the subgroup exp g;---expg, of G’ (cf.
Lemma 1.7). From the very definition of 1 we can easily verify that the
exponential map exp maps 1 diffeomorphically onto N. (This fact also fol-
lows from the facts that n is nilpotent and that N is simply connected.)

Let 2P and a&N. Taking account of Lemma 4.5, we define zac= P
by za=zx (1), i.e.,

$e(20) = (p(2) exp p(X), 0.(2)-cir) (0(2))-exp X"),

where X is the unique element of 1t with a=exp X. In particular if a=G”,
we have ¢,(za)=(p(2), 0.(2)a), and hence the group G acts on P by the
rule PXG">(z, @—z2acP. Note that this action is nothing but the action

~

of G"” on the principal fibre bundle P over P.
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By Lemma 1.7 every element a of G’ can be written uniquely in the
form :
a=ayb,

where a,=G, and b&N. This being said, for any 2P and acG we
define 2za< P by

zZa = (za()) b.

Every element X of g can be written uniquely in the form:

X: X0+ Y ’
where X,Eq, and YEen. Then we define a vector field X* on P by
X* = X*+Y*.

Furthermore we denote by # the projection P—M, and define a map =:
P—M by
T =7%op.
These being prepared, we shall prove the following

THEOREM 4.6. (1) The group G’ acts on P by the rule PxG =
(2, a)—za<=P.

(2)  With respect to this action of G' P is a principal fibre bundle
over the base space M with structure group G' with projection x.

(3) The projection p: P—P is a homomorphism corresponding to the
homomorphism p: G'—G.

(4) For any X&g X* is the vector field on P induced from the 1-
parameter group of transformations z—z+exptX.

We first prove the following

LEMMA 4.7. [X* Y¥]=[X, Y]* X, Yen
Proor. By (2) of we have

Z ) Jory— Z i+ Joxy — Gotrx, v — [X, Y]".

Therefore it follows that
[far X*, P Y*ww = <[P(X)*, Ao(Y)*]x’ <p(X>*“'gz(Y) —‘O(Y)*x gz(X)>u>
= (,0 <[X’ Y]>*x, <Q§([X,YJ>(I)+[X» Y]”>u>

= <¢“* [X’ Y] >|<>(.7;,u) :
Hence we obtain [X*, Y*]=[X, Y]*, proving Lemma 4.7
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LEMMA 4.8. The group N acts on P by the rule PX N>(z, a)—za<P.

Proor. Fix any point z, of P, and consider the orbit Zo*p(N) of p(N)
through z,. Put Q=p7!(x+p(N)), which is a submanifold of P diffeomor-
phic with o(N)XG"” and hence with a Euclidean space. It is clear that for
every Xe&n the vector field X* is tangent to Q. This being said, we denote
by X the restriction of X* to Q. Then by we have [X, Y]=
[ﬂ], X, Yen. Furthermore it is easy to see that for every 2<(Q the as-
signment X—X, gives a linear isomorphism of 1n onto 7(Q),. Since Q is
simply connected, we know from these facts that there is a map v: Q—>N
such that

gD*Xz:X;a(z)’ XETI, zEQ

(For example, see [5]). Clearly ¢ is a local diffeomorphism. If 2&(Q and
Xen, we know from Lemma 4.5 that z-expzX is an integral curve of X.
Since ¢(2)+expzX is an integral curve of X, it follows that ¢ (zrexptX)=
¢(2)+exptX. Hence we have shown that

v(za) =¢(2) a, zeQ), aeN .

If 2€Q, aeN, and Y&n, we therefore see that ¢(z+(asexptY))=¢(2)-a-
exptY is an integral curve of Y, meaning that 2:(a-exptY) is an integral
curve of Y. Hence z+(a+exptY)=(za)-exptY. We have thereby shown that

(2a) b=z(ab), zeQ, a, beN,

proving [Lemma 4, §
LEmMMA 4.9. (2b) a=z(ba), 2P, beN, acG,
Proor. By (1) of Lemma 4. 4 we can easily verify that

g_id(a“‘)A<xa> = Ad (a_l) g_;(x) ’ JCEP ’ aEGO ’ AEP(“) ’
whence
haa—n4(za) = atei(z)a.
Therefore if 2P, a=G,, and X=n, we obtain :
$a <(zoexp X)-a) = <p(z-exp X)ea, ale,(zexp X) a)
= (p(z)-p(exp X)ea, alo,(2) ey <p(z)> cexp X"’ -a)
= (o(24) p(exp Ad (™) X), 0,(2a) efisacamrym (0(24) exp Ad (a) X)
=, <(za) cexp Ad (a™) X> = ¢, <z-(exp X a)> .
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(Note that exp X-a=a-exp Ad(a?) X and Ad(a!) Xen) Hence we have
shown that (zeexp X) a=z-(exp X-a), proving Lemma 4. 9.
From Lemmas and 4.9 we can easily derive the following
LemMaA 4.10. The group G acts on P by the rule PxXG' 3(z, a—
zaeP.

LeMma 4.11. (1) p(za)=p(2) pla), 2€P, acC .

(2) The group G' freely acts on P, i.e, if 2€P, ac(G', and za=zx,
then a=e.

(3) Let 2, weP. Then n(z)=xn(w) if and only if there is an a€G’

such that w=za.

Proor. (1) is clear. (2) We have p(za)=p(z2) p(a)=p(2), whence p(a)
e, i.e., a=G". Hence a=e, proving (2). (3) If w=za, we have r(w)=
(o(w))=#(p(2) p(a@))= #(p(2)) = n(2). Conversely suppose that =(w)=z(2).
Since #(p(w))=#%(p(2)), there is an d €G’ such that p(w)=p(2) p(d)=p(2d).
Hence there is an &' &G"” such that w=(2d) d’' =2(d d").

We have thus proved (1)~(3) of Theorem 4.6. (4) of Theorem 4.6 is

now clear.

4.3. The systems 6. Let P be the principal fibre bundle over the
base space M with structure group G’ which was constructed in the previous
section. Our task from now on is to show that P is endowed with a normal
connection of type . |

For any a=4 we define a function f,: P—g, by

Il

k=1

0, =€xpf.,.

Then we have

fa:p*faﬁ—*_f;e, a,‘BEA'
Let #=4. For any j<p—1 we define a g;-valued 1-form §; on P by

6.7' - (0*0.7'_[][;?’ (0*0]'—/1] ’

and denote by 8 the system {f,};<,_;. Clearly we have

Di

i=pe*0;=p%¢;,  5<0.
Hereafter the symbols = will be considered with respect to the system
(0. s<o '“
LEMMA 4.12. The system 0=1{0,};<,.1 has the following properties:
(1) 6;(X*,) =0, X», X, €0, 0r=yp.
2) 1) R*0;=Ad(a)6,, acGy,
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ii> "-SfX*aj = —[XT, gj_r], X,Egr, Oérép
J—p—1

Proor. (1) We first remark that for every X&g X* and p(X)* are
p-related, i.e, oy X*,=p(X)*,,, 2EP. Let 0=<r=p—1, and let X,<g,.
Then using (#—1. 1) and (¢ b), we obtain

8,(X*,) = p* (0, (0(X)*) ) —[ for 0% (6.0 (0(X0)¥) ) ]
— 5]'7« XT .
Now let X,&g,. Since p(X,)=0, we clearly have §;(X¥*)=0. We have thus
proved (1).

(2) Let acG,. Then we have R*,f,=Ad(a™))f, and R,op=poR,.
Therefore using (¢z—1. 2), 1) and (¢ ¢), we obtain R*¥,6;,=Ad(a?)6,. In
particular we have =y 0;=—[X,;,0,], X,=g, Now let 1<r<p—1, and
let X,=g,, By Lemma 4.5 we have g,(z-exp tX;) =04(2) elyx,y(0(2)), 2EP,
whence <z f,=p*g%x ), Therefore using (4.2), we obtain

Ly, 0;= 0¥ (L xpr0) = [L 2, [0, 0¥0;_,]
“[ 0» 0F (L ox, )*()j_,,)]
—[X,, 0*0;_,] +[0* gf#(xr» p*0;_,]

_[10 g"(X ) 10* 0.7—#] _I_[ 6> [X'r, 40*0_7'—7‘—,;]]
[)(;90] r]

|
= ||I

] Al
]

J

Finally let X,,Eg,,. Then we have o,(2-exptX,) =0,(2)+exptX,, whence
< x.fo=X,. Hence we obtain

gx* — —[gX ﬁ, 14 0,7 p] - [X#, p*ﬁj—p]
[ HJ'—#] .

» Ill

J—

We have thus proved (2).
Let {RY};<,_, be the curvature of the normal pre-p-system @ in (P, &).
For any j=<py—2 we define a g;-valued 2-form &4 on P by

- _ 1 o
@’;'—‘dH]‘F‘? Z [Guyav]°

utv=j
Put 6_=).0,.
J<o
1 o .
LEmMaA 4.13. 64 57 ( P*RY) (6_N\O_), j=p—2.

Proor. The form 6; may be expressed as follows :
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0;=0*0,;-+(fs) (0*0;-,) .
Therefore we deduce from the proof of Lemma 3.9 that
~ 1 .
@’JflE p* 04+ —2—(36](0) (6_NB_).
=
Hence the lemma follows from the structure equation for the normal pre-
p-system 4.

LEmMA 4.14. For any a, BE4 we have
a = By, Jj=p—1.
J—p—1

Proor. This fact follows immediately from (4.1) and the fact that
Se=p st S5

4.4. An existence theorem for normal connections of type &. By
Lemma 4.14 we know that if @, f=4, then a;=8;, j=<0. This being said,
we denote by 7; the 1-form a; for any <0, and denote by » the system
{n;}i=o- Note that »;=p*&; if 7<O.

In the subsequent two paragraphs we shall prove the following

THEOREM 4.15. There is a unique normal connection of type ®, o,
in P which is compatible with v, i.c., n;=w;, j=<O0.

Let @ be the unique connection whose existence is assured by the theo-
rem. Then we have w_=p*&, indicating that the pair (P, ») induces the
given G*-structure of type M, (P%&). Accordingly (2) of Theorem 2.7
follows from Theorem 4.15. The pair (P, ») will be called the normal con-
nection of type & associated with (P¥ &).

4.5. Normal p-systems (p=p). Let p=p Let 0?={w;}j<p_1 be a
system of g;-valued 1-forms w;, j<p—1, on P. Assume that o is compat-
ible with 7, 7. e, w;=7;, j=<0. Then we say that »? is a p-system in (P, z)
if it satisfies the following conditions :

0. 1) oX*)=d,X,, Xocg, O0=<r=<p.
(P 2) 1) R*aa)j — Ad (a—l) wj;, aEGO y
11) o%fX*ra)j_ = [X.r, (t)j_r] s XyEgT, 0§r§/¢,

J—p—1

where the symbols = are considered with respect to the system {w;} ;<.
j—p-1

Let o® be a p-system in (P,7). Let ¢g=<p and j<g—2. We define
a g;-valued 2-form 2% on P by

24 :dwj—F? 2 |ww @] .
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In the following the symbols = will be considered with respect to the system
k

{0} jco. Similarly to the proof of Lemma 3.6 we can show that there are
unique functions K': P—C%2, [<p—1, such that
1 .
D=~ 2 Kilo_No ), j=p-2,

Jj—p 2 I=p-—1

where w_=) w;, The system of the equations above will be called the
J<0

structure equation, and the system of functions, {K%,<,_;, will be called the

curvature. Clearly the structure equation induces the equations

1 .
== > Kylw_No.), J=q—2, g=p.

j—q 2 I=q—-1

Finally we say that the p-system ® is normal if the curvature satisfies
the following conditions :

i) K'=0 for I<0,
i) FK'=0 for 0<I<p—1.

From Lemmas 4. 12 and 4. 13 we know that for any =4, § gives a normal
p-system in (P, ).

LemMA 4.16. For any p=p, (P,n) admits a normal p-system.

This lemma will be proved in the next paragraph.

LEmMA 4.17. Let p=p. Let o? and o P be two normal p-systems

in (P,7n). Then we have
afj = w;, _j;gj)——l.
J-p-1

Proor. First consider the case where p=p. In the same manner as
in the proof of Lemma 3.12, (2), we can find a unique function g,: P—qg,
such that

w’jj”Eﬁle_F[g’” w;_,l, J=sp—1.

In particular we have o y=wy+[g,, w_,]. Since wy=a/y=1n,, it follows that
[9,, _,]=0. Hence ¢,=0, proving the lemma for p=p. (Let X&g, be such
that [X,g_,]=0. Then we have X=0. Indeed B(X,g_,)=B(X, [g_., E])C
B([X,g_,], E)=o0, whence X=0.) Next consider the case where p=p+1.
For any g=p+1 we have C%'=C%!' and g,=0. Consequently it follows
from Lemma 1. 14 that the map 9 : C2'—>C% "2 is injective. Therefore start-
ing from the equalities

;= W, J=p—1,
J—p—
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and reasoning similarly to the prood of Lemma 3. 9, we can prove the equali-
ties

@ wj, ]SP*—I,

j-p-1
which completes the proof of the lemma.

Utilizing Lemmas 4. 16 and 4.17, we shall now prove Theorem 4. 15.
Let 0°” ={0} j<5,-1 and &' ={0' ;} j<3,.; be two normal 3u-systems in (P, »).
Since w;=& ;=0 if j<<—p or j >y, it follows from Lemma 4.17 that
w;=w;, —pH=j=p.
This being remarked, we define a g-valued 1-form w on P by
o= Z/] w; .

J=—p

From the very conditions for a 3g-system it is easy to see that the system
{0;} —u<j<, satisfies the following :

(1) w;j=79;, J=0.
@ e (X*)=6,X,, Xecg, O0<r<p.
3) 1) Rre;=Ad(a) w,, acsG,,
i) Ly w,=—[X,0,.], XEg, O0<r<p.

These clearly mean that @ is a connection of type ® in P compatible with 7.
Let {K';<;5,_1 be the curvature of w®”. ®®” being normal, we have:

i) K'=0 for I<0,
i) 0*K'=0 for 0=/=<3p—1.

Furthermore it is easy to see that the structure equation for w® yields
the equations

1 1
oty B lonwl =y,
—pSr,85p

KiloNo), —p=j=p.

=3pu—

Putting K= ), K!, we therefore see that
{

=3pu—1
1 1
dw+ 7[0), 0] = ?K(w_/\w_)
and hence K is the curvature of w. In this way we have proved that o
is a normal connection of type & in P compatible with .

Let @ be another normal connection of type & in P compatible with 7.
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Then the system o @ ={o'j} 3,1 gives a normal 3p-system in (P,7) (see
2.3). Hence o and & coincide, as we have remarked above. We have thus
proved Theorem 4. 15.

4.6. Proof of Lemma 4. 16. Let p=p. Let 0?*? ={0,};<, be a system
of g;-valued 1-forms w;, j<p, on P. Then we say that o®"" is a pre-
(p+1)-system in (P,n) if it satisfies the following conditions :

(p+1. a) o® ={w,} j<p_, is a p-system in (P, 7).
(P—‘f_l b) wp(X*’r>:5err, XTEQM Oé?"éﬂ
(p+1. ¢) Rtyo,=Ad (@Y w,, acG,y.

Let @®*? be a pre-(p+1)-system in (P, 7). For any j=<p—1 we define
a g;-valued 2-form Q2%! on P by

1
‘Q?+l = dwj+ 5 Z [ww wv] .
2 wied.

As before it can be shown that there are unique functions K': P—C%%
[<p, such that

The system of the equations above will be called the structure equation
q q
(for @®+?), and the system of functions, {K% <, will be called the curvature
(of @®*?). The structure equation for @®*? induces the equations
q q

fizy§1K“ o) IEPT2

which together form the structure equation for the p-system ™. In the
same manner as in the proof of Lemma 3. 10, it can be shown that

Rx Kr = (K?)e,  acG,.

Finally we say that the pre-(p-+1)-system w®'? is normal if the curvature
{K% <, satisfies the following conditions :

i)y Kt=0 for I<0,
i) 0*Ki=0 for 0=/=p—1.
LEMMA 4.18. A normal pre-p-+1)-system is a normal (p-+1)-system.

ProoF. Let @' be a normal pre-(p+1)-system in (P, 7). Let 1=k=
¢, and let X;=g;. Then we must show that

;gx* @ = [Xk, w]—k] ’ j£P°

j—p—2 T
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The proof of this fact is quite similar to that of Lemma 3.13 (see 3.9).
First of all we see that there is a unique function fr+1: P—Cp+ii=Cr+1:1
such that

[ Xz, wj—k] ‘I‘fpﬂ <wj—p—1) s J =p.

gx*k(l)j' = —
J—p-2

Then we can show that
L xr, KP = (KP78)%e 4 gfp+1

Since w?*? is normal, and since the map 9: Cr+.1—(Cr.2 is injective, it fol-
lows that f»*1=0, proving the lemma.

Let us now prove Lemma 4. 16, which is carried out by induction on
the integer p=p (cf. the proof of Lemma 3.11). As we have remarked
before, (P,7) admits a normal g-system. Thus we assume that for some
p=p (P, 7)) admits a normal p-system, say 0P ={w} j<p_1.

We take a connection a (in the usual sense) in P, and denote by w,
the g,-component of o with respect to the decomposition g =2.g;,, Then we

720
have

0p(X*,) =6, X, , X, €4, O=r=u,
R*y0p, = Ad (a) w,, acsGy,

indicating that the system 0®*®={y;},., formed by {0;};<p_; and o, gives
a pre-(p+1)-system in (P,7). We shall modify »®*? to obtain a normal
pre-(p+1)-system.

The space C?.2 is decomposed as follows :

Cr2 = 7524 5Crr 1,

Let {K'};<, be the curvature of w®*?. K7 taking values in C?2, we denote
by L? the aCP*"!-component of K?. Since Coril=Crtil=7pt14 5q =
Z5 4 and since HPY11(®)=0, we see that there is a unique function fP*!:
P—C3*"! such that LP= —gf?*1.  Since R*,KP=(K?)2, a=G,, it follows from
Lemma 1. 11 that

R*, frtl = (fr+1)a acsG,.
Using the function f?*1, we now modify 0®*? as follows -
o =0, 05 ,), jEp.

Let & **Y={'}} ;<,. Then in the same manner as in the proof of Lemma
3.11, we see that & ®*? is a normal pre-(p+1)-system in (P,7). By Lemma

4.18 o/ is a normal (p+1)-system in (P,7), thus completing the proof
of Lemma 4. 16.
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4.7. ReMmark. Let (P4 &) (resp. (P'%€)) be a Gf-structure of type
I on a manifold M (resp. on M), and (P, ) (resp. (P, o)) the normal
connection of type ® on M (resp. on M’) associated with (P%, &) (resp. with
(P'* &)). Then we know that every isomorphism ¢: (P, 0)—(P', o) induces
an isomorphism ¢ : (P¥, £§—(P'%, &) in a natural manner (see 2. 3). Conversely
we remark that every isomorphism ¢f: (P*% &—(P", &) induces an isomor-
phism ¢: (P, w)—>(P', ) in a natural manner.

Although this fact follows from (2) of Theorem 2.7 which will be proved
in the next section, we shall give a direct proof of it from now on. By
Theorem 3.7 (P% &) (resp. (P'%&)) is reduced to a unique G-structure of
type (M, p—1), (P, &) (resp. (P',&)), on M (resp. on M’) in a natural manner.
Clearly the image o*(P) of P by ¢* defines a G-structure of type (M, p—1),
from which follows that @“(P):P’, and hence ¢* induces an isomorphism
3: (BB —(P,&). Let 4 (resp. 4) be the set of all normal pre-p-systems in
(P, ) (resp. in (P, #)). For every « ={ j} j<,.1 EL let *« denote the system
(¢*d } j<o—1. Then it is clear that ¢*da' €4, the assignment o —>@*a  gives
an injective map of 4 onto 4, and

faﬁ:¢*fla'ﬂ' > a’a ‘BIEA, ’
where a=¢*d and g=¢*p§. Hence @ gives rise to an isomorphism ¢: P—
P’ as G"-bundles in a natural manner. Moreover we clearly have
oo =P Qln, A4, Xep.

Hence it follows that ¢ gives an isomorphism P—P' as G'-bundles, and
¢*d =¢*a. Consequently we see that ¢*«' gives a nmormal connection of
type ® in P compatible with 7, and hence ¢*«' =w by Theorem 4. 15, proving

our remark.

§5. The uniqueness of normal connections of type S

In this section we shall prove (2) of Theorem 2.7.
5.1. The G-structures corresponding to normal connections of type ©.

LeEMMA 5.1. Let (P, w) be a normal connection of type & on a manifold
M, and (P,§) the corresponding G-structure. Then (P, &) is of type (W,
p—1).

Consider the kernel G’ =exp g, of the homomorphism p: G' —G. Then
P is a principal fibre bundle over the base space P with structure group
G". The proof of Lemma 5.1 is preceded by the following

LEMMA 5.2. There is a cross section ¢: P—P having the following
properties :
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1) ¢(zea)=¢(2)+a, 2P, acG,

2) ¢lzepla) =¢(2)ea (mod G"), 2P, ac.

Proor. Let Q be a reduction of P to G,. (Such a reduction necessarily
exists, because the homogeneous space G'/G, is diffeomorphic with the space

i] g; (Lemma 1.7).) Let p be the projection P—P. Clearly p maps Q in-
it

jectively into P, and hence the image p(Q) of Q by p gives a Gy-subbundle
of P. If we put

~

R =exp g, exp g,
we see from Lemma 1.7 that every element z of P can be written uniquely
in the form:
z=p{y-b),
where y©Q and beN. Now define a map ¢: P—P by

¢(2) =y-b.

Then we can easily verify that ¢ has the required properties.

Proof of Lemma 5.1. Let ¢ be a cross section P—P having the pro-
perties in Lemma 5.2. For any j<u—1 we put 0;=¢*w»;, We shall show
that the system 6 ={0;} ,<,_, is a normal pre-y-system in (P, &), which implies
that (P, &) is of type (M, x—1). First of all we have J*w_=§, because w_=
p*¢ and pop=1. Hence 6% is compatible with the basic form g

Let 0=r=p—1, and X,=g,. From property 2) for ¢ we easily see
that

Ox (0 (X)) = (X i+ Y,  2€P,

where Y is a suitable element of g, depending on X, and z. Since w;( X*,)=
0jr Xy, it follows that

(5.1) 0;(0(X)¥)=0,X., X.g, O0<r<p—1.

By property 1) for ¢ we have ¢oR,=R,o¢, a=G,. We have R*,w;=Ad
(@) w;, a=G,. Hence we obtain

<5 2) R*aﬁj — Ad (a_l) 0]' ) aEGO .

Let K be the curvature of w. By Lemma 2.5 we have

1 .
V=5 ¥ Ko Ne), j<p-2,

J—n Isp—1

whence
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5.3) f= 1 ¥ (GFKYO-AD),  j=p—2.

PP E
Let 0=r=p—1, and X,=g,. Let j=p—2. Then using (5.1), we have
Lxr0; = p(X))¥1d0; = p(X,)*¥16045—[X,, 0,.,],
and from (5.3) we obtain
o (X,)*] @';jio :

Therefore it follows that

(5 4) C%p(Xr)*ﬁj:E —[XT,Hj_r], XrEgr, O§r§y—1

J—u

Now we see from (5.1), (5.2) and (5.4) that 6 gives a pre-g-system
in (P,&. Thus equations (5.3) together form the structure equation for
6. Since w is normal, it is clear that # is normal, proving our assertion.

5.2. Some lemmas on normal connections of type &. Let P be a
principal fibre bundle over a base manifold M with structure group G,
where dim M=dim m. Suppose that there are given two normal connections
of type ®, w and &', in P such that

o_—w_.

We remark that for each p=p the system o®={w,};<,_; satisfies all the
conditions for normal p-systems stated in 4.5 (except that o® is compatible
with 7). The same remark holds for the system o ®={& ;};<p_;. There-
fore we have the following two lemmas (cf. Lemmas 3.9, and 4.17).

LemMmA 5.3. There is a unique function ¢,: P—g, such that

w,j.E wj+[gﬂ’wf~;t]’ ]éﬂ—l

j—p—1

LemMA 5.4. Assume that the function g, vanishes. Then for each
p=p we have

(U’j = Wj, jép“‘l.
J—p—1

Hence the two connections @ and o' coincide.
LEMMA 5.5. The function ¢, in Lemma 5.3 satisfies the equality
R*,g,=Ad(a™Yg,, acsG' .
Proor. By Lemma 1.7 it suffices to prove that
R*,9,=Ad(aY¢,, acG,

and
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ng*ngO, Xreg'r, 1§7‘§/1,
which can be obtained in a similar way to the proof of Lemma 4. 3.

5.3. The uniqueness of normal connections of type &. Let (P, o)
(resp. (P',@)) be a normal connection of type & on a manifold M (resp.
on M), (P,& (resp. (P',#)) the corresponding G-structure, and (P*, &) (resp.
(P'%,¢')) the corresponding G%-structure of type 9. Suppose that there is
given an isomorphism ¢*: (P¥, &)—(P'%, &).

By Lemma 5.1 we know that both (P, 2 and (P,¥) are of type (I,
pt—1). Therefore we have ¢*(P)=F', as we have already seen in 4.7, and
hence ¢* induces an isomorphism i (13, ?)—»(P’ , ).

Let p (resp. p') denote the projection P—P (resp. P—P). 1t is easy
to see that there is a bundle isomorphism ¢: P—P’ which induces &, 1. e.,
o' cp=@op. (This follows from the fact that there are reductions Q and
Q' of P and P’ respectively to G, such that ¢(o(Q))=p'(Q') (cf. the proof
of Lemma 5.2). Clearly ¢*«' is a normal connection of type ® in P. Since
w_=p*E, o _=p'*F, g*F =E, and ¢ op=@op, we obtain

¥ _=w_.
Thus we may apply the arguments in 5.2 to the two connections @ and
¥

LeMMA 5.6. There is a unique bundle isomorphism ¢: P—P' which
satisfies the following conditions :

1) ¢ induces &.

2) oy = 0, jEp-l.

F~u—1

By Lemma 5.4 the second condition means that ¢*e =w or in other
words, ¢ gives an isomorphism (P, w)—(P',). Thus (2) of Theorem 2.7
follows from Lemma 5. 6.

Proof of Lemma 5.6. We first prove the existence. Let us consider
a bundle isomorphism ¢ : P—P’ which induces . By [Lemma 5.3 there is
a unique function ¢,: P—g, such that
(5.5) ¥y = wjtl9, 0], j=Ep—1,

=1
and by g, satisfies the following equality
g.(z°a) =Ad (a™) g,(2), zeP, acsG' .
Putting o(z)=exp ¢,(2), we define a map ¢,: P—P' by
() =o(2)0(z), zEP.
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Since o(z+a)=a'o(2) a, 2P, a=(G', we see that ¢, gives a bundle isomor-
phism P—P'. Furthermore it is clear that ¢, induces ¢. Let 2P and
XeT(P),, Then we have

or X = (R,)5 0% X+ Y2y

where Y is a suitable element of g, depending on 2 and X. Let j<p—1.
By condition (C. 3) for « we have

Riyo ;= o ;—[0.(2), o)-,],
and hence
(¢*10 ) (X) = (R0 5) (o X)
= (p*o/ ) (X)—[0.(2), (w*w_,) (X)].
Therefore we obtain
o*0' = ¢*d =19, p* o] .
This equality together with (5.5) gives
o*0; = w5, j=Ep—1,
J—u—1
which proves the existence.
Let us now prove the uniqueness. Let ¢, be any bundle isomorphism
P—P" which satisfies the conditions in Lemma 5. 6. Since o (¢,(2))=@(p(2))
=0 (¢:(2)), &P, we see that there is a unique function g¢,: P—g, such

that ¢,(2)=¢,(2)+0(2), z=P, where g(2)=exp¢g,(z). Then we see from the
discussions above that

O :(P*lw,j—[g;n 90*10’,1—#] > J =p—1.
Since
o*10; = w; = %0, J=p—1,
J=p=1  j—p-1

it follows that [g,, w;_,] = 0, j=<pg—1. This means that g,=0 and hence
J—n—1
¢ =¢,, proving the uniqueness.

We have thereby completed the proof of Lemma 5. 6.
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