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Certain free cyclic group actions on homotopy spheres,

bounding parallelizable manifolds

By Yoshinobu KaMisHIMA
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Introduction

The purpose of this paper is to study free cyclic group actions on ho-
motopy spheres constructed by S. Weintraub [3]. He applied an equivariant
plumbing technique to construct semifree cyclic group actions on highly-
connected 4k-dimensional manifolds. The boundaries of these manifolds
are elements of bP,; and they admit free Z,-actions for any integer p. We
call these “Weintraub’s actions”.

On the other hand, it is well known that Lépez De Medrano con-
structed free involutions on homotopy spheres with non-trivial Browder-
Liversay invariants. It is apparent that Lopez’s construction cannot be ap-
plied to get any other free cyclic group actions except involutions. However,
we shall prove that certain examples of Lobpez’s involutions on homotopy
spheres of 6P, extend to free Z,-actions for any g which are realized by
“Weintraub’s actions” raised above. This is the main motivation of this
research.

The results are summarized as follows. One of the properties about
Weintraub’s actions has been found in [3, Theorem 1.7] and in §2, we
state this in an alternative form for our argument.

THEOREM 1. Suppose that p is any integer. Choose a unimodular,
even, symmetric matrix A and denote o(A) its index. For any k=2 and
collection {ay, -+, ay} with (a;, p)=1, there is a free Z,-action T4 on a homo-
topy sphere X,EbP,; the Atiyah-Singer invariant of which has the form

o(T gy 34-1) = ﬁ( e )2—0(A) .
i=1\ L —I%
Here X ,=0(A)/8Y,, where 3, is the generator of bP, and t=exp 2ri/p).

Hereafter, by (T4, 3, we denote the free Z,-action on the homotopy
sphere constructed for any p and A under the assumptions of [Theorem 1.
As to the normal cobordism classes of such actions, we shall prove the
following result.
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THEOREM 2. Let T, be a free Z,-action on X, Then, there exists
a homotopy equivalence

S 24Ty
such that the normal invariant 7(f) is zero in
[L“c__l(P’ Ay **y Ay Ay "7y ak)) G/O] s

where L;*"‘l(p, Qy, vy Qg Ay, 0y ) 1S the (4k—1)-dimensional standard lens
space.

LUC_I(P’ Ay 0 Agy Ay * 0y alc)

In § 3, we look at the effect on the action of choosing a different matrix
with the same index.

THEOREM 4. Suppose that p is any odd integer or 2, 4 and 6. Let
Ty, be a free Z,-action on a homotopy sphere Sy, for i=1,2. Then, 34/T4,
ts h-cobordant to X, /T4, if and only if o(A)=a(A,).

As to the Loépez’s involutions, a difficulty lies in determing the differen-
tiable structures of constructed homotopy spheres, and in general they are
unknown. But P. Orlik and C. P. Rourke showed, using Loépez’s con-
struction, that for each ;&Z there exists a homotopy sphere X%(=iX),
bounding a parallelizable manifold M;, and an involution T such that the
Browder-Livesay invariant I(7T}, X;)=0¢(M;)=8;. When we concentrate our
attension on these Lopez’s involutions, in § 4 we have the following.

THEOREM 6. Suppose that p=2q (q=1). There exists a free Z,-action
T4 on X,€bP,, which satisfies that if we restrict this action to the Z,-
action on X4, then (T4, 2,) is equivariantly diffeomorphic to (T4, Y ).

S. Weintraub kindly informed me that instead of lens space
L4k_1(1), Ay =y Agy Ay "y ak)

one can use lens spaces L*~(p, ay, -+, ay) with (a;, p)=1 for i=1, ---, 2k (see
Remark 4.1).

1. Constructions of Z ,actions

This section is devoted to the preliminaries of proofs of [Theorem 1, 2.
We shall present some notations which will be used frequently.

Let D*(S8%-1) (p, ay, -++, @) be the unit disk (sphere) in C* with the Z,-
action #(2y, v, 2) =" 24, +-, 1% 23), t=exp (271/p).

Let S%(p, a;, -+, ar) be the suspension of S?*~(p, ay, -+, a;), i.e., the
unit sphere in C*X R with the Z,-action t(zy, -+, 24, 2) =(t%2y, -+, t% 24, X).
By L*"Y(p, ay, -+, ar, @y, +*+, az) we denote the (4k—1)-dimensional lens space
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with the type (ay, -+, ax, ay, *++, a). Sometimes, we write simply,

L(p) = L*(p) = L* Y (p, a, @) = L* 1 (p, ay, -+, ax, ay, =+, ax)
L% Y(p, —ay, a)) = L¥1(p, —ay, g, *+, Ay A1y Agy ***» i)
D*(p, ay) = D*(p, a;, -+, ay)
S*(p, a)) = S*(p, ay, -+, ai) and so on.

The following two lemmas are crucial for our argument.
is the special case of [3, Lemma 1. 6], but it is sufficient to our need.

LemMma 1.1. For any integer k=2 and collection {a, ---, a;} with (a; p)
=1, there are D¥*-bundles E,, E, and E_ over S¥ with semi-free Z,-actions
T satisfying

(1) T is a bundle map preserving the 0-section.

(2) The action T on the O-section is S*(p, ay, -+, ar) and T has no
Sixed points outside the 0-section.

(3) The normal representations of each fixed point are

JDzk P, Ay 0y ak) XDZk(P’ ap, =ty ak> ‘

. / E :
) | D2 (p, ay, -+, @) x D*(p, @y, -+, a) | yor £y
Dzk ’ ) DZk s Uiy °° %
(i) J (> ar, ar) X (P, @ ar) ] for E,,
l k(P’ —dq, dgy **°, ak) X D2k P} ab ak I
ID2k<Z" ay, -+, a) X D*(p, —ay, az, -+, ay) ] E
(lu> lD2k( —ay, dgy 0, ak) XDZk(P’ ag, -, ak) I for o

Here D¥(p, —) X D*(p, —) is a local trivialization around a fixed point.

(4) The Euler classes of bundles E,, E, and E_ are taken to be 2, 0
and —2 mod any multiple of 2p times respectively. Furthermore, these
bundles are stably trivial.

We write simply E for one of the above bundles. E has two isolated
fixed points. Let denote N;, N, the equivariant tubular neighborhoods of
the fixed points in E. It follows from (3) that N;/Z, is diffeomorphic to

2
L*~Y(p, a;, a;) or to L* Y (p, —a;, a). Put W:E—int{UNi}/Zp.
i-1

LemMa 1.2. W defines a “normal cobordism” between 0E|/Z, and
2
{U@Ni/Zp}, i.e., there is a normal map H: W——L*1(p) covered by a
=1

bundle map b: vy——>v1y, where vy, vy, are stable normal bundles of
W, LY Y(p) respectively (note that H is not a degree 1 map). Moreover,

the map H_ of the boundary components o_ W':{LZJaNi/Zp} onto L*~1(p)
i=1
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is either the identity map or the orientation reversing diffeomorphism. Here,
the latter diffeomorphism is settled in the proof of the lemma.

Proor oF THE LEMMA I1.1. Let
d: S*(p, ay, -+, ar) —— S*(p, ap, -+, ax) X S*(p, ay, +++, ax)
be the diagonal embedding which is invariant under the action. Let
Hoo(S™ X S%) = {ap+<8)>

with the first factor representing a and the second representing 8. For any
leZ, we take |l|-embedded spheres S?*’s in the free part of

Szk(P’ g, ak) X Szk(P’ Aty *° ak)

each of which represents 8. Taking their equivariant connected sum with

d(S%*(p, ay, -+, az)), i. €.
d<S2k(P’ agy *t ak)>#lllS2kCS2k<P, dyy "y ak) XS2k<P’ dgy ak) ’
Zp

we have a stably trivial normal bundle E. over S? which is invariant under
the action. E, has the Euler class

A(E:) = (a-+(pl+1) B)-(a+(pl+1) B) = 2+2pL

Clearly, E, satisfies (1), (2) and (3).

Let g be the equivariant diffeomorphism of S%*-(p, a, -+, ax) onto
S%*=1(p —ay, as -+, ar) defined by ¢(2y, -+, 2x) =(Zy, 29, -+, 2:). Here Z is the
conjugate of z in C. Denote the 2k-dimensional sphere with a Z,-action
obtained by attaching D*(p, a;, -+, a;) to D*(p, —ay, ay, +++, az) by means of

g by
12k(Pa ag °°y ak) - DZIC(P’ agy a]a) UDzk(P; —ay, dg ak)

g

which is again S%(p, a;, -+, ar). We also define equivariant embeddings

d, : S].Zk(P9 ags ==y ak)

SEE(p, ay, -+, ar) X ST (p, ap, -+, ax)
and
¢ SE(p, ayy -5 ay) ——— ST (P, ay, - ++5 ar) X ST(p, ay, +++, ax)
by setting
d ((zl, ey 2 x)) = <(zl, ey iy L)y (Ray Zay vty iy x)> )
t(2) =(2, 2) ,

where (2, .-+, 21, ), 2ES7(p, a, -++, a;) and z; is a fixed point of S*(p, a, -+-,
ai). Making use of d’, ¢, we obtain the desired bundles E_, E, accordingly.
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Proor or [LEMMA 1.2. The fixed points of S%*(p, aj, ---, a;) are written
as 1;=(0,1), z.=(0, —1), 0=(0, ---,0)=C*. Denote the equivariant tubular
neighborhood of z; in E by N, for i=1,2, as before. Make N; small to
be contained in D%* X D* of (3) of Lemma 1.1. From the construction of
E, there exists an equivariant embedding

1: EG S%(p, a) X 8**(p, a)) G D**1(p, a)) X D**1(p, ay) .

It is easily seen that the equivariant normal bundle v; of E in
D¥*1(p, a) x D¥*1(p, a;)
is trivial, 7.e., vy,=EXD'x D', and the action on the part D'X D! of y; is
trivial. Then, we have an embedding
E—int{ U NJ CD**4(p, a) x D**1(p, a) (0 x D) x (0 DY
- = (D*(p, a) X D¥(p, a)—0 x0) x D'x D',
It induces an embedding of the quotient spaces
i: WG L1 (p) X IX D' X D!

which has a trivial normal bundle. Hence this defines a “normal cobordism”,
1. e., there is a normal map H: W—— L*~1(p) which is covered by a bundle
map b: vyp—y;. Comparing with (3) of and looking at the
inclusion maps of the boundary components carefully, the map H of D% x
D*—int N,;/Z, onto L*~'(p) is as follows with respect to E,, E, and E_:
(1) D™(p, a) X D*(p, a)) —int N;/Z, = L~ (p) X [——— L#~1(p)
H=Pr-(1x1),
H_=1id on ON,;/Z,= L*'(p)  for i=1,2.
(i)  D¥(p, a)) X D*(p, a) —int N,/ Z, L#=1(p)
H=Pr-1x1), H_=id on oN\/Z,= L*'(p),

D*(p, —a;) X D*(p, a)) —int N,/ Z, L#=1(p)
H:Pr-(CX].), H_:C)(l on aNg/Zp:L4k_l(P, —ay, al),

where ¢ is the map induced from the map & of D*(p, —a;) onto D*(p, a)
deﬁned by 6(21, gyttt zk) :(Ql’ Zgy *t 1y zlc)
(i) D*(p, a) X D*(p, —a)—int N,/ Z,——— L*~(p)
H=Pr.«1xc), H_=1Xc on oN,/Z,= L*(p, a;, —ay),
D*(p, —ay) X D*(p, a;) —int Ny/ Z, L#=1(p)
H=Pre(cx1), H_=cx1 on 0N,/Z,= L¥* (p, —ay, aj) .
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Next, we consider to plumb bundles equivariantly at a fixed point or
at a free point of the actions. In particular, our aim is to consider plum-
bings on the quotient spaces.

LeEMmMA 1.3. Suppose that EVs are plumbed one after another at a
JSixed point on each (i.e., the graph is a tree) and denote M’ its resulting
manifold. Let N (pts) be the tubular neighborhoods of the fixed points in
M, so that they are a union of Nys of [Lemma 1.2 for i=1,2. Then the
cobordism V' =M’ —int N(pts)/ Z, defines a normal cobordism G': V'-— L(p)
between oM’ | Z, and {LFJaNi/Zp, 1=1,2} covered by a bundle map

/ .
b . DV' —_—)DL(p) .

Here F is the set of fixed points.

Under the situation of Lemma 1.3, we shall prove

LemMma 1.4, If we do further plumbings in the free part of the action
in M', and if we denote its manifold by M, then the resulring cobordism
V= M—int N(pts)/Z, defines a normal cobordism G: V—L(p) between
oM|Z, and {L}'aNi/Zp, i=1,2}. The map G on the boundary components

{UON,/Z,, i=1, 2} is unchanged, i.e., =G".
>

Proor oF LEMMA 1.3. The normal representations (3) of Lemma 1.1
inform us how to plumb two bundles together equivariantly, 7.e., around
a fixed point, the two spaces D% X D% are equivariantly diffeomorphic by the
map h : D¥* X D¥*—D?* X D*_ h(x,y)=(y, x). When we consider plumbings
on the quotient spaces, plumbing E' with E? together equivariantly at a fixed
point (for example, at x,&N,CE' and x;&N,;CE? is equivalent to taking
E'—int {N,U Ny}/TU E?— int {N; U Ng}/T and identifying D? X D* — int N,/Z,
with D? x D* —int N,/Z, by the induced map A’ from A. If we put the
manifold M’ when E' and E? are plumbed as above, the resulting cobordism
V'is V'=M’"—int {N,U N,U N,}/Z,, where the first N}, N, are in E! and the
last N, in E? and N, in E? is identified with N, in E. In view of (i), (ii)

and (iii) in the proof of Lemma 1.2, the following diagram is commutative :
D* x D* —int N,/ Z, L(p)
(1) n n

H
D% x D* —int N,/ Z,—— L(p) .

The commutative diagram (1) is compatible with the bundle maps & of the
stable normal bundles which cover H. Therefore, V' defines a normal
cobordism between aM’/Z, and {ON,/Z,, dNz/Z, dN,/Z,}.
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Further, if E? is plumbed with E® equivariantly at the unused fixed point
in E? the diagram (1) holds around the unused fixed point, so the resulting
cobordism also defines a normal cobordism. Proceeding in this way, we
finish the proof of the lemma.

Proor orF LEmma 1.4. We do further plumbings in the free part of
the action on M’. This can be done by taking two disjoint trivializations
D¥xD#CV’' and then identifying D3 x D¥* with D% x D% by the map
h(z,y)=W, x), h: D,x D—D, X D,. Lifting gives p-plumbings in the cover
M’. Denote its manifold by M. If (G, ¥): V'—L(p) is a normal map
of Lemma 1.3, we can arrange, using the homotopy extension theorem,
that G'| D, X D,=(G'| D, X D,)h without changing on the boundary components
{LﬁiaNi/Zp, i1=1,2}. Let V be the resulting cobordism when we identify

DX D, with DyX D, by h. Then, V=M—int N(pts)/Z,. The above com-
pactibility defines a map G: V—L(p). By choosing a bundle equivalence
of vy |Dyx D, with vy|D,x D, covering h, we may arrange, using the bundle
covering homotopy theorem, that &|(vy|D, X D,) and & |(vy-|D,X D;) are com-
patible to give a bundle map b: v—v;. Hence G: V—L(p) is a normal
map. Repeating further plumbings in the free part of the action as above,
the above argument also holds. Therefore, this proves the lemma.

2. Proofs of Theorem 1 and 2

We shall recall a usefull algebraic result.

DEFINITION.  Suppose that p is any integer. Let A and B be uni-
modular, even, symmetric matrices of the same rank. We say that A is
‘congruent mod p’ with B if there exists a matrix H, det H==+1, such
that A='H+B+H mod p.

Then, by [3, Lemma 1.5], it follows that

(x) Any two unimodular, even, symmetric matrices of the same rank
are congruent mod p.

THEOREM 1. Suppose that p is any integer. Choose a unimodular,
even, symmetric matrix A of rank 2m (m=2) in the congruence class mod
2p and denote o(A) its index. Then, for any k=2 and collection {a, -, az}
with (a;, p)=1, there is a free Zy,-action T4 on a homotopy sphere 3 ,&bPy,
the Atiyah-Singer invariant of which has the form

k i \2
o(Th 34 = [( 15005 —ola).

Here, ¥ ,=0(A)/82,, the connected sum of o(A)/8-copies of X.’s, where 3,
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is the generator of bP,, and t=exp (2ni/p).

THEOREM 2. Let T, be a free Z,-action on X, Then, there exists
a homotopy equivalence f: X4/ T — L*1(p) such that the normal invariant
n(f) is zero in [L*~1(p), G/O), i.e, 34/T4 has the same normal cobordism
class as L*1(p).

Proor oF THEOREM 1. Let P,, be the symmetric, unimodular, even,
matrix of rank 2m (m=2) defined in [3],

(2 1 b
121
A2 0
1-
21
P,, = 101
1 -2

0 51

- 1_2/

It follows from () that there exists a matrix H, det H= =1 such that
(2.1) Pyn=tH+A+H mod 2p.

Rearrange (2.1) as follows.

(2.2) X+Y=tH-A-H, where
( Xy 1 O b r 0 h
1 2 1 0. N
X = 1 , Y — .
O 1 K
L 1.'x2m2m/ L .'O»

satisfying that x;=2(2p) for 1=i=m, Zpi1m1=0(2p) and z;=—2(2p)
for m+2=<i<2m, and each entry of * in Y is a multiple of p-times.

We can take bundles Ei’s, 1=1, .-+, 2m from Lemma 1. 1 each of which
satisfies y(EY)=uxy, plumbing E? with E™! together equivariantly at a fixed
point of the Z,-action on each. We can do this equivariantly from the
normal representations (3) of Lemma 1.1 since E’is the type E. untill i=1m,
En*t is the type E,, and E®is the type E_ for i=m+2,---,2m. Thus we
obtain a Z,-manifold with boundary M’ which has the plumbing matrix X.
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M’ has (2m+1)-isolated fixed points. Let N((2m+1) pts) be the equivariant
tubular neighborhoods of (2 m+1)-fixed points in M’ and put

V' = M’ —int N(@m+1) pts) [ Z, .
By Lemma 1. 3, there is a normal map G’ : V'— L*~(p) between {UdN,/Z,,
g
i1=1,2} and dM’/Z,. Looking at the boundary components, we see that

(G{UaNYZ), (UONZ)
= ((m+1) (L(p), id) Um(L(p, —ay a), cx1)),

so that G' has degree 1. So far, M’ is simply connected, and =,(V')=Z,.
Hence G': V'— L(p) is a normal map in the usual sense. Now, to realize
Y, all other plumbings in M’ must be done by a multiple of p-times. We
can do them equivariantly in the free part of E¥”s of the action. We have
a manifold with boundary M which admits a Z,-action with (2m-+1)-fixed
points inside M. We then put

V = M—int N((2m+1) pts) | Z,

It follows from Lemma 1.4 that
(1) there is a normal map G: V— L(p) between dM/Z, and

{(m+1) (L(p), id) Um (L(p, —ay a), cx 1)}

(of course, G has degree 1).
From the standard theory of plumbing, it follows that M is connected,
i (0M)=n (M) is free, and

H,(@M)ZHZUW):O for 1<i<2k_‘1, Hgk_l(M):O.
Put (G0, V,0,.V)=(f",0M/Z,). Since f’ has degree 1, so =;(f')=0. There
is no obstruction to doing a normal surgery on a generator in

m(f7) = Ker {fL : m(0M]Z,) = (L(p)}

so there is a trace W and a normal map F': W—L(p) between dM/Z, and
0. W such that f=F|d, W is 2-connected. Then, we set
Vi=VUW and M, =MUW(=V,UN(2m+1) pts) along dM/Z, and M re-
spectively. Put 9, W=L.

(2) V,is a normal cobordism between

(m+1) (L(p) id) U m(L(p, —ay a),cx1)) and L.

The universal cover L bounds the parallelizable manifold M,. Since the
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intersection matrix on the bilinear form H,,(M,) X H,,(M,)—Z is the plumb-
ing matrix (X+Y) which is unimodular, and from the above facts, it con-
cludes that m;,5(f) =41 (L)=0 for all 0. Hence, f is a homotopy equiva-
lence of L onto L**~1(p).

Denote the Z,-action on M; by 7T, and then put L=3,bP,, and T|L=
T, (we called (T, 24 “Weintraub’s action” in Introduction). Since genera-
tors of H,,(M;) consist of invariant (2k)-spheres and the induced action is
trivial on homology, we have

Sing (T, M;) =Index of the intersection matrix on Hy, (M)
=a(A),

the local invariants

2m+1

L(T,M)= Y, L(T,z), the fixed points

=m0 fi( - (5

kTP
- (1)
It follows that Ys—=0¢(A)/82; and the Atiyah-Singer invariant
k(142 \2
o(Ty4 2= le( 1_tai> _G(A) .

This proves the [Theorem 1.

Proor oF THEOREM 2. By (1), (2) in the proof of [Theorem 1, there is
a normal cobordism F: V,— L(p) between

(m+1) (L(p), id) Um(L(p, —a, a),cx1)) and L=3,T,.

Since ¢x1: L(p, —ay, ¢)—L(p) is the orientation reversing diffeomorphism,
there is a normal cobordism W, between

(m+1) (L(p), id)Um(L(p, —ay @), cx1)) and (L(p), id) .

Combing these cobordisms Vi, W, there exists a normal cobordism G: Vy—
L(p) between (L(p), id) and (X,/T4 f) completing the proof of [Theorem 2.

NoteE 1. Clearly, we can take W, such that the intersection form on
H,(W,) does not affect that on Hy(V;). The intersection form on Hy (V)
is the same as that on Hy(M,), i.e., o(Vy)=a(M)=0(A), because Hy(V;)=
H2k(vl):H2k(M) Ve=ViUW..
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Note 2. For any i&Z, we can take a unimodular, evep, symmetric
matrix with index 8;. So, we can take it as A for the above normal co-

bordism (G, V,). Then, we can derive (iii) of Theorem 13 A. 4 for the
case of a cyclic group =.

CoroLLARY 3. The transfer t: L{(Z,— Ly(1) is onto for any integer p.

3. Effects on the action

If one fixes the rank of a unimodular, even, symmetric matrix, by (%)
in § 2, so many “Weintraub’s actions” are constructed. We consider these
actions under the calculations of Wall groups L{(Z,)(c=h,s).

THEOREM 4. Suppose that p is any odd integer or 2, 4 and 6. Let
A; be a unimodular, even symmetric matrix for i=1,2. There is a free
Zy-action (T'y, X,) as in Theorem 1. Then, X, /T 4 is h-cobordant to X, /T,
if and only if 6(A)=0(A,). In particular, X,/T4 is h-cobordant to L*~'(p)
if and only if ¢(A)=0.

The following is an immediate consequence of the [Theoreml since
Wh(Z,)=0.

CorROLLARY 5. Let (T4, 24,) be a free involution on a homotopy sphere
Sor i=1,2. Then, (T4,24) is equivariantly diffeomorphic to (T4, 24) if
and only if o(A)=0(A,). In particular, (T4 3,) is equivariantly diffeo-
morphic to (a, S*Y) if and only if ¢(A)=0. Here, a is the antipodal map
on the standard sphere S*1.

We quote the of Wall [4]. Let R(Z,) denote the complex
representation ring of Z, Using the ideas of Atiyah-Singer, we can define
a homomorphism called the “Multi-signature invariant”

o: Li(Zy)

R(Z,) by setting

p(tt, x) = trace tilHZk(Wh—trace i sz(W)_ , i=1,--.,p—1.

Here ¢ is a generator of Z, and z=6(F, W) Li(Z,), where
F: Wt L#*=1(py X I

is a normal map. In this case, the following alternative formula is deduced
from the definition

~

p(tt, x) =a(t, 0, W)—a(t, B:VW), i=1,-,p—1.

Tueorem (Wall). Suppose that p is any odd integer or 2,4 and 6.
Then, the multi-signature p is injective on the summand Ly(Z,), where
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LS*(Z;)/ is the reduced Wall group.
The proof is seen in [4, Theorem 13 A. 4, (ii)] and [5].

Proor OF THEOREM 4. We have a normal cobordism between (L(p), id)
and (34/T4,f;) as in [Theorem 2. Denote the normal cobordism by Y;
for i=1, 2, respectively. By note 1 ¢(¥;)=0(A,). Put X=Y,U —Y,. Then,
there is a normal cobordism F: X— L(p) between 3, /T, and X, /T,. Set
the surgery obstruction of F

z=0(F, X)eL}(Z,) .
For the multi-signature of z, it follows by that

P(Tj, x) = 0( 511’ ZAI) _O'(T)];za ZA)
:G(Al)_o(A2>’ 1:1,,P—1

If ¢(A)=0(A,), by the above [Theorem|, x lies in the summand Ly(1)C L}(Z,).
Hence, x is written myy for some me&Z, where yz is the regular representa-
tion of Z, Taking a p-fold covering of z, it follows that z=0(F, X)=pm.
Since 0(F, X)=0(X)=0(Y)—0(¥) =0, m must be zero, i.e, O(F, X)=0.
Hence, 3, /T4, is h-cobordant to 3, /T,,. Conversely, if 3,/T,, is h-cobor-
dant to X,/T4, then the Atiyah-Singer invariants of these must agree.
Hence, from our computations in (Theorem 1, ¢(A,) =o¢(A,). The rest
of the follows from the fact that the Atiyah-Singer invariant of
k ai \2
L(p)=L*1(p, ay, -+, ay, @y, **, a) 1s ﬂ( 1—I_—iat> .

1=1

ReEMARK 3.1. According to the method of Theorem 1, we have a
plumbing manifolds with the plumbing matrix P,, (see Proof of [Theorem 1.
If we concentrate on the boundary, i.e., on (Tp,,25 ), 2p,, is S¥*°! ob-
tained by attaching S?7!x D?* to D% x $%~1 by means of

¢(z, 2/)——’<x, u(x) y) on S%-1x S2k—1

where u: S?*"1—S0O(2k) is the characteristic map of the tangent bundle
z of S%. ¢ makes sense for y&D? and hence extends to an equivariant
diffeomorphism of S%*~!Xx D% onto itself.

Thus (T, , 2p,,) is equivariantly diffeomorphic to the linear Z,-action on
S#=1 which induces just L*~(p, ay, -+, ay, ay, **+, ax).

4. Lopez’s involutions

P. Orlik and C. P. Rourke proved the following theorem using
Lopez’s construction.
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THEOREM. For each i there exists a homotopy sphere Xi*~', bounding
a parallelizable manifold M,;, and an involution T; such that

(T, 2) =a(M,;) =38i.
First, we show that X;/T; is normally cobordant to the standard pro-
jective space P#*~1(k=2).
LEMmMA 4.1. There exists a normal cobordism X, between P* ' and
3JT; so that ¢(X,)=8i.
This lemma depends only on the proof of the above theorem if one
takes care of normal maps. So, we sketch its proof for the necessity of

recalling the Lopez’s construction. We use the same notations as [2]. It
is sufficient to prove the case i=1.

Let Ty: S*~1—5%~1 be the antipodal map and W=.5*"2§4(S5%~1 x §2-1)

be a characteristic submanifold of S*~1, 7.e., S¥* 1=V UT, V,z VNnT,V=W.
Since W/T and P*~2 are characteristic submanifolds of P*~1, there is a char-
acteristic cobordism Y joining them so that S#* 1x [=X*UTX*, XN TX=Y
and dX=VUYUD* . If F: Y—P*"2is a normal map, then F: ¥—St-2
extends to a normal map G: X— D% 1,

Let {ay, -+, as, 1, -**, Ps} be a standard basis for Hy_;(W) chosen so that
a;=Ker {iy : Hy_;(W)— Hy_(V)} and B;EKer {ix: Hy_1(W)—Hy,_(T,V)}.
Choose new generators aF =p;;a;+q;;5; i=1,--+,8. The matrices P=(p;;)
Q=(g;;) are given explicitly in [1I]. So, we perform surgery on the

af =Ker {f* : Hy ((W)— 2k_1(S4k_2)} ,
obtaining a normal cobordism h: A—S*%"2 between f: W—5%-2 and a ho-
motopy equivalence K—5*%~% Then, they showed that VU A is a (4k—1)-
disk. Thus K is a standard sphere. Attach a disk D 01:1/ VUA so that
VUAUD is a sphere bounding a 4k-disk B (see Figure 1). %he normal
mzr;) (GIV)Uh: VUA— D% 1 §*%-2= D%-1 extends to a normal map
H: V%AUD———»&(E‘*’“IXI). Again, H extends to a normal map H: B—

D#¥-1x ] Combining with G, there is a normal map

G: XUB
14

D1 D#—1y [—=D#—1y [ k=1

Put B=XUDB. Let B'* be another copy of B'. We obtain a parallelizable
v
manifold M’ with a free involution 7', M’=B U B'*, glued on (7, ¥). Then,

%)
M'|T is a cobordism between P*~! and a “Lopez’s involution X,/7;”.
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Fig. 1.

Let 7, be the normal bundle of P*~2 in P*~1 and »y the normal bundle
of Y in M'/T. Then, dE(pp)=S%*"2 3E(p)=Y and P*-1=E(yy)UD*" 1,
M |T=E(py)UB'. Since F: Y——P*~%is a normal map, the same is true for
E(F): E(py)—E(ys), because yy is the pull-back of yp. Now, G: B'— D1
is also a normal map. Hence, M'/T defines a normal cobordism between
P#*=1 and X,/T,. For the rest of the lemma, the boundary (7%, S*~!) of
M’ bounds a disk D* with the antipodal map. Put M=M'UD#%*. Then,
M=B LI}JC %B*, where C is the standard (4k)-disk with boundary S#—1=

VUT,V. Then, it has been shown in that ¢(M')=0(M)=S8.

Consequently, we can say that in general case (7}, 2;) bounds an M;
which admits an involution 7" with only one fixed point, and if we remove
the interior of a disk D of the fixed point from M;, then M;-int D/T is
a normal cobordism between P#~! and X;/T; so that ¢(M;—int D)=8;.

THEOREM 6. Suppose that p=2q (q=1). There exists a free Z,— action
T, on a homotopy sphere X,EbPy which satisfies that: If we restrict
this “Weintraub’s action” to the Z,-action on X, then the above “Ldpez2’s
involution” (T, X;) is equivariantly diffeomorphic to (T4, 2,) for any q.

Proor. By Lemma 4.1, there is a normal cobordism X, such that
o(X)=8i. Let F;: X;~—P* ! be a normal map between P#-! and 3,/T..
Then, the surgery obstruction of F; is
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(1) 0(F) = (a(X)), o(R)) = (8i, 8) € Ly(Z) .
This follows from the fact that
20(X)) —o(X) = I(Ty, 2)— I(a, S* 1) =8i .
Take a free Z,-action T, on X, from such that ¢(A)=8: (for

example, a direct sum of i-copies of the well known (8 X 8)-matrix E). By
Theorem 2 and Note 1, we have a normal cobordism (G, Y) between L(p)
and Y,/T4 such that ¢(Y)=0¢(A)=8i. Since the Atiyah-Singer invariant ¢
and the Browder-Livesay invariant I agree for involutions, so if Y? is the
g-fold covering of Y, so that (G, Y,) is a normal cobordism between P#-1
and X ,/T9, then it follows that

(2) 0(GY) =(a(YY), o(T)) = (8, 8i) Lu(Z) .

From (1) and (2), there is an h-cobordism between 3;/T; and X,/ T¢ (note
that 3,=0(A)/83;). Hence, (T}, 3;) is equivariantly diffeomorphic to (T, 5,).

REMARK 4.1. We have the analogous results for lens spaces L#~1(p,
g, e, ak) instead of lens spaces L4k_1(Ps ay, 5 Aus Ay, +++, ap).  Let {ab Tty azk} be

2k k
any collection with (a;, p)=1 and b an integer which reduces to [] ai/ [1a
i=k+1 ! §=1

mod p. Let b reduce 5! mod p. Instead of P,., we use the following
matrix due to S. Weintraub.

r2b 1 )
1251 0
26 1
1261
Pon(b) = 10 1
1 —261
1 —2b
0 —2b 1
\ 1 —25)

Then, we can construct the bundles with Z,-actions E., E. and E, which
have the Euler classes congruent with +2b, +25, 0 mod 2p accordingly.
The results follow similarly.
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