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On a parametrix for the hyperbolic mixed problem

with diffractive lateral boundary 1II

By Taira SHIROTA
(Received July 11, 1979)

§ 1. Introduction.

In the previous paper ([5]) we proved that there exist parametrices with
a loss of 1/3 derivative in a neighborhood of a fixed diffractive point for
second order normally hyperbolic mixed problems with boundary conditions
more general than Dirichlet’s or Neumann’s.

The aim of the present paper is to give examples of the mixed problems
with such general boundary conditions mentioned above, which may appear
in classical Mathematical Physics in a natural way. Namely, we consider
the equation with given initial data at £=0

(1.1) Ou=pdu+Q+p V¥ u) for t =0

where u="%(uy, u,) is the displacement vector and 2, g the Lamé parameters
of the medium which occupies a C*-domain £ of R?. Denote the stress-
strain components by

ouy ou
axj axz

Gij:MV'”) 52’;“*‘#( >, ,j=1,2

and let

(a(X), _b(X>>eO(2)
b(X),  a(X)

which is a C*-cross-section over 9£2. Now we impose the following mixed
boundary conditions :

| a(X)u(X)—b(X)uy(X) =0,
|5 (6(X) 0u(X)+a(X) 0(X) m(X) =0 on 22

k=1,2

(1.2)

Here (ny, ny) (X) is the unit inward normal at X=(x;, 2,) €02 (see [14]). Our
boundary conditions mean that for any boundary point X they are rigid
in the direction (a(X), —b(X)) and are free for the direction (5(X), a(X)).

To make (1.1) a normally hyperbolic system we must assume that
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(1.3) p>0, 2u+2>0 and p+4+#0.
On the other hand the quantity

o 5 3B

is invariant of #, but we can’t consider in general it as an energy norm,
because in general domains it is not always positive definite for test functions
« with the boundary conditions and does not dominate the norm [|«||; even

if _8(% is replaced by yu; for y>1. Furthermore it will be not easy to find

such a suitable norms, in order to show the existence of solutions to the

problem. Fortunately our results in [12], and are applicalbe to the
problem and we shall show in section 3 that it is well-posed.

About the propagations of singularities of solutions it seems to be an
open problem to decide precisely the lateral wave on the boundary of our
mixed problem even in a neighborhood of a gliding point (see [3], also [1]
and [11]). In section 4 we only apply the result in to the present mixed
problem in order to construct a parametrix for given boundary data in a
neighborhood of a diffractive point.

§ 2. The Lopatinskii determinant.

Let (r,&,&,) be the covectors with respect to (¢, x;, x,) and let Q=
(A+ )Y (22— (&+&) ). Then the characteristic polynomial of (1.1) is the
determinant
Qz— %’ _5152
—&&, Q&

Therefore the zeros of (2.1) in 7 are

=ple? or (2u+2)E)?

2.1) = Q(Q—-E+9).

corresponding to Q?=0 or Q?=|£|? respectively and hence by (1.3) we see
that (1.1) is normally hyperbolic with respect to ¢.
For an arbitrary but fixed boundary point X° let us consider the follow-

ing transformations 7(x9):
fx= (2 — 23) + ny( 0, — 23) »
| Y= —ny(x;— ) +n(x,+23) and
} V) = Ny U TN Uy,

l Vg = — Nally+ Ny Uy
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where

n=(ny, ny) = (nl(X"), nz(X°)> .

Then setting V :t<—a§:—g, 66—2/> we have that (1. 1) is invariant and (1. 2) becomes
at (z,9)=(0,0)

Avl_‘sz = 0 5
(2.2) 0V, 0v, 0, 0, 0V,

B{2< ox + oY >—|—2,u ox }+A/’¢< oy + ox ):0'
Here

A(XY) = a(X0) 7,( X9 — (X ny(X?)  and
B(X") = a(X°) ny(X9) +b(X°) m (X°) .

Therefore the characteristics of boundary operators for freezing problem is
the determinant

A , —B
B@2u+2) &+ Apo, Bioc+ Aps

which is A?p+ B*2u+2)+0 for (& 0)=(1,0). Here (§,0) is the covector
with respect to (x,¥). This means that the boundary operators are non-
characteristic with respect to the boundary surface {x=0}.

According to Hersh ([4]) we shall calculate the Lopatinskii determinant
for the freezing problem (1.1) in =0 and boundary conditions (2.2) on
x=0.

From now on, in order to use the same notations as in [5], after co-

(2.3)

ordinate transformation let the last component of the coordinates coincide
with normal one. Therefore we shall rewrite (z,¥, &, 0)=T*({x>0}) by
(y, x, 0, &), but we shall keep the order of (v, v,).

Let A%, =(¢122—6?"2 and A5 =((2u+A)~122—6?)? be the roots of (2.1) in
g, where (0,&) may be identified with (£,,&,), Im7z<0 and Im 2}, (i=1,2)
are non-negative. Now we take two vectors

Wi=%o, —2) and W,=2}), )

as null ones of the matrix in (2.1) according as the cases Q?=0 and (=
a*+¢&? respectively. Then we see that the determinant

(Wi, Wl = 24 2 + 0

is zero if and only if z=0. Denoting by B(os, &) the matirx in (2. 3) we see that
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B(0, 2% (z, ) Wy = (Ao+ Baty, Apo*+2Bualy— Apdsy),
B(s, 1t (s, o)) Wy ="(—(Bo— AZy), {B(2u+7) X + Apa} 7t
(2. 4) +{Bio+ Apty} o)
="(—(Bo— AZy), Bio*+2Apal
+B2u+2) 1) -

Then the Lopatinskii determinant for z0 may be considered as

Ac+ B}, , —(Bo—Axf)

Z| = 2 |-
o Apc®+2Bueidly — Aplly, Bie*+2Apeily+ B(2u+2) Ak

The term containing AB in | <] is
Ag-(Bio*+ B(2p1+2) 2+ Bit - 2 Apoil
+ Bo-(Apo— Apity) — Axb - 2p0 )
= ABo 10>+ (2p+2) X, + 20l 2
(0 — puly) — 2128 X))
= ABo((A+1) o*+(2p+2) X — )
=0.
Thus we see that
|| = Ac-2Apaity+ Bl (Blo* + B2+ 3) %)
+ Bo-2Buoily — Axby (Ape®— Apldd)
= A2 28 (20— o+ ) + B2y (At 2u0 2+ ) B
= (A2 + B ) 7.

On the other hand, at =0 the roots A%} and 4}, are equal to 7|g],
therefore we must take another base (Wj, W}) which are generalized null
vectors of the matrix in (2.1) with &=i|s] and & =0. Then the resulting
Lopatinskii determinant is equivalent to the limit |&]|-(4f)—2)™* from 0.

Thus we obtain the following

LeMMA 1. The Lopatinskii determinant for the freezing problem at

the boundary point X° is equivalent to
(2. 5) A2+ B2
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for every t with Im r<0.

By the analogous calculation for the free boundary conditions

(2. 6) 21 6any =0 (t=1,2) on 02,
2

k=1,

we have the following

LEMMA 2. For the problem (1.1) and (2. 6) the Lopatinskii determinant
s equivalent to
(2.7) 4pPa® 1) Ay +(c* — 2pa®)?
for every  with Im r=<0.

Here we remark that for n=3 and for the free boundary case the
Lopatinskii determinant is equivalent to A},-(2.7), where o=(£,&,) are the

covectors with respect to tangential components, ¢*>=&+& and the A5 (r, o)
are the solutions of the corresponding characteristic equation in &.

§ 3. The well-posedness for arbitrary C -domains.

First let 2 be a domain with C®-compact boundary. Then for an ar-
bitrary but fixed point X° of the boundary and for some neighborhood U
of X0 there is a coordinate transformation 7" from U to a neighborhood
V of the origin such that

TUn2cvn{z>0},
(3.1) T(UN2)cVN{x=0} and
T(X)=T(X)+(0,s)

where T'((x;, z2)) =¥, 2), X=X +sn(X') and X' €.

By results of [8], to prove the L2-well~posedness of our problem, we
may only consider the freezing problems whose equations are just (1.1) for
x>0 and the boundary operators at x=0 are (2.2) with A=A(X) and
B=B(X) uniformly for X€o2NU. Therefore from Lemma 1 it follows
that the Lopatinskii determinants are L(X, r, 6)=A(X)2}, + B(X)?23, for any
7z with Im z=0.

Following the previous paper [13], for example we represent A%, as
follows : for = near =+ o] let

_[z'—x/plof for Ret>0 and
_lr—l—«/ﬁlal for Rer<0,

then
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L _ J F LRV e A o) V2 for Rez>0 and
&) l iic1/2#—1/2(_7+4p|01)1/2 for Rer<0.

Analogously we do also with 45,. Then we see easily that L(X% 179 ¢% is
zero if and only if

i) B(XY=0 and A1%(%d) =0 (a°#£0),
or
i) AX)=0 and 2i(%¢")=0 (a°#£0).

Here we may consider only the first case i). Let X° be a point such that
B(X%=0. By the implicity function theorem we see that for z,>0, for
X near X° and for (z, ¢) near (°, ¢

L=L(XT,0)(T-D(X,0)),
L(X,V¢,0)#0, D(X% 6% =0,
(3.2 D(X, o) is real and non-positive if 2u+2>p,

(3. 3) D(X, o) is pure imaginary and has a non-negative imaginary
part if 2u+2a<p.

Thus our conditions in (see also [12]) are satisfied in this case.
Analogously we see that in other cases also they are valid. Here we remark
that for X near X° B(X)=0 if and only if D(X, ¢)=0.

To prove the well-posedness for our problems we shall consider the
reflection coefficients of the problems. Let v(z, %, ) be 2-vector to which

u in (1.1) is transformed by 7(X) (X&U) as in the previous section, y >0,
let

w = (IDi—ir*+ID, ) "o, wy=Dyv
and let
w="w, ‘w,).
Then (1.1) and (1.2) are reduced to the following :
3.4 [ Pw = (EDw——A(x, Y, D, Dy)> w=20 for >0,
l Bw=0 for =0.

where A is a 4 X4-matrix of classical pseudo-differential operators of order
1 and B is 2 X4-matrix such that

A=A(T-@,2), B=B(T"{2),
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B A , —-B, 0 , 0
N Apd, Bid, B@2u+1, Ap ’
¢ =o-(|z*+[0?) ™" and
t=§&—iy with >1.

Here we remark that for =0, the principal part of A(y, x, D,, D,) is in-
dependent of (y, x) and denote its symbol by A(r,s). Hereafter we shall
use only normalized covector (7, ¢’) near (%, ¢") and without confusion we
shall also denote them by (r,¢) in this section.

Furthermore let A =1(tW,, A5, - W), hi ={(tW,, 2, -tW,). Then A{ and A
are the eigenvectors of A(r, ¢) with the eigenvalues 1%}, and 2{;, respectively.
Analogouoly if we replace A5 in W, and W, by A;, respectively, we obtain
the eigenvectors h; and h; of A(r, o) with the eigenvalues 45y and 4, respec-
tively. Therefore set the 4 X4 matrix (hf, b5, A7, hy)=.S, then we see that

+
2(1)

S 1Az, 0) S= @

BS=(V{, Vi, Vi, Vy) and |VT, Vi =[<].
For (X, z, 0) near (X% 9, o) let
(6:5(X, 7, 0) = (Vi VH) ™ (VF, V5) -

Then from the results of (see also [12]), it follows that our problem is
L2-well-posed if and only if for (X, 7, ¢) near (X" 7% ¢°) (X<0£2) and for some
positive constant C

@ [Bul =|IVEL Vil 27| < G Im 222 (Tm J |21 25— 2|
(8 1Bal =|1Vi, Vi1 1217 < O t{Im 2] [Im 25,V 2y — A

() 1bal =|IVE, Vil- |27 < G Im 25| V* Im 25|24 — & | and

(8) (bl = |1 VT, Vi |- 12]7!| < Crt[Im 25 [V [Im 25 V? | Ay — |

where t=§,—iy, y=0 and r<1.
To show these inequalities, we first remark that for { with Im {<0 and
for some positive constant C
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Im 25 ~Im v,

|| = Cy|Re| and in fact
=GV,

r=|Im¢| =2|Re|-|Imv¥{| and

(7 if 2u+i>p,

11 i 2p+i<p.

(see [13], (3.2) and (3. 3)).
Now we consider the case where 2p41>p.

From (2.4) it follows
‘ & ="(Ao+ B, Aps®+2Bpoi,— Auls),
Vi ='(—Bo+ Ak, Blo*+2Apeitsy+B2u+2) 1) .

=
Im 2(1) ~

3.6

Hence by the same way as one derived (2.5) we have
‘V;, V;-l — (Azl?é) —i—le?(_l)) 72 and
lViF, Vz—l == (A22(_2)—}—BZZ?1)) Tz ,

whose absolute values =|AZ%1f,+ B%*1f|7% because of arguments of 2%, 1%,.
Therefore (3.5) implies (@) and (0). Furthermore since

Vi, Vil ~ 2 — | (OWT)+0( B)) and
considering arguments of A, and 1%, we see that
| Bl ~|B| |25|V* = | A2+ B 4|2,

for 24, #0. Hence we have (8).
Finally using the relation A%, + 13, =0 we have

\V#, V| =245, ABe2~B.

Therefore in the same way as above (3.5) implies (7).

In the other case where 2p+21<p, analogously we obtain the desired
inequalities. Thus we see that freezing problems are uniformly L?-well-posed.
Furthermore in the case of (3.3) the simple real roots A, don’t exist for
real = and hence we can construct a tangential symmetrizer of the problem
(3. 4). '

Furthermore from the forms of (1.1) and (1.2) it follows that our pro-
blem is reversible and if initial data are of C*®-class and satisfy the compati-
bility conditions, there exists a unique C%-solution of (1.1) and (1.2) for
an arbitrary domain £ with C*-bounded boundary.
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Finally we say that the boundedness of 02 in the above considerations
may be removed. Here we remark merely about the local uniqueness of
solutions to our problem, which is obtained by the usual method using the
Holmgren transformation ¢ =t-+¢¥? 9 =y, 2 =x near the origin. In fact,
then we have only to replace (r,0) in the above calculations by (z, 2¢yc+0)
and by the a priori estimate thus obtained we have the local uniqueness
near the origin.

§ 4. The existence of a parametrix near a diffractive point.

Let (X% 7% 6% be the point fixed in the section 3 and we assume that
(2% X9, 7% ¢%) is diffractive with respect to (1.1) and 2. By the transforma-
tions stated there and giving boundary data we may consider (1.1) and (1. 2)
as follows :
P(X,D)v=0 for z=2,=20,
(4.1) B(X,D)v=g for z,=0 and
the data ¢ and v =0 for t =2,<0,

where X=(t,¥, x) is also denoted by (xy, 1, x,), P(X, D) is the 2 X2 matrix
transformed from (1.1) by 7(X) in (3.1) previously and

[ (1D%*+1Ds, )" (A(X) v~ B(X) ),

B(X,D)v=
lthe left hand side of the second equality in (2. 2).

Hereafter a boundary point (X, 0) is often denoted by X.

Now it may be restricted to the case i) in the previous section, i.e.,
2p+2>p, B(X)=0 and 2% (X% £)=15(€")=0. Here let & =(&, &) =(* a%
with §>0 and let the 13 (X, &) (i=1, 2) be roots of the characteristic poly-
normial of P, which are equal to A%, (¢') when x,=0. Hereafter we consider
mainly (X, &) near the diffractive point (X% &%). Therefore 2%(X, &) are
real for real & and 2% (X, &) can be represented as follows: for ¢ with
Im £ <0,

(X&) = X, &)TVTHUXE), WI=1)
(X, &) >0,

C=6— (X, &) (€ =¢),

t=(X, &") is real and

AX,&)=0 for z,=0.

Then we see that the characteristic polynomial
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Py(X, €)= ((52—2()(, 5'))2—#()(, 5')) .(non-zero factor),
(X&) =20(X¢) (X, ).

Furthermore the diffractiveness at (X° &%) means that

(6—2(X,8), p(X,€&)}>0
if 52:2(X, S’), #(X, S,):O and xzzo.

Now let ¢o(X’, %) be the phase function mentioned in the previous paper
’ i- €., fOI' x2:0

2
0(X, 77')—"3“()()(,7)’)3’2+%a3/zl77’[ for «a=0,

SDO(X’ 7)=
H(X 7) for a<O0.

2 . .
Here ¢.(X, 7;’):(04—? 3/2> (X, 7)) are the solutions of the eikonal equation

(9o, =X, 02 = (X, ) =0

for =0 and a=7x/|7|.
Then we see that if x,=0

|21 (0 —V p o) = { A X)+ (62,— p ) + BYX)-

2 (B — 0 02)} (O, — p 02 7|
which is by definition the determinant of the matrix
((BW) (0, ke 380 O —koz)) o (ByW) (02, — ks, 62, kos)
for k=+p.

Hereafter we shall assume that W;&S5?, and often abbreviate X in the

symbols. Therefore for ;=0 and p=0 the determinants

|(B. W, BWy)| = {A*(X) 0, + BH(X) 25 (62} 62,1717
0
08,
Since 0, =71 (0) for £,=0 and p=0 by Lemma 2.3 of [5] we see that
6.,=0 there. Thus we have that for ;=0 and p=0

|31W1’ B, W, =0 and

3
7, B

(4.2)

(B,Wy)| = A%X) O, |77

B,

(4.3)

B,W,, ———(B,Wy)|Z C,>0.
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Let 3 be a conical neighborhood of (X%&%) on T*(x,=0). Then by
the canonical transformation y=y(Y’,7/) and £€=£(Y’, %) with the generating
function ¢o(X’,7')—<Y’,7/>, 3 is transformed to a conical neighborhood 2’
of the point (Y9 %) such that

0o (X% 7") =&Y, oy (X% 7)) =Y°
and
la] 1.
Now we shall seek a parametrix for (4.1) in the following form: for
a positive ¢<€2/3 and scalar distributions FyE¢ (1Y) and F,ed (1Y)
G1F1(X):Sa(X, £) en @ y(¢)2F,(¢) d§' and
GF(X) = ([ 9 7, B el
L
(Alaly 1*9) " xa(aly )V 2 0 2 Fulof) df
+ (o) ey (aly |t 2Bt
Here a(X,¢) and d(X,7) are 2-vector valued classical symbols such that
a<X, E') ’ d<Xy v’) E’S'(]?.O .

Furthermore y(&') and yx(y) are cut off functions restricting to conical neigh-
borhoods of £ and 7" respectively and L is a complex contour

L I[tle—%‘ for t—>—o0,
lte%i for t—o.

We choose y; and y_;=C*(RY such that y,=0, x_,=0,

x(@)?=1 for ¢>—c, y1(t) =0 for t< —2¢ and
-1t =1—x,()? for some ¢>0.

Finally the function (046;) (X, ) satisfies the eikonal equation, i.e.

(6+63)a,— A(X, 0))"— (X, 6) = 0

for x,=0 and for a]v’le<—%,
0,(X,7)=0 for x,=0.

Hereafter using (4.3) we shall only sketch our consideration to get a
parametrix and treat mainly terms containing x;(a|y'|9) (for the detail see



12 T. Shirota

and [5]).
The construction of G, is accomplished as that of a parametrix for
hyperbolic initial value problem and in fact the principal part (X, &) of

a(X, &) is
a(X, &) =Wy(f) for x,=0.

Since W=, o) is a right nullvector and also a left one for PyX, 7,0, 4)
if x,=0, extending it for x2,>0 we find a null eigenvector

Wa(X, 0=+ ppo) = W' (X, of) =V o W (X, %)

for Py(X, 6,—+ p ps), where W’ and W” may be considered as elements €.5,
and €57y respectively.

Setting ¢o(X, v/, k) =(do(X, 1) —keo(X, 7)) Wo(X, 0, —kp,) and solving the
scalar solution dyF+ pe, of the transport equation in p=0 and extending it
for the domain {# <0} we get the desired term of order 0. Then for /=
1, 2, --- setting

0 X, 7, B) = X, o) — kR (X, of )+
+(di(X, of ) —kei( X, of)) Wa( X, 0,— Ros)

where ¢2(X, 7/) TV phd(X,7) are special solutions of Py(X, 80,7+ pp.) (03(X, 7)F
Vohd(X, )= the 2-vectors respectively which are defined by ¢;(X, 7, k) for
j<1i, we solve sucessively the transport equations for d;F+ pe; in p=0 with
given inital data d;(X,7) on the surface p(X,7/)=0. (see [9]) Here we can
take d;, and ¢, such that for z,=0

d,Z0 and e = O<a°°[7]'{—1/3> - (see [2]).
To seek (Fy, Fy) such that for g with WF(g)c2Y and for x,=0
B((GFi+G,F))=g  (modC™),
we shall calculate the symbol of
B(X, D) SL 00X, 7 B) e+ g

Since we have for x,=0

B,(X, 0,— ko) 9.(X, 7, k) = Ci(X, 7)
+Co( X, 7)) k+(R2—p) b(X, 7, k),

where for a=0
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CiX, ) = Bi(X, 0,) do( X, 1) Wy(X, 6,) and

0
G (X, )= <—sz) —ag (B W) (X, 6,) dy
'—Bl<X’ 0.70) WZ(X’ 0.1') €

we can write BG,Fy(X)l,, -

= ({06 1) A0/ A (alof 125) + ica(X. o) A (o) Al )}

x ey (alif 1) 2 0f 2 Foly) i .
Here

& (X, 1) = CUX, of)| _,+0(aly]) mod ($%,) and

a=0

do(X, 1) = G(X.of)| _,+0(al7 *5)  mod (Si3%).
Obviously

BG, Fi(X)lz,=0
= [(BWi) (& 27 6 &) e (P FE) & mod (L.
Now for z,=0 let @ be an elliptic Fourier integral operator
@V)(X) = [ (X, ) V(Y) dY df
where ¢(X',7)ES8?(R2X R?0) and is positive and let @' be the inverse
elliptic Fourier integral operator such that
Q0'V=V  (mod C)

for any Ve (I12) such that WF(V)C 2.
Then we shall consider the following problem: for x,=0
01

(4. 4) 0~ B(G,0(07'F)+ G, F,) = 0~ (g
2

) mod (C*) .

Here if the cut off functions are neglected, @1 BG,® and @' BG, are pseudo-

differential operators with principal symbols such that for X=X(Y’, 7/), 2,=0
and for a|7|*>—2c¢

(BW)) (02 245 (6)) +0(al1)
(B, W2 (62) do( X, of) +0 (alf |)
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e oo (B 0 do( X, )

B, 02 eo(X, ) +0 aly 1) o

whose determinant is just

(IB1 Wi, B, Wh|dy+0 (ahy']2>> —i<Px2lB1 Wi, 2z (By W) ldo

rs) ). A (el %)
+0(al7| ’>>' Aéfl',f,,’z,a))

since ¢, can be taken as 0(a™|y|~Y3).

Next we extend the above symbols except those O(a|7'|) and O(al|y|¥?)
over the whole space RZX R®\0 such that (4.3) is valid and for sufficient
large X' they are independent of X' and |[B,W,;, B;W,/<0. Here and in
(4.6) let us regard the symbols O(a|7|*) as those multiplied by a cut off
function 0(X') ¥i(a|7|*) ¥ () such that 6(X')=1 on O, WF(g)COC=z(3) and

85

@7 (f)=1 on supp (1.(t) (7)) -

Then (4. 4) with extended symbols defined above are rewritten with obvious
notations in the following form :

@5 (%%gﬁ+%”K)(E _«dl
' 92, gP+gP K| \ F, ga)

Here (g g —g{” ¢5")| D} |* is elliptic, ¢ (98 + 98 K) — 9 (91" + 95" K) has the
property mainly considered in which we denote by Q; and Q, respec-
tively, o(K)=A'(a|y |3/ A(a|7/|¥®) modified suitably outside supp (') and all
of other symbols €S§,_.,..

Let, for example, ¢’be the symbol of ¢{’ when a=0. Setting g5’ =
G* +0(a|y|) near X', we shall consider the operator

(2) /11/3 __ D /11/3
( 957 | Dy | V3, 95" | Dy

WO Nige g

)(&ekﬁhmﬁsﬂe&(&@)

whose principal symbol near 2" is contained in the matrix
( Q+0(alyf12), (G2 g5 —ds> g2) 1of’ |3 4-0(aly 3 40 (al [*9) U(K))
Olaly1®)  , Qet(0(aly[9)+0(aly [¥%) a(K)) .

From (3.6) and (4.2) it follows that (¢ gi® — g5 ¢2) |7 |V is
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\(Bl Wo) (02), ’aag (B, W) (6.2)| 2 o, (— 1) |7 |2

—Bs, A
:| . (02)- i 02, (=)' [* mod (S1_...),

Bids, 2Aud

whose absolute value
< Gdo/Blly/'|-dl7'| and |BPy'[* < G||B,Wy, B,Wi|
< GGV g —gi” gi°|  for [n"|>1.
Moreover we see that ¢(K)=0(|5/|¥%). Hence by the same way as those

in we have that for some C;>0 and for some 0(0< 0< %)

(4.7 Re(—e"(4.6), {F, F)) = Go(|IF et IIFl )

if |7/1>1, e<1 in all of symbols contained in (4. 7), 0<0<dy<1 and (F, F)=
(@71, 1 ).

To derive the same a priori estimate as (4.7) in the region where
aly|*< —c we first remark that it can be taken as follows: for x,=0

d(X9 77,) = do Wz(ax"l'alx) ’

0.1:2 (X’ 77,) = (X’ 77,) a,

w(X,0.) = (X, ) e, a>0 and

01(X, 77,) = ix2<a2(X, 7/)!6(])1/2—.’132(11(){, 77,) (44
(see and [5]).

From these remarks it follows that for a<<0 and for z,=0
Or,+ 01,0, = i (X, 7)lal )" = i (p(X, 0.))"
= iV|plpz, + 0@

for 0%—4/;,0%:(/1()(, 0.))2 if p=0.
Hence we have that for a0 and for x,=0

B 1 W2 (0.1: "I— 01.19)

= B0 W0 +0 oty ) +{[ - BV 0 (~ie)+

+0(aly )} (o]
Now we replace @~ 'F; by y_,®7'F; in (4.4) and @ !BG,F; by
0= BJd(X, ) e 12 2 Pl ) df



16 8 . T. Shirota

and extend symbols as in the case aly'|*> —2c. Then we obtain the similar
equation to (4.5) where

U(K) - _‘/m ES%/EW and (F1, FZ):(X—I@—IFI, X-1Fz) .

Therefore by the same way as the previous case we obtain also (4. 7).
Adding up the bilinear forms (4. 7) obtained above where the (£, F;) are

(1 @1 Fy, 31 Fy) and (x_ @ 'Fy, x_1Fs) respectively we see by the usual method

that for (4.4) with symbols suitably modified and without y(¢')? and y(7')?

Co(I1Fd o+ 1 Fullsis) = (1164lua+ 192l s)

for some Cy>0 and considering the conjugate form of the bilinear one
obtained above and using the ellipticity of Q, we have the solution of the
extended equation (4.4) without yx(£¢')? and x(y)2. Furthermore we see that
the extended operator in the left hand side of (4.4) is hypoelliptic (see [5]).
Therefore we have the desired solution (4.4) mod(C*). Thus we get the
desired parametrix and hence obtain that near the diffractive point there are
no lateral waves propagating on 92 from it.

Finally we say that under the free boundary consitions the construction
of a parametrix is more direct, because in such a case even if the Lopatinskii
determinant is zero, the corresponding D(X, &)=0 or this determinant has

only simple real zeros for elliptic region, i.e., |&'|>|&]| (see and
[16]).
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