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1. Introduction

The purpose of this seugence of papers is to study and to apply G-
functors. The concept of G-functors was introduced by Green during
the study of modular representation, particularly a relation between Brauer’s
theory of blocks and Green’s theory of indecomposable modules [9], and it
was quite useful for the arrangement of many concepts about representation
theory, cohomology theory, etc. Some interesting examples are found in
[10], §5. Afterward, Dress defined the concept Mackey functors which
are generalizations of G-functors and applied them to some fields (Dress
[31, [4], [5). Lam’s theory also seems to contribute to their theories. These
concepts are frequently used rather in equivariant topology, theory of bilinear
forms, etc. than in finite group theory itself.

Now, let’s observe first the character ring of a finite group G. It is
well known that the following theorems about induced characters play im-
portant parts in representation theory.

M) If H, K<G and acch(H), then
abx = Dl dlmo k™,
where ¢ runs over a complete set of representatives of H\G/K.
(F) If HLG, asch(H), =ch(G), then
o= (a B .

The first formula follows from the Mackey subgroup theorem. The second
means essentially the same fact as the usual Frobeniud reciprocity. See,
for example, [16], Th. 2.1, A, B. It is surprising that the formulas (M)
and (F) appear also in cohomology theory of finite groups ([2], Prop, 12.9.1;
[19], Prop. 4.3.7). The formula (M) is usually called the double coset for--
mula. Furthermore the following holds in this case.
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(C) If HLG, A is a G-module and a= H*(G, A), then
ar =|G: Hle .
See [2], §12.8 (6), [19], Cor. 2.4.9. The character rings do not satisfy (C).

Abstracting these formulas, Green defined G-functors and proved a
transfer theorem ([10], Th. 2 and Th. 3.5 in this paper). His papers show
how to use the formulas (F) and (M). But there is still room for growth
in his theory. Using his theorem and the isomorphism H™%(G, Z)=G/G,
we have some transfer theorems for finite groups, for example, it is proved
that if a finite group G has an elementary abelian Sylow p-subgroup P,
then PN G =P Ng(PY. But by his theorem, we cannot prove not only
Wielandt’s theorem ([1I], Th. 14. 4. 2, [12], Satz 4. 8. 1) but also D. Higman’s
focal subgroup theorem ([8], Th. 7.3.4) and Burnside’s theorem {[8], Th.
7.4.3). See Example 6.4, Remark 6.2, and §1.

In the present paper, we try to generalize these theorems to cohomolo-
gical G-functors. It is lucky that we can apply the method which has been
developed to prove many transfer theorems in finite group theory. In Sec-
tion 2, we define G-functors and give some examples. In Section 3, we
prove a generalization (Theorem 3.2) of the focal subgroup theorem. In
Section 4, we generalize the concept of singularities which was introduced
in § 3. In Section 5, we treat conjugation families and prove an analogue
of [20], Th. 4.9. In Section 6, we give some easy examples.

Notation and terminology are standard and taken from Gorenstein’s
book for finite groups. The letter G denotes always a finite group, p
a prime, £ a commutative ring with unit. The notation H<G means that
H is a proper subgroup of G (that is, H#G). We shall partially use RPN
(the reverse Polish notation) for maps and functors which is usually used
in finite group theory. The composition f: X—Y and ¢: Y—Z is denoted
by fg: X—Z  The image of an element or a subset or an object A of
X by f: X—Y is denoted by Af, (A)f, Af, or f(A). For a ring {(or a
group) R, the category of right R-modules and R-homomorphisms is denoted
by A r For H, KG, a complete set of representatives of H\G/K is
denoted simply H\G/K if there is no damger of confusion. This set is
not uniquely defined, but it shall be used in the independent cases to the
choice of representatives. The commutator subgroup of G is denoted by
G'. The subgroup generated by G’ and all p'-elements of G is denoted
by G'(p). The abelian groups of linear characters of G is denoted by G

or G". If X is an element or a subset of G and ¢ is an element of G,
then we set X'=¢7'Xg. When G acts on a set V (on the right), Cy(G)
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denotes the set of elements that all elements of G fix. If V is a G-module,
then this set is denoted by Cy(G) or c¢y(G). The socle of an R-module
V is the submodule of V generated by all minimal R-submodules of V and
is denoted by Soc(V). The Jacobson radical of a ring R is denoted by
J(R).

2. G-functors

In this section, we give some definitions about Green’s G-functors and
some examples of them. After this, G is always a finite group, k is a com-
mutative ring with unit, and p is a prime.

DEFINITION 2.1 (Green [10], Def. 1.3 and Prop. 1.83). A G-functor
a=(a, 7, p,s) over k consists of k-modules a(H) (H<G) and k-maps

tK=7f:. a(H}—a(K): a—/aX,
PHZP{I(: a(K)——a(H): B1— B,
o =¢%: a(H—a(H'): ai—as,

for all HKK<G, g=G. These families must satisfy the following axioms :
Axioms for G-functors (In these aximos, D, H, K, L<G; ¢, ¢ €G;
aca(H), pea(K)).

(G.1) af=aq, (@¥)F=aF if HKKZL,

(G.2) Bx=4p Bap=7ppr if DKHLK,

(G.3) (@9 =", a"=a if heH,

(G.4) (a¥y = (2", (8rf = Fuo ,

(G.5) (Mackey axiom) 1t H, K<L, then
'x :geerz/KagHgﬂKK ’

(where ¢ runs over a complete set of representatives of H\L/K. The sum
does not depend on the choice of representatives).

DeriNITION 2.2 ([10], 1.4). A G-functor a is called to be cohomolo-
gical if it satisfies Axiom C:

(C) Whenever HXK<G and p€a(K), f#<=|K: H|B.

LEMMA 2.1. Let a be a cohomological G-functor over k. Let H<
K<G and a=a(H). Then

aKH_‘K: H{a"—‘ Z (agHgﬂH—aHgnH)H-
9EH\K/H
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Proor. This follows easily from the Mackey axiom and Axiom C.
Use the formula

>, |H: HHNH|=|K: H|.

9eH\K/H

DeriniTION 2.3 ([10], 1.3 (G.5) and 1.4 (M); Dress [4], p. 195). Let
a, b and ¢ be G-functors over k. Then a pairing aXx b—c is defined to be
a family of k-linear maps

a(H)x b(H)—c(H): (a, f)l—af(H<G),
which satisfy the following axioms: If H<K<G and ¢g=G, then

P.1) @ fla=dnfu (¢<alK), fbK),
(P.2) (aef)f =af+p (aca(H), geb(H)),
(P.3) a®-f =(a-fn* (aca(H), fb(K)),
(P.4) o= wp* (d<alK), pEb(H)) .

The axioms (P.3) and (P.4) are called the Frobenius axioms in Green’s
paper [10].

DerInITION 2.4 ([4], p. 198). Let a be a G-functor over k with pairing
aXa—a. Then a is called a multiplicative G-functor. Furthermore, the
G-functor a is called a ring provided the bilinear map

a(H)Xa(H)—a(H): (a, f)i—a+f

makes a(H) into a ring with unity for each H<G. Let a and m be G-
functors over k& with pairing mXa—m. Then the G-functor m is called
a (right) a-module provided a is a ring and each m(H) becomes a right
unitary a(H)-module by the bilinear map

m(H)Xa(H)—m(H): (¢, a)l—p-a.

Lemma 2.2. Let a be a G-functor over k and H a subgroup of G.
Then the k-module a(H) is a Ng(H)/ H-module by

a-g: =a(aca(H), gENs(H), §=gHEN(H)/H) .

If furthermore a is a ring, then the action of Ng(H)/H on a(H) preserves
the multiplication.

This lemma is clear by the definitions. After this, a(H) is regarded
as a Ng(H)/H-module by this action if there is no special attention.

DeriniTION 2.5 (Green [10], 1.5). Let a=(a,z, p,0) and d =(d, 7, ¢, o)
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be G-functors over k. Then a morphism of G-functors : a—b is a family

(0(H))g<g of k-maps 6(H): a(H)—b(H) such that
0(H) 75 =150(K),
0(K) p% = px0(H),
0(H) d'% = o360 (HY)

for all H<KK<G and g&G. Assume further that @ and b are rings. Then
a ring homomorphism 0=(0(H))y<e: a—b is a morphism between G-functors
such that each #(H) is a homomorphism of rings (preserving the units).
Furthermore if a is a ring and if m and n are a-modules, then an a-homo-
morphism §=(0(H))g<: a—b is a morphism of G-functors such that each
0(H): m(H)—>n(H) is an a(H)-homomorphism.

We denote by #;(G) the category whoose objects are all G-functors
over k£ and with morphisms as just defined. Let #;(G)° be the full sub-
category of 4 ;(G) whose objects are cohomological. Similarly, the category
of rings 7 ;(G) and the category of a-modules .#, (and furthermore, .«7;(G)°
and /Z¢) are defined. The category A(G), M (G), M, M are all abelian
categories. See Green [10], 1.5.

DerINITION 2.6. Let a be a G-functor over k. Then a subfunctor b
of a is a map H—b(H) (H<G) such that each b(H) is a k-submodule of
a(H) and

greb(L), preb(H), Feb(KY)

for all HKK<L<ZG, geG, B=b(K).

Let b be a subfunctor of a G-functor a. For HKK<LL<G and ¢<G,
let 7%, o'%, % be the restrictions of %, pf, af, respectively, to 5(K). Then
(b, 7, 0, d) is a G-functor.

DerINITION 2.7. Let a be a G-functor over k. Then a quotient functor
c of ais a map H—>c(H) (H<G) such that there is a subfunctor 4 of a
such that ¢(H)=a(H)/b(H) for all HLG.

If ¢ is a quotient functor of a G-functor a, then r, p, ¢ induce maps
7, o, ¢ which makes (¢, 7, g, ) into a G-functor over k.

The concepts of subfunctors and quotient functors are equivalent to
ones of subobjects and quotient objects in the category 4 (G). We shall
give some examples of these concepts.

ExamMpPLE 2.1. Let #: a—b be a morphism of G-functors over k.
Define three maps as follows:

Ker6: H——Ker §(H)Ca(H),
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Im6: H—Im6(H)Cb(H),
Coker 6 : Hi——Coker 6(H)=b(H)/Im 6(H) .

Then Ker @ is a subfunctor of g, and Im  is a subfunctor of b, and Coker 6
is a quotient functor of . These G-functors Ker 6, Im 6, Coker 0 represent
the kernel, the image, the cokernel, respectively, of @ in the category (G).

ExampLE 2.2. Let a be a G-functor over £ and ¥ a family of sub-
groups of G. Let a*(H) be the k-submodule of a(H) generated by all oF,

where aca(X'N H), gG, X&X. Let *a(H) be the set of all elements «
of H such that ay=0 for all Y=X'N H, where g=G, X=X. Then a*
and ®*a are both subfunctors of a. If ¥=1={1}, then a' and a/'a are coho-
mological. See Green [10], 5. 2. (This example was given by T. Okuyama.)

DEeFINITION 2.8. Let a=(a, 1, p,0) be a G-functor over £ and M a
subgroup of G. Then a M-functor a;y=(ayy, 7, 0,d) is defined by
(aw) (H)=a(H) (HLM)
TE=th 0E=pk d2=0 (HKKSLZM, meM).
We shall give some examples of G-functors. Many of them are taken
from Green’s paper [10], § 5 and Dress’ lecture note [3].

ExampLE 2.3 ([10], 5.1). The character ring functor ch is defined as
follows :

ch(H); the character ring of H;
v : al——aX : the induced character ;

px: B—pBy: the restriction to H;

<«

0% : al—a?’: the conjugation by ¢

(i. e, a?(y)=algyg™) for y= H’). This G-functor belongs to A z(G). The
Mackey axiom and the Frobenius axiom are well known as the Mackey
decomposition theorem and the Frobenius reciprocity.

ExampLe 2.4 ([10], 5.3). Let V be a kG-module. The (Tate) coho-
mology ring functor hi=1]],czh® is defined as follows.

hi(H): =k*(H,V)=]] h*(H, V): the Tate cohomology
group of H; "«

T : = corgx: the corestriction (transfer);

ph: =resg y: the restriction;

o = cong,: the conjugation.
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Then A% is a cohomological G-functor over k. The Mackey axiom is called
the double coset formula in [2], 12.9.2. Since 7, p, ¢ preserve the gradua-
tion, we get G-functors hr, neZ. Let U, V, W be kG-modules and let
6: UxV—W be a G-pairing, that is, 6 is k-bilinear and 6(«, v) g=0(ug, vg)
for all ucU, veV, g=G. Then 6 induces a pairing U,: hjXhy—hjy
which is called a cup product with respect to §. By this pairing, hr is
a ring and if V is a kG-module, then h% is an AF-module. Next, let 0—

f 0

U-—V——W—0 be an exact sequence of kG-modules. Then there exist
three A*-homomorphisms fy, gx, 0% between kj-modules such that the follow-
ing sequence is exact :

. S

B }2; Q*A'A fx -

%k -~
hiy——hy; ——hy ,

where fy and gx are of degree 0, but dy is of degree 1. See [19], 4.2.2,
4,3.7, 2.1.9.

Similarly, the cohomology ring functor hj=[].>oh% is defined by hy(H)
= H*(H, V). If n>0, then h3=Ah% This G-functor h} has similar properties
as h%. The cohomologies of groups of two kinds are found, for example,
in Cartan-Eilenberg [2], Chapter XIL

We get many cohomological G-functors which are subfunctors or quo-
tient functors of cohomology ring functors as stated below.

Exampii 2.5. ([10], 5.5). Let V be a kG-module. Then the cen-
tralizer functor cy is defined as follows:

cy(H) = {veV|vh =v for all he H};

H a—ak= ) ag;
geEH\K

pE: B——p (the inclusion);

oy al—ag .

Then ¢y is a cohomological G-functor over k and cy is isomorphic to Aj.
Similarly, the Tate centralizer functor ¢y which is a quotient functor
of ¢y is defined by
éy(H) = cy(H)/Vty, where tg= Y h&kH.

heH

Then &, is a cohomological G-functor over k and ér=Hh. I Vis a G-
algebra, then ¢y and ¢y are rings.

By the way, we give explicit representations of two G-functors related
to cohomology ring functors. Define dy: =h{: =(dy, 7, p, 0) as follows :
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dy(H)=hy(H)=V/[V, H], where [V, H] is the k-subspace generated by
vh—v for all veV, he H;

ti: v+[V, Hll—>v+[V, K](the natural map);
pir: v+[V, Kl— 3, vg+[V, H];

geEH\K

af: v+[V, Hl—vg+[V, HY] .
The G-functor dy: =45" is defined to be a subfunctor as follows :
dy(H) = hy'(H) = anny(tn)/[V, H], where
anny(tn) = {vE Vvty = 0}, ty= Y hekH.

heH

(Our notation : ¢y(G), Vig [V, G|, anny(ts) are different from usual one. See

[2], p. 236 and [19], p.27.)

ExampLE 2.6. The abelian factor functor ab is defined as follows :

ab(H)=H/H'" : the maximal abelian factor group, H' is the
commutator subgroup of H; o

th : *H ——>xK’ : the natural map;

K

ps: YK'——T(y) H' : the group-theoretic transfer.

o 1 xH 1——z9(H'Y : the conjugation.

This G-functor over Z is cohomological and isomorphic to the cohomology
ring functor hz®. The Mackey axiom is proved by the pure group-theoretic

method. See [6], Prop. 1.6.2, [8], Th. 7.3.3, [18], Prop. 2.3, etc. The
quotient functors ab,, el, is defined by ab,(H): =H/H'(p), el,(H): =H/
H?H' for a prime p. The functors ab, is regarded as a G-functor over
the ring Z/p°Z for a large e, and el, is one over the field Z/pZ.

Next, the dual group functor abl is defined as follows :

ab (H)= H: = Hom(H, C*);
ps : B——Bix: the restriction ;
ot a—a?: the conjugation ;
th : a——det (@¥+1%), where

a¥+1% is the induced character and det is the determinant of the character.
This G-functor is isomorphic to AL(T: =R/Z) and h%. It is remarkable
that Axiom C follows from the Frobenius axiom for characters. For details,
see [20], § 2. The subfunctors ab, and el, are defined as follows :



230 T. Yoshida

ab,(H)=H, is a unique Sylow p-subgroup of a¥ (H).
ell,(H) is the subgroup of a/(H) generated by all elements of order p.

ExaMmPLE 2.7. The multiplier functor M is defined to be Hi. The
group M(H) is the Schur multiplier of the group H. Let M,(H) be a
unique Sylow p-subgroup of M(H). Then M, is also a cohomological G-
functor.

ExaMPLE 2.8. Assume that G acts as an automorphism group on a
p-group P with a descending central series P=P,>P,> ---. Let L(P)=
[[:(Pi/P;s1) be the associated Lie ring of P ([8], §5.6). Then G acts on
L(P) as a group of automorphisms of the Lie ring, and so we have the
centralizer functor ¢z (Example 2.3). The G-functor is cohomological and
multiplicative. Each ¢y (H) is a Lie ring.

ExampLE 2.9. The class function ring functor cl, is defined as fol-
lows :

cl.(H): the set of class functions of H ro &,

X a——a¥: x— ) aluxu™),
u€H\K

where the sum is taken over representatives u such that uxu—'e H;
ok : B——pfx: the restriction ;
% : a'——a?: the conjugation.

By the element-wise sum and product, c/;(H) is a ring and ¢/, is a multiplica-
tive G-functor over k. If k=C, then ch is a subfunctor of c/; (Example
2. 3).

ExaMmpLE 2.10. The G-functor gz is defined as follows :
2(H)=Z(kH): the center of the group algebra.

For each subset X of G, we denote by X the sum of the elements of X
in kG. Then Z(kH) has a basis {C|C is a conjugate class of Hj}.

£ al— ), g 'ag;

geH\K
p%k: D——DN H, where D is a conjugate class of K;
ok ai—g lag .

If Cis a conjugate class of H, and D is a conjugate class of K containing
C, and y=C, then

ok : C—|Cxly): Calt)|D.
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This G-functor z is neither multiplicative nor cohomological, but it is iso-
morphic to ¢, in the category #;(G) (see Example 2.9). This isomor-
phism is given by

Z(kH)—cl,(H)
D0 X——a . T——0 .
reH

ExaMPLE 2.11 (Dress [4], § 5. The Burnside ring functor £ is de-
fined as follows: Let ¢(H) be the free k-module with basis {D#|D<H}.

Define
& ¢(H)—¢(K): DF—D¥;
ok: ¢(K)—>c(H): EXi—> 3, (PN H)¥

geE\K/H

0% 1 o(H)—c(Hv): DE—(DI)® .
Then c¢=(c, 7, p,0) is a G-functior over k. Let ¢'(H) be the k-submodule
of ¢(H) generated by D¥—(D"¥ for all D<H and h€H. Then ¢ is a
subfunctor of ¢. The Burnside ring functor £ is defined to be c/c’. Each

Q(H) is the Grothendieck ring of the category of finite H-sets. Define the
multiplication of elements D¥ and E# of ¢(H) by

DH.EZ= 5 (D'NE),

heD\H/E

so Q is a ring. (This product in ¢(H) depends on the choice of the re-
presentatives of D\H/E, but doesn’t in 2(H)). The important fact is that
each G-functor a is an 2-module. The pairing aX 2—a is given by

(&, D")—sa®(a€a(H), D< H).

Define a ring homomorphism ¢: 2—c¢; by
¢e(H): Q(H—c,(H)=Fk: DAi—|H: D].

Then a G-functor a is cohomological if and only if Kere annihilates a.
The Burnside ring functor is constructed also as a quotient functor of the
relative free G-functor of the constant G-semifunctor ([10], 5. 6).

3. The focal subgroup theorem

In this section, we give a transfer theorem which is a generalization of
the focal subgroup theorem ([8], Th. 7.3.4) of D. Higman.

LemMA 3.1. Let (a,t, p,0) be a cohomological G-functor over k and
H a subgroup of G. Assume that k has an inverse of |G: H|. Then the
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Sfollowing hold :
(a) p%: a(G)—a(H) is a monomorphism,
(b) %: a(H)—a(G) is an epimorphism,
(c¢) a(H)=Im p%PKer &, and so

a(G) s isomorphic to a direct summand of a(H).

Proor. Set n=|G: H|. By Axiom C and the assumption, the k-map
pt =n-id: a(G)—a(G): f—ps® =np
is an isomorphism. Thus p is a mono and 7 is an epi. Let a be an element
of a(H). Then by Axiom C,
(a—n"1a%y)f = a —nla%f
=a%—n"YG: H|a®
=0,
and so a—nlaby= Ker t%. Since
a=(n"1aby+(a—n"ta),

we have that acIm pf+ Ker tf. Thus a(H)=1Im p%+ Ker z§. Finally let «
be an element of Im p§N Ker %, so that there is & a(G) such that a= .
But then 0=a%=pz=ng, and so =0 by the assumption. Thus Im p%N
Ker t3=0. Hence a(H)=1Im p4PKert§. Then lemma is proved.

THEOREM 3.2 (Generalized focal subgroup theorem). Let (a, 7, p, o) be
a cohomological G-functor over k and H a subgroup of G. Assume that
k has an inverse of |G : H|. Then the following hold :

(a) Impfi={aca(H)| & gnus=agngs for all g=G}.

(b) Kerzf is the k-submodule of a(H) generated by B —pH, where
9€G and Bsa(HNgHg™).

PrROOF. (a) Let a be an element of a(H) such that

(1) a"Han = dgngd for all QEG.

Then by Lemma 2.1,

a’y—|G: Ha= 3, (®gng—agnm)?

€H\G/H

=0.

Thus a=(|G: H|'a®)gEIm pf. Conversely, let a be an element of Im .
Take an element 8 of a(G) such that a=pgz. Let g&G and set D=Hn H.

Then by the axioms for G-functors, we have that

@p = Bu’p = (Fw)p=Fp=Pp=0ap.
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Thus a satisfies (1). Hence the statement (a) is proved.

(b) let M be the k-submodule of a(H) generated by p#—pg¥, where
9=G and pca(HNgHg™Y. We must show Kerti=M. It follows easily
from the axioms for G-functors that Ker % contains M. Let a be an ele-
ment of Kert% Then by Lemma 2.1,

(2) |G: Ha=|G: Hla—a’y
- Z (OanHg_aanﬂg)H-
geH\G/H

Let g be any element of G and set D=HN H, f=a?. By the axioms
for G-functors,

p=|H: gDg!a= ap”,
and so

(ap— ) = BT .
Thus each term of the sum (2) is contained in M. Since |G: H| '€k, we
have that a is also in M. Thus Kert% is contained in M. Hence (b) is

proved.

ExaMpLE 3.1 (Focal subgroup theorem). Let P be a Sylow p-subgroup
of G. Then PNG is generated by z !'gxg~!, where g&G and x&Pn P~

Proor. Apply Theorem 3.2 (b) to ab, (Example 2.6). Since Ker 3=
(PN G)/P the statement follows directly from the theorem. See also Ex-
ample 6. 5.

ExXAMPLE 3.2 (Cartan-Eilenberg [2], Th. 12.10.1). Let A be a kG-
module. Then HA*(G, A), is isomorphic to the submodule :

{aEH*(P, A)Iagpnpg = apnpy for gEG} .

Proor. This follows directly from Theorem 3.2 (a) and Lemma 3.1 (a).

LEmMA 3.3. Let (a, 7, p,0) be a cohomological G-functor over k and
let H be a subgroup of G. Assume that |G: H|7'Ek.
(a) Define a quotient functors a=alJ(k) a=(a,%, p,d) of a by

a(K)=a(K)/J(k) a(K) for all K<G.

Assume that a(H) is finite generated as k-module and that pg: a(G)—a(H)
is an isomorphism. Then 0%: a(G)—a(H) is also an isomorphism.

(b) Define a subfunctor Soc(a) of a by
Soc (a) (K) = Soc (a(K)) ~ for all K<G.
Assume that a(H) is Artinean and the p%: Soc(a)(G)—Soc(a)(H) is an
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tsomorphism. Then p%: a(G)—a(H) is also an isomorphism. (Remark: J
and Soc are defined in the Introduction.)

Proor. (a) Set A=a(H), j=J(k), I=Impj Then we have that
Im p4=I1+jA/jA. Since 5% is an isomorphism, A=I+jA. Thus A=I
by the well-known Nakayama’s lemma. By Lemma 3.1 (a), we have that
p% is an isomorphism, as required.

(b) It is easily proved that any k-map A— B induces a k-map Soc (A)—
Soc (B). Thus Soc (a) is surely a G-functor. By Lemma 3.1, a(H)=1Im p§
@ Ker tg. Furthermore, by the assumption, we have that

Soc <a(H)> = <SOC <a(G>>> 0%
C Soc (Im o%) .

Thus Soc (Kerz§)=0, and so Kert5=0, because a(H) is Artinean. By
Lemma 3.1, pf is an isomorphism. The lemma is proved.

ExampLE 3.3. (Tate’s theorem, e.g., [10], L. 2.5 (1)). Let H be a
subgroup of G of index prime to p. Assume that G/G*G' = H/H? H'. Then
G/G (p)=H/H'(p). (Here HP=<{a?|x= H))

Proor. Take the G-functor a: =ab, over k, where k=Z/p* Z for a large
integer ¢ (Example 2.6). Then J(k)=pk, and so we have that (a/pa) (K)=
K/K? K =el,(K) for K<G. By the assumption, p: (a/pa) (G)—(a/pa) (H) is
an isomorphism. Thus by Lemma 3. 3 (a), a(G) is isomorphic to a(H), and
so G/G'(p)=H/H'(p), as required.

We shall argue about the duality principle on G-functors. This concept
is very useful, but this technique is not used in the present paper and we
introduce only the outline here. Observing the definition of G-functors, we
know that we can define G-functors into any abelian category %. So if
(a, 7, p,0) is a G-functor into ¥, then each a(H) is an object of ¥, and
Tk, etc. are morphisms in %, and the axioms for G-functors are represented
as commutativity of diagrams.

LEmMA 3.4. Let (a,7,p,0) be a G-functor into an abelian category
€. Let F: €—%D be a contravariant additive functor between abelian

categories. Then we have a G-functor (a¥,7, o', d') into & which is defined
as follows :

:F(a(H)

H)

i = F(
o= Flen);
o= F(o"
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We omit the proof of this lemma. By this lemma, we know that there
is the dual statement of every statement on G-functors and that using the
duality principle in category theory, we do not need to prove the dual state-
ments, provided the ordinary statements are already proved in any abelian
category. For example, the dualization of Im of is Coim § by
and Ker (Coim t§)=Ker fj. Furthermore, Theorem 3. 2 (b) and its proof are
the dualization of (a). We give some other examples. First Lemma 3.1 (b)
is the dual of Lemma 3.2 (a), and Lemma 3.1 (c) is self-dual. Applying
to the contravariant functor M ye—Mye: V> V*=Hom,(V, k),
we have that A%, 4% in Example 2.5 are the dual of Al, &3, respectively.
Axion C and the Mackey axiom are self-dual, but the axiom for pairings
is not. See [14], p. 32.

Finally, we state Green’s transfer theorem. Note that it gives only
weak results but it is powerful to not only cohomological but also non-
cohomological G-functors. See [9], § 5.

THEOREM 3.5 (Green [10], Theorem 2). Let (a,z, p, 0) be a G-functor
over k, and let D H<ZG. Set

¥={DNDlgeG—H)}, and
9 ={HND'lg=G—H) .

Let a(X)", etc. be the k-submodule of a(H) generated by Imt% for Xc¥,
etc. Assume that

a(X)" = a(D)"N a(@)".
(This assumption is satisfied if, for example, the subgroup D is a Sylow
subgroup of G and H=Ng(D).) Then <% and p% induce isomorphisms

t: a(D)¥/a(X)*—a(D)/a(%)%,

r: a(D)%/a(X)*——a(D)"/a(®)7,

which are the inverse of each other. If, furthermore, a is multiplicative,
then t and r are multiplicative k-maps.

4. Singularities

In this section, we study transfer theorems for cohomological G-func-
tors which are generalizations of Wielandt type theorems for finite groups
(Huppert [12], Satz 4.8.1). The concept of singularities is essential for
transfer theorems of this type. This concept was introduced in Yoshida
[20], § 3 for the dual group functor (Example 2.4) and was very effective
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to prove some transfer theorems for finite group theory (for example, [20],
Th. 4.2). See also Glauberman [6] and Suzuki [18]. The definition of
singularities for cohomological G-functors is imitation of as is shown
below, but it seems to be very difficult to study singularities for general
cohomological G-functors, for example, even for Schur multiplier functors,
and there remain many unsolved questions. The results in this section are
very basic.

DEFINITION. Let H be a finite group and (a, z, p, 6) be a cohomological
H-functor. Let .S and X be subgroups of H and let « be an element of
a(S). Then the triplet (S, a, X) is called a singularity for a (or in H) pro-
vided

(S.1) afy#0, and

(S.2) if Y<S§ and |Y|<]|X]|, then ay=0.

The subgroup S is called the singular subgroup of the singularity (S, a, X).
Furthermore, a subgroup which is the singularity of a singularity also is
called a singular subgroup. If the singular subgroup of a singularity in H
is a proper subgroup of H, then the singularity is called to be proper.

REMARK 1. There is another definition of singularities. It is given by
replacing the above condition (S. 2) by the following :

(S.2) If Y is a subgroup which is conjugate to a proper subgroup of
X in H, then ay=0.
Clearly, if (S. 2) holds, then so does (S. 2'). The triplet (S, @, X) which satisfies
(S.1) and (S.2) is called also a singularity. The second definition is a
direct generalization of singularities for the dual group functors. See [20],
Def. 3.1. In this paper, we adopt the first definition (S.14S.2). The
results and their proofs are almost the same in either case.

ReMARK 2. The concept of singularities is not self-dual and thus cosin-
gularities are defined by the dualization as follows: Let S, X<H and a
be a cohomological H-functor over k. Then (S, B, X) is called a cosingularity
provided B is a k-submodule of a(S) and ‘

(CS.1) a(X)r#psZLB, and

(C S.2) if Y<S§ and |Y|<|X], then

a(Y)SCB.
Similarly, (C S.2') is stated. This concept is useful to study Kerz% When
a is the abelian factor functor of H, this concept is the same as one in
Suzuki [18], Def. 2.4. But in the present paper, we shall use singularities
rather than cosingularities.

LemMA 4.1. Let (a, 1, p,0) be a cohomological G-functor over k and
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H a subgroup of G such that k has the inverse of |G: H|. Let B be
a k-submodule of a(H) containing Im pf. Assume that B#Im p§. Then
the following hold :

(a) B=Im p3P(BN Kerf), and so there is a nonzero element 8 of
BN Ker <.

(b) Let B be any nonzero element of Kerth. Then there exist &
G—H and X<H such that (S,a, X) is a singularity for ay, where a=
Bs—PBs and S=HN H. (Note: Let X be the set of all subgroups Y of H
with By+#0. Then as the above subgroup X, we can take a member of %
of minimal order.)

Proor. The statement (a) follows from [Lemma 3.1 (c). Take a sub-
group X as in the Note. By the assumption and Lemma 2. 1,

0+ —|G: H|fx
=(f°x—1|G: H|P)x

— Z (ﬁgHmHQ—ﬁHan)Hx,
geH\}/H

and so there is an element ¢ of G such that
( 1 ) aHX 7—'? O 9

where a=pf5—fs and S=HN H?. Clearly g is in G—H. Let Y be a sub-
group of S with |Y|<|X|. Then Y, gYg '€ X by the minimality of the
order of X. Thus

(2) Ay = (ﬁgYo“)g_ﬁY =0

(1) and (2) mean that (S, a, X) is a singularity for ajz. The lemma is proved.
The following lemma is basic to study singularities, which corresponds
to [20], L 3.2. The same results were independently proved by Sasaki in

his paper [17], Lemma 2. For singularities which are defined by (S.1)+
(S. 2), the corresponding results hold.

LEmMA 4.2. Let (a,7,p,0) be a cohomological H-functor over k for

a finite group H. Let (S, a, X) be a singularity for a. Then the following
hold :

(a) Let u, veH. Then (S% o*, X is also a singularity for a.

(b) X is contained in a conjugate of S.

(c) Let T be a subgroup of S such that k has an inverse of |.S: T|.
Then (T, ar, X) is also a singularity for a.

(d) Let SKR<H. Then (R,a® X) is also a singularity for a.

(e) Let SXD<H. Then there is a conjugate Z of X such that
(S, a, Z) is a singularity for ap.
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(f) Let X<D<H. Then there is an element h of H such that
(T, ar, X) is a singularity for aip, where T=58"ND.

(g) Let SXR<H. If there is an element 8 of a(R) such that a=fs,
then |R: S|#0 in k.

(h) Let 8 be an element of a(S) such that By=0 for each Y§ with
Y| <|X|. Then (S, B, X) or (S,a—pB, X) is a singularity in H.

Proor. We will prepare an easy result before starting to prove the

lemma.
(1) If heH, and Z<S", and a";#0, then |Z] >|X] .

Set Y=hZh'<S. Then 0#a*,=(ay)*, and so ay#0. By the condition
(S. 2) in the definition of singularities, we have that |Y|=|Z] >| X], proving (1).
Now, we start the proof of the lemma.
(a) Clear.
(b) By the Mackey axiom, we have
0£ay= 2 (a"znst)*

he€S\H/X

Thus there is an element A of H such that a*;#0, where T=XNS" By
(1), |T|>]X|. Thus T=X<S", as required.

(c) Since a is cohomological, a?=(a5)¥=|S: T|a”. Since a”y#0 and
1S: T|"'€k, we have that a/’x=0, so (T, ar, X) satisfies (S.1). Let Y be
a subgroup of T (<.S) with |Y|<|X|. Then (azy=ay=0 by (S.2). Thus
(T, ar, X) satisfies (S.1) and (S. 2), and so it is a singularity for a.

(d) Clearly (a®)#x=ax#0, so (R, aF, X) satisfies (S.1). Let Y be a
subgroup of R with |Y]<|X|. Then

R — Y

afy= ), d'srny
teS\R/Y

by the Mackey axiom. By (1), we have that afy=0. Hence (R, a%, X)
satisfies also (S.2) and it is a singularity for a, as required.
(e) By the Mackey axiom,
0 # ally = (aP)Hy
X

= 2 (aD)hDhﬂX-
heD\H/X

Thus there is an element A of H such that
(@)'prax# 0.
Set Z=DNhXh™, so that a?,#0. Again by the Mackey axiom,

D —
0#a’z= Z adsdnzz.
des\D/z
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Thus by (1), there is an element d of D such that |X]|<[S*NZ| <|Z|. Since
Z=DNhXh!, this implies that Z=hXh™!. It is already shown that (S, a, Z)
satisfies (S. 1) for a, (that is, a?,#0). Furthermore, it is clear that it satisfies
also (S. 2) for ajp (that is if Y<.S and |Y|<|Z|, then ay=0). Hence (S, a, X)
is a singularity, as required.

(f) By the Mackey axiom,

0+#a’y= (aHD)X

_ n D
= ) a shnp x -
heS\H/D

Thus there is an element A of H such that (a";)?x#0, where T=DnS"
Let Y be a subgroup of T=DN.S"* such that |Y|<|X|. Then (1) yields
(a*r)y=a"y=0. Hence (T, a";, X) is a singularity, as required.

(g) By Axiom C, have 0#a;=(8%7=|R: S|p%, and so |R:.S|#0
in k.

(h) Set y=a—pg. If piy=y"y=0, then ay=(8+7)%x=0, a contradic-
tion. Thus p#x#0 or y#x#0. Since fBy=7y=0 for a subgroup Y of S with
Y| <] X[, we have that (S,8, X) or (S,7, X) is a singularity according to
Hy#0 or y#x#0. The proof of the lemma is completed.

LemMma 4.3. Let H be a finite group and (a, t, p, 6) be a cohomological
H-functor over k. Let D and S be subgroups such that H=DS. Assume
that there are X<D and a=a(S) such that (D, asnp, X) satisfies the conditions
(S.1) and (S.2') for aip. Then (S, a, X) also satisfies (S.1) and (S.2') for a.

Proor. Set T=DN.S. We must show that (S.1) aZx#0 and (S.2) if
Y is a subgroup of .S which is conjugate to a proper subgroup of X, then
ay=0. First since H=DS, it follows from the Mackey axiom that af,=
ar?. Thus ay=(ay)’x7#0 by (S. 1) for (T, ay, X), and so (S, a, X) also satisfies
(S.1). Next, take any subgroup Y of S such that Y*< X for an element
h of H We must show ay=0. Choose d=D and s&.S with A=sd. Set
Z=Y: Then Z<dXd™, and so Y*'=Z<SND=T. Thus Z is a subgroup
of 7" which is conjugate to a proper subgroup of X in D. By (S.2) for
(T, ar, X), we have that a;=0. Thus (ay)=a*,=a;=0, so ay=0, as required.
Hence (S, a, X) satisfies (S.1) and (S.2). The lemma is proved.

REMARK 3. This lemma doesn’t hold for singularities adopted in this
paper (S.1+S.2). This lemma bridges the gap in [20], L 3. 4.

When we try to apply transfer theorems for cohomological G-functors,
we have to solve first the following problem :

ProBLEM 1. Let (a,7, p,0) be an H-functor over k. For what kinds
of H and a does there exist no proper singularity ?
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The importance of this problem is obvious by the following lemma.

LEMMA 4.4. Let P be a Sylow p-subgroup of G and (a,r,p,0) be
a cohomological G-functor over k. Assume that |G: P|"'€k and that P
has no proper singularity for aip. Then a(G) is isomorphic to a(Ne(P)).

This lemma follows directly from Lemma 4.1 and Lemma 3.1. See
also [17], Th. 1.

In general, it is very hard to solve Problem 1 for any given H-functor.
In practice, it suffices to consider Problem 1 only in the case where H is
a p-group and k is a field of characteristic p. As an example, we take
cohomology ring functor (Example 2.4). Let P be a Sylow p-subgroup of
G and T=Q/Z. Set N=NgP). For what kind of P can we say that
H"(G,T),=H"(N, T),? Define a subfunctor ~* of H} by h"(H)={ac H"
(H, T)|pa=0}. By Lemma 3.3 and [Lemma 4. 4, we know that this problem

solves if the following solves :

ProBLEM 2. Characterize p-groups without proper singularities for A"

When n=1, this problem was happily solved, that is, a p-group P has
no proper singularity for A!(=el}) if and only if P has no epimorphism
onto the wreath product Z,fZ, Thus if G has such a p-group P as a
Sylow p-subgroup, the PN G =P Ng(P). Refined proofs are found in [6]
and [18].

Sasaki is studying Problem 2 in the case n=2. He made clear the
machinery of the proof of Holt’s theorem ([17]) and he proved that if c/(P)<
p/2, then P has no proper singularity for A% He furthermore anncunced
that some p-groups, for example, 2-groups of maximal class has no proper
singularity for A2 The problem is more complicated than the case of n=1.
When n=2, the above problem is completely rewritten by the language of
pure group theory. Nevertheless, it is still hard to solve the problem.

Finally, we add another easy result about singularities which we need
later.

LEMMA 4.5. Let P be a p-group and (a,t,p,0) be a cohomological
P-functor over k, where k is a field of characteristic p. Let S<IP and
se¢ P=P/S. If S is a singular subgroup for a, then the kP-module a(S)
(Lemma 2.2) contains a regular kP-submodule kP. When S=1, the converse
also holds.

Proor. Assume first that (S, a, X) is a singularity for a. By
4.2 (b), X is contained in S. Thus afx=(a%s)x#0, and so by the Mackey
axiom,

Oial’s: Z a”.

zeP/S
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Set fz=p" for f€al(S), z€P, t=aSEP. Set i=3.csx<kP, so that af+0.
Set I={yckPlay=0}. Then I is an ideal of kP which does not contain
f, and a-kP=kP/I. The minimal right ideal of kP is only kZ This fact
follows from the fact that only irreducible 2P-module is a trivial one. But
since ¢ I, we have that I=0, and so a(S)Da+kP=FkP, as required. Assume
next that a (1) contains a regular kP-module. Then there is a=a(l) such
that a+kP=kP, and so a<f=a";#0. Thus (1,a,1) is a singularity. The
lemma is proved.

CoROLLARY 4.6. Let P be a p-group, and k be a field of characteristic
p, and 'V be a finite generated kP-module. Assume that ¢y(P)=0 (Example
2.5). Then V is a free kP-module.

Proor. We shall argue by the induction on dim; V. We may assume
that V is indecomposable. We shall consider the P-functor (cy, 7, p,0) in
Example 2.5. Then the assumption &p(P)=0 means that z:=¢: V—
cy(P) is an epimorphism. Let v be a nonzero element of cy(P), so that v
i1s written as the form v=uwur for an element « of V. Thus we have that
(1, w, 1) is a singularity for ¢;. By the lemma, V has a regular £P-submodule
U. Since U(=kP) is an injective kP-module, U is a direct summand of
V, and so U=V =kP, for V is indecomposable, as required. (The injectivity
of kP follows, for example, from the fact that the dual module (kP)* is
isomorphic to kP.)

5. Conjugation families

In this section, we treat the relations between transfer theorems for
G-functors and conjugation families. The purpose of this section is to ge-
neralize Alperin [1], Th. 4.2 and Yoshida [20], Th. 4.9. In order to make

sure, we begin with the definition of conjugation families.

DEeriNiTION 5.1. Let P be a Sylow p-subgroup of G. A family .7
for P is a set of pairs (F, N), where F<P and FIN<G. A family 7
for P is called a conjugation family (for P in G) provided whenever A and
B are subsets of P and A’=B for an element g of G, then there exist
members (Fy, Ny) +-+, (Fp, N,,) of . and elements ¢y, -+, g, of G such that

giENz" 9g=01 "5 9m,
Agl"'gigFi (z — 1’ T m) .

By the well known Alperin’s theorem ([1], Main theorem), there exists
a conjugation family. In practice, we desire conjugation families of which
members satisfy especial properties. For the purpose, some kinds of con-
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jugation families are known (for example, Goldschmidt [7], Puig [15], etc.).

DEFINITION 5.2. Let .# be a family for a Sylow p-subgroup P of
G and let a=(a,r, p, ) be a cohomological G-functor over k. Then we say
that . controls transfer for a provided Im p% equals the set of all a=a(P)
such that

ar* = ap for all (F, N)\e.# and neN.

THEOREM 5.1. Let (a,7,p,0) be a cohomological G-functor over a
field k of characteristic p and % be a conjugation family for a Sylow p-
subgroup P of G. Let Z* be the set of all (F,N) in & such that for
some Yy=G, PNP'=PNFY is a singular subgroup for ajp. Then Z* con-
trols transfer for a.

Proor. Let B be the set of all element a of a(P) such that a;*=ap
for all (F, N)e.z* and n&N. Then it follows easily from the axioms for
G-functors that B contains Im p%. Suppose the theorem is false, By Lemma
4.1, there are BB, X<P, g=G such that (S, 's—8, X), where S=PN P’
is a singularity for a» and X is of minimal order under the condition that
Bx#0. (See also Note in Lemma 4.1) Set R=¢Sg~. Take (F;, NJeF
and ¢;EN; for i=1, ---, m which satisfy

Rovi C F for 1=1,---,m,
g=01 On.

For each 7, set
0i = i1 Omo Go=0> Gn =1,
Bi= ﬁgés .

Then each B; is well-defined. We have that
0% (Fs— B9 x= 2 (Bics —Bi)7x -

Thus there exists ¢ such that (8;_;—p)"x#0. Furthermore, if Y is a sub-
group of S with |Y]<|X|, then (8;_)r=(8)y=0. This follows from the
minimality of X. Thus (S, 8i.1—pBi» X) is a singularity for ap. Set F=F,
h=gl, x=¢;, and T=PNF*. Then

Bioi— B = B"s— B
= <(,3Fn - ﬁF)%) s

Since T contains S and |7T: S| is a power of p (=chk), Lemma 4 2 (g)
yields that S=PNF*=T. Next by (h), we have that (S, 8¢, X)
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is a singularity for Y=z or nx. Since PNP*DPNF'=PN F*=S, it follows
again from Lemma 4 2 (g) that PN F*=S. The theorem is proved.

DEFINITION 5.3. Let M be a proper subgroup of G. Then M is called
a strongly p-embedded subgroup of G provided M has a nontrivial Sylow
p-subgroup and MN M? is a p'-group for each g=G— M.

Let M be a proper subgroup of G with nontrivial Sylow p-subgroup
P. Then M is strongly p-embedded in G if and only if M contains the
subgroup

(Na(Q)|1#Q<P).

It is well known that if M is a strongly p-embedded subgroup of G and
M does not contain Op(G) (for example, G is p-solvable), then a Sylow
p-subgroup of G is cyclic or generalized quaternion.

DEFINITION 5.4. Let P be a Sylow p-subgroup of G. A subgroup
A of P is called tame (for P) if Np(A) is a Sylow p-subgroup of Ng(A).

THEOREM 5.2. Let (a,7,p,0) be a cohomological G-functor over a
field k of characteristic p and let P be a Sylow p-subgroup of G. let &
be the family of pairs (F, N), where F<P and Np(F)<N<Ng(F), which
satisfy the following conditions (a) to (g):

(a) F is tame, that is, T=Np(F) is a Sylow p-subgroup of L:=Ng(F).

(b)  There is an element B of a(T) such that M:=MJF is strongly
p-embedded in L:=LJ|F, where M:={ge L|ps'=8s <L. In particular,
F=0,(L).

(¢c) N£EZM and F=O0,(N). Furthermore, if K<N, then either K<
Oy (N) or K>O0?(N). In particular, O”(N)=N and O (N/Opp(N)) is 1
or noncyclic simple.

(d) Assume that F is not a Sylow p-subgroup of Oy ,(L). Then
N=0,,,(N) and T:=T|F is cyclic or generalized quaternion. If p+2,
then L 1s p-solvable.

(e) If Cp(F)ZF, for example, if N is not p-constrained, then O?(N)<
Co(F).

(f) The subgroup F is a singular subgroup for ay. The kT-module
a(F) (see Lemma 2.2) contains a submodule isomorphic to kT (that is, a
regular kT-submodule).

(g) F contains a conjugate of a singular subgroup for ap.

Now, let 7, be a family for P which contains (P, Ng(P)) and satisfies the
follows :

(*) For each (F,N)e.%, there are g&G and Ny<Ng(F?) such that
(Fo, N7y, NN<N, and F? is tame for P.
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Then %, controls transfer for a.
To prove this theorem, we need the following lemma :

LEMMA 5.3. Let a be a cohomological G-functor over a field of cha-
racteristic p, and P be a Sylow p-subgroup of G. Let a be an element of
a(P)—Im 0% such that a"=a for all nENg(P). Then there are F<P and
N<G satisying the following :

(i) The conditions (a) to (g) in Theorem 5.2 hold. We can take f=ar
as the element B in (b), and so az"#ap for some element n of N.

(i) Let E be a tame subgroup of P conjugate to F in G. Then there
is a G-conjugate N, of N such that (E, Ny) also satisfies the conditions (a)
to (g) in the theorem. We can take ay as B in (b), where U=Np(E), so
agy"+ag for some me&N;,.

Proor. For each subgroup F of P, we set

M(F) = {nENy(F)

(,I'Fn - ap} .

Then Np(F)<M(F)<Ng(F). Let %' be the set of all subgroups F of P
satisfying the following conditions :

(1) F contains a conjugate of a singular subgroup for ap;

(2) M(F)#Ng(F), that is, there is n&Ng(F) such that az"+#ar.

By Alperin’s theorem, the family of all subgroup of P together with the
normalizers is a conjugation family for P. Thus #'+#¢ by Theorem 5. 1.
Since a,"=ap for all nENy(P), we have that P¢ .’ and so if FEZ,
then F<Np(F). Let .Z* be the set of elements of .#’ of maximal order.
We shall first show the following assertion :

(3) If a subgroup E is G-conjugate to a member F of F*, then there
is an element g of G such that M(E)=M(Fy and E=F. In particular,
Ec gz*

By Alperin’s theorem, we can take D;<P and ¢;ENg(D), i=1, -, m,
such that

FvaCD;, i=1,-,m,
E=Fv, 9=0p s 9m-

Assume that |D;|=|F| for a number j. Then
Fv0y = Dy = Djii

and so F'=E, where ¢’ =¢, - ¢j_10;+1 - gn. Thus we can exclude such
(D, g,) from the series (D;, ¢1), ***» (D, ). We may now assume that |D;| >
|F| for each ¢. We will show that for each i,
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M(F)gl...gi — M(Fgl..-gi> .

Set x=¢;,, A=F*, D=D,. By the induction argument, it will suffice to
show that M(F)*=M(A). Let n€N4(F) and set 7 =n®. Then the axioms
for G-functors yield the following :

(4) (ap"— ap)* = (a"p— ap)d” —(a"p— ap)at(as” —ay) .

Suppose a®p#ap. Then D satisfies (1) and (2), and so F<D&.#. Since
F is an element of .# of maximal order, we have that F=D, a contradic-
tion. Thus ap*=a;,. By (4),

(" —ap)® =(a" —ay), A=F, n' =n".

Thus we have that ne M(F) if and if and only if #*<& M(F*), and hence
M(F)*= M(F®), as required. (3) is proved.

Let .#** be the set of pairs (F, N) satisfying the following conditions :

(6) Fez* and F is tame for P;

(6) Np(F)XN<Ng(F) and N is not contained in M(F);

(7) N is a minimal subject to (6).

By Sylow’s theorem and (3), there is a subgroup F satisfying (5). Further-
more, for such a subgroup F, since M(F)<Ng(F) by (2), there is a sub-
group N satisfying (6) and (7). Thus .#**#¢. We claim the following :

(8) If (F,Nes** and a tame subgroup E of P is G-conjugate to
F, then there is g=G such that E=F, M(E)=M(F), Np(E)=Np(F) and
(E, N*)& 7 **,

To prove this, first take an element ¢ of G such that E=F¢ and M(E)=
M(Fy. By (3), there is such an element ¢g. Set T'=Np(F) and S=Np(E).
Then T is a Sylow p-subgroup of M(F) and S is a Sylow p-subgroup of
M(E)=M(Fy. Since S and 77 are both Sylow p-subgroups of M(E)=M(F),
there is m& M(E)<Ngx(E) such that 7v»=S. Exchanging gm with ¢, we
may assume that 7Y=S. Finally, by these facts, we can easily check that
(E, N)e.g**  Thus (8) is proved.

We shall next show the following :

(9) If (F, N eg** and we set f=ar, T=Np(F). Then (F,N) to-
gether with B satisfies the conditions (a) to (g) in Theorem 5. 2.

To prove this, set T=Np(F), L=Ng(F), M=M(F)={n& L|a;"=az},
L=L/F, M=MJF, T=TJF. By (1), the condition (g) holds. By (5), T is
a Sylow p-subgroup of L, so (a) holds. By (2), M<L. Let F<E<T and
YENL(E). Then az=ay by the maximality of |F|, and so az¥=ap Thus
NL(E)<M. This means that M=MJF is a strongly p-embedded subgroup
of L=L/F, proving (b).. By (6), we have that N is not contained in M.
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Since M is strongly p-embedded in L, we have that O,(N)=1, and so O,(N)
=F, so the first statement of (c) holds. Assume that F< K<N and K=K/F
is not a p/-group. Then by the Frattini argument, N=Ny(KNT) K< MK,
because F<KNT and M is strongly p-embedded in L. Thus K is not
contained in M. By the minimality of N, we have that N=KT, and so K
contains O,(N). Thus K>O0?(N). To complete the proof of (c), we need
to show that O?(NO, (N)) is simple or 1. But this follows from the fact
that this group also has strongly p-embedded subgroup or it is covered
by M. (c) is proved.

Let E be a Sylow p-subgroup of O,,(L). Clearly, F<E. Assume
that F#E. By the Frattini argument and (b), L=0, (L) N.(E)=0, (L) M.
Thus O, (L) is not contained in M, and so

O, (L)#{C:)N Oy (L)|teT—-F) (< M).

Thus T/F is of p-rank 1 ([8], Th. 5. 3. 16).
Assume that T is cyclic. This assumption holds if p#2. Since

L =0y (L) N.(E)
= Oy (L) CL(E/F) Ni(T)

by the Frattini argument and since C,(E/F)/F has a normal p-complement by
Burnside’s theorem, we have that L=0,,,(L). By (c), N=0? (N)=0,,(N)
=0,,»(N). In the cyclic case, (d) holds. Next assume that 7T is generalized
quaternion. Set Z=Z(T/F). By Brauer-Suzuki’s theorem, O, (N) Z<N, and
so N=0,(N) (MO N). By the minimality of N, and (6), and (7), we have
that N=0, (N) T, so N=0,p»(N), proving (d). Assume that C,(F) is not
contained in F. Since Cy(F) F<IN, (c) implies that O?(N)<Cy(F)F. Thus
O?(N)<Cy(F), proving (e).
We shall finally prove that (F, N) satisfies (f). Set

r=pw—|L: MY,  where §=ar.
Then y#=0. Claim:
(100 M={gEL|r#F=rs and 1r+0.
Indeed since M={geL|B#=pr} and F<L,
Br=_ 2. B"rmar”

meT\M/ ¥

= 2. B

meT\M

=|M: T|Br
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by the Mackey axiom. Thus we have that
rr=pr—|L: M|p¥F
=pt»—IL: T|fr.
If geL, then pLy#=p"r=p%r. Thus for each gL,
r#—rr=—|L: T|(8#—Br)-
Since |L: T| is prime to p (=chk),

M={ge L|g# = gz}
= {Q’ELlTFg:TF} .

Furthermore, since M<L, we have that ys##7r for an element g of L,
and so 7p#0. Hence (10) is proved. Next take a subgroup X of F of
minimal order such that yy#0. By the Mackey axiom and Axiom C, we
have that
0% —|L: Tlyx
=|M: T|y*x—|L: Tlrx
=re'x—I|L: Mly/"x

— Z (Tg:rg nM—71r9 nM)MX .
€L/ M

Thus there is an element ¢ of L such that
0" x#0, where 0 =19s—ys, S=T'NM.
Claim :
(11) geL—M and S=T'NM=F.
Indeed by the Mackey axiom,
0#£0"y= 2, 0™smnr'x

meS\M/F

= 2, 0F"x.

meS\M

Thus 6=777—7r#0. By (10), g€ M, and so S=TN M=F, because M is
strongly p-embedded in L, proving (11). Claim:

(12) (F, 8, X) is a singularity for ay.

Since 0¥y+#0, it will suffice to show that dy=0 for each subgroup Y of F
with |Y|<|X|. Indeed, set Z=¢Yg~! for such a subgroup Y. Then

BY:TQY_TY:TZQ”_TY-
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Since |Y|=|Z]<|X], it follows from the minimality of X that y,=yy=0,
and so dy=0, as required. Thus (12) is proved and the first statement of
(f) holds. By [Lemma 4.2 (e), F is a singular subgroup of a;;. Thus the
kT-module a(F) (Cemma 2.2) contains a regular £T-submodule by
4.5, proving (f). Hence the proof of (9) is completed.

Take a member (F, N) of #**. Then it satisfies (i) of the lemma by (9).
We shall prove that it satisfies also (ii). Let E be a subgroup of P conjugate
to F in G such that U: =Np(E) is a Sylow p-subgroup of Ng(E). By (8),
there is an element g of G such that E=Fi, Np(E)=Np(Fy, (E, NY) .7 **,
By (9), (E, Nv) also satisfies the condition (a) to (g) in Theorem 5.2. By the

definition of M(F), we can take ay as the element 8 in (b). The lemma
is proved.

- Proor of THEOREM 5.2. Suppose the theorem false. Then there is
an element a of a(P)—Im p$ satisfying

(1) az' =ap for all (F, N)ez, yN,.

By Lemma 5.3, there is (E, N;)E.# which satisfies the conditions (i), (ii) in
the lemma. By (*) in the theorem, there is =G and N,<G such that

(2) F: :Eg<1N0, (F, No)Eﬁo.

F is tame for P and N{<N, Since (E, N)) satisfies (i) of Lemma 5.3,

there is a G-conjugate N: =N? of N, such that (F, N)e.# and B in (b) is

taken to be ar, where T=Np(F). Set L=Ng(F) and M={n& L|a;*=ayz)

as in the theorem. Then N;<M by (1). Set n=x"'g. By (2), we have that
(3) Tr<N*=N<N,<M and neL.

Thus 7" and T™ are both Sylow p-subgroups of M, and so neNL(T) M by
Sylow’s theorem. But M is strongly p-embedded in L by the condition (b),
and so n&N(T) M=M. Since N*<M by (3), we have that N<nMn-1= M.
This contradicts the fact that (F, N)&.# and so N is not contained in M
by (¢c). The theorem is proved.

REMARK. Let # be the family given in the theorem and set .#,=
F U{(P, N¢(P)}. Then #, controls transfer. Define an equivalent relation
~ on &, by (F, N)=(F;, Nj) if and only if N, is conjugate in G to N. Let
%> be a complete set of representatives of equivalent classes of .#,. Then
% 5 controls transfer. Next, for any subgroup H of P, we set
Py = Np(H), N;= N¢(H)

and define recursively

Pi+1 — NP(Pi>’ Nz‘+1 = NG(Pz‘) .
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We say that H is well-placed in P provided each P; is a Sylow p-subgroup
of N;. It is known that any subgroup of the Sylow p-subgroup P is con-
jugate in G to a well-placed subgroup of P ([8], Th. 8.4.6). Let .#; be
the set of members (F, N)e.#, such that F is well-placed in P. Then %,
controls transfer. These results follow from the theorem.

ExaMpPLE 5.1. We consider the dual group function abdj as an example.
Let a: =el), that is,

a(H)={a€abl (H)|pa= 0} = Hom (H, Z|pZ) .

(See Example 2.7) Let (F, N) be a pair which satisfies the condition of
Theorem 5.3. By the speciality of the G-functors el, and abj, we can
show that (F, N) satisfies further conditions. First, the assumption of (d)
does not hold, that is, F is a Sylow p-subgroup of O, ,(L). Next, we are
not included in the situation of (e), that is, N and L are p-constrained.
Furthermore, if p=2 and 7/F is neither cyclic nor generalized quaternion,
then k[N/F]-module a(F) (and also F/®(F)) contain the Steinberg modules
of the Bender group N/O,y (N). This fact follows from (f) and [20], L. 4. 8.
As a conclusion, Theorem 5.2 and special properties of the dual group
functors as above mentioned yield [20], Th. 4.9. However, these facts
which hold in the dual group functor (and the abelian factor functor) are
not expected in general cases. We can find counter examples by using, for
example, the centralizer functor.

6. Examples

In this section, we give some examples about cohomological G-functors.
These examples are well known in finite group theory, but we have not
considered some of them as transfer theorems.

ExampLE 6.1 ([8], Th. 5.2.3). Let V be a kG-module. Assume
that |G|"'€k. Then V=C,(G)®[V,G], where [V,G] is a k-submodule
generated by vx—v for veV, x=G.

Proor. We shall consider the centralizer functor ¢y (Example 2.5).
By Lemma 3.1 (c), V=cp(l)=Im pf@PKerf. Since pf is the inclusion
map c¢y(G)—V, we have that Im of=cy(G). Next it follows from the ge-
neralized focal subgroup theorem (Theorem 3.2 (b)) that Kerf=[V,G].
Hence V=Cy(G)P[V, G], as required.

ExAMPLE 6.2 (Gaschiitz, e. g., [1I], Th. 15, 8.6). Let V be an abelian
p-group on which G acts. Let G be an extension of G with kernel V.
Assume that a Sylow p-subgroup of G is split. Then G also is split.
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Proor. Consider the G-functor 2% (Example 2. 4). Then the statement
follows from the injectivity of p (Cemma 3.1 (a)).

ExampLE 6.3 (Maschke, D. Higman, e.g., [16], §5.1, Example 2).
Let W be a kG-module and P a Sylow p-subgroup of G. Assume that
|G : P| has an inverse in k. Then W is P-projective.

Proor. Take any P-split exact sequence of kG-modules

(1) 0—U— V——gb—»W———»O

Set D=Hom;,(V, W) and E=End,(W). Then D and E are kG-modules
by (v) ¢*: =(vzx™) px for veV, x€G, oD, etc. Consider the G-functors
¢p and cz. The composition

DXE—D: (p, §)—¢f

induces a pairing (cup product) cpXcz—cp. Furthermore, for each H<G,
cp(H) and cz(H) are the modules of £H-homomorphisms of D and E, re-
spectively. Now, by Lemma 3.1 (b), t%: cgz(P)—cg(G) is an epimorphism,
and so there is @&cy(P) such that #=1y. Since (1) is P-split, there is
a kP-homomorphism ¢/ : W—V such that ¢/ ¢=1y4. By Frobenius axioms,

(0¢)¢ ¢ = (0 ¢r)*
= (01y)° = 06¢

=1y.

Since (0¢/)¢ is a kG-homomorphism of W to V, this means that (1) is a
split exact sequence of kG-modules. Hence W is P-projective.

REMARK 1. The above proof is no more than rewriting the standard
proof ([16], Th. 5.1). By the similar way, we can prove the defect group
contains the vertex ([16], Th. 5.5).

ExAMPLE 6.4. Let’s examine transfer theorems of three kinds to the
dual group functor ab,. Let P be a Sylow p-subgroup of G. Then the
following holds :

(a) If P is elementary abelian, then PN G =PN Ng(P'). (Compare
with Johnson [13], Th. 2.) '

(b) PN G is generated by elements z7!a9 where ¢=G, xt=PngPgL.

(c) If P has no epimorphism onto Z,1 Z,, then PNG =P Ng(PY.

Proor. Set a=abj,, N=Ng(P). For any finite group X, the dual
group Hom (X, C*) is denoted by X~ or X. A unique Sylow p-subgroup
of X is denoted by X,. Thus a(H):Hp for any H<LG.

(a) We shall apply Green’s theorem (Theorem 3.5). Set
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¥={PnPlgeG-N]}.
Then we have that
a(P)%/a(X)* = a(P)"[a(X)" .

Let X be any element of X. Since X is a proper subgroup of P and P
is elementary, we have that z§=0 by an easy calculation. Thus a(¥)=0,
and so a(P)f=a(P)". By [Lemma 3 1 (b), =% and =¥ are both epimorphisms.
Thus a(G)=(G/G'(p))” is isomorphic to a(N)=(N/N'(p))", and so G/G' (p)=
N/N'(p). The statement (a) follows easily from this.

(b) We proved this in Example 3.1. But we again prove it by using
a=ab),. Since G/G'(p)=P/PNG’, we have that Im p%=(P/PNG)". By
the generalized focal subgroup theorem (Theorem 3.2 (a)),

Im pf = {aEa(P}laanp = apﬂpy} .

It follows from the duality theorem of abelian groups that the right side
equals to P/K, where

K= <x—1x9|gEG, re PN ng—1> )

Thus (b) is proved.

(c) Since p¢ and p¥ are monomorphisms, it will suffice to show that
Im p%=1Im p¥. Suppose false. Then by Lemma 4.1 (a), there is a nonzero
element 8 of Im pfN Kerz§. We may assume that p8=0. (See also Lemma
3.3.) By Lemma 4.1 (b), P has a singularity (S, a, X), where S=PN P,
a=[fs—fs for an element g of G. Since f&Im p¥ and a+#0, we see that
g& N, and so S is a proper subgroup of P. Thus P has a proper singularity.

However, since P has no epimorphism onto Z, ! Z,, this is a contradiction
by [20], Lemma 3.7, proving (c).

REMARK 2. (a) seems to be weakest of three transfer theorems. How-
ever, we can apply this method even if P is not Sylow p-subgroups of G.
For example, if W is a weakly closed subgroup in a Sylow p-subgroup S
of G, then

2(CsW))N G = 2,(Cs(W)) N Ne(WY .

This is Zappa’s theorem. The key point of transfer theorems of this type
is to characterize p-groups P such that 74,=0 for every maximal subgroup
M of P. See [20], Cor. 4.4.1. Green’s theorem seems to have further
possibilities, because the present theorem does not yields directly only Zappa’s
theorem. Next (b) extends to the problems about conjugation families and
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conjugation functors. Some parts of results on them are generalized to
cohomological G-functors. Finally, (c) is the strongest of three. The theo-
rems of this type (for the G-functors ab,, abj) are a little useful to finite
group theory. One of the reasons is that we can know many facts about
singularities in p-groups. It is usually difficult to study singularities for G-
functors, and we cannot often understand what they mean even if all sin-
gularities for a given G-functor are known.

ExaMpPLE 6.5. Let M be a strongly p-embedded subgroup of G with
Sylow p-subgroup P (Definition 5.3). Let a be a G-functor over k. Then
the following hold:

(a) Let Q be a p-subgroup of M. Then a(Q)%a(1)¢ is isomorphic
to a(Q)"/a(1)*.

(b) Assume that a is cohomological and £ has an inverse of |G: P|.
Then a(G)/a(1)¢ is isomorphic to a(M)/a(1)’. Furthermore, if a?=a for
all a=a(l), =G, then a(G) is isomorphic to a(M).

(c) Assume that a is cohomological and % is a field of characteristic
p. If the kP-module a(1) contains no regular kP-submodule, then a(G) is
isomorphic to a(M).

Proor. It is easily proved that the following hold :

(1) Set b(H)=a(H)/a(1)¥ for each H<G. Then bis a quotient func-
tor of a. (Using the notation as in Example 2.2, b=a/d).

(a) This follows directly from Green’s transfer theorem ([8], Th. 2).
But we give the proof here. By (1), we may assume that a(1)=0. Then
7% induces

T: a(Q¥——a(Q)%: a¥i——a® .

Furthermore, let a be an element of a(Q). Then since a;=0 and Q" M=1
for all geG— M, we have

(XGM: Z agMnQyM
9ENG/ M

=a¥.
Thus p§ induces

R: a(Q)f——a(Q): af——a™.

Since R and T are inverses of each other, we conclude that a(Q)¢ is iso-
morphic to a(Q)¥, as required.
(b) Assume first that o?=a for each f=a(l), g=G. For each g=G, set

1(g) = {aa(P)|pnpr = aper)
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By the focal subgroup theorem (Theorem 3.2 (a)),
Impf=nN I, and

g€eG

(2) Imoy =N I(m).

meM

Let g€G—M. Since M is strongly p-embedded, PN P*=1. Thus by the
assumption,

Ig) = {a=a(P)|ayt = o}
=a(P).

By (2), Im pf=1Im p¥, and so a(G) is isomorphic to a(M) by the injectivity
of o (Lemma 3.1 (a)), as required. Next, for a general cohomological G-
functor a, define the quotient G-functor & of a by (1), so 6(H)=a(H)/a(1)%
and b(1)=0. Thus 6(G) is isomorphic to 6(M) by the isomorphism which
is already proved. Hence (b) is proved.

(c) Assume that the £#P-module a(1) contains no regular kp-submodules
and suppose a(G) is not isomorphic to a(M). Then we have that Im p¥+
Im p% by Lemma 3.1 (a). By Lemma 4.1, we have that there are 0£8¢
Ker tgN Im py, and g&G, and X<P such that (S, a, X) is a singularity for
ap, where S=PNP? and a=ps—fBs. If g M, then a=0 by Theorem 3.1
(a) or an easy calculation. But this is a contradiction by the definition of
singularities (S.1). Thus g€ M, and so S=PNP'=1. By [Cemma 4.5,
a(l) has a regular kP-submodule, a contradiction. Hence a(G) is isomor-
phic to a(M), proving (c).

ExampLE 6.6 (Hall-Higman, e.g., [8], Th. 11.1.1). Let G be a p-
solvable group of linear transformation in which O,(G)=1 acting on a finite
dimensional vector space V over a field £ of characteristic p. Let z be
an element of G of order p* of which minimal polynomial on V is of degree
7. Then one of the following holds :

(a) r=p", or

(b) p is a Fermat prime, and G has a nonabelian Sylow 2-subgroup,
and p"—p 1 <r<pn, or

(c) p=2, and G has a nonabelian Sylow g-subgroup, and ¢ is a Mer-
senne prime <2% and 2"q/(g+1)<r<2"

Proor. Suppose false and let (G, V) be a counterexample in which
|G| +dim;,V is minimal. Then P={(x) is a Sylow p-subgroup of G, and
G has a normal p-complement Q, and Q is an elementary or extraspecial
g-group for a prime ¢ such that P acts irreducibly on Q/Q and trivially
on (. These facts follow easily from the induction argument ([8], Th.
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11.1.4). First assume that Q is elementary. Then PN FP’=1 for each
g=G—P, and so 0=¢,(G)=¢4(P) by Example 6.5 (b) or an easy calculation.
Thus V is kP-free by Corollary 4.6, and so r=p". Assume next that Q
is extra-special. We may assume that k is algebraic closed. Set E=End;(V),
so that E is a kG-module by (v) ¢?=(vg™!) ¢g for veV, o=k, gG. By
the irreducibility of V, we have that V, is a direct sum of isomorphic ir-
reducible kQ-modules. (Note that G acts on {v&V|vz=wv}, where z is
a generator of Q' and wek) The fact that Vy is an irreducible 2Q-module
is proved as follows (see also the Proof of [8], Th. 11.1.4 (ii)). Assume
that V, is the direct sum of # isomorphic irreducible kQ-submodules Y;, ---,
Y,. Then we have that M: =cz(Q)=Endo(V)= Mi(t, k), the algebra of all
¢ Xt matrices over k (e.g., see [8], Th. 3.5.4). Since P normalizes Q and
cx(G)=k, we have that the element x of P acts on M as an algebra-auto-
morphis, and cy(x)=k. By a calculation (e.g., Jordan’s canonical form),
we have that the automorphisms of M= M({¢, k) are all inner. Since cy(x)=
k, we have that t=1. Thus Q acts irreducibly on V, and so cz(Q =M
(1, k)=Fk. Since a generator of Q' induces a scalar transformation on V,
we have that ' acts trivially on E. Thus E is regarded as a G/(Q'-module.
Set G=G/Q and 0=Q/Q'. By Example 6.1, E=c;(Q)PIE, Q] =k®D[E, Q.
By the similar way as the elementary abelian case, Corollary 4.6 yields
that [E, Q] is a free kP-module. By these facts and a calculation, the ex-
ample is proved. See for details.

ExXAMPLE 6.7. Let V be a finite generated kG-module, £ a field of
characteristic p, P a Sylow p-subgroup of G. Assume that for each maximal
subgroup Q of P, the k[P/Q]-module Cy(Q) (Lemma 2.2) has no regular
k [P/Q]-submodules. Then Cy(G)=Cy(Ngz(P)).

Proor. We shall apply to the G-functor cy=(cy, 7, p, 0)
(Example 2.5). Suppose P has a proper singular subgroup S. Then by
(d), a maximal subgroup Q of P which contains § is also a
singular subgroup of P. Since Q<P, it follows from that the
k[P/Q]-module c¢,(Q) has a regular & [P/Q]-submodule. This contradicts the
assumption. Thus P has no proper singularities. By [Lemma 4.4, we have
the desired conclusion.

REMARK 3. Set G=SL(n,q), q=p", and let V be a standard kG-
module of G, where k=GF(q). Let P be a Sylow p-subgroup of G. We
can observe when the assumption of this example holds. In fact, for any
maximal subgroup Q of P, the three cases occur:

(1) If r=2, then Cy(P)=Cy(Q), and so the assumption of this example
holds.
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(2) If p=3 and r=1, then dim Cy(P)=1 and dim Cy(Q)<2. Thus
Cy(Q) can not have regular k[P/Q]-submodules, and so the assumption of
this example holds.

(3) If p=2 and r=1, then Cy(Q)#Cy(P) for some Q. Thus in this
case, the assumption of this example doesn’t hold.

Furthermore, it is easily checked that the conclusion of this example holds
in the cases (1) and (2), and doesn’t hold in the case (3).

REMARK 4. Let V be a nontrivial finite generated irreducible £2G-module.
Applying this example, we have that either

(1) for some maximal subgroup Q of P, the k[P/Q]-module Cy(Q)

has a regular submodule, or
(2) Cy(No(P) =Cr(G)=0.

If p=2, then (1) is equivalent to the fact that

(1Y Cy(P)#Cy(Q) for some maximal subgroup Q of P.
If p=2 and Ng(P)=P, then (2) cannot hold, and so (1) holds. We have
similar results about ¢y, etc. However, the author doesn’t know whether
these results are valuable and whether they can be proved by the ordinary
modular representation theory.

ExaMPLE 6.8. Assume that G has a Sylow p-subgroup P of order p.
Take x&P such that P=<{x>. Let V be a finite generated kG-module,
where £ is a field of characteristic p. Set N=Ng(P). Then the following
hold :
(a) &p(G)=Ep(N), dy(G)=dy(N),

(b) If the minimal polynomial of x on V is of degree <p, then ¢ (G)=
cv(N), dV(G):dV<N)'

(c) Assume that the minimal polynomial of x on V is of degree <p/2
and that V is indecomposable as a kG-module. Then V is indecomposable

also as a kN-module.

PrOOF. (a) Since ép(1)=dy(1)=0 by the definition (Example 2.5), P
has no proper singularities for these G-functors. Thus (a) follows directly
Lemma 4. 4. See also Example 6.5 (b), (c).

(b) This is proved by Example 6. 7.

(c) Set E=End,(V). Then E is a kG-module by (v) ¢?: =(vg™) ¢? for
veV, geG, ¢g=E. By the assumption, the minimal polynomial of z on
E is of degree <p. By (b), cx(G)=cg(N). Thus Ende(V)=End.y(V).
Since V is kG-indecomposable, Endi;(V) and also Endyy(V) are local rings,
and so V is indecomposable as a £N-module, as required.
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7. Concluding remark

I note down here my personal thought on G-functors. So much re-
mains to be studied on this subject and there appears to be five courses
that we have to follow. Intuitionally saying, the philosophy of the theory
of G-functors is to handle representations not only of G but also of all
subgroups of G. First, the concept of G-functors is an excellent language
to describe representation theory, cohomology theory, and transfer theory
of finite groups (see the cohomology exact sequence in Example 2.4). By
rewriting these theories in the language of G-functors, we can separate parts
about transfer from them. Secondly, it is also interesting to apply the results
(transfer theorems, etc.) on G-functors to modular representation theory
(Examples 6.7, 6.8). We get perhaps some new results.

Next, let’s change our subject to studying G-functors themselves. The
category of G-functors is very like the category of G-modules. There are
rings and modules in the category (Definition 2.4), and we can furthermore
define tensor products, induced G-functors, relative projective G-functors,
etc. The category of G-functors contains all necessities to develop “an
abelian group theory.” Following modular representation theory and ho-
mology algebra of modules, we can develop the theory of G-functors to
some extent. A great difference between G-functors and G-modules is the
fact that every G-functor involves a complex internal structure. Transfer

theorems which is the subject of this paper tells the information on the
inside of a G-functor.

I am much interested in using G-functors in order to join some fields.
Using methods in transfer theory [20], we can prove some results about
representation and cohomology of groups (Section 6), but these results have
no relation to G-functors in appearance and we can prove them even without
using G-functors. I want to try using G-functors as mediators on a large
scale. Can we state any transfer theorem for Dress’ Mackey functors?
This is not an easy problem (but see Dress’ works, [4], §5 etc.) It was
difficult even to define “cohomological’” Mackey functors. But once they
are done, we find ourselves being in a peculiar world which is not related
to finite group theory in any way but in which we can develop transfer
theory as before. This theory will be presented in future papers.
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