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On Sasakian manifolds with vanishing contact

Bochner curvature tensor II

By Izumi HasecawaA and Toshiyuki NAKANE
(Received February 6, 1980 ; Revised February 5, 1981)

§ 1. Introduction

This paper is a continuation of our previous one with the same
title, in which we proved the following theorems.

THEOREM A. Let M be a (2n+1)-dimensional Sasakian manifold with
constant scalar curvature R whose contact Bochner curvature tensor vanishes.
If the square of the length of the y-Einstein tensor is less than

(n—1) (n+2)2(R+2n)?
2n(n+1%(n—22% nz3,

then M is a space of ¢-holomorphic sectinal curvature.

THEOREM B. Let M be a 5-dimensional Sasakian manifold with con-
stant scalar curvature whose contact Bochner curvatur tensor vanishes. If
the scalar curvature is not —4, then M is a space of constant ¢-holomorphic
sectional curvature.

The above two results are analogous to the following theorems proved
by S. I. Goldberg, M. Okumura and Y. Kubo.

THeOREM C (S. I. Goldberg and M. Okumura [4]). Let M be an
n-dimensional compact conformally flat Riemannian manifold with con-
stant scalar curvature R. If the length of the Ricci tensor is less than
RiWn—1, n=3, then M is a space of constant curvature.

TueoreM D (Y. Kubo [8]). Let M be a real n-dimensional Kaehlerian
manifold with constant scalar curvature R whose Bochner curvatur tensor

vanishes. If the length of the Ricci tensor is not greater than RiWWn—2,
n=>4, then M is a space of constant holomorphic sectinal curvature.

REMARK. We improved D, in [6], as the inequality with

respect to the Ricci tensor is the best possible.

Also, S. I. Goldberg, M. Okumura and Y. Kubo have proved the follow-
ing theorems under the different conditions from C and D.
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THEOREM E (S. I. Goldberg and M. Okumura [4]). Let M be an n-
dimensional compact conformally flat Riemannian manifold. If the length
of the Ricci tensor is constant and less than R/«/n———l—, n=3, then M is
a space of constant curvature.

TueorREM F (Y. Kubo [8]). Let M be a real n-dimensional Kaehlerian
manifold with vanishing Bochner curvature tensor. If the length of the
Ricci tensor is constant and less than RiNn—2 , n=4, then M is a space
of constant holomorphic sectional curvature.

The purposes of this paper are to obtain the theorem, analogous to
the above two theorems, for a Sasakian manifold with vanishing contact
Bochner curvature tensor and to give an example of Sasakian manifold

which shows that the inequality in A is the best possible.

§ 2. Preliminaries

First, we would like to recall definitions and som fundamental prop-
erties of Sasakian manifolds. Let M be a (2n+1)-dimensional Sasakian
manifold with the Riemannian metric ¢;; and an almost contact structure

(¢, &, m) satistying
¢ai¢fa = - 5ij+7]jsi ’ ¢ai5a == O’ 77a¢1:a =0 ’ 7]a5a =1 y

1
(2.1) N, o4 @im;— 098" =0, ¢y =5 (8im;— 374,

JasPP;® = gi;—nin; and & = Nag™
where N, is the Nijenhuis tensor with respect to ¢;; and 9;,=0/0x® is the
partial differential operator with respect to the local coordinate (z?). In the
view of the last equation, we shall write 7° instead of & in the sequel.
In the following, let Ry Rij and R denote the Riemannian curvature
tensor, the Ricci tensor and the scalar curvature. If the Ricci tensor Ry,
of a Sasakian manifold M satisfies

R
(2.2) Ry = <§1 - 1) 9ij— (’2; —2n— 1) /BN

then we say that M is an 7-Einstein manifold. We define the y-Einstein
tensor .S;; by

R R
(2. 3) NTE :Rij—<—2—n——1> gzj+<§;—2n—1>7]i7]j-

Note that if the 7-Einstein tensor of a Sasakian manifold M vanishes, then
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M is an 7-Einstein manifold.

Let M be a Sasakian manifold of dimension 2n+1. As an analogue
of the Bochner curvature tensor of a Kaehlerian manifold, we define the
contact Bochner curvature tensor By, of M by

1
Bhijk:= Ryiju— 2(n——|—2) (Rijghk — Rix0nj+ 955 Rnie — Gin Rz

— R i+ Ruopun; — 0 iR+ iR+ Hi jbni
— Hudnj+ ¢s i Hue— i Hpj— 2 Hyih jr. — 26 H 1)

R—6n—8
(2. 4) + A(nt 1)71(n 19 (94 19m — 9ixOn;)
R+4n*+6n
4(n+1) (n+2) (B4 iPnx — Pirnj — 2Pnich jx)
R+2n

T4+l (nt2) (G900 — Qarln 5+ 00 190 — DNeGns) »
where H;;:=R/¢,;.
The following lemmas are well-known.

Lemma A. In a Sasakian manifold with vanishing contact Bochner
curvature tensor, there exists the following identity :

n

1
4 IcRij -V jRik = 4ZT1> {(V kR) (gij _77i77j> - (V jR) (gik - 7]i77k)

(2. 5) +(P?R) ($urdii — Paibir — 2aih 1) }

— (e j—1;Hix— 2. H ) + 27 (e — 106 — 2008 1) »
where V) denotes the operator of covariant differentiation.

LEmMMA B. Let M be a Sasakian manifold with vanishing contact
Bochner curvature tensor. If M is an y-Einstein manifold, then M is a
space of constant ¢-holomorphic sectional curvature.

M. Okumura proved the following lemmas.

LemMma C [10]. Let a;, i=1,2, .-, m (m=2), be real numbers satisyying

(2. 6)

=
v
2

a;=0 and ia{“’:k

o
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LEMMA D [9]). If a given set of m+1 (m=2) real numbers a;, as, -+, an
and k satisfies the inequality

2.8  Sartk< (34
) i=1 4 m—1 (; ai) ’

then, for any pair of distinct i and j, we have
(2 9) k< 2617;61_7' .

§ 3. Main result

Let M be a (2n+1)-dimensional Sasakian manifold. From the definition
of the y-Einstein tensor S;;, we have S/¢,*=¢,S;%. From the brief com-
putations, we see that

(3.1) trace S=.35%,=0,
(3.2) trace S2=.5,,5% = R,,R*® — 717—1— R:4+2R—4n*—2n=0
and

trace S8 = SabSb Sc = Ra Rb Rc —"3< R >RabRa’b+ —2172_ R?

‘”7? Rt46 (n+1) R—4n(n+1) (2n+1)

(3. 3) .
- RabRbcRca_ 3(%‘ — 1) SabSa'b - 4 2

—2n(2n—1)(2n+1).

1 oy 3
n

3
n

R*—3R

Note that if trace S? is zero, then M is an 7-Einstein manifold.

The following lemma is fundamental and may be found in [7].

LemMA E.  Put f2:=5,5% (f=0)
and let ¢;, i=1,2,---,2n+1, be the characteristic roots of S;. Then we

have

n—2 <n2

- ¥ 2n(n—1) f ; = v 2n(n—1) S

Proor. From S'»*=0 and the comutativity of S/ and ¢/, we see
that the characteristic roots of .S;/ are ¢, -+, Cas C1» ***» o and 0. Combining
this fact with Lemma C, we obtain this lemma.

(3. 4)

By a straightforward computation, the Laplacian of the square length
of the Ricci tensor becomes
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(3 5) ‘é A(RabRab> == (VcRub> (VcRa'b> + % RabVaVbR+RabRbcRca

- Ieabcdiaadec + Rach (VcRab - VbRac> .

Using Lemma A and making use of (3.2) and (3. 3), we get

1 1 R—2
o AR = FuRa) PR+ (L Rt 2 gl
(3. 6) + n—7l1-2 trace S*+ R—(i—(:—i;zl trace S?

—%{R—Zn(Zn—l—l)}z.
On the other hand, by a straightfoiward calculation, we see that
{PeRas+ 868 (Raps + Raria) — 27 (Geapo + Grama))
{PeR + g (Reyp + Ryf) — 2n (o + o)
= (7Rap) (P°R) — 2R, R* + 8nR — 1623 — 8n?
= (7,Ru) (7°R%) — 2 trace S2— {R 2n(2n+ 1)} >0

Substituting (3. 7) into (3.6), we have

1
72 4 (RabRab> = {VcRab,.+ ¢cd (Rd(ﬂ]b + Rdlﬂ?a) —2n (¢ca,7]b + ¢cb77a>}

o {VcRab+¢ce (Re%?b +R b a) _2n(¢ca77b+ ¢cb77a>}

+{7 1y RO 1) R
R+2n

+ - n+2 trace S3-++ -/ EICES A1) trace S2.

From Rip*=2ny* and the commutativity of R,/ and ¢/, we see that the
characteristic roots of R;/ are by, -+-, b,, b, -+, b, and 2n. Here we assume
R—2n
V2nn—1) -

that the length of the 7-Einstein tensor is less than Then

we have the inequality

o (L2

Since the n-real numbers b, -+, b, satisfy the inequality (3. 9), applying Lemma
D, we find 26,6;>0 (i#j). From this fact and R>2n, R,/ is positive definite.

(3. 9) 37 b2<
i=1
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Next, assume that the length of the Ricci tensor is constant. Then
the left hand of (3. 8) vanishes.

From the assumption with respect to the length of the »-Einstein tensor
and Lemma E, we have

R+2n

trace .S%+ 2(n +1) trace S?

3 1 n+2
8. 10) n(n—2) R+2n

>f£2!
zf{ v 2n(n—1) (n+2) S 2(n+1)
Thus (3. 8) yields the inequality

o

(3. 11) { n=l  pw 4( gb}VaV,,Rgo.

2(n+1)

If M is compact, E. Hopf’s well-known theorem says that R is constant,
because R,/ is positive definite. Hence the second term of the right hand
of (3.8) vanishes. Since the first and third terms of the right hand of
(3. 8) are not negative, it is clear that f2=trace S?=0, that is, M is an -
Einstein mainfold.

Consequently we have the following

THEOREM. Let M be a (2n+1)-dimensional compact Sasakian manifold
with vanishing contact Bochner curvature tensor. If the length of the
Ricci tensor is constant and the length of the y-Einstein tensor is less than

R—2n
W ‘7n(n 1)
curvature.

, n=2, then M is a space of constant ¢-holomorphic sectional

§ 4. Example

We shall now give the example of a Sasakian manifold which shows
that the inequality in [Theoreml A is the best possible.

Let M,(§s, ¢, 77) be a (2n—1)-dimensional Sasakian manifold of constant
é-holomorphic sectlonal curvature ¢—3(c>0). Let M,(g,.,J,") be a real 2-
dimensional Kaehlerian manifold of constant holomorphic sectional curvature
—c with 1-form o, satistying J,,=(1/2) (3,0,—0d,0,). There exist such mani-

folds. For example, we put 1\42:2{(3:, y)ER2{x<O} (g.)= <g g), (J, )-(_(1) (1)>
2

(1—eveo) ”

M: =M;x M, and induce a new Sasakain structure (¢;j, ¢;/, 7') on M as

follows :

and (,)=(0, v), where a=eV°c3)(l—eV°7)? and v= r We put
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Gor 7p@,
(4.1) (9:5) :=< ) ,
o7, | 9w+ 0,0,
_ & 0
(4 2) (¢,‘7) L= ,
—J o |2
7
(4.3) () := () .
0
Then we have
(4 4) (771) = (ﬁﬂl w#) ’
(7ﬁ’+77"7‘7’ —77‘9(0”
(4.5) (g%) =( )
_w#ﬁi’ ( g'/w
and
ggﬁr 0
(4.6) (dss) = —.
01J,

For ¢-basis {e, e, -+, €:,) at every point of M such that e,=7, ¢, -,
€nty Cny1 =@ €y, Con_1=0€,_; are tangent to M, and e,, e, =de, tangent to
M, we obtain

K(ei’ en+i):C_3 (121,,71—1),

Klese)="4  (5j=1n=1;i#j),
K (en, €30) = —c—3

and

Klewe)=0 (i=1,-,n—1),

(4.7)

where K(X,Y) means the sectional curvature with respect to the plane

spaned by X and Y.

This shows that M is an example of (2n-41)-dimensional Sasakian
manifold with vanishing contact Bochner curvature tensor which is not of
constant ¢-holomorphic sectional curvature. Furthermore we have

(4. 8) R=(n—-2)(n+1)c—2n
and

4. 9) RyuR® =(1/2) (n*—n?+4) 2—4(n—2) (n+1) c+4n*+8n
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on this Sasakain manifold M.
Therefore, if #=3, then we have

SapS® = RyyR% —(1/2n) R:4+2R — 42— 2n

(n—1) (n+2)2(R+2n)?
2n(n—22(n+1?%

This shows that the inequality in Theorem A is the best possible.

If n=2, we have R=—4. This shows that M is an example of a 5-
dimensional Sasakian manifold with vanishing contact Bochner curvature
tensor and constant scalar curvature —4 which is not of constant ¢-holo-
morphic sectional curvature.

References

[1] D. E. BLAIR: Contact Manifolds in Riemannian Geometry, Springer-Verlag,
1976.

[2] S. I. GOLDBERG: On conformally flat spaces with definite Ricci curvature,
Kodai Math. Sem. Rep., 21 (1969), 226-232.

[3] S.I. GOLDBERG: On conformally flat spaces with definite Ricci curvature II,
Kodai Math. Sem. Rep., 27 (1976), 445-448,

[4] S.I. GOLDBERG and M. OKUMURA : Conformally flat manifolds and a pinching
problem on the Ricci tensor, Proc. Amer. Math. Soc., 58 (1976), 234-236.

[5] 1. HASEGAWA : Sasakian manifolds with 7-paralle]l contact Bochner curvature
tensor, J. Hokkaido Univ. Ed. Sect. II A, 29 (1979), 1-5.

[6] I. HASEGAWA and T. NAKANE: Remarks on Kaehlerian manifolds with
vanishing Bochner curvature tensor, to appear.

[7] 1. HASEGAWA and T. NAKANE: On Sasakian manifolds with vanishing
contact Bochner curvature tensor, to appear.

[8] Y. KuBo: Kaehlerian manifolds with vanishing Bochner curvature tensor,
Kodai Math. Sem. Rep., 28 (1976), 85-89.

[9] M. OKUMURA: Submanifolds and a pinching problem on the second funda-
mental tensors, Tras. Amer. Math. Soc., 178 (1973), 285-291.

[10] M. OKUMRA: Hypersurfaces and a pinching problem on the second funda-
mental tensor, Amer. J. Math., 96 (1974), 207-212,

[11] M. SEINO: A certain example of a Kaehlerian manifold, to appear.

Mathematics Laboratory
Sapporo College
Hokkaido University of
Education



	\S 1. Introduction
	THEOREM A. ...
	THEOREM B. ...
	THEOREM C ...
	THEOREM D ...
	THEOREM E ...
	THEOREM F ...

	\S 2. Preliminaries
	\S 3. Main result
	THEOREM. Let ...

	\S 4. Example
	References

