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Introduction

In his paper K. Hirata showed an exact sequence concerning with
an H-separable extension A of B as follows

1——Inn (A|B——Aut (A|B)

P(A)

where P(A) is the group of isomorphsm classes of some type of A— A-
modules. But if we follow the same method as Azumaya algebras we can
obtain also the following exact sequence

1

Inn (A| B———Aut (A|B) Pic (C)

where Pic (C) is the Picard group of the center C of A. Being stimulated
by these facts the author tried to obtain some additional sequences. In this
paper we will show that if A is an H-separable extension of B (i.e.,

AR AL DADAPD---PA),) such that V,(B)CB, there exists an exact

sequence of group homomorphisms

1—Inn (A| B

Aut (A|B)

Pic (C)

Pic (B

where B'=V,(V,(B)). From this we can induce an exact sequence

1——Inn (A[S) Aut (A]S) Pic (C) Pic (.S)

in the case where A is an Azumaya C-algebra and .S is a maximal com-
mutative subring of A such that A is left S-projective, that is, A is an
S/C-Azumaya algebra.

Sequence of group homomorphisms

Throughout this paper A is a ring with the identity 1 and B is a
subring of A such that 1€B. Aut(A|B) denotes the group of all auto-
morphisms of A which fix all elements of B and Inn(A|B) denotes the
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subgroup of Aut(A|B) consisting of all inner automorphisms. For an
A—A-module M and an automorphism ¢ of A we denote by ,M a new
A — A-module such that ,M=M as right module and am=¢{a)m for me&,M
and ac A as left A-module. Similarly we can define M,. For each A—A-
module M set MA={meM|ma=um for all ac A}. Then we have (M)*
=(M,-)4. Especially we will set ,J=(,A)* and (A,)4=J..

The most part of the next lemma have already been known and appeared

in the proofs of Prop. 3 Prop. 5 and in [5], though they are not

stated as lemmas. But here we will state them definitely

LeEMMA 1. Let A be an H-separable extension of B, C the center of
A and D=V ,(B), the centralizer of B in A. Then we have

(1) For each scAut(A|B) the map ¢, of DQcJ, to D such that
g9,(dRd)=dd, for dED and d,=J, is an isomorphism

(2) J, is a C-finitely generated projective module of rank 1, and
o, <PeD, (a C-direct summand of D).

(3) JJ.=J.=J, Q. and JJ,-=C for any o, r&Aut (A|B)

(4) o is inner if and only if J,=Cv for some v&d,.

(5) Aut(A|B)=Aut(A|B) and Inn(A|B)=Inn(A|B'), where B'=
Va(V4(B)).

ProoF. Since A is H-separable over B, D is C-finitely generated pro-
jective, and consequently ;C<@¢D (See Th. 2.1 [4] or Th. 1.2 )
(1). We can apply Th. 1.2 (c) to an A— A-module A,, and we have
DRed,=DRo(A)A=(A)P=D. (2). Since LC<DeD, CReJ, <PDK)cd., as
C-module. But ¢,(CRoJ)=J,. Hence J,<@¢D. Then J, is C-finitely
generated projective. DX)¢J,=D shows that J, is of rank 1. (3). Let o,
reAut (A|B). Clearly J,J.CJ,, and J,J,-~CC. But by (1) we have DJ,=
D, DJ,J,-»=DJ,~»=D. Then since (C<®;D, J,J,-=DJ,J,-NC=DNC=C
(=J,-J,). Now there exist z; in J, any ¥; in J,~ such that X} zy,=1.
Then for any d in J., yd<J,~J,CJ, and d=73, zydsd,J.. Thus we
have J.,CJ,J., and J,J.=J.,. Thus the map p of J,&¢J. to J,, such that
w(d,Qd)=dd. for d,cJ, and d.€J. is a C-epimorphism. Then p splits,
since J,, is C-projective. But both J,XJ, and J,, are of rank 1. Hence
g is an isomorphism. (4). If J,=Cv(ved,), D=DJ,=J,D=Dv=uvD.
Hence v is a unit, and o(z)=v'zv for all x£A. The converse is also

clear. (5) is due to Th. 1 [11].

Let P(A) be the group of isomorphism classes of A—A-modules M

such that M is a left A-progenerator and A=Hom (,M, 4M), and denote
by |M]| the class to which M belongs.
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THEOREM 1. Let A be an H-separable extension of B, C=V,(A)
and B' =V, V,(B)). Then we have the following sequence of group maps

1—Inn (4| B)

Aut (4] Bj——P(C)——P(B)
J

such that i(o)=a, jlo)=|J|=|J,~| and t(|E|)=|B'Q-E| for s=Aut(A|B)
and |E|€P(C). Furthermore we have

(1) Kerj=Imi and KertCImj
(2) If furthermore BDV 4(B)(i.e., V4(B)= the center of B), then the

above sequence is exact.

Proor. By Lemma 1 j is a group homomorphism. It is also clear
that ¢ is a group homomorphism. (1). That Im ;/=Kerj is also obvious by
Lemma 1 (4). As for the rest we can assume that B=B', since Aut (A|B)=
Aut (A|B') and Inn (A|B)=Inn (A|B') by Lemma 1 and A is also H-separable
over B by Th. 1.3 [8]. Now let E be any rank 1 C-projective module
such that BX)¢cE=B as B— B-module. Denote this isomorphism by ¢. ¢
induces B¥X) E=(BX)cE)*~B?, since E is C-projective (See Lemma 2.1 [10]).
Set C'= B3, the center of B. Then we have ARQE=AR:C' RQcE=AR)C
=A as A—V,(C)-module. Denote this isomorphism also by ¢. Thus
o(x@m)=x2p(1Qm) for x&A and mecE. Let E=),Cm; (finite). Then
there exist ¢;&(C’ such that ¢(},c;®m;)=1. Hence for each x in A there
exists a unique element, say g(x), in A such that ) c;xQ@m;= ] o(x)c;Xm,.
But . c,a@m;=xT (3 c;Xm,;), where £ is the left A-endomorphism of the
right multiplication of an A— A-module AX):E by x. Hence we have ¢(xy)
=ad(x) o(y) for z, y= A. Thus ¢ is a ring-endomorphism of A Which fixes
all elements of B. Then ¢ is an automorphism by Th. 1 (or Th. 2
[13]). Now set K=[(AQE]*={}z;,Qn;€ AQcE| ¥ o( x]@”] 2.2;2m,
for all x&A}. Then by Theorem 1.2 (¢) [8], D=DXRE=[,(ARE)]?2=
DR [,(ARE)]*=DX)cK, where D=V ,( ). Hence K is rank 1 C-projective.
Next since 1€¢(K) and ,C<@¢D, we have ;C<@Pp(K). Hence ¢(K)=C.
On the other hand since ¢,J <@¢D, JXE<PDXE as C-module. Hence
o2 (JRel) < Pep(DRcE)=D. But we have ,J&X¢EC K. Hence ¢(,JRE) =
¢(K)=C. Thus we have |E|=|J|"'=|J,|]. Therefore KerzCImj. (2).
Suppose D=C". Then for each ¢= Aut (A|B), the isomorphism ¢, of DX)¢J,
to D induces a B— B-isomorphism of BX).J, to B, since J,CDCB. Hence
Im jCKer ¢.

CoroLLARY 1. Let A be an Azumaya C-algebra, and S a maximal
commutative subalgebra of A such that A is a left S-projective. Then we
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have the following exact sequence defined by the same way as Theorem 1.

1——1Inn (A]S)——Aut (4] S) - P (C)——P(S)

Proor. Set B=S. Since V,(S)=S, D=B=B=S. By Prop. 2.4 [2],
DR¢A'=Hom (sA, sA). Since A is left S-finitely generated projective and
S-faithful, A is a left S-generator and §S<@PsA. Hence D is C-finitely
generated projective. Then by Cor. 3 [9], A is an H-separable extension

of S. Now we can apply [Theorem 1.

We can replace P(B') by P(C') in [Theorem 1. Because C'® E=C"
induces AQE=A as A—V,(C')-module, and we can follow the same lines
as for the rest. Note that Ker fCj(Aut(A|V4(C"), since
Y ex®@my= Y xc;Qm; for all x inV,(C'). Conversely let = Aut (A|V,4(C').
Then since r|D=identity, J, and J.-: are contained in C' by Prop. 5 [12].
Hence C'J.DJ.-:J.21, and we have C'J.=C'. Then CX)J.=C, since
both are rank 1 C'-projective. Therefore we have

ProrosiTION 1. Let A be an H-separable extension of B, and C' the
center of V4(B). Then we have the following exact sequence

1——Inn (A V4(C)—>Aut (A|V ,(C')—>P (C)—>P(C')

Remark. By Prop. 2.13 and Cor. 1 we have the following exact
sequence in the case where A is an S/R-Azumaya algebra

1—Tnn (A}S)—Aut (A]S)—P (R—P (S)—A(S, R)—B(S|R)—1
See for detail [2].

Remark. In [3], S. Elliger proved the exactness of i and j under a
different conditions. He added the condition that ;C<@ A. But we did
not need this condition in this paper. He also defined Azumaya extension.
But from his definition we can easily induce that A is an Azumaya exten-
sion of B if and only if A=BX¢D with an Azumaya C-algebra D and
C=Vz(B)=V,4(A) and ;,C<@P B. Hence this is a special case of H-separa-
ble extensions.
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