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Riemannian manifolds
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Recently, A. Gebarowski has determined decomposable conformally
recurrent Riemannian manifolds. Then, it is natural to ask how irreducible
conformally recurrent Riemannian manifolds are determined. In fact, taking
account of the de Rham decomposion of Riemannian manifolds, a complete
simply connected Riemannian manifold is either irreducible or decomposable.
It is natural to assume that the Riemannian manifold has a complete metric
and is simply connected by considering its universal covering space, if nec-
essary. '

The purpose of the present paper is to show

THEOREM. An analytic irreducible conformally recurrent Riemannian
manifold of dimension greater than 4 is conformally flat.

§ 1. Preliminaries and notation.

Let M be an 7n(=4)-dimensional Riemannian manifold with a positive
definite Riemannian metric gj. We denote by F; K;* K, and K the
operator of covariant differentiation, the Riemannian curvature tensor, the
Ricci tensor and the scalar curvature, respectively. Then the conformal
curvature tensor Cjj; is given by

1
(1) Cesin = Kkﬁh_’m (Kin i — Kjn Qri+ G K — g Kii)

K
+ (n—]_) (n_Z) (gkhgji*gjhgki> .

For the conformal curvature tensor Ci;;, we know the following identities :
( 2) ijm = —lecih - *ijm' — Cinkj s
ijih+Cjikh+ Cikjn =0, g** Cijin=0,

(3) thkjih :77;%; ij,;, where iji :VkKj@—Viji
1
_m Ve Kg;:—V ; Kgys)
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(4) V1 Ceiin+VeCrin+V i Cm

1
= ) (CrpiGin— Ciin01i+Chi Qen— Cin0ri+Cui9n— Cin0j0) -

M is called conformally recurrent if we have

(5) V. Crjin =1 Crjin »

for a non-zero 1-form p,.
If M is of class C* and ¢, is so, we call M analytic. In this case,
Kijin» Kji» K and hence Cyji are also of class C“.

§ 2. Proof of Theorem.
LemMma 1. We have

(6) D1 Cryint b Ciun+2;Cuin

1
= n—3 o (iju 9in— Cijne gl\i + ij Gin— Ciine Qi

+ Czkit gjh - Clkhc g]z) .

Proor. Substitute (3) and (5) into (4).
LemMA 2. There exists the equation,

2(n—2)
3

(7) D1 Crgan I — Ciju CHop" =0.

Proor. Teansvect (6) with C*¥ and take account of (2).
LemMa 3 ([3). If there exists on an analytic Riemannian manifold
a function f of class C* satisfying

Vif=pif,

for a 1-form pi, then either p; is closed or f vanishes identically.
If an analytic Riemannian manifold M is conformally recurrent, then,
by Lemma 3, either the recurrence vector p; is closed or M is conformally

flat. where as the function f of class C* we have adopted % Ci jin, CFI.

Hence, in the following, we assume that p; is closed.

LEMMA 4. If there exists a point where Cy;u=0, then Cyjn vanishes
identically.

The proof is similar to that of Lemma 7 in [3].

Hence, if M is not conformally flat, then Cjj» does not have zero
points. In the following, we assume that M is not conformally flat.

LemMMA 5. If we put
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p = 1og (Copn CH19),
then we obtain
(8)  CunCHy=— gy,
Proor. First of all we remark that
Since we have
V(€™ Cyjin, C¥9%) =0,
there exists a constant ¢ such that
(9) e~ Cyjin CY% = ¢

because of the facts that e=?2C;,;C*%, is symmetric in A and [/, and that
M is irreducible. Transvecting (9) with ¢* we get

1 g 1
C = —7; e ijt'h Ck‘”h — —7; ’
from which (8) follows.
Substituting (8) into (7) we have

2(n—2
gy =0

that is,

%ﬂ ¢?p,=0, a contradiction for n>4.

Therefore is proved.

§ 3. A note.

Let M be a Kaehlerian manifold with a complex structure F* and the
Kaehlerian metric g;. Then M is analytic. The Bochner curvature tensor
Bkjih is given by

1
Byjin = Kkjih_n—_'_zl (Gwn Kji —0n Kpi+ Kkhgji - thgki+Fkthi
— jnSki+SkhFji—thFki—2ijSih—ZSkjFih)

K
+ (n+2) (n+4) (9en95i—9inGni+ Fn Fji— Fin Fru—2Fy; Fa)

where S;; = Ky jin F*" = —é— Kinji F¥"= — K F¢ is a closed 2-form.
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B, ;in satisfies
Bkjih - —Bjkih = —Bkjm' — Dipxj — Bk jts F F.*,
Bkjih+Bjikh+Bikjh =0, gkh Bkjih = [t Bkjih = F*" Bkhji =0 ’

n

Vthjih == n+4 Bkji )
v, Bkjih+Vk Bjm+Vj Biin
1

= W) (Bkji Jin— Brjn 0+ B Qun— leh Oxi+ B 0 jn— Bungi
+ Byt Fit Fiu— By Fif Rip+ B, Fy! Fri— By Fit Fin+ B Fr! Fj

_BlktFitth_i_ZBihtﬁtij—l_ZBihtFktFjl+ZBihtthFlk) ’
where

1
Beji :VkKji—Viji_m VeKgji—V ;i Kgu+Fi'VeKFj;

—FiV,KF;—2F;F/V,K).
M is said to have recurrent Bochner curvature tensor if Byj;, satisfies
Vi Bijin = Py Bejin »

for a non-zero l-form p,.

Then, as a Kaehlerian analogy of [Theorem|, we have

PrROPOSITION. An irreducible Kaehlerian manifold with recurrent
Bochner curvature tensor of real dimension greater than 4 has vanishing
Bochner curvature tensor.
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