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A discrete analogue of the inequality of Lyapunov
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1. This paper is concerned with the difference equation
(1) Lr(e—1)+pk) 2(k) =0

where p (k) is a real valued function defined on a set of consecutive integers
to be specified later. Our work is motivated by a classical result of Lyapunov
which states that if x(f) is a nontrivial solution of the differential system

(2) ') +pt) z@t)=0 a<t<b

(3) z(a)=0, x(b)=0

where p(¢) is a continuous and non-ngeative function defined on [a, 5], then
(4) (b—a)S:p(s) ds >4

and the inequality is sharp. In view of the obvious similarity between the
equations (1) and (2), we expect to find discrete analogoues of (4) which
are necessary for the existence of a non-trivial solution of (1) satisfying
certain boundary conditions.

In the next section, we shall assume that p(k) is a non-negative function
defined on the set {1,2,---, N} and derive a condition which is necessary
for (1) to have a non-trivial solution z(k) satisfying x(0)=0 and x(N-+1)=0.
Under the same assumption on p(k), we then derive in the third section
a more general condition which is necessary for the same equation to have
a nontrivial solution x(k) satisfying z(0)+6x(1)=0 and z(N+1)+2z(N)=0
where ¢ and 1 are non-negative real numbers. We could have omitted the
next section entirely but include it here for constrasting the principles and
computations involved. In the final section, we use a comparison theorem
to deal with the case when p(k) can take on nonpositive values.

2. In the sequel, the smallest integer which is larger than or equal

to the real number ¢ will be denoted by t*. Let A,=(a(j)) be the n by
n tridiagonal matrix defined by

2 i=j
a(t,j)=41—1 li—jl =1

0 . otherwise.



106 S.-S. Cheng

Let G,=(g(z,7)) be the n by n matrix defined by
}(n—i+1)j 1<
\(n—j+1) i<j<n.

The elements of G, are clearly positive. Furthermore, we may easily verified
that

(5) max {g(i, )} = g((n/2)*, (W/2)*) = (n—(n/2)* +1)(n/2)* ,

1<, j<n

and that (n41)7'G, is the inverse of A,.

If p(k) is a non-negative function defined on (1,2, .-, N} and if xz(k),
0<k<N+1, is a nontrivial solution of (1) satisfying x(0)=0 and z(N+1)
=0, then the vector

z=col (z(1), 2(2), -+, z(N))
satisfies the matrix equation
(6)  Awzg—diag(p(1),p(2) -, p(N))z=0.
Multiplying the above equation by (N+1)71Gy, we obtain
z=(N+1)"Gy diag (p(1), -+, p(N)) 2

Let 7 be the integer such that

| 2(0)] = max|(7)],
then
@] S(N+17 5 96,9) 21| 2(0)
<|x | (N+1)'max Gy Zp( )
(7) p)+p2)+---+p(N)=>p(N)
where
(8)  p(N)=(N+D/(N—(N/2*+1) (N/2)*
J2m+1/mm+1) if N=2m
| 2/m+1) if N=2m+1.

The inequality (7) is best possible in the sense that for any N, we can find
non-negative p(k) and nontrivial x(k) such that p(1) +---+p(N)=p(N) and
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z(k) is a solution of (1) for 0<A<N-+1. To see this, we first suppose N=
2m-+1. Let

k 0<k<m—+1
x(k) =

\2m —k+2  m+1<k<2m42
and let
plk) = —Lx(k—1)/x(k)

for 1<k<2m+1. Then z(k) satisfies (1) for 1<E<N, z(0)=0, £(N+1)=0
and

0 1<k<m
pk) =1{2/(m+1) k=m+1
0 m+2<k<2m-+1

as required. If N=2m, let
_ jk 0<k<m+1
T+ ) Cm—ktlm m+1<k<2m+1

and p(k)= —A%x(k—1)/x(k) for 1<k<2m. It can similarly be verified that
x(k) and p(k) are the desired functions.

After a change of the independent variable £ in (1), the above con-
clusions can be summarized in the following

(k)

ProposiTiON 1. If p(k) is a non-negative function defined on the set
of consecutive integers {a, a+1, ---, b} and if

(9) fx(k—1)+p(k) z(k) =0, a<k<b

has a nontrivial solution x(k) which satisfies x(a—1)=0 and x(b+1)=0,
then

pla+---+pb)>pb—a+1)
and the inequality is sharp.

Note that u(N) is a strictly decreasing function of N. It follows from
IProposition 1| that if

pla+platl)+---+pb)<plb—a+1)

then (9) cannot have a nontrivial solution x(k) which satisfies z(c—1)=0
and z(d+1)=0, where a—1<c—1<d+1<b+1. For otherwise

% p(3)= 5 pl)2pld—c+1)2pb-a+D)> 3 pli

J=a
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which is a contradiction.

3. The principle used in the previous section can be applied to the
more general system

(11) 2(0)+ax(1) =0, ¢ER, ¢>0
(12) 2(N+1)+2z(N) =0, AER, 2>0

where p(k) is a non-negative function defined on {1,2,---, N}. If x(k),
0<Ek<N+1, is a nontrivial solution of (10-12), then z=col(zx(1), z(2), ---,
xz(N)) satisfies

Byg—diag ((1), -, p(N)) =0,
where By=(b(1,j)) is the matrix defined by

240 1i=71=1
bi,j) =242 i=j=N
a(, j) otherwise.

[t can be verified that the inverse of By is the matrix
{N+1+No+Na+(N-1) a2}~ Hy
where Hy=(h(i,j)) is defined by

h(1,5) =(N—j+1)+(N—j) 1<j<N
h(N,j) =j+(i—1)a 1<j<N
h(t,1) =(N—i+1)+(N—1)d 1<i<N
h(i,7)=1+(@—1) o 1<i<N
h(i,7) = h(i, 1) k(N, j) 1<j<i<N
h(i,5) = h(i, N) k(1 j) 1<i<j<N.

Note that the matrix Hy has positive components and that its “interior”
components are products of “boundary” components. With these observa-
tions, we may arrive at the fact that

h(m+1, m+1) N=2m+1

(13) max Hy = lmax {h(m, m), h(m+1, m+ 1)} N=2m

(m~+14mi) (m—+1+mo) N=2m+1
max {(m—l— 14+ma) (m~+(m—1)a), (m+1+me)(m+(m— 1)2)} N=2m.
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We may now proceed as in Section 1 to obtain the inequality

(14) PO +p2)+---+p(N)=u(N, 0, )
where
(15) #(N, 0, ) = {N+14No+Ni+(N-1) o2}/max Hy .

The inequality is sharp. To see this, we first assume that N=2m+1.
Let xf¥(t) be the linear function whose graph passes through the points
(0, —o) and (1,1). Let x(k)=xf (k) for 0<k<m+1. The linear function
whose graph passes through the points (N,1) and (N+1, —2) has a zero
N+1/1+2) in (N, N+1]. Let xf(¢) be the linear function whose graph
passes through the points (m+1, x(m+1)) and (N+1/(1+2), 0) and let x(k)=
zi (k) for m+1<k<2m+2. If we now set p(k)=—Ax(k—1)/x(k) for
1<k<N, then clearly x(k) satisfies (10-12) and p(k)=0 for 1<k<m and
m+2<k<2m+1. Moreover, p(m—+1) is equal to

slope of xf(t)  slope of xF(¢)
z(m+1) — x(m+1)
. l1+o B c—1+0)(m+1)
~ Ato)mtD =0 (m+1/1+2))(1+0) (m+1)—0)
_ 2m+242m~+1) A+2m+1) 64 2m ol
o (m~+1+mo) (m+1-+mi)
=p(2m+1,0,2).

Next we suppose N=2m and that A>¢. Let z{(f) be the linear function
whose graph passes through the points (0, —¢) and (1, 1) and let zff (k)=x(k)
for 0<k<m. Let x5 (t) be the linear function whose graph passes through
the points (m, x(m)) and (2m+1/(1+2),0). Let x(k)=x5 (k) for m<k<2m+1
and let p(k)= — Lx(k—1)/x(k) for 1 <k<2m. Clearly, x(k) satisfies (10-12)
and p(k)=0 for 1<k<m—1 and m+1<k<2m. Furthermore,
p(m) = 140 . g—m(l+o)

m(l+0)—a (m (1+0')——0'><2m+1/(1+2)>
2m~+1+2mo+2m A+(2m—1) 6

(m+1+m2)<m+(m—l) a)

=u(2m,o0, ).

The case N=2m and ¢>1 can be dealt with similarly. We summarize our
results as follows.

ProposiTION 2. If p(k) is a non-negative function defined on the set
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of consecutive integers {a, a+1, ---, b} and if the system

(16) Ax (k—1)+p(k) x(k)=0 a<k<b
(17) z(a—1)+ox(a) =0 6ER, 6>0
(18) 2(b—1)+2z(b) =0 1ER, 1>0

has a nontrivial solution, then
(19) pl@+platl)+-+pb)=plb—a+l, o, 2)
and the inequality is sharp.

The function y(N, g, 2) has several important properties which we shall
use later :

(i) #(N,0,0)=p(N)

(ii)) if o >¢ and 2 >2, then p(N,d,2)>u(N,a, 1),

(ii) if g—o0, then p(N,a, )—>u(N—1,0, 1),

(iv) if 2—oo, then y(N, e, )—p(N—1,0,0),
and (v) if g, 2—>co, then p(N,q, A—u(N—-2,0,0).

The verifications of these properties are straightforward and thus omitted.

4. Let f(k) be a real function defined on a set of consecutive integers
{a,a+1,---,b). If the points (k, f(k) for a<k<b are joined by straight
line segments to form a broken line, then this broken line gives a representa-
tion of a continucus function, henceforth denoted by f* (), such that f (k)=
f*(k) for a<k<b. The zeros of f*(t) are called the nodes of f(k). Note
that x(k) is @ nontrivial sclution of (16-18) if and only if x(k) is a non-
trivial solution of (16) with nodes a—1/(1+0¢) and 5+1/(14+2). Note also
that if @ and B are consecutive nodes of a nontrivial solution of (16), then

Bt >a+1.

'ProposITION 3. Let 0 and 2 be two non-negative real numbers. Let

p(k) be a non-negative function defined on the set of consecutive integers
{asa_l_la"';b}' lf‘

pla+platl)+--+pB)<p(b—a+l, 02

then (16) cannot have a nontrivial solution which has nodes & and & satisfy-
ing

a—1/(140)<E<F<b+1/1+12).

Proor. Suppose our assertion is false. If é=a—1/(14+4) or 6=5b+1/
(14-2) where ¢ and 1 are non-negative real numbers satisfying ¢ >¢ and
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X =2, then by [Proposition 2, we would have

b b
Lz pl)zplb—atl,d, 2)=pb—a+1,0,2> 2 p(j).

J=a

If ¢=a, 6=b+1/1+7), we would have

= lm pub—a+1,d2)

'620,2/ 22,000
>pub—a+1,0,2)
>pla)+--+p(b) .
If £=a and 6=06, we would have
plat+l)+--+p(b—1)>pu(b—a-1,0,0)
= lim u(b—a+1,d, %)

¢’ >a,2'22; o' 2>

>ulb—a+1l,a, A
>pla)+---+p(d).

Similarly, we can show that the other cases are also impossible.

The following comparison theorem shall be needed in proving our
discrete analogue of the inequality of Lyapunov.

THEOREM ([1, Lemma 2]). Suppose x(k) and y(k), a—1<k<b+1, are
respectively nontrivial solutions of the equations

\

Lx(k—1)+f (k) x(k) =0, a<lzx<b
and
Ay (k—1)+g(k)y(k) =0, a<lzx<b.

If z(k) has two consecutive nodes a and B in [a—1, b+1] and if gk)>
S (k) for a<k<b, then y(k) has a node in (a, f].

THEOREM. Let ¢ and 2 be two non-negative real numbers. Let p(k)
be a real function defined on the set of consecutive integers {a, a+1, ---, b}.

If
b
(20) 2 max {p(k),0}<y(b-a+l,o, A,
then the equation cannot have a nontrivial solution which has two
distinct nodes in [a—1/(1+a), b+1/(1+2)]. The inequality (20) is sharp.

ProOF. Assume to the contrary that x(k) is a nontrivial solution of
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which has two consecutive nodes & and B in [a—1/(1+0), b+1/(1+2)].
Then the Comparison asserts that the system 3
"z‘r“zy(k—1>+max{p(k>, 0}y (k) =0, a<k<b
y*(§) =0 e
has a nontrivial solution y(k) which has a node 6 in (& Bl.. Since

S1(140)<ESH<PLb+ [(1+2),

by Proposition 3|

i x {plk (ﬁ }>,u(b at1, 0, 2)> Z max {p(k), 0]

which is the desired contradiction. The sharpness of inequality (20) has
been shown in Section 3. Q.E.D.

References

[1] S.S. CHENG and A. M. CHO: . "Convexity of nodes of discrete Sturm-Liouville
.functions, Hokkaido Mathematical Journal, 11 (1982), 8-14. . - _ '
[2] P. HARTMAN: “Ordmary leferentlal Equatlons,” W1ley, New York 1964.

Ty . *Departmént of Mathematics

National Tsing Hua University.



	1.
	2.
	3.
	4.
	THEOREM ([1, ...
	THEOREM. Let ...

	References

