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On the non-existence of smooth actions of
complex symplectic group on cohomology

quaternion projective spaces

By Fuichi UcHipa
(Received October 8, 1982; Revised December 23, 1982)

0. Introduction

We have studied actions of non-compact classical Lie groups SL (n, R)
and SL(n, C), in the previous papers [4], [5]. It seems to be important
to consider the restricted actions of maximal compact groups. In this paper,
we shall study smooth actions of complex symplectic group Sp(n, C) and its
maximal compact group Sp(n) on rational cohomology quaternion projective
spaces. We shall show the following result.

THEOREM. Suppose n=5 and m=2n—2. Then Sp(n, C) does not act
smoothly and non-trivially on any rational cohomology quaternion projective
m-space.

By a rational cohomology quaternion projective m-space we mean a
closed orientable smooth manifold whose cohomology ring with rational
coefficients is isomorphic to that of the quaternion projective m-space.

1. Certain subgroups of Sp(n,C)

Let GL(m, C) and U(m) denote the group of regular matrices of degree
m with complex coefficients and the group of unitary matrices of degree
m, respectively. Let I, denote the unit matrix of degree n, and we put

0 I,
.= ).
=1, O

Define Sp(n, C)={A=GL(2n,C): tAJ,A=J,} and Sp(n)=8Sp(n, C)N U(2n).
Then Sp(n, C) and Sp(n) are connected closed subgroups of GL(2n, C).

As usual, we regard M,(C) with the bracket operation [A, B|=AB—
BA as the Lie algebra of GL(m,C). Let 3p(n, C) and 3p(n) denote the
Lie subalgebras of M,,(C), considered as a real Lie algebra, corresponding
to the subgroups Sp(n, C) and Sp(n), respectively. Then
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ap(n, C) ={XEMy(C): *XJ,= —J, X},
ap(n) ={XEM,(C): 1 XJ, = —J, X, X+ X=0}.
We can describe more explicitly as follows.

[x 1
8p(n, C) = ( ): Y=Y, Z=27; X, Y, ZEM,,(C)[ ,

\ly —x
Qp(n)=J<X —)_/): tY=Y, tX+X=0; X YeM(C)l.
l\ly X ’ o |
Put _
f)(n)r—J(X 1_/) ty=Y,:X=X; X YeM(C)1 .
\y -x ’ SR |

227

Let Ad: Sp(n, C)—»GL(3p(n, C)) be the adjoint representation defined
by Ad(A) X=AXA™! for A=Sp(n,C), XE8p(n, C). Then 8p(n) and H(n)
are Ad(Sp(n))-invariant real vector subspaces of 8p(n, C), the correspondence
of Me8p(n) into ¥ —1 M&§(n) is an Ad(Sp(n))-equivariant isomorphism, and

8p(n, C) =8p(n) DY(n)

as a direct sum of Ad(Sp(n))-vector spaces. Define certain real vector sub-

spaces of 8p(n, C) as follows:

0 0 |0 0
0 Xy !0 X
Qp(n—l, C) =9 : XijEMn_l(C) ’
0 0 |0 0
0 X21 0 X2 J
0 —tV 1|0 tU
X 0 U 0
a= . X, Y, U, VE Cn_l ’
0 tY 1 0 —*X
\Y 0|V 0
((a 0 7 0)
0 0 0 0
5= o, B,reCy,
B 0| —a 0
0 0 0 0 J

8p(n—1)=8p(n—1, C)N8p(n), H(n—1)=8p(n—1, C)NYh(n).
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Let Sp(n—1,C) and Sp(n—1) denote the connected subgroups of
Sp(n, C) corresponding to the Lie subalgebras 8p(n—1,C) and 8p(n—1),
respectively. Then

8p(n, C) =8p(n—1)Dh(n—1)DaD3

as a direct sum of Ad(Sp(n—1))-invariant vector spaces.
Denote by a(a+jb,c+jd), the real vector subspace of a consisting of
all matrices of the form

0 * 0 *
Xa—Yb 0| Xc—Yd 0
: X, YeCr1,
0 X 0 *
Ya+Xb 0| Ye+Xd 0
Here q, b, ¢, d are complex numbers and j is a quaternion such that j?=—1

and ju=uaj for each complex number «. It is easy to see that a(a-+jb,
c+jd) is Ad(Sp(n—1))-invariant and each Ad(Sp(n—1))-invariant proper
subspace of a is of the form a(a+jb, c+jd). By definition, there is a relation
(1) a(goqs Qo) =alq, ) for ¢, =a,+jb, and ¢,#0.
By the relation (1), we obtain the following relations :
(2) ala+jb, c+jd)+a(a—jb,c—jd)=a if ad+bc,
a(a+jb, c+jd) = ala—jb, c—jd) if ad=bc.

Moreover we obtain the following relations by a routine work.

[a,a] =8p(n—1, C)P3,
(3) [f)(n—l), a(a+jb, c+jd)] =a(a—jb, c—jd),

[a(a+jb, c+jd), a(a+jb, c+ jd)] = (ad—bc) 8p(n— 1)@y ,
where 3 is a real vector subspace of 3.

LemMMA 1.1. Suppose n=2. Let g be a proper real Lie subalgebra
of 8p(n, C) which contains 8p(n—1). Then g is one of the following up to
conjugation :

(-1, C)Da0, VDY, Spin—1, OBy,
Spn-1)@a0,)®F, Fr-1)Da1,)DF,
8p(n—1)D7

where § is a real vector subspace of 3. In fact, there is an element M of
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the centralizer of Sp(n—1,C) in Sp(n, C) such that Ad(M)g coincides
with one of the above. .

PrOOF. Since ¢ contains 3p(n—1), g is an Ad(Sp(n—1))-invariant
vector subspace of 3p(n, C). Hence we have

g=38p(n—1)D(snNH(»—1)) DN DENY

as a direct sum of Ad(Sp(n—1))-invariant vector subspaces. Since H(n—1)
is irreducible, we have gN§(n—1)=0 or Hh(n—1). Since g is a proper Lie
subalgebra of 8p(n, C), g does not contain a by (3), and hence gna is of
the form a(a+jb, c+jd). By a routine work from (1), (2) and (3), we see
that g is one of the following : ‘

3p(n—1,C)Pa(a, )P3 (a,c: complex), 8p(n—1,C)Dy,
8p(n—1)Pa(a, o) P3 (a,c: complex), 8p(n—1)Dy3 ,
8p(n—1)Pala+b, c+jd)P§ (ad—bc=1).

Let a, b, c,d be complex numbers with ad—bc=1. Put

a 0 | b 0
0

M 2)-

0
c 0 |d 0
0 IL.).

Then M (? cbi> is an element of the centralizer of Sp(n—1, C) in Sp(n, C), and

Ad(M(j 3)) a(l, j) = ald—jc, —b+ja)

Ad(M(fj f})) a0, 1) =a(—c, @).

Thus we have the desired result. g.e.d.
Put
1 0
1 1 0 L 0
.- )
O In—Z

Then K is an element of Sp(n, C).

LeEMMA 1.2. Assume that g is contained in one of the following :
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8p(n—1, C) D3, 8p(n—1)Da(0,1)D3 3p(n—1)Da(l, ) D3 .
Then 8p(n)N Ad(K) g is contained in 8p(2)P8p(n—2).

Proor. Each element of 8p(n) is of the form

X -Y _
Az( _), X+X=0, ‘Y=Y.

\Y X
Then
K—IAKz (L-l XL  —LYeL |
o tLYL —4L1XL) ,
Since 8p(n)N Ad(K)g={Ac8p(n): K'AK=g}, we have the desired result
by a routine work. q.e.d.

Let L(n), N(n) denote the subgroups of Sp(n, C) consisting of all
matrices of the form o ,

1 * * * ) * * * * )
0 Xu | * Xz 0 Xy | * Xis

0 0 (1 0 0 0 | x 0|
0 Xo | * Xea ), \ 0 Xo | * Xos /

for X;;eM,_4(C), respectively.

ReMmARk. The standard Sp(n, C) action on C*—{0} is transitive and
L(n) is an isotropy group. The standard Sp(n, C) action on the complex
projective (2n—1)-space is transitive and N(n) is an isotropy group. N(n)
is the normalizer of L(n) in Sp(n, C).

THEOREM 1.3. Suppose n=4. Let G be a closed proper subgroup of
Sp(n, C) which contains Sp(n—1). Assume that each isotropy group of
the restricted Sp(n) action on the homogeneous space Sp(n, C)/G contains
a subgroup conjugate to Sp(n—1). Then L(n)ChGh*CN(n) for an ele-
ment h of the centralizer of Sp(n—1, C) in Sp(n, C).

Proor. Let g=Lie G be the Lie algebra of G. By the assumption that
G contains Sp(n—1), g contains 3p(n—1), and hence there is an element
h of the centralizer of Sp(n—1, C) in Sp(n, C) such that Ad(h)g coincides
with one of the Lie algebras listed in Lemma 1.1. By the second assump-
tion on G, 8p(n)N Ad(K) Ad(h)g contains a subalgebra Ad(K)8p(n—1) for
some i’ &Sp(n), and hence Ad(h)g=8p(n—1, C)Pa(0,1)P3 for certain real
vector subspace § of 3 by Lemma 1. 2. Let 3, 3 denote the subspaces of
4 consisting of all matrices of the form
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0 0 % 0 * 0| % 0
0 0|0 0 0 0 0
0 00 0 ? 0! % 0
0 0|0 0), 0 010 0

respectively. We see that if 8p(n—1, C)Pa(0, 1)Ps is a Lie algebra, then
%C3 C3.. On the other hand, it is easy to see that

Lie L(n) =8p(n—1, C)Pa(0, 1) D3,
Lie N(n) =8p(n—1, C)Pa(0, 1) D3 .

Hence we obtain L(n)ChG°h~'C N(n), where G° is the identity component
of G. Since N(n)/L(n) is isomorphic to the multiplicative group of non-
zero complex numbers, we see that AG°h~'=L(n), N(n) or hG°h™'/L(n) is
isomorphic to the multiplicative group of positive real numbers or the circle
group. For each case the normalizer of AG°A7! in Sp(n, C) coincides with

N(n), and hence L(n)ChGh1C N(n). q.e. d.

~—

2. Smooth Sp(n) actions

First we prepare the following two lemmas which are proved by a

standard method (cf. [1], [5]).

LEMMA 2.1. Suppose n=5. Let G be a closed connected proper sub-
group of Sp(n) such that dim Sp(n)/G <8n—8. Then G coincides with
Sp(n—i)x K (i=1,2) up to an inner automorphism of Sp(n), or n=>5 and
G is isomorphic to U(5) or SU(5). Here K is a closed connected subgroup
of Sp(i).

LEMMA 2.2. Suppose r =4 and k < 8r—6. Then an orthogonal non-
trivial representation of Sp(r) of degree k is equivalent to (v,)gD0* " by an
inner automorphism of O(k). Here (v,)p: Sp(r)—O(4r) is the canonical
inclusion, and 6' is the trivial representation of degree t.

REMARK. dim Sp(n)/Sp(n — k) X Sp(k) = 4k(n —k), dim Sp(5)/U(5) = 30,
X(Sp(n)/Sp(n—k)xSp(k))=<Z), x(Sp(5)/U(5))=32, where X( ) denotes the
Euler characteristic. The normalizer N(U(5)) of U(5) in Sp(5) has just two
connected components and its identity component coincides with U(5).

In the following, let M be a closed connected smooth manifold with
a non-trivial smooth Sp(n) action, and suppose #=5 and dim M<8n—8. Put

Fo={zeM: Sp(n—i)cSp(n).CSp(n—i)x Sp(i)},
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M(i) = Sp(n) F(i) = {gx: gESp(n), xEF(i)} .
Here Sp(n), denotes the isotropy group at .

ProrosiTiON 2.3. Suppose M=MuyU My, U My,. Then, (a) the fixed
point set F(Sp(n—k), M) of the restricted Sp(n—k) action on My, is empty
Jor k<i<n—i, (b) if My is non-empty, then My, is empty.

Proor. To prove (a), suppose that F(Sp(n—k), M) is non-empty. Then
there are x=F and g&Sp(n) such that gxr=F(Sp(n—k), M), and hence

Sp(n—k) CSp(n)s. = 9Sp(r).g~'Cg(Sp(n—i) x Sp(i)) g .

Since Sp(n—k) is a simple Lie group, we obtain n—k<max(n—i, i), and
hence k=min (i, n—i). Therefore, if k<i<n—i, then F(Sp(n—£k), M) is
empty. Next we show (b). Notice that M, is the fixed point set of the
Sp(n) action on M. Let ¢ be the isotropy representation at x& M. By
Lemma 2.2, ¢ is equivalent to (v,)z@Ptrivial. Then Sp(n—1) is a principal
isotropy group, and hence M, is empty by (a). q.e.d.

ProposITION 2.4. Suppose M=My,U M,. If My and My, are non-
empty, then Fy, is a finite set and dim M=8n—8.

Proor. Fix x&F. Let ¢ and p denote the slice representation at x
and the isotropy representation of the orbit Sp(n) z, respectively. Then the
restriction ¢|Sp(n—1) is equivalent to (v,_,)g@Ptrivial by Lemma 2.2 and the
assumption that My is non-empty. On the other hand, we see that the
restriction p|Sp(n—1) is equivalent to (v,_,)z@P¢rivial by considering adjoint
representations. Hence (6@p)|Sp(n—1) is equivalent to 2 (v,_;)zPtrivial.
The desired result follows immediately. q.e.d.

PropoSITION 2.5. Suppose M=My U M. Then there is a compact
connected Sp(l) manifold X such that the Sp(l) action is free on the
boundary 0X and the Sp(n) manifold M is equivariantly diffeomorphic to
o(D*x X)/Sp(l). Here Sp(n) acts naturally on D* and trivially on X,
and Sp(1) acts on D*" as right scalar multiplication.

Proor. Let U be a closed Sp(n) invariant tubular neighborhood of M,
in M. Then U is regarded as a 4n-disk bundle over M, with a smooth
Sp(n) action as bundle isomorphisms. It follows from Lemma 2. 2 that there
is an equivariant decomposition :

U=(D*"xF(Sp(n—1), aU))/sp(1),
where we regard Sp(1)=N(Sp(n—1))/Sp(n—1). Put E=M—int U. Then
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there is an equivariant decomposition :
E=(Sp(n)/Sp(n—1)x F(Sp(n—1), E))/Sp(1).

Notice that F(Sp(n—1),0U)=0F(Sp(n—1), E). Then we see that there is
an equivariant decomposition :

M=3(D*xF(Sp(n—1), E))[Sp(1) .

Here X=F(Sp(n—1),E) is a compact connected Sp(l) manifold. If Mg,
is non-empty, then X has non-empty boundary on which Sp(1) acts freely.
g. e. d.

Remark. T. Wada has described explicitly about the equivariant
decomposition of U. [Proposition 2.5 is proved in his paper.

THEOREM 2.6. Suppose 5<n<m<2n—2. Let M be a rational coho-
mology quaternion projective m-space on which Sp(n) acts smoothly and
non-trivially. Then there is a compact connected orientable smooth Sp(1)
manifold X such that the Sp(l) action is free on the boundary 6X and the
Sp(n) manifold M is equivariantly diffeomorphic to o(D*" x X)/Sp(1). More-
over X is rationally acyclic.

ProoF. Suppose first M=M, (i=1,2). Then there is a fibration:
Fyy— M—Sp(n)/Sp(n—1i) X Sp(z), and hence

1= X(M) = X(Fi)+1(Sp(n)/Sp(n—0) x Sp()) =0 mod (7).

This contradicts the assumption: 5<n<m-+1<2n. Suppose next M=
MyU M. Then we see from [Proposition 2.4 that m=2n—2 and the
isotropy group at each point of F, coincides with Sp(n—1)xXSp(1). Let ¢
denote the slice representation at a point of F;;, Then ¢ is a non-trivial
representation of degree 4n—4, because M, is non-empty. We see that
o|Sp(n—1)=(v,_)r by Lemma 2.2. Therefore the principal isotropy group
is isomorphic to Sp(n—2)xSp(1), and hence M has a codimension one
orbit. Then M has a non-principal isotropy group Sp(n—i) X K where K
is a closed subgroup of Sp(z), and

2n—1= (M) =1(Sp(n)/Sp(n—1) x Sp(1)) + 1(Sp(n)/Sp(n—i) X K) .

This follows from the fact that if M has a codimension one orbit, then M
is a union of closed tubular neighborhoods of just two non-principal orbits
(cf. [2], [3]). But there is not such a closed subgroup K. This is a con-
tradiction. Suppose that n=5 and M has an isotropy group whose identity
component is isomorphic to SU(5) or U(5). We see that m =8 and M
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has an orbit of codimension 1 or 2. Then we have a contradiction by
computing Euler characteristics. Hence we obtain M= M, U My, =0d(D** x
X)/Sp(1) by [Proposition 2.5 Since M is orientable, we see that X is
orientable. It remains to show that X is rationally acyclic. In the following,
we consider the cohomology theory with rational coefficients. Since (D** X
0X)/Sp(1)—0X/Sp(1) is an orientable 47n-disk bundle, there is an isomorphism

Hi(M,(Sm—l X X)/Sp(1)> ~ Hi-4n (aX/Sp(1)) .
Then we have
(*) Hi(M) = H(($" 1 x X)/Sp(1))  for i<4n-2.

Now we show that the Euler class e(p) of the principal Sp(l) bundle p:
o(D* x X)—>M is non-zero in H*(M). Assume e(p)=0. Then the Euler
class of the bundle $* 1x X—(S*1x X)/Sp(1) is zero, and hence there is

an isomorphism
H*(S") @ H*(X) = H*($) @ H*((S"~' x X)/Sp(1))

as graded modules by a Gysin sequence. Therefore, rank H¥(X)=1 for
0Zi<n<Zm by (*) and the assumption that M is a rational cohomology
quaternion projective m-space. Since X is a compact connected manifold
with non-empty boundary, we see that dim X>4n—4. On the other hand,
dm X=4(m—n+1)<4n—4. This is a contradiction. Therefore e(p)#0
and hence 9()*"x X) is a rational homology (4m -+ 3)-sphere by a Gysin
sequence. By the Poincaré-Lefschetz duality for the compact orientable
manifold D**x X and the homology exact sequence for the pair (D*»Xx X,
(" x X)), we obtain H!(X)=0 for 0<i<4n. Hence X is rationally
acyclic. q.e. d.

ReMARk. This result is essentially due to T. Wada [6]. In particular,
the second half of the above proof is the same as the proof of Theorem

2.1 [6].

3. Proof of main theorem
First we prepare the following result.

LemMAa 3.1. Let X be a rationally acyclic compact orientable mani-
fold. Suppose that Sp(1) acts smoothly on X and the Sp(1l) action on the
non-empty boundary 90X is free. Then the fixed point set F(U(1), X) of
the restricted U(l) action consists of just one point x, and the isotropy
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group Sp(l), coincides with Sp(l) or the normalizer N(U(1l)) of U(1l) in
Sp(1).

Proor. Since Sp(l) acts freely on 90X, each connected component of
F(U(1), X) is a closed orientable manifold. On the other hand, F(U(1), X)
is rationally acyclic by the Smith theorem. Therefore, F(U(1), X) consists
of just one point z. The isotropy group Sp(l), coincides with U(l),
N(U(1)) or Sp(1). Suppose Sp(1),=U(1). Then the subset F(U(1), Sp(1)x)
of F(U(1), X) consists of two points. This is a contradiction. q.e.d.

ReMark. N(U(Q1))/U(1) is a cyclic group of order two. The standard
Sp(n, C) action on the complex projective (2n—1)-space is transitive and

N(n) is an isotropy group. The restricted Sp(n) action is transitive and
Sp(n)\N(n)=U(1) x Sp(n—1). In particular,

Sp(n, €)= N(n)-Sp(n) ={gh: g=N(n), heSp(n)} .

We shall prove now the main theorem stated in Introduction. Suppose
n=5 and m=<2n—2. Let Sp(n, C) act smoothly and non-trivially on a
rational cohomology quaternion projective m-space M. Then the maximal
compact group Sp(n) acts non-trivially on M. Suppose first m<n. Then
we see that m=n—1 and Sp(n) acts transitively on M with the isotropy
group Sp(1)xXSp(n—1) by Lemma 2.1. Hence the Sp(n, C) action must
be transitive. Since dim Sp(n, C)/N(n)=4n—2, we get a contradiction by
Theorem 1. 3. Suppose next n<m=<2n—2. From [Theorem 2. 6| and Lemma
3.1, we see that the difference F(U(1)x Sp(n—1), M)=F(Sp(n), M) consists
of just one point x and Sp(n);=K Xx Sp(n—1), where K=N(U(1)) or Sp(1).
Put G=8p(n, C),. Then G satisfies the condition of [Theorem 1|. 3, because
Sp(n—1) is a principal isotropy group of the Sp(n) action on M. Hence
L(n)chGh™'C N(n) for some heSp(n). Then

N(UQ))x Sp(n—1)CSp(n)n G Sp(n)N h*N(n) h,

Sp(n) N h™*N(n) h = h(U(1) x Sp(n— 1) k.

Therefore heN(U(1)) x Sp(n—1) and N(U(1)) X Sp(n—1)=U(1) X Sp(n—1).
This is a contradiction. Consequently, Sp(n, C) does not act smoothly and
non-trivially on any rational cohomology quaternion projective m-space, for
n=5 and m<2n-—2.

ReMmARk. The group GL(n, H) of all regular matrices of degree =
with quaternion coefficients acts naturally on the quaternion projective (n—1)-
space P,_;(H). Since Sp(n, C) can be regard as a subgroup of Gl(2n, H),
there is a smooth Sp(n, C) action on P,,_,(H).
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