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Characterization of Stieltjes transforms of vector
measures and an application

to spectral theory
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Abstract

The classical result of D. V. Widder characterizing those complex-valued
functions on (0, co) which are the Stieltjes transform of a complex measure
on [0, =), is generalized to functions with values in a quasi-complete locally
convex space. This result is then used to establish a criterion for operators
with spectrum in [0, oo) to be scalar-type spectral operators.

Introduction

Let M and D respectively denote the formal operators of multiplication
M: f(t)—tf(t) and differentiation D: f—f’. The (formal) Widder differential

operators L, are given by
Ly=ceM—1D¥ M, k=12, -, (1)

where ¢;=1 and ¢, =(—1)*[k!(k—2)!]! for £>2.

It is known that a complex-valued function f on (0, co) can be char-
acterized as a Stieltjes transform in terms of the maps Li(f), k=1,2, -
Namely, there exists a (unique) regular complex Borel measure m on [0, co)
such that '

fy=mle)= | "s+oyrdmls, (0,00, (2)
0
if and only if £ has derivatives of all orders in (0, co) and there exists a
constant K such that

[lupoles<k, k=12, (3)

(see [8], VIII Theorem 16 or [4], p. 165).

Let C, denote the space of all continuous complex-valued functions on
[0, 00) which vanish at infinity, equipped with the uniform norm. Then
condition (3) means that the maps @4(f), k=1, 2, ---, defined by
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0.1 = o0 L0, ¢eG, (4)

0

are equibounded linear functionals on C, that is, they map the closed unit
ball of C, into a bounded set not depending on k.

In this note the above characterization of Stieltjes transforms is extended
to functions f on (0, co) with values in a quasi-complete locally convex space
X. Defining L,(f) and @,(f) as in (1) and (4) respectively, but with values
now in X, it is shown that f is the Stieltjes transform of a vector measure
on [0, o0), if and only if, f has weak derivatives of all orders in (0, o), in
the sense of [3; Definition 3. 2. 3], and the maps @,(f) take the closed unit
ball of C, into a weakly compact subset of X, not depending on k.

A problem of fundamental importance in Spectral Theory consists of
finding criteria for an operator to be of scalar-type in the sense of N. Dunford
[2]. In the final section of this note, the result characterizing the Stieltjes
transforms of vector measures is used to establish a criterion for an operator
on X with spectrum in [0, c0) to be a scalar-type spectral operator. This
is an extension to locally convex spaces of a result proved by S. Kantorovitz
in the case where X is a reflexive Banach space. '

Preliminaries

Let X be a quasi-complete locally convex Hausdorff space. The space
of continuous linear functionals on X is denoted by X'. Let C denote the
complex number field and # the o-algebra of all Borel subsets of [0, co).

By a vector measure m: #—X is meant a function on # which is
g-additive. For each 2 €X', the C-valued measure E~<{m(E), x>, E€ 4%,
is denoted by {(m,x'>. The measure m is said to be regular if, for every
Z X, the complex measure {m, 2> is regular (i. e., its variation is regular).

A complex-valued, #-measurable function f on [0, co) is said to be m-
integrable if it is integrable with respect to every measure {m, 2}, £ €X’,
and if, for every E€ 4%, there exists an element {, fdm of X such that

()= o>

for each £ €X'. Bounded measurable functions are always m-integrable
([6], Lemma II 3. 1). Hence, the Stieltjes transform, 7%, of any vector measure
m: #—X can be defined by (2).

Let dt denote Lebesgue measure on (0, c0). A function F: (0, co)—>X
is said to be (Pettis) integrable if for every Borel subset E of (0, o), there
exists an element {_ F()dt of X such that
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<SEF“) dt, x> = SE<F(t>, x’> dt, 2eX'.

Let L(X) denote the space of all continuous linear operators on X,
equipped with the topology of pointwise convergence. The identity operator
on X is denoted by L

A map P: #—L(X) is called a spectral measure if it is ¢-additive,
multiplicative and P([0, 00))=1. Of course, the multiplicativity of P means
that P(EN F)=P(E) P(F), for every EE# and FE#. Since L(X) is itself
a locally convex space it is clear that spectral measures are vector measures.

A spectral measure P: #—L(X) is said to be equicontinuous if its
range, {P(E); EE %)}, is an equicontinuous part of L(X). For such spectral
measures every P-essentially bounded, measurable function is P-integrable
(see §1 of for example). If the space X barrelled, then P is necessarily
equicontinuous.

Let Te L(X). If 2€C is such that R(2; T)=@I—T)* exists in L(X),
then R(1; T) is called the resolvent operator of 7" at 2 Define R(co; T)
to be the zero operator. If it is clear which operator T' is being considered,
then R(A; T) is denoted simply by R(2). The resolvent set of 7, which is
denoted by p(T), consists of those points 4 in the extended complex plane,
C*, for which the resolvent map R(+)=R(-; T) is defined and holomorphic
in a neighbourhood of 2 The complement of o(T) in C* is denoted by
o(T) and is called the spectrum of 7.

The resolvent equations,

"R()—R(p) =(—2) R(A) R(¢) = (¢ —2) R(1) R(2),

are valid for all points 2€p(T) and pEp(T). Also, for each xz€X, the
X.valued function R(+; T)(x) has weak derivatives of all orders in (7).

A characterization of Stieltjes transforms
of vector measures

In the following two lemmas, f is a complex-valued function with deri-
vatives of all orders in (0, co).

1. LEMMA. Let f satisfy (3). Then the limit
A =lim tf(z)

t—0+

exists, and

£ = lim Soo(s—';—t)‘lLk( £ ds+ A,  te(0,00).  (5)

k—oo J 0
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Proor: See [8], VIII 15.

2. LEMMA. If there exists a constant K such that (3) holds, then
lim @, (f) (¢) exists, for every ¢=C,.
k—oo

Proor: By Lemma 1, it follows that (5) holds. Therefore, if .
denotes the linear subspace of C, consisting of all functions of the form

g s> Sa(s+)t,  s>0,
i=1

where a;C and ¢;>0 are arbitrary, then it is clear that lim @,(f) (¢) exists,

k—o0
for all g o.
Let e>0 and ¢&=C, be given. Since ./ is dense in C,, there exists an
element ¢ in o such that ||p—¢|l.<e/3K. Then

|2.(F) (@) — 0,0 f) (@) |0 f) (90— )| +|@u(F) (0)— D1 f) ()] +
+]2,0f) (o—9)| <llp—dlla K+¢/3+ 1§ —pllK<e,

for %k, j sufficiently large.

Let f: (0, c0)— X have weak derivatives of all orders. Then it is clear
that the Widder differential operators (1) can be applied to f giving a family
of X-valued functions

t—> Li(f)(@#), tE(0, o), kE=1,2,---. (6)

The collection of linear maps (4) is said to be weakly equicompact if
the subset,

{0.(£)(¢); 9€C, 1191l <1, E=1,2,--}, (7)

of X, is relatively weakly compact ; (see [4]). |

Let Cy((0, o0)) denote the space of continuous functions on (0, co) having
compact support, equipped with the uniform norm. The symbol B(., -)
denotes the Beta function.

1. THEOREM. A function f: (0, 0)— X is the Stieltjes transform of a
(unique) regular, X-valued measure on %, if and only if, it has weak
derivatives of all orders, each of the functions (6) is integrable and the
collection of maps (4) is weakly equicompact.

ProoF: Let m: #—X be a regular vector measure. It is a con-
sequence of the Dominated Convergence Theorem ([6], Theorem II. 2) that
/# has derivatives of all orders (in the given topology of X) and that
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D) (0 = (~ 1Pk [+ tdm (), re0,00),  (8)
for every k=1,2,..-. The Leibnitz formula and (8) imply that
L) () =, [ o1+ %dmly, 220,00, (9)

for each k=1, 2,---, where ¢/=1 and c;=B(k—1,k+1)"! for k>2. It is
clear from (9) that the functions ¢~ L;(7%) (¢), t (0, co0), are continuous for
each k=1,2, .--. '

Fix £k>1. Let ¢&Cy((0, c0)). For every ¢&Cy((0, c0)) there exists
xz,& X such that

o= ol g0) (Lm0, 2)d, zex,

(see III Proposition 3. 2); moreover if [|¢||o<1, then z, belongs to the
closed convex hull of the range of ¢L; () which is a compact set. Accord-
ingly ¢ L, () is integrable ([5], Lemma 3).

It follows from (9) and the Fubini theorem that

[ee]

S:o¢(t) Ly (k) (2) dt = s (ci S:ogb(t) th1gk (s 1) 2% dt) dm(s).  (10)

0

Since

J, g e tsb | gl o ede = gllo Bl B,
0 0
for each s>0, and ¢, B(k, k) <1 for £>2, it follows from (10) that

[7o0) Lutm @ dec gl coRm),  $ECul(0, ),

0

where coR(m) denotes the closed balanced convex hull of the range of m.
Hence, the set

("0 Luom) @) e g Cul(0, 00, gl <1},

being a subset of coR(m), is relatively weakly compact ([5], Lemma 1).
Lemma 3 of [5] implies that L(s) is integrable,

If ¢=C,, then the restriction of ¢L,(7%) to (0, c0) is continuous. A
similar argument as that used for L(), applied to the function ¢Ly(h),
k=1,2,---, shows that ¢L;(/) is integrable and that (7) is contained in
coR(m). Hence, the maps (4) are weakly equicompact.

Conversely, suppose that f: (0, co)—>X is a function having weak deri-
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vatives of all orders such that the functions (6) are integrable and such that
the maps (4) are weakly equicompact.
If £ €X', define the function ¢, : (0, c0)—C by

0 () =(f0), &), €0, 00).

Then ¢, has derivatives of all orders and

L(ge) ) =(Le(£) @), &), tE(0,0),  k=1,2,--. (1)

Fix £ €X’. Since the set (7) is weakly bounded there is a constant
K, such that '

(0:(f) (), 2)| < Ke, 9€Cy lIgll<L, k=12,

Accordingly for each k=1,2, .-+, it follows that

[ 2et00) @] <sup [ 90) Ltgz) 0 | s 9=Ca 1911 <1)

=sup {[(@u(1) (@), @)|; 92Gu gl <1} <Ko
Hence, Lemma 2 implies the existence of

lim @(gx) (¢) =lim (@u( ) (¢), @),  ¢€C.

k—o0 k—oo

Since 2 € X' was arbitrary, it follows that for fixed ¢ =C, the sequence
(@(f) (9))g., is weakly Cauchy. The relative weak compactness of (7)
implies that this sequence is weakly convergent. Thus, for each ¢&G,
there is a unique @(f)(¢)€ X such that the weak limit,

2(f)(¢) =lim &:(£)(¢), (12)

exists. This defines a weakly compact linear map @(f): Cy—X. Accord-
ingly, there exists a regular measure m: #—X such that

o)) = g0 dme), ¢G (13)

0

(see [5], Proposition 1).
Fix a>0 and £ €X'. Let t&(0,a). It follows from (11) and the defini-
tion of L,(g,) that

<St L(f)(s) ds, x’> — gy () — s (1) .

This identity and Lemma 1 imply that lim {{%L,(f)(s)ds, &) exists, for
t—0+
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each ' €X'. Since {{, L;(f)(s)ds; EC(0, o), E Borel} is contained in the
closure of the relatively weakly compact set (7), it follows that the weak
limit,
A =1lim ¢f(2), (14)
=0+
exists.
For each ¢>0 the function s—>(s+¢)~%, s>0, belongs to C,. It follows
from (12) and (13) that
lim S°°<s+t)-1Lk( £ ds:Soo(s—}—t)‘ldm(s), £>0, (15
0

k—o0 JO

weakly in X. If A, =lim, o, 29, (f) for each £ €X' (cf. Lemma 1), then it
is clear from (14) that A, =(A, 2>, £ €X’. Since Lemma 1 implies that

lim [ (5071 Lulg) (9 ds = g (6 — An 7 = (flO) - A, &),

for each 2 € X, it follows from (11) and (15) that
fie)— At =m(t), t=(0, o).

Replacing 7 throughout by m —m,, where m,: #—X is the measure taking
the value A on sets containing {0} and zero elsewhere, we obtain (2).

Scalar-type operators with spectrum in [0, o)

It is assumed throughout this section, that in addition to being quasi-
complete, the space X is barrelled.

An operator 7€ L(X) with spectrum in [0, co) is said to be a scalartype
spectral operator if there exists a regular spectral measure P: #— L(X)
such that '

T= S:osdP(S) . (16)

Let T be a continuous linear operator on X with spectrum in [0, co).
Then the resolvent operator R(t)=(t+ 7)™ of (—T) is defined for each
t (0, o).

Let # denote the linear space of all complex Borel measures on (0, co)
which have finite support. If #>0, then ¢, will denote the Dirac point mass
at t. Let F‘:.nziais%’ a;=C, t,;>0, be a member of #. Then f: [0, co)>C

denotes the function

Al = Nads+t), 520, (17)
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The symbol .# denotes the subspace {i; ps#} of C,.

2. THEOREM. Let T'€L(X) have spectrum in [0, ). The operator
T is a scalar-type spectral operator, if and only if, for each x<€ X,

(i) the functions t—>Ly(R(+)(x) (), t(0, o0), k=1,2,-.-, are inte-
grable and,

(ii) the maps Or(R(+)(x)): C—X, k=1, 2, ---, given by

%(R() @) @)= 00 L(R(H @) 0, g¢ec, a8

0
are weakly equicompact.

Proor: Suppose that there exists a regular spectral measure P: #—
L(X) such that (16) holds. Since for each #>0, the function s—>(s+2)7,
s>0, is bounded and measurable, it follows from the functional calculus for

P that
RO =(e+T)1=(T6+1aPw), 10, 00).
Hence, if xe X, then the identity |
RO@ = | t+971dPE) (), 1£(0,00),

shows that R(:)(z) is the Steltjes transform of the vector measure P(+) ().
Theorem 1 implies that (i) and (ii) hold.

Conversely, suppose that for each x& X the conditions (i) and (ii) are
satisfied. It follows from that for each z& X, there exists a

(unique) regular Borel measure m,: #— X such that
RO@ = "+071dmaly, - 120,00, (19
For E€ 4%, define a linear operator P(E): X—X by
P(E) (x) = m,(E), Ecz.
Firstly it is shown that P(E) is continuous. For ﬁe/? define a linear
operator T,: X—X by

Tuw) = #) dmals),  zeX. (20

0

If u=3 aye,, ,&C, t,>0, then it follows from (17) and (19) that
t=1 .

Tﬁ(x):éa,-R(t,;)(x), reX.
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Hence, it is clear that T, L(X) for each ;26.////\.

Let o ={T}; ped, ||fllo<1}. If z£X, then it follows from (20) that
T.(x)EcoR(m,), for each pe M with ||f)|.<1. Since coR(m,) is bounded
for each X and X is barrelled, it follows that .7 is equicontinuous.

Hence, given a continuous semi-norm p on X, there exist continuous
semi-norms g, ---,q; and «>0 such that

p({, 29 dm.(9) = p(Ty(2)) < . max au(2),
0 1<i<i
for each xX and p=.#. Since A is dense in Gy, it follows that

p(P(E)(z)) = p(mo(E)) <amax g,(2), z€X, E€4,

1<4i<?

from which the continuity of P(E), EE%#, is clear. Hence, P: #—L(X)
is a g-additive, operator-valued measure.

Since X is barrelled, the inclusion

(e}

tR(H) (z) = jo t(s+2)'dmy(s) EcoR(ms),  tE(0, o),

for each x€X, shows that {tR(t); t>0} is an equicontinuous part of L(X).
Let t>u>0. The resolvent equations imply that

tR(t) R(w) =t(t—u)" R(u)— (tR()) (¢ —)™".

Since {tR(t); t>0} is equicontinuous, fixing » and letting t—oo it follows
that tR(t) R(w)—R(u), in L(X), as t—oo. Fix z€X. Since lim ¢(t+s)1=1

{—o0

for each s>0, it follows from the Dominated Convergence Theorem that

R(x) (z) = lim tR(2) R() (z) = lim Soot(t +5) 1 A gy oy (5) =

t—c0 t—oo JO

= S ldmR<u) ) (S) = Mpw) (z) <[0’ OO)) .

0

That is, R(u)(x)=P([0, o)) R(«) (x), #>0, x=X. Applying (u+T) to both
sides of this identity (on the right), we conclude that P([0, c0))=I. The
multiplicitivity of P can be shown as in [4], pp. 169-170. Hence, P is a
(regular) spectral measure.

It remains to verify that 7 is given by (16). It follows easily from
R(#)={>(t+s)7'dP(s), t<(0, co), that

|stomapy =TRO, a0, ). (21)
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Furthermore for all #>0, y=X and ¢£>0, it can be shown as in [4], pp.
170, that

[ stan dPs) (RO@) = | ste+97 tanld dPO@) . (22

It follows from (21), (22) and the Dominated Convergence Theorem that

im [ "5te0.0(9) 2P(9) (RO ) = TR (), £>0, yEX.

n—oo

If z=X, then y=(+T) (x) satisfies R(t) (y)==. Accordingly,
lim | sta,(5) dP(9) (2) = T(a),

n—rco

for every zeX.
Since [0, 7] 1 [0, ) and fu(s)=sXw,m(s) s=0, is P-essentially bounded
for each n=1,2, ---, with the limit

lim S:° £l dP(s) =T

n—oo

existing in L(X), it follows from the multiplicativity and equicontinuity of
P that the identity function on [0, oo) is P-integrable and that (16) is valid.
This completes the proof of the theorem.

Let X be a reflexive Banach space. A subset of X is relatively weakly
compact if and only if it is bounded. Define a map S: (0, oo)—L(X) by

St)=TR@®) (I-R@)),  t€(0, );
(see [4]). For any weakly measurable function F: (0, co)—L(X) define
IF = sup {|[(F() (@), 2)];5 € X, 2 €X, [l2l|<1, [|#]| <1},

where || - |l denotes the L!((0, o), dt/t)-norm ; (see [4]).

It follows from the Uniform Boundedness Principle that the weak equi-
compactness of the maps (18), for each z€X, is equivalent to the existence
of a constant a>0 such that

IS <aB(k, k),  k=1,2,- (23)

Furthermore, if (23) holds, then it is a consequence of the reflexivity of X
that the functions (i) in the statement of Theorem 2 are integrable for each
zeX.

Hence, for X a reflexive Banach space, the conditions of Theorem 2
are equivalent to the existence of a>0 such that (23) is satisfied. This
result was proved by S. Kantorovitz [4]. |
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