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Systems of equations of hyperbolic-parabolic type
with applications to the discrete Boltzmann equation

By Yasushi SHizutA and Shuichi KawAsHIMA
(Received December 3, 1984)

§1. Introduction

In this paper we continue the study of linear symmetric systems of the
form

(1.1 Aw,+ ﬁ)lAijj— ; Bow, 4 Lw=0,
1= 5, R=
where >0, x=(x,, ---, x,) €R"and w is a function of the variables ¢ and x,

valued in R™ A°, A’(j=1,---,n), B*=B*(j, k=1,---,n) and L are m X m
constant matrices. For notational convenience, we set
n .
Alw)= 2 A'w;),
£
n .
B(a)) :,J-_:A.:lBjkijk,
where @ = (@, , -+, @,) 1is a unit vector in R”. The first assumptions on the
coefficient matrices can be stated as follows.
ConpiTiION 1.1. (1) A’(G=1,--,n) and B’*(j, k=1, -, n) are real
symmetric matrices and for each @ €S™!, B(w) is nonnegative definite.
(ii) A°and L are real symmetric matrices. Furthermore, A°is positive
definite and L is nonnegative definite.
The above condition gives a stable nature to the system (1.1) but it is
not strong enough to guarantee the decay of solutions. We look for
nontrivial solutions of the linear homogeneous equation

(1.3) AA°¢ +{L+EA(w)—E*B(w)}¢ =0,
for £€/R and @w&S™!'. The admissible values of A are the zeros of
det(AA°+L+6A(w)—E&*B(w)). We write 1 =1 (§, @) and define what we
call the strict dissipativity.

DeFINITION 1. 1. The system (1.1) is said to be strictly dissipative, if
the real part of 1'(§, @) is negative for each £€/R\{0} and w €S™!.

The main purpose of the present paper is to prove that the strict
dissipativity brings about the decay of solutions. The result seems to be
new, because the rotational invariance is not assumed to hold for (1.1).
We note that, in the previous works ([8], [6]), the decay estimates were
obtained under ConpITION 1.1 and an additional condition which is as

(1.2)
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follows. .

ConpiTION 1. 2. There exists a set of m X m real matrices K'(j=1, ---,
n) satisfying the following properties :

(i) K’A°(j=1,---,mn) is a real skew-symmetric matrix.

(ii) Let [K’A*]" be the symmetric part of K’A* namely, [K/A*]'=
{K’A*+*(K’A*)}/2. Then, for each @ €S™!,

kﬁ (KA + B oo+ L
=

is a positive definite matrix.

The meaning of the above condition does not seem to be intuitively clear,
because it comes from computational necessities. We remined the reader
that ConpiTION 1.2, together with CoNbDITION 1.1, enabled us to use an
energy method and establish the desired decay estimates. The existence of
such matrices was shown each time for concrete problems ([8], [6]). It
seems quite plausible that the matrices K’(j=1, ---, ) exist for any system
(1.1) whose solutions obey the decay estimates. Unfortunately we are
unable to prove this conjecture. So we are led to introduce the notion of
what we call the compensating function. Let K (w) be a m X m real matrix
for each @ S,

DEFINITION 1. 2. K (@) is called a compensating function for the system
(1. 1), if the following properties are satisfied :
(i) K(w) isa C>-functionon S"'and K(—w)=—K(w) foreach w &
Sr1,
(ii) K(w)A°is a skew-symmetric matrix for each @ &S™ .
(ii) [K(w)A(w)]'+B(w)+ L is a positive definite matrix for each w €
N
It is easily seen that we can get a compensating function by putting

K(w)= élK ‘w;, if CoNDITION 1.2 is assumed to hold. Hence the existence
=

of a compensating function follows from ConbiTION 1.2. The computations
needed for obtaining the decay estimates in [8], [6] remain valid provided
that a compensating function exists for (1. 1). We note that a compensat-
ing function can be regarded as a symbol of a singular integral operator of

homogeneous degree zero. See, for example, [7].Observe also that X} K’ §;
i=1

corresponds to a certain differential operator. Now our aim is to prove
the equivalence of the existence of a compensating function and the strict
dissipativity of the system.

THrEOREM 1. 1. Assume ConpiTioN 1.1. Let A(w) and B(w) be as in
(1.2) and let A (& w) be the value of A corrvesponding to a nontrivial
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solution of (1.3). Then each of the following four conditions implies the
other three :

(1)  There exists a compensating function K (@) for (1.1).

(2) Q.1) is strictly dissipative.

(3) Let y<R™\{0} and let B(w)Yv =Ly =0 for some @ S*'. Then
we have uA° v+ A(w)Y+0 for any u ER.

4) Let p(r)=7%/A+7r? for r=0. Then, there exists a positive constant
& such that for any E€iR and & €S™', we have Re A (&, w)< —dp (| E]).

REmARK 1. 1. ConpiTioN (3) will turn out to be a quite useful criterion
for some concrete problems. The decay estimates are established on the
basis of CoNDITION (4).

ReEMARK 1.2.  The explicit forms (1.2) for A(w) and B(w) are not
employed in the proof. The properties we use are :

(i) A(w) and B(w) are m X m matrices for each w€S™*'. A(w) and
B(w) are C*functions on S*!and we have A(—w)=—A(w), B(—w)=B
(w).

(ii) For each @&S"", A(w) and B(w) are real symmetric matrices.
Moreover, B(w) is nonnegative definite.

(iii) A°and L are real symmetric matrices. Furthermore, A°is positive
definite and L is nonnegative definite.

These conditions (i), (ii) and (iii) can replace ConpiTioN 1.1 in
THEOREM 1. 1.

THEOREM 2.1 in and THEOREM 3.A.2 in [6] can be improved by
THeOREM 1.1 as follows.

THEOREM 1. 2. Suppose ConpITION 1.1 and ome of the four conditions
stated in THEOrREM 1.1. Write w(0, x)=w,(x) for the initial condition to
(1.1) and let wo&H(RM) N LP(R™, where s is nonnegative integer and pe<
[1,2]). Then, theve exist positive constants &' and C such that the solution
w=w(t, x) of the imitial value problem for (1.1) satisfies

1.4 IDw (D < Cle | Diwoll + A+~ 2wl .}
for any integer | with0<1[<s, wherve D:={(2/0x)*; |a|=1}, y=n(1/2p—
1/4) and || denotes the L*(R™) -norm.

We give in § 2 some preliminary lemmas in linear algebra which will be
needed in the next section. THEOREM 1.1is provedin § 3. In §4, we discuss
the global solutions to the initial value problem of a certain quasilinear
symmetric system of hyperbolic-parabolic type. The results in [6] are
reformulated by using THEOREM 1.1. The equations for the three dimension-
al viscous compressible fluid are mentioned as an example. In §5, discrete
velocity models for the Boltzmann equation are studied and the results of
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[5], namely, the existence of solutions in the large are obtained again. See
TuroreM 5.1. We deal with the two dimensional 8-velocity model in §6,
which was considered in [5]. The three dimensional 14-velocity model by
Cabannes is treated in § 7. It is shown that ConpiTioN (3) in THEOREM 1.1
holds true for these models. Hence THEOREM 5.1 can be applied.

§2. Lemmas from linear algebra

In this section, we give several lemmas needed in the proof of THEOREM
1.1. Most of the materials are found in [2], but here we give the proofs
from a different viewpoint.

We work in the space 2 of m X m matrices with complex entries. £ is
a Hilbert space under the inner product
2.D {X, YV=tr(XY™),
where Y * denotes the conjugate transpose of Y and tr(XY*) denotes the
trace of XY*. For given Ac.#, we define a linear transformation @,
acting in &2 by
2.2 ®,(X)=[A4, X]=AX-XA, Xez.

LEmMA 2. 1. Let A2 be a normal (vesp. hermitian) wmatrix. Suppose
that A has the complete set of linearly independent eigenvectors ¥;,€C™(j=1,
o, m) corresponding to eigenvalues u;€C (resp. ;,;ER)G=1, -, m),
respectively (not mecessarily distinct). Suppose in addition that (;, ¥e) =
Oin, Where (, ) denotes the Euclidean innerproduct in C™. Then we have :

(i) ®,is a normal (vesp. hermitian) transformation in Z.

(ii) The eigenvalues of ®, are the m® numbers u;—ur (G, k=1,--, m).
The corresponding eigenvectors are X, =yt (U, k=1, -, m), respectively.

ProOF. We have

(@,(X), Vi=tr((AX - XA Y*)=tr(X( Y*A—AY*))
=tr(X(A*Y —YAH*)={X, ©,.(Y)},
for X, YE42. Let Abeahermitian matrix. Then the above equality gives
(®,(X), Yi={X ®,(Y)}, which implies that @ , is a hermitian transfor-
mation in . If A is a normal matrix, we have
@,. (@, (X)) =[A*, ®,(X)]=A*(AX —XA)—(AX —XA)A*
=AA*X — XA*) —(A*X —XA*)A
=[A4, ©,.(X)]=2,(@,.(X)),
for X2, These two equalities show that @, is a normal transformation
in #. This completes the proof of (i ). Secondly,
q)A(Xjk) = AXjk - XjkA = A1/fj¢7; - ’/’ﬂVZA
=W ) Vv i= ;=) X
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where Y 3A=pu, ¥k was used. This proves (ii).
We set
(2.3) (A= Xez; [A X]=0},

' ¢(A)={[A X]; Xez}.

These subspaces of #” are the kernel and the range of ®,, respectively.
Define II , to be the orthogonal projection onto # (A). Then the next lemma
gives a recipe for computing I , .

LEmMMA 2. 2. (Ellis-Pinsky [2]) Let A€ .2 be diagonable, namely, let A
be similar to a diagonal wmatrix. Suppose that A=AP,+-+A,P, is the
spectral resolution of A, wherve A, , -, A, ave the distinct eigenvalues of A
corresponding to the eigenprojections P, , ---, P, , respectively (not necessarily
orthogonal). Define a linear transformation 1l 4 nZ by

2.4 i,(X)=3PXP, Xcz
i=1
Then we have :
(i) I 4 1S a projection onto 7 (A).
(i) If A is a normal matrix, then 11, is the orthogonal projection onto
z (A). Hencell 2=l,. (A and ¢(A) are the orthogonal complements

of each other. The kernel of T 4 cotncides with ¢ (A).
Proor. For X €2, we have

5(X)= X PI,(X)P= 3 PRXPP=3 PXP,=M,(X).
j= 7 k=1 j=1
Hence fIA is a projection. Since AP,=P,A=1;P;(j=1,---,r), we obtain
Al (X) = 3} APXP,= 310,P,XP,= 3 PXPA=11,(X) A,
j= i=1 j=1

It follows that [A, I1,(X)]=0, namely, the range of I, is contained in
¢(A). But, if X €% (A), then X commutes with P(j=1, -, 7).
Therefore,

,(X)=2PXP=XNPi=X NP=X,
j= i=1 j=1

which implies that ¢ (A) is contained in the range of II 4- This completes
the proof of (i). Next we prove (ii). Since P*=P,(j=1,-,7r), we
have

M,(X), Yi=tr(RPXP-Y) =tr(X- 2 PY*P)

ji=1 i=1
=tr (XTI, (Y)*) ={X, M,(Y)},

for X, Y€ Hence Ii, is a hermitian transformation in #. Combining

this with (i), we conclude that II 4 1s the orthogonal projection onto #(A4).
The fact that II 4=1I, is a consequence of the uniqueness of the orthogonal
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projection onto a subspace. In order to prove the last statement of (ii), we
note that ®, is a normal transformation in £ (see (i) of LEmmaA 2.1).

Since # (A) and ¢ (A) are the kernel and the range of a normal transforma-
tion ®,, respectively, these subspaces are the orthogonal complements of

each other. The proof of LEMMA 2.2 is completed.
LEMMA 2. 3. (Ellis-Pinsky [2]) Let A be a novmal wmatrvix. If B 1s
heyrmitian, then T ,(B) is also hermitian. Furthermore, if B is nonnegative

definite, then 11 ,(B) is nonnegative definite also.
Proor.  Since A is normal, I,=II, by (ii) of Lemma 2.2. Hence we
have

I,(B)*= (_F:JIPJ-BP,-)* - ﬁlgBPj:nAw)
]: ]:
For x&C™,
(IL,(B)x, x):él(PjBij, x>:é1<Bij, Px)=0.
]: ]:

This completes the proof of LEMma 2. 3.

LEMMmA 2. 4. Suppose that A and B arve hermitian matrices. Then there
exists a skew-hermitian matrix K such that
(2.5) B=I,(B)+[A, K].

If, in addition, A and B arve veal matrices, then K can be chosen so as to be
a real skew-symmetvic matrix.

PROOF. We see that the kernel of I, coincides with € (A4) by (ii) of
LEmMA 2.2. The existence of K satisfying (2.5) then follows at once.
Since both A and B are hermitian, II ,(B) is hermitian by LeEmmA 2.3.
Hence [A, K] is also a hermitian matrix. We obtain, therefore,

[A, K]=[A, K]*=[K*, Al.
Setting K,=(K +K*)/2 and K,=(K—K*)/2, we have K=K, +K,. The
above equality then reduces to [A, K;]=0. Hence,

[A, K]=[A, K]+[A, K]=[4, K]
This means that the skew-symmetric matrix K, also satisfies (2.5). Now
we assume that both A and B are real matrices. Then MI,(B) is a real
matrix and hence [A, K] is real also. Denoting by bar the complex
conjugate of a matrix, we get

A KI=[4 K]=[A R].
Set K'=(K+K)/2, K'=(K—K)/2. Then K=K'+K"”. Taking into
account of the above equality which implies [A, K”]=0, we have
[A, K]=[A, K']+[A, K"]|=[4, K'].

Therefore, the real matrix K’ satisfies (2.5). The proof of LEMMA 2.4 is
complete.
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The following theorem is a prototype of THEOREM 1. 1.

THEOREM 2. 5. Suppose that A and B are real hermitian wmatvices.
Suppose furthermore that B is nonnegative definite. Then each of the
following two conditions implies the other -

(1) There exists a veal skew-symmetric matrix K such that B+[K, A] is
positive definite.

(2) Let y&R™\{0} and let By =0. Then, for any u €R, We have uyr +
Ay +0.

Proor. We prove first that (1) implies (2). Suppose for a moment
that ¥ +0, By =0 and uy+ Ay =0 for some yER. Then for any real
skew-symmetric matrix K, we have

(B+[K, ADY, ¥)=(KAY, ¥)—(AKy, v)=2(KAY, ¥)
=—2u(Ky, ¢)=0.
This implies that (1) is not true.

Conversely, assume that (2) holds true. By LEmma 2.4, we have the
decomposition (2.5) for B with a real skew-symmetric matrix K. As a
consequence of Lemma 2.3, I,(B) is real symmetric and nonnegative
definite. To prove further the positive definiteness of I ,(B), it suffices to
show that x =0 follows from (II,(B)x, x)=0. Werecall that A=A,P,+---+
A-P,, where A1,€R are the distinct eigenvalues of A and P, are the
corresponding eigenprojections. Let

(IL,(B)x, x):él(BHx, Py =0.
=
Setting x,= Pix, we have By,=0 and —A,x,+Ax,=0 for j=1,---,7» Hence,
%=0 (y=1,--,7) by (2). Therefore, x:Zr}xj:O. This implies that (1)
ji=1

follows from (2). The proof of the theorem is completed.

§3. Proof of Theorem 1.1

First of all, we reduce the system to a standard type by suitable
transformation.

LemMma 3. 1. It suffices to prove the theorem in the case of A°=1 (unit
matrix) .
PROOF. Let us consider a system (1.1) satisfying ConpITION 1.1 where

A(w) and B(w) are defined by (1.2). This implies that we are given a
quadruplet {A°, A(w), B(w), L} satisfying (i), (ii) and (iii) in
ReEMARK 1.2. Making use of the positive definiteness of A°, we set
Ale)=(A)"A(@) (A)?, Blw)=(A")"B(w)(A)™",
[= (AN 12 (A2,
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and obtain a new system, i. e, a quadruplet {1 A(w), B(w), L};. We
assume first that ConNpITION (1) holds for the latter. This means that there
exists a compensating function K(w) for the quadruplet {/, Alw), Blw),
L!. Then, setting K (@) =(A""2K(w)(A* 2 and noting that

K(w)A'= (AO)I/ZK(Q))(AODI/Z,

K(@)A(w)=(A)"K(w)A(w) (A",
we get a compensating function K (w) for the quadruplet {A4° A(w),
B(w), L;. Hence we conclude that ConpiTiON (1) holds for the original
system if it holds for the transformed system. The converse assertion can be
shown in a similar way. Therefore, ConpITION (1) holds for the original
system if and only if it holds for the transformed system.

Next we treat ConpiTioN (2). We consider the linear homogeneous

equation

1d+{L+EA(w) —EB(w)} =0
and look for a nontrivial solution ¢, where £€iR, @ &S™! and 1&C.
Namely, —A and 55 are the eigenvalue and the eigenvector of L+ Q'/I(m) —
&2B(w), respectively. This equation isjust (1.3) with {4°, A(w), B(w),
L} replaced by {I A(w), B(w), L[}. Setting ¢ =(A% 24 for a given
nontrivial solution 55, we obtain a nontivial solution of

AA°¢ +{L+EA(w)—§*B(w) ¢ =0,
which is (1.3). Also the converse is true, because (A% ~"? is an isomor-
phism of C™onto C™ Note that the corresponding value of A coincides with
each other. These observations show that ConpiTion (2) for the original
system implies ConDITION (2) for the transformed system and vice versa.
The same holds for ConbiTioN (4). ConpITION (3) can be dealt with by
similar arguments. Therefore, the equivalence of ConpiTions (1), (2), (3)
and (4) for the transformed system implies the same for the original system.
This means that we may assume in proving THEOREM 1.1 that A°=1

By the above lemma we suppose in the sequel that A° equals the unit

matrix.

LEmMA 3. 2. Conpition (2) implies ConNpITION (3).

Proor. Let ¢y €R™\{0}, @S and B(w)¥=Ly=0. If (3) is false,
there exists a number x4 €R such that uy»+ A(w)y¥ =0. Then, for any £ iR\
{0}, we have

{L+8A(w) —8§*B(@) = —Euy.
This shows that (1.3) has a nontrivial solution ¢ for A =¢&u. But, since
Redl =Re(&u)=0, we have a contradiction if (2) is assumed. Thus
ConpiTioN (3) follows from ConpiTION (2).
LemMma 3. 3. Conprtion (1) tmplies CoNDITION (4).
PROOF. This lemma is proved by an energy method. We refer the
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reader to ProposiTiON 2.10 of for the proof.

If (4) holds, then (2) holds a fortiori. So we have proved that (1)=
(DH=(2)=(3). To show that (3) implies (1), we proceed as follows.

Let w,=S™'. Let A,, -, A, be the distinct eigenvalues of A(w,). We
denote by W(w,) a sufficiently small neighborhood of w, and look at the
eigenvalues of A(w) for wEW (w,). Let T';(j=1,---,7) be a small
positively-oriented circle centered at 1;, respectively. We assume that, for
any j, I'; excludes I'; if #j. We assume furthermore that each I'; contains
all the eigenvalues of A(w) belonging to the A,-group and excludes other
eigenvalues. The A;-group eigenvalues are the totality of the eigenvalues of
A(w) generated by splitting from the common eigenvalue 1; of A(w,). See
Kato for details. We set
31 Ple)=gr [ (G-Ale)d
for =W (w,) and 1<j<7 Then P;(w) is the total projection for the A;
-group eigenvalues. We define A(w) for @ W (w,) by

(3.2) Alw) = élajmm.

The following lemma shows that ConprTioN (3) holds in a neighborhood of
@, for the quadruplet {/, A(w), B(w), L.

LEmMa 3. 4. Suppose Conpition (3) holds for the system {1, A(w),
B(w), L. Let w,&S™'. Then there exists a neighborhood V (w,)C W
(@o) which has the following properties . Let y<R™\ {0} and let B(w)¥=
Ly =0 for some @<V (@,). Then ub+A() Y +0 for any u<R.

PRrOOF. Suppose the conclusion is false. We choose a sequence of
neighborhoods V;(w,) of @, j=1, 2,--+, which converges to {w,/. Then
there exist w,EV,;(w,), ¥, ER™ with |¢;|=1 and y,&R for j=1, 2, --- such
that
(3.3) B(w;)y;= Ly;=0, ﬂj¢j+/’1\<€0j>¢j:0-

By (3.2), —u,€{A,, -+, 4, for any j. Hence we may assume without loss

of generality that u;= —2, for some £(1<%.<7) not depending on j and j=

1, 2,---. We get also ¥~ for some yYER™ with [Yo[=1 as j—oco, by

taking a subsequence if necessary. It follows then from (3.3) that
B<wo>1ﬁofLW0:O, ‘AkWO+A<@0>¢0:0~

Here we used A(w,) =A(w,). Since |l =1, this is a contradiction. The

proof is complete.

We set A=A(w) and recall the orthogonal decomposition =& (A) ®
Z(A) given in (ii) of LEmMMA 2.2. We shall use the abbreviation I(w)
for HA:HA(Q)-

LEmMA 3.5. Suppose Conpition (3) holds. Then theve exists a neighbor-
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hood U(w)C V (wy) satisfying the follwoing properties: Let T(w) be the
orthogonal projection onto #(A(w)). Let
(3.4 Bw)+L=F(w)+G(@), o €U (wy),
where

F(w)=M(w)(B(w)+L),

Glw)=1-1(w))(B(w)+L).
Then F(w) is real symmetric and positive for o €U (w,). Furthermore,
there exists a C™-function K (@) defined on U(w,) and taking values in &
such that G(w)=[A(@), K(w)] for €U (w,).

PROOF. It is easily seen that P;(@) defined by (3.1) is a C=-function on
W (w,) with values in #°. Hence, by (2.4), l(w) is a C~-mapping from
W (w,) into the space of linear transformations in .#2. Combining these
observations, we conclude that F(w) and G(w) are C=-functions on W
(@) with values in #°. That F(w) is real symmetric and positive for @ &
V(wy) is a consequence of THEOREM 2.5 in conjunction with Lemma 3. 4.
We write ®(w) for ®,.,,, which is defined by (2.2), namely,

() (X)=[A(w), X], Xez
Now we consider the following linear inhomogeneous equation
(3.5) P()(X)=G(w),
and want to find a smooth solution X =X (w) defined on a neighborhood of
wo. Let u (@), ,un(@) be the repeated eigenvalues of A(w). Let
V1(w), -, ¥n(w) be the corresponding eigenvectors, respectively. By
LemMA 2.1, the eigenvalues of ®(w) are u;(w)—pu,(w)(1<j, k<m) and
the corresponding eigenvectors are given by v, (w)v¥,(w)*, respectively.
We assume that {¢, (@), -+, ¥»(@)} forms an orthonormal system in C™

Let us define an equivalence relation in the set {1,---, m; as follows: j

~k if and only if both u;(@) and u.(@) belong to one and the same A,-group,
viz., there exists an integer i&{1, -, »} such that both x;(w) and u,(w)
are enclosed by I'; if and only if j~%. Thus we get a partition of the integers
{1,---,mj. Let

ANw)={(, k1<), k<m, j~Fk;|
and let

00 (@ (@) ={g;(w) — (@) ; (J, k) EA )}.
It is easily seen that 6,(®(w,))={0,--,0}. More precisely, the number of
zeros in the bracket are m?+---+m?%, where m,,---, m, denote the
multiplicities of the eigenvalues A,, ---, A,, respectively. Also we see that
0,(®(w)) gives an enumeration of the eigenvalues of ®(w) belonging to the
0-group, repeated according to the multiplicities. We define #;,(®(w)) to
be the direct sum of the eigenspaces corresponding to the eigenvalues
contained in 6,(®(w)). Hence #,(®(w)) is spanned by the orthonomal
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system { (@) ¥.(w)*; (J, k) EA(w) ;. Wenote that ¢,(®(w)) and 7, (®(w))
depend neither on the particular numebering {u, (@), -+, un(w)} of
eigenvalues nor on the particular choice of the orthonormal system { (@),
- Yn(w)} of eigenvectors.
Let us consider now /T(w) instead of A(w). We write (’I\)(w) for @4,

namely,

() X)=[A(e), X], XE£
The totality of the repeated eigenvalues of ®(w) are given by {u,(w,) —
ue(wo); 1<j, k<wm; and the corresponding eigenvectors are {y¥;(w)
Yu(@)*; 1<j, k<m;. We define 6,(®(w)) and #,(®(w)) in the same
way as for ®(w). Then we have

60(®(w)) =0y (@ () =10, -, 0]

Vo(@(w))=7,(P(w)),
for €V (w,). It follows that
(3.6) 7,(®(w)) =kernel of ®(w) =% (A(w)),
for @€V (w,). Let I" be a small positively-oriented circle centered at 0.
We choose a sufficiently small neighborhood U (w,)C V (@,) such that T’
encloses all the eigenvalues of ®(w) contained in ¢,(®(w)), namely, the
0-group eigenvalues of ®(w) for @ €U (w,) but excludes other eigenvalues
of ®(w) for €U (w,). Then, by (3.6), the orthogonal projection I(w)
onto g(ﬁ(w}) is expressed as

~ 1 »
3.7 fie) =y - [ (=00 dg,
for w€eU (w,). Set
1 o 4
3.8 Vl@)=—y [ E(E-00) e

for w€eU(w,). We obtain
P(0)V(w)=V(0)®(w)=1-T(w).
This means that ¥ (@) may be regarded as a pseudo-inverse of ®(w). See
Kato [4]. Setting
(3.9 X=X(w)=¥V(0)G(w), U (w),
we get a solution of (3.5). It is seen from (3.8) that ¥(w) is a C*
-mapping from U (w,) into the space of linear transformations in.#". Hence
X (w) defined by (3.9) is a C=-function on U(w,) with values in #.
X (w) can be chosen as K(w) stated in the lemma. Thus the proof of
LEMMA 3.5 is completed.
We shall show how the global result is obtained from LEmma 3. 5.
LEmMMA 3. 6. Suppose ConpiTioN (3) holds. Then therve exist F (w) and
K (@) satisfying the following properties -
(i) F(w) and K(w) are C>-functions on S™*' with values in 7.
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(ii) F(w) is real symmetric and positive for wES™ .

(i) We have [K(w), A(@)]|+B(w)+L=F(w) for @&S™".

PROOF. For each @ €5™!, we assign an open neighborhood U (@) such
that LEmMA 3.5 holds. Then {U(w) /s 1S an open cover of S*!. Since
S™ ' is compact, there is a finite set of points @, -+, @, ES™' such that

{U(w;) ,<j=n is a cover of S*'. We have the representation for each
JA<<N),

(3.10) [K;(w), A@)]+B(@)+L=F(o), 0€U (w,),

where K;(w) and F;(w) are C=-functions on U(w;) with values in 2.
Moreover, F;(@) isreal symmetric and positive for each j(1</<N) and @
€U(w;). Let {a;(w)},<;<y be a partition of unity on S*', subordinate to
the cover {U(w;) | ,.;<y. More precisely, a;(@)EC*(S""), supp a;(w)C

N
U(lw,;), 0<a;(w)<1for1<;<N and Z‘,la'j(ca) =1for @ &S™'. Multiplying
i<

(3.10) by a;(w) and summing up with respect to j, we obtain
(3.1D [K (@), Al@)]+B(w)+L=F(w), ocS™".
Here we set

K (@)= 2 (@) K (o),

Flw)= 2 a(@)F (@),

Both K(w) and F(w) can be regarded as C=-functions on S*!. We
observe that F(w) is real symmetric and postive for o &S™!, which
completes the proof of LEMma 3. 6.

Lemma 3.7. Suppose ConpiTion (3) holds. Then there exist F(w) and
K (w) satisfying all the properties enumerated in LEMmA 3.6 and furthermore
the following : K (w) is real skew-symmetric and K(—w)=—K(w) for @€
N

PRrOOF. That K (@) isreal skew-symmetric is shown in the same way as
in the proof of LEMMA 2.4. We shall prove K(—w)=K(w). Replacing &
by —w in (3.11) and taking into accout of the fact that A(—~w)=—A(w)
and B(—w)=B(w) for @ €S™!, we get
(3.12) —[K(—w), Al@)]|+B(@)+L=F(—w).

Adding (3.12) to (3.11) and dividing both sides by 2, we have

[%(K(w)—K(—w)), A(w)]—I—B(w)+L:%(F(w)+F(—m)).

The right hand side is again real symmetric and positive and hence we can
choose (K(w)—K(—w))/2and (F(w)+F(—w®))/2 in place of K (w) and
F(w), respectively. The proof of LEMMA 3.7 is complete.

Finally we note that, by LEmma 3.7,
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[K (@), Al@)]|=K(w)A(w)—A(w)K (@)
=K(w)A(w) +(K(w)A(w))
=2[K(@)A(w)]".
Therefore, in view of (3.11), we conclude that 2K (@) satisfies CONDITION
(1). Denoting 2K (w) by K(w) again, we obtain the compensating
function. Thus ConpiTiON (1) follows from ConbiTioNn (3). The proof of
THEOREM 1.1 is completed.

§4. Quasilinear symmetric hyperbolic-parabolic systems

In this section, we give a remark on the system of partial differential
equations,
A Cu, vu+ 2 AL, V) u,=fi(u, v; Do),

j=

ASCu, vIv,— 2 B¥(u, v)v,,,=fu, v; Deu, D),

, k=1

which was studied in . Here, t=0, x=(x,, .-+, x,, €R™ The unknowns
u=u(t, x) and v=wv(t, x) are functions valued in R”™ and R™", respectively.
We assume that (#, v) takes the values in a open convex set # contained in
R™ where m=m'+m"”. A?and A},(j=1,--,n) are m’X m’ real matrices,
while A9 and B#(j, k=1,--, n) are m” X m” real matrices. f; and £, are
functions taking values in R™ and R™’, respectively. D, denotes {(8/9x)%
la| =1}.

We say that the system (4.1) is symmetric hyperbolic-parabolic if the
following condition holds.

ConprTioN 4.1 A(e, ), A%, ¢), A{i(e,)(G=1,--,m), B3#(s, ),
k=1, -+, n) are C>*-functions defined on & C R™ which satisfy the following
properties :

(i) A%wu, v), Ai(u, v) are real symmetric matrices for (x, v)EZ
and j=1,--,n A% wu, v) is positive for (#, v)EL.

(ii) AYwu, v), B3*(u, v) are real symmetric matrices for (, v)&&
and j, k=1,---, n. A3u, v)is positive for (u, v)Eer B¥(u, v)=B#(u, v)
for (4, vyEr and j, k=1, -, n. Furthermore, _Zl‘,?B%k(u, V) @;@y is positive
for (4, vEZ and w=(w:, -+, @,) ES™ . ’

We assume the above condtion and in addition the existence of a
constant stationary solution which is as follows.

ConpITION 4.2. £ is a C>-function on # X R"" and £, is a C>-funciton
on 7 XR™. Moreover, there exists a constant state (#, #) & ¢ such that f,
(#, 7; 0)=0and f,(z, 7; 0, 0)=0.

It is shown that the initial value problem for (4.1) is well-posed in

X~

4.D
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Sobolev-spaces if ConDITION 4.1 and 4.2 hold. (See Tueorem 2.9 of [6])
In order to study the global existence of solutions, we linearize (4.1) around
the constant stationary solution (#, v)({ x)=(i&, @) whose existence is
guaranteed by ConpITION 4.2. Then we examine the decay of solutions to
the resulting equation. We shall use » and ¢ as variables corresponding to
D.au=(u, -, u,) and D= (v, ,-, v,), respectively. Hence »=(»n, -, 7.)
eR™, where n,€R™ for 1<i<w. Similarly £=(&, -, &) ER™, where
&ER™ for 1<i<n. We write therefore fi=f(u, v; &), o=L(u, v;7,&).
Note that # and v are used as independent variables here. The linearized
equation of (4.1) is given by

4.2 Aa, D)w+ DA, 0w, — 3B, D, + L@, Dw=0.
Here

A'(d, 0)= [A?(g’ & Ag(g, ﬁ)]

AiCa, 5= [_A Ef}j’( ?—,o, 0) :gj‘zgz Z,’Oo}()) I

B*(a, 0)= { 8 ng((iz, 27)}

L 0= [ p5n 700 D 50,0

Besides ConpITION 4.1 and 4.2, ConpITION 1.1 and 1. 2 were assumed to hold
for (4.2) in [6]. The result obtained is the existence of global solutions
near (#, #), which approach (7@ @) ultimately as f—oco. But we can
employ the same arguments without modification even if ConpITION 1.2 is
replaced by the existence of compensating function. Hence, by applying
THEOREM 1.1, we obtain an improved version of THeorREM 3.6 of [6].

THEOREM 4. 1. (global existence and asymptotic stability for (4.1))
Suppose ConpitTion 4.1, 4.2  for (4.1) and ConpiTiION 1.1 for (4.2).
Suppose furthermove the existence of compensating function for (4.2) or any
one of the equivalent conditions givem in THEOREM 1.1. Let n>3, s>

[n/2]+3, 1 < p<2n/(n+1) and let (u, v)(0, x)="Cuy, v5)(x). Suppose
(uy—tt, vi—0)EH(RHNLP(R™. For [<s, we set

o=, vo—0ll,p=tho— &, vo—Dl,+ | thh— & vo— 7|10,

where | +||, denotes the novrm in H'(R"). Then, if |uy— i, vo—0lls ,is small
enough, therve exists a unique global solution (u, v)(t, x) of the initial value
problem for (4.1) such that
u—u<=C°0,00; H5(RH)NCY0, 00; HY(R™)N L0, co ; HS(R™),
v—0€C%0, 00; HS(R™)N C'(0, 00 ; H2(R™) N L*, 0o ; H*'(R™),
Furthermore, (u, v)(t, x) satisfies the following estimates
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¢
4.3 I (u—a, v—ﬁ><t>lli+f0 I Cu— 0 (O 5+ (v—0) (2) |24, dT
<Cluo—1a, vo—7l3,,
(4.4 ICu—at, v—) ()1 <CA+ 7 thh— 1, vo— 051, p

for any tE€[0, o). Here C is a positive constant and y=n(1/2p—1/4).
As an application of the above theorem, we consider the system of

equations describing the motion of three dimensional compressible viscous
fluid. Let us denote by p the mass density, by #= (!, u?, u®) the velocity,
and by 6 the absolute temperature. These notations are conventional. The
system of equations for (p, #, §) is given by

p:+div(pu) =0,
(4.5) P+ (us)u)+Vp=divQeuP+u’ I div u),

pes(Bi+u~70)+ 0p, div u=div(xv ) +.
Here the pressure p and the internal energy e are the known functions of (p,
0). by and ¢, denote 9p/ 36 and de/ a6, respectively. P=(1/2)(u',+u’)\<; ;<1
is called the deformation tensor and ¥ = (u /2) R (' + )+ p(div w)? is the
dissipation function. The viscousity coefficients u, &' and the heat

conductivity coefficient x are known functions of (p, 8). We set @ ={(p,0);
p>0, §>0; and assume the foliowing conditions :

(4.6) p and e are C=-functions on 9. ,=3p/3p >0 and ¢,=e/30 >
0 ong.
4.7 i, ¢’y x are C=-functions on &. 4 >0, v=2u+x">0 and x>0
on 9.
We write w=1%p, u, ). Then (4.5) can be rewritten as follows,
3 3
(4.8) A"(w)wﬁg‘.l/lj(w)wx,.—j’kElej"(w>wx,.xh=g(w ; Dew).
Here we set
/P 0 0
ACw)= 1| 0 pl 0 |,
.0 0 pes/ 8
(Bo/p)(us&) %3 0
SAwE= | pE pwed  bE |,
0 D& (peg/0) (u&)
0 0 0
%Bjk(w}&&k: 0 ul|&12M+u+udEs 0 ,
’ 0 0 (x/6)]&1?
0 \

g(w; Daw)= | 2(Vu)P+<u'div u |,
/0¥ +TVx8)
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with £= (&, &, 8) R, ‘€6 =(E&) 115 Let 0 ={(o,u. 0); (p, )€,
ueR?® and let the constant stationary state be (p, 0, ) where (p, ) E9.
Then ConpiTiON 4.1 and 4.2 are verified for (4.8) by using (4.6),
(4.7). Note that, for w="},4, 6) ER®,

(4.9 Z<Bjk(w)ijkw W>>min{u, vi|@|* +(x/6)| 6|2

Also, CONDITION 1.1 is satisfied by A°=A°(w), A’=A’(w), B*=B*(w),
L=0. Finally we check ConprrioN (3) of THEOREM 1.1 which is equivalent
to ConpiTION (1), i. e., the existence of a compensating function. Let ¢=
“p, A 49) eR°\{0} and let ZBJk(w)w,wkw 0 for some w<S?% Then, by

(4.9), —6=0. Hence, w—t(p,O 0), wherve p+0. It jfollows that, for
any AER,

le<w>1ﬁ+2AJ<w> &)jw:ﬁp ﬁt<l//_-)a Cﬂ), 0) ;toy
- _ J
where p,=p,(p, 6. This means that Coxpirion (3) holds for A°=A(w),
A= A'(w), B*=B"*(w), L=0. Hence THEOREM 4.1 can be applied to
(4.5).
It should be remarked that ConpITION 1.2 can be checked directly for
(4.5). A suitable choice of K7(j=1,2,3) leads to

0 p.g 0
NKig,=a | —bé 0 0
’ 0 0 0

Here « is a sufficiently small constant. We refer the reader to [6] for
details including the one-dimensional case.

§5 Discrete velocity models of the Boltzmann equation

We study the discrete velocity models of the Boltzmann equation in R”
along the lines of Kawashima . In these models, there exists a finite

number of velocities (constant vectors in R®), say, v, --*, Un. It is to be
noted that v,# v, if i#+J. The number m and the velocities v, , --- , v, depend
on the model. The unknown F,, i=1, -+, m, is a function of time #=0 and
the space variable x €R” and represents the density distribution of particles
with the velocity v, We write F=F,, -, F,)€R™ The system of
equations in the general form is given by

(5.D (F i+ 0oV F,=Q(F, F), i=1,---,m,

where v,/ ,F; denotes the Euclidean inner product in R” of v;= (v}, -+, v}
and V, F,=(0F,/ox, , -, 0F:;/ox,). Q(F, F), i=1,-,m, is a quadratic

form in R™ which comes from the binary collisions of particles. More
precisely, the polarization of Q,(F, F') is expressed as
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(5.2 QF G =5 S{ALFG+FG)— AYFG+FG)).
i

Here «; and A%, are positive and nonnegative constants, respectively.
We give a formal definition of the collision of two particles. Let (v, ,
v;) be an unordered pair of velocities and let v;#v,. By definition, (v;,
v;)=(v;, v;). A collision is expressed by a couple of such pairs. The first
is written before an arrow and the second is written after the same arrow, for
example, (v;, v;)—=>(v,, v,). Here, (v;, v;) is called the initial state while
(ve, vy is refered to as the final state of the collision. It is usual to assume
for each collision the following properties: (i) (v;, v;)# (v, , v,) (exclu-
sion of the trivial collision), (ii) v;+v,=v,+ v, (conservation of the
momentum), (iii) |v;|*+|v;|2°=]|v.|*+ | v,|? (conservation of the energy).
Conversely, if (i), (ii) and (iii) are satisfied, then (v;, v;,)— (v, , v,)
represents a collision. Note that for some simple models, the definition of
the collision given above should be replaced by less physical one.
CoNDITION 5. 1. A% satisfies the following properties :
(i) AFis a positive number if (v;, v;)—(v., v,) represents a collision.
A% is zero otherwise.
(ii) Foranyyj k[, AZ=Aj=A} and A =A%
(iii) For some 4, 7, &k [, A% is a positive number (existence of the
collision).
Briefly, A% is related to the rate at which the collision (v;, v;)— (v, , v,)
takes place. The above condition will be assumed in the sequel.
We denote the m x m diagonal matrix with diagonal elements v1{, -+, v,
by VY, namely,
(5.3) Vi=diag(vi, -, vi), j=1, -, n.
We set Q(F, G)=4Q,(F, G), -, Q.(F, (&)) and rewrite (5.1) as

(5.4) Fot é VIF,=Q(F, F).

Now we give the definitions of some basic concepts concerning the above
equation. One is summational invariant and the other is Maxwellian. Let
(5.5) @/:{(5 = t<¢1 y TT ¢m> eR™, Ag[<¢i/a’z‘+¢j/aj—¢k/ak—
¢./a)=0for any ¢, J, k [}.

By CoNDITION 5.1, o# =R™ Since (a,, -, an) So#, it follows that 0<
dim .7
<m. Any ¢ &.# will be called a summational invariant. It is known that,
if ConpITION 5.1 holds, ¢ E.is equivalent to the follwoing property :
(5.6) <¢, Q(F, F)>=0 for any FER™
where <, > denotes the Euclidean inner product in R™ See [3], [5].

Let F='F,, -, F,) and let F;>0 for 1<:<m. Let, furthermore,
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5.1 AR (FF;—F,F)=0for any 4, j, &, .
Then F is called a constant Maxwellian. It is known also that, if CONDITION
5.1 holds, (5.7) is equivalent to the following property :
(5.8 Q(F, F)=0.

Let M='(M,, ---, M,) be a constant Maxwellian and set F =M. Then
F, regarded as a function of ¢ and x, is a constant stationary solution of
(56.4). In order to study the existence of global solutions in time near F =
M, we introduce a new unknown function f by setting

(5.9 F=M+A"%.
Here A=A(M)=diag(M,/a,, ---, Mn/a,). Substituting (5.9) into (5.4),
we get
5.10) St BVEALS =T P,
=
where

LMf:_ZA—l/ZQ(M’ A1/2f>’
I“(f; f)ZA_l/ZQCAI/Zf; A1/2f>'

The mXm matrix L, defined above (the linearized collision operator)
satisfies the follwoing properties (see [5]) :

(5.1D

(5.12) L, is real symmetric and nonnegative. Furthermore, the kernel
of L, equals A"%y.
It is obvious from (5.3) that V7 j=1,-, n, is real symmetric. Then,

setting A°=1, A’=V’, B*=0, L=L,,, ConpiTDON 1.1 is verified at once.
In [5], the existence of global solutions and the asymptotic stability was
shown by assuming CoNbpITION 1.2. But the method used there can be
applied without modification even if ConpiTION 1.2 is replaced by CoNDITION
(1) of THeoreM 1.1. We reformulate here ConprTioN (3), which is equi-
valent to ConbITION (1). For @ =(w,, -+, w,) ES™?, we set

(5.13) V(w):él Viw;=diag(vi* @, -, vn*@),

n
where v,cw =Y viw, for i=1,---,m. ConpITION (3) in the present case
j=1

reads as follows:
Let ¥ €R™\{0} and let L,,»y=0. Then we have uy+ V (w)y #0 for

any u €R and @ €S™ .
Observe that L,y =0 is equivalent to ¥ =A?¢ for some ¢ S.# Since
V(w) and A' are diagonal matrices, we have A2V (0)A?=V(w).
Hence, the above mentioned condition is rewritten as

ConpiTiON (5). Let ¢ Eorand let ¢ +0. Then ug + V (w) ¢ +0 for any
#ER and w €S™L.
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THEOREM 5.2 and 5.3 of are improved as follows.

THEOREM 5. 1. Suppose ConpiTioN 5.1. Let M be a constant
Maxwellian and define L,, by (5.12). Suppose ome of the four condtions in
THeoREM 1.1 for A°=1 A’=VY, B*=0, L=L,, or Conpition (5) stated
above. Let F(0, x)=F,(x). Then we have :

(i) Let n=1, s=[n/2]+]1 and let F,—MeHSRY. If |F,—M|, is
small enough, the initial value problem for (5.4) has a wunieque global
solution F(t, x) such that

F—-Me&C°0, co; HS(RH)N CY0, oo ; HS'(R™M).
Furthermore,

6.1 [FO-MI3+ [IDF (D)3 dr<ClIF— M]3,

for any t€[0, o), where C is a constant not depending on t. F (¢ x)
converges to the Maxwellian M wuniformly in x ER" as t—co.

(ii) Let m, sbeasin (i). Let p=11if n=1and let p[1, 2) if n>
2. Let furthermove F,—M&HS(RHNLR™. It |Fo—M|s, is small
enough (see, for the definition of the worm, THEOREM 4.1), the solution
obtained in (i) satisfies
(5.15) IF(O)—M|<CA+8) " Fo—Mls,,
where C is a constant not depending on t, and y=n(1/2p—1/4).

§6. Two-dimensional 8-velocity model

We teat the 8-velocity model introduced in [5]. The velocities v, , -,
vy are given as follows.

vl:<v’ O>’ 7}2:<0y v): U3 = —1,, Uy= — Vs,
vs=(v, v), v1;=(—0, V), V\,=—0s, Us=—Us.
Here v is a positive constant. Note that |v;| =v for i=1, ---, 4 while |v,| =

V2v for i=5, .- |8 (See Figure 6.1). There exist 12 collisions in this model
which are classified into three types.

type 1: (v, vp)2v,, v,).

type 2: (v, vp)e2(vs, vs).

type 3: (v, vo)2(vs, vs5), (vy, v)2(vs, Us),

(vo, v2(0,, vs), (v,, va)2(v,, V).

Note that two collisions of the same type can be obtained from each other by
permutation of the indices corresponding to a transformation of the square
(the convex hull of v, ---, v5) onto itself. This is not the case if the types
of two collisions are different. The restitution of a collision, which is
obtained by interchanging the initial and the final states with each other, and
the original collision are of the same type. Let 1<s<3. We set

A¥=0,/2, if (v;, v,)—> (v, v) is a collision of type s,
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A¥=0, otherwise.
Here, o, -, 0y are positive constants. It is easily seen that ConDITION 5.1
holds for this model. We set a;=1 for i=1, ---,8. The equation studied is
(5.1) or (5.4) where
6.1 Vi=v diag(1,0, -1, 0, 1, —1, —1,1),
’ Vi=vp diag(,1,0, —1,1,1, —1, —1).
The components of the quadratic term Q(F, F) are, for example,
Q(F, F)=0(FF—FF)+o{(FF—FE)+(FBFE—FF)j,
Q(F, F)=o0,(Fsls—F5F) o3 (B Fs— FF5) + (B Fy— FuFy) |,
et cetera. Now we want to verify ConpITION (5). For this purpose, we
determine the space of summational invariants o#. Let ¢ =4(¢,, -, ¢s) Eot.
Then ¢ satisfies the following system of linear homogeneous equations.
¢2+¢4-<¢1+¢3>:0, ¢6+¢8—<¢5+¢7>:Oy
¢3+¢5—<¢1+¢6> :O, ¢4+¢6—(¢2+¢7>:O-
The converse is true also. It follows that a basis of .# is given by
oV=41,1,1,1,1,1,1,1),
$?=1,0,-1,0,1, -1, —1, 1),
$®=10,1,0,—1,1,1, —1, —1),
$@9=1(1,1,1,1,2,2,2,2).
In particular, dim .#=4. Note that ¢@, -+, ¢ correspond to the conserva-
tion of the number of particles, x, and x, components of the momentum and
the energy, respectively. Any ¢ E.# is expressed as

4
(6.3) 4= ag", aER.
]:

Let w=(w,, @) ES". By (6.1),
Viw)=diag(v,* w, -+, e w)
=v diag(w,, @, —@, — @3, @+ @, — @+ @, — @ — @,
@, — @y).
Let e®, --- |, ¢® be the standard basis of R8. Let p +0and let u¢p + V(@)
=0. This implies that y = —v,*@ for some j&{1,:--,8; and hence
J, @)={k; kE{1,,8}, u=—tr @} F¢.
Furthermore, we have
(6.5 d= D B, BER.
ke] (1, @)
We set
F={J(u, @); tER, @ ES'}.
Any J &7 will be called a P-set in the following. The empty set is not a
P-set by definition. Let J be a P-set. If there exists a P-set which contains
J as a proper subset, / is called a P-set of the second category. All other
P-sets are of the first category. We denote by -2 and % the totality of the

(6.2)



Systems of equations of hyperbolic-parabolic type with applications
to the discrete Boltzmann equation 269

P-sets of the first and the second categories, respectively. Hence # =2
U, 2N %#=¢. Let J& 2. We denote by |/J| the cardinality of /. We
set
2:={J;]J€2, |]|=1,
for 1<7<8. It turns out that 2,#¢ for 1=2, 3, and 2,=¢ for other .
More precisely,
1°) 9, is classified into four classes:
2,(A)2{1, 2} and | 2,(A)| =4,
2,(B)>{1, 3} and | 2,(B)| =2,
2,(C)>{5, 7} and | 2,(C)| =2,
2,(D)>{1, 6} and | 2,(D)|=3,
29 2,5{1, 5, 8} and | .2,| =4.
Let /; and J, be two subsets of the integers {(1,:--,8;. If {v,;7€/,} and
{v;;7€J,} are obtained from each other by a two dimensional orthogonal
transformation which maps the square (the convex hull of v, , -+, v5) onto
itself, we write /i~ /,. It is clear that this is an equivalence relation in %
and hence in 2. The classes enumerated above are equivalent classes by
this equivalence relation. Only a representative of each class is given there.
The P-sets of the second category are less important for our purpose. We
define %, in a similar way. Then, #;=¢ for 2<i/<8 and |.%,| =8.
Now we turn to check ConbiTioN (5). It is sufficient to show that, if ¢
satisfies (6.3) and (6.5), then ¢ =0. Observe that

2a¢‘ﬁ—‘((a1+a4)+az, (a’1+a’4>+a'3, (a'1+a’4> as, (a'l+a’4> as ,
<a1+2a’4>+<a’2+a’3> <41+2&’4> (Cl’z as) (61'1—!—26(4)

- (a'2+a'3), (61’1 +2a,) + (az_CYs))-
It follows from

4 8
2 a,j¢(ﬁ: 2 ﬁke(k)
i=1 k=1

that

(6.6)1 a T as= <ﬂ1+ﬂ3>/2 <ﬁz+ﬁ4)/2

(6.6) a +2a,= (ﬁ5+ﬂ7>/2 <ﬁ6+ﬁ8>/2

(6.6)3 a’z—(ﬁl ﬁs)/z as— (:32 ﬂ«a)/z

(6.6)4 a,t+as= (ﬁs ﬂ7)/2, ay— 3:<—ﬁe+ﬂs>/2o
We examine all the possibilities as follows.

Case 1A. Let ¢ =BeV+Be?. We get (6.6),~(6.4), where 8,=0 for
i+1, 2. From (6.6), follows a,=as=0. Hence, by (6. 6)s, Bi=H.=0
Therefore, ¢ =0.

Case 1B. Let ¢ =B.eV+B:e®. We get (6.6),~(6.6), where ;=0 for
j+1, 3. It follows from (6.6), that a=0. Hence, by (6.6);, gi—B:=
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On the other hand, 8,+8:=0 by (6.6),. Combining these, we obtain g, =
Bs=0. Therefore, ¢ =0.

Case 1C. Let ¢ =B:e®+B,¢7. We get (6.6),~(6.6), where 8;=0 for
7#5.7. By (6.6);, a,=a;=0. Substituting this into (6.6),, we obtain
Bs—B.=0. On the other hand, 8;+8.=0 by (6.6),. Hence, 8;=23,=0.
Therefore, ¢ =0.

Case 1D. Let ¢ =BV +B:¢®. We get (6.6),~(6.6), where 3;,=0 for
j+1, 6. By (6.6),, $,.=0. Also, by (6.6),, B:=0. Hence, ¢=0.

Case 2. Let ¢ =816V +B:e¥+ B:e®. Weget (6.6),~(6.6), where 8,=0
for 7#1, 5, 8. From (6.6), follows B,=0. Then, by (6.6);, a,=a;=0.
Substituting this into (6.6),, we obtain B;=8;=0. Hence, ¢ =0.

We conclude therefore that ConbiTioN (5) is satisfied for this model.
Hence THrEOREM 5.1 holds for the two-dimensional 8-velocity model. We
remark finally that in ConpiTioN 1. 2 was verified by constructing K* and
K? explicitly for some Maxwellian M.

§7 Three-dimensional 14-velocity model

We investigate the 14-velocity model introduced by Cabannes [1]. The
velocities are given by
v=>0,0,0), ,=00,0v,0), v,=00,0,v), v,s=—v;(G=1,2,3),
v.=(v, 0, 0), Bs=C(—0v,0,0), ve=(—v, —0,v), =V, —0, V),
Vpia=—0,(k=7,8,9.10).
Here v is a positive constant. Note that |v;|=v for 1=1, ---, 6 while |v;| =
J3v for i=7,---,14. There exist 54 nontrivial collisions which preserve the
momentum and the energy. These collisions are classified into four types.
type 1: (v, v)@2(vs, v5), (01, v)2(vs, Vs)
(v, vs)2(vs, Vs)
type 2: (v,, vne(vs, v12), (v, i(Vy, i3),
(v, 2, 0e), (s, V1)V, V13),
(Vs , 12)2 (W, V1), (Vy, V13)2(V1o, Vie).
type 3: (v;, v)2(vs, V), (U7, V12)2(Vy, Liz),
(o7, 2w, ti3), (g, 11)@(Vy, V1y),
(Vg , 012)2 (V1 , 111, (11, V13)2(V1a, V1g).
type 4: (v, v)2(vs, v), (v, V)2V, , Vo),
(o, v, v, (b, a2, vi3),
(v, vo)2(vs, vs), (v, V:1)2(Vs, V1g),
(vy, Vi)V, v13), (2, Vi(vs, v7),
(03, vip)2Ws, v7), (U3, V12(Vs, Vs),
(v3, n)2s, v9), (Vs, V12)2(Vs, V1o).
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The principle for the classification is analoguous to that for the 8-velocity
model. A modification needed is to replace the square by the cube (the
convex hull of v, , -+, v,). Let 1<s<4. We define
A¥=0,/2, if (v;, v;,)— (v, v) represents a collision of type s,
A¥=0, otherwise.
Here o, , -, 0, are positive constants. It is clear that CoNpITION 5.1 is
satisfied for this model. We set a;=1 for 1<:<14. The equation to be
considered is (5.1) or (5.4) where the explicit forms of V!, V?and V?are
given by

Vi=vp diag(,0,0, —-1,0,0,1, —1, —1,1, —=1,1,1, —1),
(7.1 V?=v diag(0,1,0,0,-1,0,1,1, -1, =1, =1, =1, 1, 1),
Vi=v diag<07 07 19 0) O) —19 1? 1) 1) 17 _1’ _1) _]-’ _1>

The components of Q(F, F) are, for example,

Q(F, F)=0{(FFs—FF)+(FF—FF))+o0 (F F,—FFy)
‘|‘<F4F10_F1F9>+<F4F12_F1F11>+(F4F13—F1F14> }',

Q7<F, F>:Gz{ F‘sl';‘lz_F}F‘n)‘1"<}?9I713—'I';‘7I?11>+(f'ﬂlo];‘m_l*;]:n)‘JL
+63{F8F10_F7F9>+<F10F13—F7F12>+<F8F13_F7Fl4)}
+o{ (F\Fs— FF) + (FFy—FF) + (B Fs—FoF) ),

et cetera.

First we determine the subspace.#. By elementary computations, we
see that ¢ =(¢,, -, ¢1.) Eor if and only if ¢ satisfies the following system
of linear homogeneous equations.

¢1+¢4‘<¢2+¢5>:O, ¢1+¢4_<§63+¢6>:0,
{ ¢7+¢11_ <¢8+¢12> =0, 457‘1’(]511 - (¢9+¢13> =0,
¢7+¢11_<¢10+¢14>:0,
¢7+¢9_<¢8+¢10):0:
{¢1+¢8_<¢4+¢7>:0, ¢2+¢9_<¢5+¢8):O,
¢3+¢13_<¢6+¢7> =0.
It is shown that dim «#=5. A basis of .# is given by
oP=%41,1,1,1,1,1,1,1,1,1,1,1, 1, 1),
$?®=21,0,0,-1,0,0, 1, —1,-1,1, —-1,1,1, = 1),
$®=%0,1,0,0,—-1,0,1,1, -1, -1, -1, —1,1, 1),
$®=%0,0,1,0,0,—-1,1,1,1,1, -1, =1, =1, —1),
$®=41,1,1,1,1,1,3,3,3,3,3, 3, 3, 3).
Note that ¢ and ¢® correspond to the conservation of the number of
particles and the energy, respectively, while ¢, ¢® and ¢ are related to
the conservation of the momentum in %, , x, and x; directions, respectively.
Any ¢ E.# can be expressed as

5
(7.3) =gV, a,€R.
]:

(7.2)
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Let w=(w,, @, ;) €S2 By (7.1), we have
V(w)=diag(v,*w, -, Vo @)

(7.4 =0 diag(wx,wz,wsy—@1,_&32,—&73,&)1+&72+@3,
_<C¢J1-@2 _@3>y ‘“(wl'i’@z_@s), @ — @, 1+ @s,
—(@1+ @t @), 01—~ @, 0+ — @, — (@ —w,+w)).

Let e, ---, "9 be the standard basis of R". Let ¢ +0 and let u¢+ V()¢
=0 for some u R and w €S?. Then,
Ju, @)={k; RE{1, 14}, u=—tpe 0} +4.

We obtain

(7.5) d= > B.e? B.€R.
ke (u, @)

Let us set

F={J, ®); tER, wES?}.
Any J€ 7 is called a P-set. Namely, J is a P-set if J =/ (4, @) for some
# €R and @ €S™' and in addition / +#¢. The empty set is excluded from &
by definition. We define also the first and the second categories for P-sets as
in the preceeding section. We denote by 2 the totality of the P-sets of the
first category and set
- 2=UsJes =0,
for 1<:<14. It is shown that 2,#¢ only for 3<i<6. We use the
equivalence relation introduced in the preceeding section with slight
modification: Two dimensional orthogonal transformation which maps the
square onto itself is replaced by three dimensional orthogonal transformation
mapping the cube (the convex hull of v,, -+, v,) onto itself. Thus we
obtain the following result.
1°) 2, consists of two classes :
2:,(A)>2{1,2,9} and | 2;(A)| =24,
2,(B)>{1,8,9} and | 2,(B)|=24.
2D 2,>{1,2,4,5} and |2, =3.
3 2:2{1,7,10,12,13} and | 25| =6.
4°) 94 consists of two classes :
2:(A)>21{1,2,3,8,10,13} and | 2,(A)| =8,
2:(B)>{1,4,7,8,11,12} and | 2,(B)|=6.
We denote by .# the totality of the P-sets of the second category and define
Z; by
Z={JJE®, |Jl=1i}
for 1<i<14. Then #,# ¢ only for i=1,2,3. We note that |#,| =14, | .%,|
=00 and | #,|=12.
We shall show that ¢ =0 if ¢ satisfies (7.3) and (7.5). We note that

5
Elaj¢"’=t((a'1+as)+az, (v tas)+as, (ay+as)ta,, (ay+as)—a,,
=
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(entas)—a;, (avtas)—a,, (a;+3as) + (e, +as+an),
(al+3a5)_(a’2“a’3‘“a’4), <a’1+3a’5>_(a’2+a’3_a’4>,
<a’1+30’5>+(a’2_03+a’4>, <a1+3a5>_(a'2+a3+a4>,
(ay+3as) + (ar—as—ay), (ay+3as)+ (ar+as—ay),
<a1+3a’5>_<az—a’3+a’4>>-

Let
5 14
32,4V = 31 fre.
i=1 k=1

Then we get the following system of linear equations.

(7.6)1 a1+a5:<ﬁl+ﬁ4>/2 <ﬁ2+ﬁ5>/2 (ﬂs'i'ﬂe)/z

(7.6)2 a’1+3615 <ﬁ7+ﬂ11>/2 <ﬁ8+ﬁ12>/2 <ﬂ9+ﬂ13>/2 <ﬂ10+ﬁ14>/2

(7.6)3 a’z—(ﬁ1 ﬁ4)/2 ae.—(ﬁz ﬁ5>/2, ay— (ﬂs ﬂe)/zy

(7.6), a/2+af3+a/4 (ﬁ7 ﬂn)/zy a; — =(— ﬁ8+ﬂ12>/2,

) a+az—a,=(— ﬁ9+ﬂ13>/2, y— a’s+a’4 (,310 ,314>/2-

Case 1A. Let ¢:ﬁle‘”+ﬁ2e‘”+ﬂge‘9’. We obtain (7.6),~(7.6), where
B;=0 for j+1,2,9. From (7.6), follows B, =8,=0. Hence, by (7.6),,
a,=as=a,=0. Substituting this into (7.6),, we get 8,=0. Hence ¢ =0.

Case 1B. Let ¢ =8,V B:e®+ Be®. We obtain (7.6),~(7.6), where
B;=0 for 7#1,8,9. From (7.6), follows 8,=0. Also, by (7.6),, Bs=Bs=
0. Hence ¢ =0.

Case 2. Let ¢ =8eV+B.e®+ B, +p:¢®. We obtain (7.6),~(7.6),
where 8,=0 for j+1,2,4,5. It follows from (7.6), that a,=a;=a,=0.
Substituting this into (7.6);, we get 8,—B:=8:—F;=0. On the other hand,
Bi+B.=p6+pF;=0 follows from (7.6),. Hence B, =p8,=8.=8;=0, which
implies ¢ =0.

Case 3. Let ¢ =8eY4+6"4 B0+ B2+ B1,¢". We obtain
(7.6),~(7.6), where g;,=0 for j+1,7,10,12,13. From (7.6), follows 8,=0
Hence, by (7.6);, a,=a;=a,=0. Substituting this into (7.6),, we get
Br=Po=p:=p:=0. Hence ¢ =0.

Case 4A. Let ¢ ,316(1)+ﬂ2€(2)+ﬂ3€(3)+ﬂ8€(8)+ﬂ 6(10)+ﬁ e We obtain
(7.6),~(7.6), where 8,=0 for y+1,2,3,8,10,13. From (7. 6)2 follows Bs=
Bio=p1:=0. Substituting this into (7.6),, we get a,=a;=a,=0. Hence,
by (7.6);, Bi=8.=p:=0. Therefore, ¢ =0.

Case 4B. Let ¢ =66V + B,V + L.+ Bee®+ B,V + 81,2, We obtain
(7.6),~(7.6), where B,=0 for 7+1,4,7,8,11,12. From (7.6); follows as=
a,=0. Combining this with the third and the fourth equations of (7.6),, we
get a,=0. Substituting this into the first and the second equations of (7.6),
gives B, —Bi1=Bs—L1.=0. On the other hand, 8, +8,:=B:+L.=0 follows
from (7.6),. Hence B,=6;=8:=8.=0. Since a,=0, §i—£,=0 by (7.6),.
Also, B,+8.=0 follows from (7.6),. Hence 8,=8,=0. We conclude that
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¢ =0.
Thus ConbpiTiON (5) is verified. This means that THEOREM 5.1 can be
applied to the three-dimensional 14-velocity model by Cabannes.
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