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Zeros of integrals along trajectories
of ergodic nonsingular flows

Ryotaro SATO
(Received January 16, 1988)

§1. Introduction

Let (X, %, 1) be a probability space. In 1976, Atkinson proved
that if T is an ergodic measure preserving automorphism of (X, %, ) then
the following conditions are equivalent for f in Li(x):

(a) [f du=0.
(b) lirglﬂinf

gnof( zj)‘ZO for almost all x€ X.

In 1987, Ullman [6] generalized Atkinson’s theorem to noninvariant
measures. That is, he considered an ergodic, conservative, nonsingular
automorphism 7T of (X, #, 1) and proved that the above condition (a) and
the following (b’) are equivalent for f in Li(x).

due T
dp

() liminf 20 F(Tx)-

n-oo

(x)|=0 for almost all x< X.

In this note we will treat an ergodic, conservative, nonsingular flow of
(X, %, 1) and prove a corresponding continuous time result. The method of
proof is different from that of Ullman. See also Schneiberg [5].

§2. Preliminaries and the theorem

From now on, let {7:}={7;: —c0o<t<oo} be a measurable flow of
nonsingular automorphisms of (X, %, ). All sets and functions introduced
below are assumed to be measurable ; and all relations are assumed to hold
modulo sets of measure zero. Since each 7: is nonsingular, the Radon-

Nikodym theorem can be applied to define a function w.= dﬂ;ﬂTt in Li(x)
such that

D fA wedu=1( T.A) for all A€ 7,

and let us put



196 R. Sato

(2 Udf(x)=Ff(Tx)w.x) for f€L(p).

As is easily seen, {U.}={U;: —00<t <o} becomes a group of positile linear
isometries of Li(x). Further by Krengel (see also Sato [4]), strong-ltir}r)l

U:=1 (I being the identity operator). The flow {7} is called conservative
if each T: is conservative. (Recall that a nonsingular automorphism 7 is
conservative if and only if ACTA implies A=TA. It is known (cf. e. g.
Krengel [3], §3.1) that 7 is conservative if and only if : ay c:’uT (x)=o0

on X.) It is easy to see that {7} is conservative if and only if

=0

’/O‘mUtl(x)dt:/o‘th(X)dt:OO for almost all x€ X.

The flow {7} is called ergodic if A= T.A for all ¢ implies £A=0 or p(X\
A)=0. We are now in a position to state our result.

THEOREM.  Let {T:} be an ergodic, conservative, measurable flow of
nonsingular automorphisms of (X, #, p) with pX=1. Then the following
conditions are equivalent for f in Li(u):

(1) [fdu=0.

(IID To almost every xEX there corresponds a real sequence sn
(dependent on x), with s, t o, such that ls"f( Tex)w:x) dt=0 for all n>
1.

Proor. (I)=(II): Let us fix an integer N>1, and write
A=Av=(xeX: ["Usf(@)dt>0 for all s=N),

B=BN={xEX:‘£SUJ(x)a’t<O for all s>N),

C= CN:(X\A) N (X\B)
Let

3 g(x):gN(x)Z/O.NUtf(x)dt, and
W D={xeX: g Uig(x)>0 for all n>1).

It follows that ACD. In order to prove #A=0, we assume gD >0. Then,
since Ty is conservative by hypothesis, for almost every x&D we can take
an integer #(x)=1 such that
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T3#*xeD and TixED for all 1<7<n(x).
Put

X(n)={x€D: n(x)=n} and Y(n):@: TiX(n).
Then we see that

&  D=UX()

and the set Y:,Ql Y(#n) satisfies TvY =Y. On the other hand, by the

cotinuous time version of the Chacon-Ornstein ratio ergodic theorem (see e.
g. [3], Chapter 3), (1) implies

0= [f du=lim [ USCOdt | [ U1x)dt
n-1 n-1
=lim ZO Uv'g(x) Z}) Uv'h(x) for almost all xE€ X,

Nn-co j=

N
where we let h(x)= £ U:l(x)dt. Therefore TvY =Y implies /; g dp=0.

But this is a contradiction, because

o n-—1

fg dﬂ:i /Q'IY(n)dﬂ: 2 2 g lryxmdy
Y n=1 n=1,j=0
i n-1 . ° J
=3 [(Z o(7n) D5 w) ) L) i)
Ll n—1 .
:El (Jgo UNJg)'1X(n)d/1>O

where the last inequality is due to (4) and (5).
We have proved pA=0. Similarly, ©uB=0 follows. Hence for almost

s(x)
all x€ X there exists a real number s(x)=N such that A‘ Uf(x)dt=0.

By this (II) follows immediately.
(II)=(C1): This implication is a direct consequence of the continuous
time version of the Chacon-Ornstein theorem, and we omit the details.
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