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The configurations of the M-curves of degree (4,4)
in RP'X RP' and periods of real K3 surfaces
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Abstract. For M-curves of degree (4,4) in RP'X RP' whose components
are all contractible, it is known that three configuration types are possible.
We prove that all these configuration types are realized by some M-curves
of degree (4,4) by means of the existence of locally universal families of
real K3 surfaces and the local surjectivity of period mappings defined over
those families.

0. Introduction.

We consider the zero set RA of a real homogeneous polynomial F
(#0) of degree (d, r) in RP'X RP', where d and » are integers (=1).
We assume that the zero set A of F in CP'X CP'is nonsingular. (In what
follows, we write P'X P! for CP'X CP'.) Then A is a connected complex
1-dimensional manifold. But RA is a possibly disconnected real 1-
dimensional manifold (a disjoint union of finitely many copies of S*) or
the empty set. It is known that the number of the connected components
of RA does not exceed (d—1)(r—1)+1(see [5]). We remark that the
number (d—1)(»—1) is the genus of the nonsingular curve A. We say
RA is an M-curve of degree (d, ») if it has precisely (d—1)(»—1)+1 con-
nected components.

In this paper we make clear the “ configurations” of the M-curves of
degree (4,4) in RP'X RP', where we consider only the curves whose com-
ponents (embedded S') are all contractible in RP'X RP'. We define the
meaning of the “configurations” as follows. In our cases, each compo-
nent of RA, which is called an oval, divides RP'X RP' into two connected
components. One of those is homeomorphic to an open disk and called
the interior of the oval. The other is called the exterior of that. As a
consequence of [5], every M-curve of degree (4,4) lies in one of the fol-
lowing three cases (cf. Figure 1).

(1) Each of certain 9 ovals lies in the exteriors of the others, and the

4

interior of one of those contains one oval. (Notation: %8)
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(2) Each of certain 5 ovals lies in the exteriors of the others, and the
interior of one of those contains 5 ovals. Each of the latter 5 ovals lies in

the exteriors of the others. (Notation: % 4)

(3) An oval contains 9 ovals in its interior and each of the 9 ovals

lies in the exteriors of the others. (Notation : %)
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Figure 1.

We call the above three cases the configurations of types %8, %4,

and % respectively. We can easily construct curves of degree (4,4) of

configuration type %8 by the “ Harnack’s method ”, which is well known

in the studies of Hilbert’s 16th problem (see [2]). Here we omit the
statement of this method. In this paper we prove that there exist curves

of degree (4,4) of configuration types —51)—4 and % (Corollary § in §4).

For this, it is sufficient to show the existence of 2-sheeted coverings (for
the definition, see [11]) Y of P'X P! branched along nonsingular real
curves of degree (4,4) whose real parts (see below) are homeomorphic to
26I15S5% and 201195 respectively (see [5,83]), where X, denotes a
sphere with ¢ handles and £S? denotes the disjoint union of % copies of S°.
Notice that the complex conjugation of P'XP' is lifted into two anti-
holomorphic involutions 77 and 7~ on Y. In the above statement, we
call fixed point sets of these involutions real parts of Y.

It is well known that every 2-sheeted covering Y of P'X P' branched
along a nonsingular curve of degree (4,4) is a K3 surface. The
topological types of real parts of real projective K3 surfaces are inves-
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tigated in Nikulin [8]. Let % be the homology class of the preimage in Y
of a hyperplane section of P'XP'(CP?®. Then h is primitive (for the
definition, see [8]) in H.(Y, Z) and we have h*=4. Hence the triple
(H)(Y), Tx h) is a polarized integral involution (see [8]) with invar-
lants 0:.=0, [+=3, =19, n=4, t+,=1 and f-) (for the notations, see
[8]). Since we assume that RA is an M-curve whose components are all
contractible in RP'XRP' we moreover have =0 (see also [8]) for
either 7% or T~ because of a consequence of [5,§3]. Hence, by [8, The-
orem 3.10.6], the real part of Y with respect to 7+ or 7~ is homeomor-
phic to 2},114S? where g=(21—1#-))/2 and k=1+4-)/2. Furthermore,
by [8, Theorem 3.4.3], a polarized integral involution with the above
invariants exists if and only if #-,=1,9 or 17. By [8, Theorem 3.10.1],
the isomorphism classes of polarized integral involutions with the above
invariants are in bijective correspondence with the coarse projective equiva-
lence classes (see [8,§3,10°]) of real projective K3 surfaces for which
homology classes % of hyperplane sections (or those preimages) are primi-
tive and #*=4. Therefore, we see that there exist real projective K3 sur-
faces with £*=4 (h: primitive) whose real parts are homeomorphic to
256115S% or 2,119S% But these K3 surfaces are not necessarily 2-sheeted
coverings of P'X P' branched along nonsingular real curves of degree (4,
4). We must make a closer investigation of [8, Theorem 3.10.1].

We first prepare a sufficient condition for K3 surfaces (not necessarily
algebraic) with antiholomorphic involutions, which are called 7eal K3
surfaces, to be 2-sheeted coverings of P'X P' branched along nonsingular
real curves of degree (4,4) (Lemma 2 in §2). In [3] it is proved that for
every real K3 surface, there exists an “equivariant” locally universal
Kihler family of its complex structures (Lemma (Kharlamov) in §1).
For the real projective K3 surfaces (X, t) with h*=4 (h: primitive)
whose real parts are homeomorphic to 261I5S? or 23:1195? stated above,
L,=Ker(1+¢*) are isomorphic to U® U & (—Es) and U® U respectively
(see [8]), where U and Es are even unimodular lattices with rank U =2,
signU =0, and rankFEs=signFs=8. We show that if for a real K3 surface
(X, t), L, has U® U as its sublattice, then there exist real K3 surfaces
which satisfy the conditions of arbitrarily closely to the surface
(X, t) in the equivariant family stated above (the proof of in
§4). Before this, we prepare and its [Corollary 4, which are
finer versions of Tjurina’s lemma concerning integer vector sequences
([10, Chap.IX, §5]).

The author would like to thank Professors I. Nakamura, M.-H. Saito
and Y. Umezu for their kind and great help to prove Lemma 1, Professor
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G. Ishikawa for indicating a gap in the original proof of [Theorem 6, and
Professors H. Suzuki and S. Izumiya for their constant encouragement.

1. Real K3 surfaces and equivariant families of their complex
structures.

We say a compact connected Kéhler surface X is a K3 surface if the
first Betti number of X vanishes and there exists a nowhere vanishing
holomorphic 2-form wx on X. The following are known (cf. [10, Chap.
IXD.

(1) H*X, Z) is free of rank 22.

(2) The intersection form H?*(X, Z)XH*(X, Z) = Z is isomorphic

to U USUS(—Es) ®(—Es).

() wxAwx=0, wxA@dx>0,dimcH°(X, 2°)=1. We set

PicX=(wx)*NH*X, Z)=H"(X)NH*X, Z).

Since Ah'(X, ﬂ’x):—%‘ h(X)=0, we can regard PicX as the group of

isomorphism classes of complex line bundles on X. We denote by Q(,)
the intersection form of X. We set P(X, C)=P(H*(X, C)) and Kz=
{(AeP(X, C)|Q(A, A)=0}. Then we see that H*°(X)=[wx] is contained
in K.

(4) There exists an effectively parametrized and locally universal
family (V, M, =) of complex structures of X, where M is complex 20-
dimensional. Here, by a family (V, M, ) of complex structures of X,
we mean a C=-fibre bundle 7: V — M with the fibre X, where V and M
are connected complex manifolds, 7 is a holomorphic map onto M.

(5) For every family (V, M, 7) of complex structures of a K3 sur-
face X =n"'(m), there exists a contractible neighborhood U such that for
any €U, V(e)=n"(a) are K3 surfaces and (z7'(U), U, n) is a C”-
trivial bundle. Let ia: V(@) = 77'(U) be the inclusion map. Then 7%:
H2x'(U),Z)—> H*V(a), Z) is an isomorphism. We define r: U —
P(X, C) by t(a)=i%ei¥ '(H**(V(@))). This is called the period map-
ping. From [10, Chap.IX, Theorem 2], if(V, M, n) is effectively par-
ametrized, then 7 is a holomorphic embedding on a neighbourhood U’ of
m in U.

Furthermore, Kharlamov shows the following.

LEMMA (KHARLAMOV [3]). Let (X, t) be a real K3 surface, namely,
X is a K3 surface and t is an antiholomorphic involution on it. Then
there exist a locally universal family (V, M, n) of complex structurves of X
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and antiholomorphic involutions tv on V. and tu on M which satisfy the
following conditions.

(i) Each fibre V(a) is a K3 surface and V (m)=X.

Cii) M is contractible, and (V, M, n) is a C*-trivial bundle.

(iii)  t(see (5) above) is a holomorphic embedding on M and t(M)
s a neighborhood of t(m) in K.

(iv) tlx=t moty=tuor, rotMZt*—or, where is the natural complex
conjugation on P(X, C).

REMARK. We can restrict v on V(a) for any a€Fix #t. We set
ta=tvlv(ey. Then (V (@), t.) are real K3 surfaces.

2. A sufficient condition for real K3 sufaces to be 2-sheeted coverings
of P'X P'branched along real curves of degree (4,4).

We prepare the following lemmas in order to catch 2-sheeted cover-
ings (in the sense of [11,8§1]) of P'X P! branched along (real) curves in
the family of (real) K3 surfaces given in § 1.

LEMMA 1. Let X be a K3 surface with rank PicX=2. If there exist
primitive elements ¢ and ¢ in PicX such that c®*=c*=0 and c+c=2,
then X can be a 2-sheeted branched covering of P'X P, and the branch
locus 1s a nonsingular curve of degree (4,4).

PROOF. We choose an element & such that b and ¢ generate the free
Z-module PicX. Then e=wma+nb for some integers m and ». Since
2=ca*a=n(a*b), we have n==+1 or +2. We show that D?>0 for any
irreducible curve D on the surface X. In case =1, we have PicX=
Z(a, ). Let D be an irreducible curve on X and [D] be the linearly
equivalence class of the divisor D. Then [D]=*kc+ I for some integers
k and [/, and we have D?*=4kl. Since D?*>—2, we have D?*>(. In case
n==*2, since ¢ is primitive, we see that m is odd. Since (26)?=(+¢,
Fma)®=—4m, we have b’=—m. Let D be an irreduible curve on X.
Then we have [D]=kc+1b for some integers £ and I Since D?=k2c2+
2klcio b+ 1?6°=+2kI—I*m and D? is even, we see that [ is even. Hence
[D] is contained in Z (a1, ;). Therefore we see that D?>0 as in the case
n==1.

Now let F:(i=1,2) be a complex line bundle whose first Chern class
is ¢;. By the Riemann-Roch theorem, A°(F;)+Ah°(—F:)>2. Since F; is
not trivial, we may assume that A°(—F,)=0 and #°(F;)>2 replacing c
by —c¢: if necessary. We will verify that ci*c:=2 later on. Let C; be the
divisor of a global holomorphic section of F; on X. We show that the
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complete linear system |C;| has no fixed components. If I' is the fixed part
of |Cl, and D is an irreducible component of I', then we choose an
effective divisor E such that I'+E is a member of |Ci|. We may assume
that all irreducible components of E are distinct from D. In our cases,
since D?=0, we have dim |D|>=1 by the Riemann-Roch theorem. Hence D
is movable. This contradicts the assumption that I' is the fixed part.
Hence |Ci| has no fixed components. Therefore, by [6, Proposition 1 ii)],
each element of |G| can be written as Ei+:--+E, with E;€ |C{|, C{ being
nonsingular elliptic. (For |G|, we have the same results.) Hence we have
C1~kC 1 (linearly equivalent). Since [C i{]€Z(c1, c2), we have [C{]=
sai+ te; for some integers s and £ Then, since a=*k(sa+ ), we see that
k=1. Hence we have C;~Cj{. Thus we may consider C; and C; to be
nonsingular elliptic curves. Hence we have Ci+CG:=2. We set C=CG+ .
The complete linear system |C| also has no fixed components. Hence, by
(6, Proposition 1 i)], |C| has no base points and contains an irreducible
nonsingular curve C’. Since C*=4 (>0), the surface X is algebraic by
(4, Theorem 3.3]. Thus we see that there exist elliptic curves C and G
on the algebraic K3 surface X such that Ci*C:=2. Then the system |Ci
(i=1,2) defines a morphism @, : X — P'. We can define a holomorphic
mapping @ : X — P'X P! by the formula @(x)= (D¢, (x), Oy, (x)) for any
x€X. Since O, and @, are surjective and Ci*C.=2, we see that @ is
surjective. Let S: P'X P'— P®be the Segre embedding. This embedding
gives a biholomorphic mapping onto a nonsingular quadric @ in P®. Then
the composition S°e®@: X — P?® is nothing but a morphism @, defined by
the system |C|. From the well known formula C?’=deg®,c,+degQ, we see
that the morphism @, is of degree 2. Moreover, for any irreducible
curve D, the image @,¢c;(D) is an irreducible curve. In fact, if @,c(D) is
a point P, then @;,(H)+D=0 for a hyperplane section H of @ which
does not meet the point P. Since @ii(H)*=C?=4, we have D*<0 by the
Hodge index theorem. But D?=0 on our surface X. This is a contradic-
tion. We also see that for any point P in @, the preimage @i¢,(P) con-
sists of finitely many points. Let B be the ramification divisor (see, for
example, [1,p.668]) of the finite surjective mapping @ic;: X — Q. We
use the same notation B for the support of the divisor B. We set A=
O (B). Then A also defines a divisor. By the definition of the
ramification divisor, @ ¢, is locally biholomorphic on X\B, and in our
case, all the points in B are branch points in the sense of [11, Definition 1.
3]. Let Kx(resp. K¢) be the canonical divisor of X (resp. Q). Then we
have (see, for example, [7, Lemma (6.20)])
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Kx~ 0% (Ko +B.

Since we know that Kx~0 and Ko=(—2)(pt X P'+ P'Xpt) identifying Q
with P'X P' via the Segre embedding S, we have

B~20*(pt X P'+ P'X pt).

Hence, in particular, B+¢. Recall that the morphism @ is of degree 2.
Thus we obtain a 2-sheeted branched covering @ :X — P!'X P! with
branch locus A in the sense of [11, §1]. Hence the branch locus A is non-
singular. Moreover, from the proof of [11, Theorem 1.2], we have [B]=
O*F for a line bundle F over P'X P! with F ®*=[A]. Since Pic (P'X
PH=Z(ptxP'], [P'Xpt]), we have F=Fk[ptX P']+[[P'Xpt] for some
integers k£ and [ Since B~20*(pt X P'+P'Xpt), we have k=[=2 by
considering intersection numbers. Hence we have

A~4(pt X P'+P' X pt).
Thus A is a nonsingular curve of degree (4,4). Q.E.D.

REMARK. In the above lemma, for every irreducible curve D on the
algebraic K3 surface X, we see that D? is divisible by 4. Hence, if D*>
0, then D?*>4, namely p.(D)=3. Moreover, for the irreducible curve C’
(~C), we know that p,(C)=3. Hence the surface X belongs to the
class 7=3 (see [10, Chap. VIIIL, p. 188] or [9,§1, p.46]). Hence, by [10,
Chap. VIII, Theorem 2], @ is a birational morphism onto a quartic sur-
face in P°, or a morphism of degree 2 onto a quadric in P®. We see that
our surface X lies in the latter case.

LEMMA 2. Let (X, t) be a real K3surface such that X satisfies the
conditions of Lemma 1. If moreover, ¢ and c: are contained in Ker(1+
t*), then there exists a holomorphic mapping ® which makes X a 2-sheeted
branched covering of P'X P' and satisfies conje®= Qt. Hence the branch

locus is a nonsingular curve defined by a veal homogenous polynomial of
degree (4,4).

PrOOF. In the proof of Lemma I, we define @=(dc,, Dic,)). Let s
and s, form a basis for the space H°(X, Z(C)). Let & and & be
holomorphic functions on X such that &(x)s(x)=&(x)s(x) for any
x(€X). Then @, is defined to be [&: &]. We show that conjo @, =
@Dic,°t if we choose an appropriate basis for H°(X, 7 (C)).

We define the line bundle Fi to be [Gi]. By the assumption, we see
the first Chern class ¢i:(F1) is contained in Ker(1+¢*). Hence we have
a(F)=c(t*F), where F, is the conjugate bundle of Fi. Since H!(X,
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7 x) =0, the line bundle F; and t*F, are isomorphic. We denote by E
and pn the total space and the projection of Fi. Let {U:}1ea be an open
covering of X, ¢.:pri*(U) — UiX C be trivializations, and g : U Us
— C* be transition functions. We may assume that there exists an involu-
tion ¢ on A such that Usw=¢(U:). Then the transition functions of the
line bundle t*F are gowowet:UiNU.— C*. Since Fi and t*Fiare
isomorphic, there exists a collection of functions £i(EZ*(Ux) such that

1D gl —]j;( ) oo (t(x)) for any x(€UN Uy,

where we may consider that

(2> fou)-_— ,_f,ﬁ’—t_l

Then we can define an antiholomorphic involution 7'; on E; such that
topri=pric T1 and the restrictions (Tx:pr1'(x) = pr 7' (t(x)) are
antilinear as follows. (It turns out that the line bundle F1 is a “real
vector bundle ”.) We define T: on pr1'(Uy by the following formula.

oo e (x, ¢) =), ilx)'e)

By the equality (1), T is well defined over Ei, and by (2), we see that 71
is an involution. We now define an antilinear involution 6::
HX, ¢ (F)) » H*X, ¢(F)) by 6(s)=Test, and choose s and s
stated above in Fix 6. Then we see that @, =[&ct: &°t]. Hence
conjo ey = Dic;ot. We have the same results for | C2|. Thus we have
conjo®@=@ot. It follows that conj(A)=A, where A is the branch locus.
Q.E.D.

3. A lemma concerning integer vector sequences.

LEMMA 3. For any integer sequence ai(n) with ai(n) — o, any posi-
tive real number @, any real numbers x and xi, therve exist a subsequence
a(n) of ai(n) and an integer vector sequence (Si(n), B2(n), Bs(n),
Bs(n)) which satisfy the following five conditions.

(D 31.32"‘ .33,84 =1

) lim 'gl—xs
&) lim %—J@
(4)  pi and Bs are odd.
B) lim&=a

n-oo (1
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Proor. We first prove in the case x is a rational number. The
rational number x can be expanded into a finite simple continued fraction
as follows.

x=a +t 1

Clz+ 1
at, t T
o a4+

Qr

In the above, @ is an integer,and a,...,ar are positive integers. We
define (uo, w), ..., Cur, v,) inductively as follows.

(tto, v0) =(—1, —1)

(-1, u;-if a; is even or (uj-1, v;-1)=(—1,1)
(u,, Z);)

(vj-1, —u;—1) otherwise

In the case » =2, we define b; (2<:<7) as follows.

1
bi:di"'
1

Qi1 T 1
i+ + 1

"o Ar_1 +
ar

Remark that every b&; is positive. We set @’ =————+. In the case »=

boX -+ ><br
1, we set @=a. Now we choose and fix a subsequence ai(n) of ai(n)

such that aln) — o0, Let B1(n) be the closest integer to e1(n)a’. Since

a(n) — o, we have hmﬁ—d and Bi_Bria
4 2n i 2n

[—Béi/lm} or [8 (n)]+1 where we take Bi(n) to be odd (resp. even) if

vr=—1 (resp. 1). We have pi(n) >, We set x3=(—1)"x%. In the
case (ur, v-)=(1, —1), let Bs be the closest integer to Bix; that is relative-
ly prime to Bi. Since Bi is odd, 81 and 2p; are relatively prime, and
hence, there exist integers # and v such that #f1+2v8:=1 and |«|<|28,
lv|<|Bil. We set f2=u and B:=2v. In the case (ur, v;)=(—1,1), let Bs
be as above. Then there exist integers # and v such that #8:+v8:=1 and
lu| <|Bsl, |v|<|Bi]. We set B2=u and Bi=v. In the case (ur, v;,)=(—1,
—1), let A3 be the closest integer to Bixi that is relatively prime to 25.

— o, We set f/iln)=
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Then there exist integers # and v such that 2« 8i+v8:=1 and |« |<|B4,
lv]<|281]. We set B:=2u and Bi=v. The case (ur, v,)=(1,1) cannot
occur. It follows that B: is odd (resp. even) if u,=—1 (resp.1). In all

B3 B B2
ng 3, < 2. We see that 8

are also bounded. We define a new sequence P(n)=(p1(n), p:(n), ps(n),
pa(n)) to be

(=B +2nfi(n), — Bs(n), 2nBs(n) + B2(n), Br(n)).

the cases, we have Bi8:+ 38:=1, hm =x3, and

~

Then we have pipe+ psps= lllm——xs and 11m-p——0 Since Iﬂl—ﬁlél,
D 2 2n
lim Bl—a/’, and %—WO, we have lim j:af’. Remark that the parity of
1

(pl,pz,pa,pO corresponds to (B, Bs, Bz, BL).

We now assume that a new sequence B(n)=(fi, B2, Bs, Bs) satisfies
the conditions (1), (2), (3) and (5) in the statement of for a
positive real number @, real numbers x and x, and a sequence a1(n) with
ay(n) > ., Let k be an arbitrary integer with £2—x>0. We define a
new sequence I,(8(n))="(q, ¢, g3, ¢.) to be

<_,84(7l>+k31<7l), _53<1’l>, kﬁs(")"’ﬁz(ﬂ), Bl<%>)

Then we see that qi¢2+@@=1 and lim j’zxs. Hence the properties (1)
1

and (2) are preserved by the transformation I.. On the other hand, we
see that

qs_

lim p Ry

and
llma =alk—x)(>0).

We next define a new sequence J(8(xn)) to be (Bi, B2, —Bs, —B+). Then
the properties (1) and (5) are preserved by the transformation /. But for
the properties (2) and (3), the limit values are multiplied by (—1).

The sequence P (%) has the properties (1), (2) (for x=x3), (3) (for
x=0) and (5). In the case »=>2, we can transform P(#n) by I,,. Then

LI,,(P(n)) has the properties (3) (for x4:ai) and (5) (for a=a’a,=

4—[)9( T (>0)). Next we can transform Jol,(P(n)) by IL,,. Then
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lo, o] °1a,(P(n)) has the properties (3) (for x4———~—) and (5) (for

a 1'+‘—
r— ar

_ 1._
a_aar(ar—l+dr> bZX Xbr 2

v2, Vs, Y =J o lo,oJ oo Jolo, o f o Lo, o o L,(P(n)). In the case 7»=1, we
set (71, 72, 73, y)=P(n). Then we have (1) n7:+77=1 (2) lim %z

(>0)). Thus we obtain the sequence (7,

—x (3) lim%:al—m ©)) limg—iza. Finally we set (51, B2, B3, Bs) = (7,

ayst 72, —73, —7%tay). Then this sequence satisfies the condition (1),
(2), ) and (5) of Lemma 3 From the definition of (ur, v»), we observe
that the condition (4) is also satisfied. Thus is proved in the
case x is a rational number. To complete the proof of the lemma, let x
be an arbitrary real number. Let {x(n)} (n=1,2,3...) be a rational num-

ber sequence which converges to x satisfying |x4(n)—x4l<%. From the

results above, there exist sequences (B1,n, B2,n, Ba.n, Ba.n) such that (1)

_ . Ba,n(m) 2(m) Ban(m) _
B1.nB2.nt B3,nBan=1 2 Ll_m Bln( ) =x (3) }n—mﬁ n(m)—x‘i(n> 4 B1,» and
Bl 2(m)

Ban are odd (5) }nim 2 im) — % Remark that the subsequence a(m) of

@1(m) does not depend on n. We choose a natural number sequence

Bsn(m(n)) _ Ban(m(n))
m (1) <m(2)<m(3)<---such that Binlmn)) —Bln(m(n)) xu(n)
Bl n(WL<1’l>>

|<% and dwdm>—4<%.W%sacmmxmmx&mxmwn=

Bimn)), B2(m(n)), Bs(m(n)), Bs(m(n))). It is sufficient that we define
a1(n) to be e(m(n)) newly. This completes the proof of Lemma 3.

COROLLARY 4. For any integer sequence ai(n) with ai(n) — %, any
positive real number a, any real numbers xs and x, theve exist a subse-
quence arx(n) of ai(n) and an integer wvector sequence (Si(n), B2(n),
Bs(n), Bs(m)) which satisfy the following five conditions.

(D 51,32"',8354:2

Bs_
@) lim 5
Ba_
3) ng} B
(4) 1 and Bs ave relatively prime, and so are B2 and Pa.
G) lim&i=g

n-o
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PROOF. There exists a sequence (B, B2, B3, B+) which satisfies the
conditions (1), (3), (4), (5) in and the condition that Li{g%:%.
Then, from (1) and (4), B and 243s are relatively prime, and so are 25
and B:. Thus the new sequence (51,2082, 28s, B+) is a required one. Q. E.
D.

REMARK. is a finer version of [10, Chap.IX, §5, Lemma] for
r=2, and is for 7=3.

4. The main theorem.

Let (X, ) be a real K3 surface. We set L,=Ker(1+¢*), and L*=
Ker(1—¢t*) in H*(X, Z). Remark that Fix t*=((L°QR)®:(L,®R))/R*
in P(X, C).

PROPOSITION 5. If Lo, has U® U as its sublattice, then theve exists a
pair {a(n)}, {e(n)} of sequences which consist of primitive elements of U
® U and satisfy the conditions that Q(a(n), a(n))=Q(e(n), c(n))=0,
QUc1(n), c2(m)) =2, the sequence of the subspaces L.= {A€ P(X, C)|Q(4,
am)=Q(A, c2(n))=0} of codimension 2 converges to a subspace L=
{AeP(X, O)|QA, ED=Q4, &) =0} of codimension 2, where & and & are
elements of (US®U)®R, and L intersects K transversely at H*°(X) in
P(X, O).

Hence the sequence of the subspaces L. (Fix t*) of real codimension
2 converges to the subspace L (Fix t*) of real codimension 2, and LN
(Fix t*) intersects Ko (Fix t*) transversely at H**(X) in Fix t*.

PROOF. For our sublattice of L, which is isomorphic to U ® U, we use
the same notation U @ U. Since U @ U is unimodular, we have H 2(X,
Z)=(UsU)e(UsdU)*. Let a, e, e, es form a basis for U® U and rep-
resent the intersection form €@ by the matrix

0 1

1 0

0 1
1 0
We set s=rankL, and let e, ..., es form a basis for L,N(U® U)*. Then
e,...,es form a basis for L,. Remark that (L,® Q)9 (L*® Q)=H?*(X,
Q), L,=(L"* and L°=Ly,)* in H*(X, Z). Let es41, ..., ez form a basis
for L?. Then e,..., e form a basis for H?(X, Q). Since H*"(X)=
*(H* (X)), we can take wx so that wx=t*wx. Then we have wx=
(ZRsn Aie) +i(Zi-1 Aje;) for some real numbers 4;(1<j<22). We set
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wi=22s1 e and w-=251 ;. Since wxAwx=0 and wxAax>0
(recall §1), we have w.*=w-2>0. Moreover, we set w-=2%-5 Ad;¢;. Then
w-?=2(AA+AA) + @-%. Remark that w.€L*®R, U® UCL,, where sign
(U U)=(Q2,2), and oL ,NWUSU))QR Since sign (H¥ X 2Z),
@) =(3,19), we have 0’ ?<(. Therefore we obtain Aids+ Asds>0.

We may assume that A:#0 replacing (e, e, e, e) by (e, &, a1, @) if
necessary. We set

_A
Ad
Ei=a—xe, S=xnu(1+xD) a—wue—neatu(l+x6D)e.

We define L={A€P (X, O)|Q(A, &)=Q(4, &)=0}. The subspace L meets

H *°(X) because Q(wx, &)= i(/h—j—i A) =0 and Q(wx, &)=
i(x3x4(1+x32)/12—x3y4/h~y4/14+x4(1+x32)ﬂs):i((1+x32) (Azx3+/13)x4+(_/11x3
—ADy) =1 (yaxa—xy) =0. We show that L intersects Kz at H*°(X) tran-
sversely. We identify P(X, C) with P*={[X;:...: Xx]} taking a basis
iei, ..., les, €s+1, ..., @2. Then Ky is identified with the subset defined by
an integral homogeneous polynomial of degree 2 of the form f(X,, ...,
Xo2) = —2(X1 Xo+ Xs Xs) +i(Xs, ..., X22). Hence the tangent space of Kz
at H*°(X) is identified with the subspace defined by a real linear form of
the form ]’l(X1, ceey Xzz) :A2X1+/11X2+/14X3+/13X4+h1 (Xs, ceey Xzz). Let H
denote this space. L intersects H transversely at H*°(X) in P*. If not,
then H contains L. In particular, (H N RP**{0}) D(LNRP*x{0}), where

HN RP3 X {O} = {/‘2X1 ‘|‘A1X2 + /14X3+ /13X4 = 0} X {O}

and LN RP*x{0}
= {Xl —x6Xa= — 1391 X1 + 232 (14 2%) Xo+x(1+x°) Xs—nXe= 0} X {O}

X3 X = A+ e, ya= 1+ 2> (A + As),

But the following matrix is of rank 3.

/12 1 X3 V4

A 0 x4 (1+ x32>
A0 xuQ+x
/13 —X3 — M4

In fact, the determinant of the following matrix is equal to
2 </112 + /142) 2 </11/12 + A3/Il4> /11
5 .

4

A0 wu(l+xsd

/12 1 — X3Y4 )
A3 —x3 — Vs



374 S. Matsuoka

Hence, the above matrix is of rank 3 if A1#0. And if A1=0, then the
above matrix is as follows.

A 1 0
0 0 0
A 0 A
A 0 —As

This matrix is of rank 3 if A=0. Thus we have a contradiction. There-
fore L intersects Kz at H*°(X) transversely.

We now show that there exists a pair {a(#)}, {e(n)} of sequences for
which the sequence {A€P(X, C)|Q, a(n))=Q(A, (n))=0} converges
to the above L and the properties in the statement of [Proposition 5| hold.

By in §3, there exists an integer vector sequence (s, B,
— @, f13) such that

(1) @3f2a— 2aP13=2,
(2) lim—

(3) lim~==ux,

(4) a3 and — a4 are relatively prime, and so are B2« and /i3, and
(5) Q13 > OO,

By Lemma 3, replacing the above sequence by an appropriate subsequence
if necessary, we can find an another integer vector sequence (ais, Bas,
— a3, B14) such that

(1) aaPas— asPra=1,

, . - (1’23:
(2) lim o 0,

(3D lim %ﬁzyh and

14

N TI /TR |
4" llmaw R

We set

1= h3Q4, Q2= (23Q24, A3 — — Q13U23, (4 — Q14024,

,812,313314, 16’2'—’ ,323,824, ,33: —,813,323, /34:,814324.

Then we have

et asqs= 3132'1‘ 33,84:()
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and
a’l,Bz + afzﬁl + a's[:?4+ 61’433 = (0'13,824— 0’24,813> (61’14,323_ 0'23,314> =2.

From (4) and (1) above, we see that a, @, @ and as are relatively
prime. So are fi, B2, Bs and B:. Hence, if we set c=me+ eea+ we+ ases
and c=pRie+ fa+ Bseat Bses, then Q(a(m), ci(n))=Q(c2(n), c2(m)) =0,
QR(a(n), z(m))=2, and moreover, ci(z) and c:(n) are primitive elements
in Ud U (hence in H*(X, Z)).

Finally we show that the sequence L.={Q(4, a(#))=Q(4, c:(n)) =0}
converges to L. We first observe that

a_ Qa4 @_
lim & W lim 0131 ™ (—x3)+0=0,
lim 2=1im —2£=,
a1 Q14
lim %=1im &= — 4,
a1 13
Ba_ Baa 523_
lim £° ) =lim &= Brs lim e (—2x3)0=0,
Bs_ .. —Ba_
lim - 8 =lim—— B =0,
and
By Bu__
lim 3 lim Brs X3.

Hence both [a:@:as:a] and [Bi: Bz: Bs: Ba] converge to [1:0:
0: —x3]. Thus both {Q(, ci(%))=0} and {Q(A, c2(%)) =0} converge to
{Q(A, £&)=0}. In order to know the limit subspace of {L.},we set

B=(Za)B—(Tabda G=1,23,4).

Remark that (B, B, Bs, B;) are orthogonal to (&, @, a3, @) in R* with
respect to the Euclidean inner product. We set

52:B1€2+B2€1+Bse4+B4€3.

Then we see L.={Q(A, a(n))=Q(A, ¢2(n))=0}. We now consider the
limit hyperplane of the sequence {Q(4, ¢2(%))=0}. Since

Bi=a(— 23 14— 0'13,324) + a3a13613—2a4au/914,

B=a1Qassfrat a13B24) — 20323823t 224 P24,

Bs=as(2a1sfas— a1z Bas) — 11313 — 2ae 3 Bas
and
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B,= afs(— 261’14323 + 0/13/3)20 + 20’10’14,814_ azaz4ﬁ24 s
we have

hm =y 2 x3y1,

: &_ _ 2

llmaz— v 2 xxs(1+ 27,
1

lim 53 =—V2xu(1+x>

and

hm =J2 2 V1.

Hence

[B1:B2: Bs: Bi] converges to [—xsys:xsxa(1+x:%) : xa(1+x52) 1 —y4].
Namely, {Q(4A, ¢:(n))=0} converges to {Q(A, &)=0}. Therefore L. con-
verges to L. With respect to the identification P(X, C)=~P?* stated
above, RP* corresponds to Fix t*=((L,®R)®(L*®R))/R*. Hence the
latter assertion of the proposition follows. Q. E.D.

We next consider a family (V, M, ) of complex structures of X with
antiholomorphic involutions # and #, and the period mapping 7: M —
P(X, C) as stated in Kharlamov’s lemma (recall §1).

THEOREM 6. Let (X, t) be a veal K3 surface. If Lo has U® U as its
sublattice, theve exist points a in Fix ty for which real K3 surfaces (V (@),
ta) can be 2-sheeted coverings of P'XP' (Let ®. denote the covering
maps.) branched along nonsingular curves defined by real homogeneous
polynomials of degree (4,4) and satisfy conjo Qo= Doty arbitrarvily closely
to m.

PrOOF. We set (U U),=i%ix '(U®U) for any @ in M. The
isomorphisms %ei%': H*(X, Z) - H*(V(a), Z) preserve the intersection
forms. Let Q. denote the intersection form on V (a). Recall that we set
ta=tv|v for every @ in Fix ty. We set Lo=Ker(1+¢%¥) in H*(V(a),2Z).
Since Le=1i%°i%"'(Ly), we have (U®U),CL,. Let {L.} be a sequence
obtained by [Proposition 5. Then for a sufficiently large natural number
N, L.NRP? intersects r(Fix tu)=K2NRP? transversely at H*°(X) in
RP*=(i(L,®R)®(L*®R))/R* (recall the proof of [Proposition 5) for
any n=N. Hence L.Nz(Fix #y) is nonempty and real 18 dimensional.
We set

E={r(a)€r(M)|rank PicV (a)=3).
From the results in [10, Chap. IX, § 4, p. 215], rank PicV (&) =3 if and only
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if Q(r(a@), ¢® =0 for elements ¢4(j=1,2,3) in H*(X, Z) which are linear-
ly independent over C (hence, over R). Hence L.Nt(Fix #n) NE can be
covered by countably many real 17 dimensional submanifolds. Hence (L
Nz(Fix tu)\E is dense in L.Nt(Fix tux), and for every r(a)E(L N
r(Fix m))\E, we have e¢€Fix #y and rank PicV (a)=2. We set ¢(n)=
%005 (c;(m)) for j(=1,2). Then Q:(cia, C1a) = QalCa, C2a) =0 and Qu(ciq,
Ga) =2. Since QU is '(H*(V(@))), ¢;)=0, we have Q.(H*’(V(a))), ¢
i) =0, that is, c;EPicV(e)=H>**(V()HNH*(V(a),Z). We see
that ¢ and . are primitive elements in (U® U),, hence in H*(V (@),
Z). Recall that (U8 U).CL,=Ker(1+t%). Hence (V(a), t.) satisfies
the conditions of Cemma 2. Since (L .Nr(Fix tx))\E is dense in LN
r(Fix ty) and # (=N) is an arbitrary number, we can choose such a¢&€
Fix ty arbitrarily closely to m. This completes the proof of [Theorem 6!

COROLLARY 7. Let (X, t) be a real K3 surface. If Lo, has U® U as
its sublattice, then there exists a 2-sheeted covering ©: Y — P'XP' bran-
ched along a nonsingular real curve of degree (4,4) and an antiholomor-
phic involution T on Y such that conje®@=@T and FixT is
diffeomorphic to Fixt.

PrROOF. We can consider the restriction Rr:Fix # — Fix # of the
family (V, M, 7). Although Fix f is possibly disconnected, we may con-
sider that @ of and m are contained in the same connected
component of Fix tx. Since Rr is a proper submersion onto Fix fu,
Rr (@) is diffeomorphic to Rx '(m), where Rx '(a)=Fix t., and
Rr~'(m)=Fix t. It is sufficient to set Y=V (a) and T=t.. Q.E.D.

COROLLARY 8. Three possible configuration types %8, %4 and % are

all realized by some real curves of degree (4,4).

PROOF. As stated in §0, there exist real projective K3 surfaces (X, ¢)
with #*=4 (h: primitive) whose real parts are homeomorphic to 2hollS?
S%I15S% and X2.I119S? respectively. Moreover, for such real K3 surfaces,
L, are isomorphic to USUS®(—FE)®(—FE), U U®(—Es) and U U
respectively (see [8]). Hence L, have U® U as sublattices. By Corol-
lary 7 and [5, §3] (recall §0), we obtain our required results. Q. E. D.
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