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Kakutani’s example on product spectral measures

Werner J. RICKER
(Received August 20, 1990)

Spectral operators of scalar-type, briefly scalar operators, were
introduced by N. Dunford. They are natural analogues in Banach spaces
of normal operators in Hilbert space and are precisely those operators

which have an integral representation of the form / fdP for some spectral

measure P and some P-integrable function f. The question of whether
the sum and product of commuting scalar operators are again scalar oper-
ators was affirmatively answered in the Hilbert space setting by J. Wer-
mer [10] The answer is negative for Banach spaces; the first example
was due to S. Kakutani . A further example, in a “nicer” Banach
space, was provided by C. A. McCarthy [7]. This example is usually con-
sidered as a modification of Katutani’s example (which it is in some
sense) and is usually quoted to show that “the same things can go
wrong ” in a nice separable, reflexive Banach space.

The fact is that these two examples actually illustrate somewhat
different (though related) phenomena and are not simply two versions of
the same point. The example of Kakutani is based on the interpretation
that a spectral measure P is a uniformly bounded, multiplicative, projec-
tion-valued set function which is finitely additive and whose domain is an
algebra of sets. The example of McCarthy is based on countably additive
spectral measures whose domains are o-algebras of sets. The point is
that the spectral measures exhibited by Kakutani cannot be extended to
spectral measures on the generated o-algebras of sets. In particular (un-
like McCarthy’s example), the ranges of his spectral measures do not
form a o-complete Boolean algebra of projections in the sense of W. Bade
nor can they be imbedded in such a Boolean algebra of projections.
These differences appear to get confused in the literature and, consequent-
ly, Kakutani’s example is often misquoted ; see [2; p.192], [3; p.2099], [6;
p.253], [7; p.295], [8; p.359] and [9; p.657], for example. The purpose
of this note is to draw explicit attention to this difference with the hope of
clarifying it somewhat.

We begin by recalling Kakutani’s construction. Let S=S" be the
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Cantor set in [0, 1]. LetC(S) and C(S") be the Banach spaces of all
continuous C-valued functionson S and S, respectively, equipped with the
sup-norm. Then C(S) and C(S") are closed subalgebras of C(SXS".
Let sim(S,S) be the dense subalgebra of C(SXS") consisting of all func-
tions ¢ of the form

(1) 9(s, )= 2(e(s), sES,5ES,

with % a positive integer and ;€ C(S), ¢;€C(S") for 1<i<un. The norm
of p€sim(S, S) is defined by

(2> liglll=inf Z1/l=lg;l-

where the infimum is taken over all possible representations of ¢ in the
form (1). It follows that

(3) lel-<lllelll, p€sim(S, S).

Let C(S)XC(S) be the completion of sim(S,S) with respect to the
norm ||| - ||l. Then C(S)&.C(S") may be considered as a linear subspace
of C(SXS). :

Let % and .’ be the algebras of subsets of S and S, respectively,
consisting of all subsets which are simultaneously open and closed. For
each A€ %, let xa be the characteristic function of A. Define

PA)p:(s,s) = xa(9e(s,s), sES, sES,
and

P(A)p:(s,s) b xa(sHe(s,s), s€8, seS,

for every o= C(S)®:C(S). Then P is a uniformly bounded spectral
measure on % whose values are continuous projections in C(S)&-C(S).
This means that P(ANB)=P(A)P(B) for every A, BE %, that P is
finitely additive with P(S)=1 (the identity operator in C (9)®.C(SY)
and that sup{|P(A)|; A€ Z}<co. The analogous properties are true of
P on %'. In addition, P and P commute, that is, P(A)P (A)=
P (A)P(A) for every A% and A% It was shown by Kakutani that
the product spectral measure PQ P  is not uniformly bounded, that is,

supl{I3}PA) P (A} =sup(lPRP (U A;x Al =co

where the supremum in taken over all finite collections of pairwise disjoint
“rectangles”

A; XA, 1<j<m, in SXS with A;,€% and A,€EZ'.
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Every s&€S has a unique representation of the form
(4) 322216,,(3)3_”

where €.(s)E{0, 1}, for every n=1, 2,--. Let f=C(S) be the function
defined by

(5) f(s)ZSEIen(sM‘", sES.

Then bounded linear operators T and T can be defined in C(S)&X.C(S")
by

To:(s,s) > f(9e(s,s), sES, s€S,
and
T'p:(s,8) = f(sHe(s, s), sES, sES,

for every ¢& C(S)&.C(S). The operators 7 and 7 are considered
“scalar ” operators because T:/f(s)a’P(s) and T':f F(SDHAP (s) in
S S’

a certain sense.
The interpretation of these “integrals” is an important point. If

n
¢:210ij1’ AEZ, 1<j<n,
~

is any .% -simple function, then we can define the operator / ¢dP (unam-
S

biguously) by / JdP= anajP<Aj> ; it satisfies the estimate
S i=
|| /S $dP| <4 gl sup{|PCA|; A€.2)=4]g]..

Of course, f ¢dP is a bounded linear operator in C(S)®.C(S). We note
s

that the only P-null set (i.e. a set AE.% such that P(A)=0) is the
empty set. It follows, by a continuous extension argument, that a bound-

ed linear operator / @dP can be defined in C(S)&:C(S") for every func-
S

tion ¢: S—C which can be approximated in the sup-norm | *le by Z-sim-
ple functions. Of course, we then have the estimate

|| [S wdP| < 4] ¢]..

Since the compact metric space S is totally disconnected the sets in %
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form a base for the topology in S and it follows that the collection of all
such functions ¢ is precisely C(S). It is in this sense that the integral

T= f fdP is to be interpreted as a “scalar” operator. The same is true
S

of T'= f F(sHdP'(s). 1t is these two commuting “scalar” operators 7
S 4

and T  which Kakutani used to show that the operators 77 and T+ T’
are not scalar.

According to the monographs [2] and a scalar operator means
something more restrictive than that stated above. Namely, it is again a
bounded operator 7 in a Banach space X which has an integral represen-

tation of the form 7T = / hd@Q for some spectral measure ¢ and some

bounded measurable function %2. The difference is that a spectral measure
means a set function @ :3—L(X), whose domain £ is o-algebra of sub-
sets of some set Q, which satisfies (Q)=1 and Q(ANB)=Q(A)Q(B),
for every A, BEZ, and which is o-additive with respect to the strong
operator topology in L(X) ; here L(X) denotes the space of all bounded
linear operators of X into itself. In this case 7T can also be expressed in

the form T = /; AdQr(A) where Qr is a (unique) spectral measure defined

on the o-algebra of all Borel subsets of C and is supported by the spec-
trum o(T), of T. Usually @r is called the resolution of the identity for
T. For the purpose of this note let us call scalar operators in this more
restricted sense, o-scalar.

After these remarks we wish to indicate some special features of Ka-
kutani’s example which seem not to have been observed in the literature.

PROPOSITION 1.  The domain % of P(resp. %' of P) is an algebra
of subsets of S(resp. S'), but is not a o-algebra.

PROOF. That % is an algebra of sets is clear. For each n=1,2,
-+ equip X»={0, 1} with the discrete topology and let the infinite product
space X =II%-1X, have its usual product topology. Elements x& X will be
denoted by (x»)%=1. The map A: X—S defined by

ACx) :2217(,'713—”, x=)n=1€X,

is a homeomérphism of X onto S. Each set Ur.=M7-1Y» £=1,2,,
where Y,.={1} and Y.=X,, for n+k, is both open and closed. Since
M%=1Ux is the singleton set consisting of the element x€ X given by x»=1,



Kakutani’s example on product spectral measures 597

n=1,2,~--, it is not an open set in X. Accordingly, the intersection of the
sets A(U) EZ, k=1,2,+, is not open in S and so cannot belong to .%. []

PROPOSITION 2. Let Y=C(S)RC(S). The finitely additive spec-
tral measures P: #—L(Y) and P :% —L(Y) are actually o-additive.

PROOF. Let {A.}5-1 be a sequence of pairwise disjoint elements from
# whose union belongs to Z. It is to be shown that P(U%=1 Ax) =
2n=1P(A,) where the series converges in the strong operator topology of
L(Y). Since U3-1A» belongs to 4 it is a closed subset of S and hence, is
compact. Accordingly, the open cover {A.}»-: has a finite subcover, say
An,,...,An.. By disjointness it follows that A,=¢ if »&{n,,...,n:}. Then

P(UAD=P(JA,)= 2 P(Ax) = 3 P(AD. u

In view of Propositions 1 and 2 and the fact that the range P(%)=
{P(A) ; A& %}, of P, is uniformly bounded in L(Y), it may be anticipat-
ed that P has an extension to a spectral measure on the o-algebra, %, of
sets generated by #. On the other hand, the space Y =C(S)®.C(S) is
not weakly sequentially complete and so it is not clear that such an exten-
sion from % to % is possible.

PROPOSITION 3.  The o-additive set function P : #—L(Y) cannot be
extended to any o-additive measure P: #s—>L(Y). An analogous state-
ment is true for P #—>L(Y).

PROOF. Let {U.}%-1 be the sequence of sets in the proof of Proposi-
tion 1. Then V,=A(WUJ%-1U.), n=1,2,+-, in an increasing sequence of
sets in .Z such that {P(V,)1}%-1 is not convergent in Y, where 1 denotes
the constant function 1. Accordingly, P has no o¢-additive extension to
B . l

Let Z be a Banach space. A Boolean algebra of projections # <
L(Z) is o-complete (complete) in the sense of W. Bade [1] if it is
o-complete (complete) as an abstract Boolean algebra (where the partial
order < is range inclusion) and, whenever {A«}. is a sequence (family)
of elements from .# it follows that

(NaAD(Z)=NALZ) and (VoA (Z)=sp(JA(Z),

the closed subspace of Z spanned by U.A.(Z).

In [7; p.295] it is claimed that the Boolean algebras of projections
constructed by Kakutani (i.e. the ranges of P and P’ in L(Y)) are Bade
complete. This is actually false as seen by the following.
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PROPOSITION 4.  The Boolean algebra of projections P(B)SL(Y) is
not Bade o-complete nor can it be imbedded in a o-complete Boolean alge-
bra of projections in L(Y). The same is true of P (F").

PROOF.  Suppose that #SL(Y) is a o-complete Boolean algebra of
projections containing P(%#). Let {E.}3-1S.Z be an increasing sequence
of sets, in which case P(E.)<P(E,..)), for every n=1,2,.... Then
limn-P(Er) =\/3-1P(E,) in the strong operator topology [1: Lemma 2.
3]. In view of [Proposition 2 it follows from the Theorem of Extension
(v) for vector measures in that there is a o-additive measure
P:%#s—L(Y) agreeing with P on .Z. This contradicts [Proposition 3. []

In view of [Proposition 3 and earlier remarks the integrals” T =

f fdP and T'= f fdP" are not with respect to spectral meausures on
S S’

o-algebras of sets. Now, the function ® : X—[0, 1] defined by
() =32 xnd™", x=(r)3EX,

is injective and continuous with range the compact set 7(S). It follows
that @' is also continuous and hence ® is a homeomorphism of X onto
f(S). So, f=®oA™"' (see (5)) is a homeomorphism of S onto its range
f(S), where A:X—S is defined in the proof of Proposition 1. Accord-
ingly, f(S) is a totally disconnected, compact Hausdorff space. Let %r
denote the algebra of all simultaneously open and closed subsets of
o(T)=/(S). Then f induces a Boolean algebra isomorphism between %
and Zr. It follows from [Proposition 2 that the set function

(6) Q:E-P(Uf\(E), Ec%;,

is a o-additive spectral measure on the algebra of sets % r and that
T= fs FaP)= [ 1dQW.

Now, the sets .%r form a base for the topology in 6(T)=f(S). If T
were a g-scalar operator, with resolution of the identity @r defined on the
o-algebra, #(c(T)), of all Borel subsets of ¢(T), then it ought to follow
that @r agrees with @ on #r. From the definition (6) and the
identification of %r with % this would imply that P:%Z—L(Y) has a
o-additive extension to a measure on %, thereby contradicting Proposi-
tion 3. This suggests the following result (which we prove formally).

PROPOSITION 5. The “ scalar ” operators T and T are not o-scalar
operators in Y.
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PROOF. If /&€ %1, then Q(8)-given by (6) - is the spectral projec-
tion for 7 (defined via the usual Cauchy integral formula) corresponding
to the open-closed subset §So(7T) and satisfies Q(&)T=TQ(S). In
addition, Q(Zr) is uniformly bounded in L(Y). Let Y* be the dual
space of Y. It follows [2; Theorem 5.36] that there is a spectral mea-
sure R:%Z(c(T))—L(Y*) of class Y (see [2; p.119] for the definition)

such that the adjoint operator 7*= [f ( T)/ia’R(A) is a prescalar operator

of class Y and

QMH*=R(5), 6€Fr.

Suppose that 7= fd ( T)AdQT(/D was a o-scalar operator in Y with
resolution of the identity Qr: #(6(T))—L(Y). Then the adjoint opera-
tor T*EL(Y*) satisfies T*=fd(T)/1dQ¥(/i> where QF: #(o(T))—

L(Y™*) is the spectral measure of class Y given by Q¥(E)=Q.(E)* Ec
#(o(T)). Since T* has a unique resolution of the identity of class Y
[2; Theorem 5.13] it follows that R and Q% coincide on Z(s(T)). In
particular,

QUO*=QI(H=0Qr(8)* ds€%,

and hence, € and @Qr agree on #r. Accordingly, @ has a o¢-additive
extension from Zr to (%1)sS% (0(T)) and it follows that P: #—L(Y)
has a o-additive extension to .# s (which is isomorphic to the o-algebra
(Z1)s). This contradicts [Proposition 3 thereby showing that 7 cannot
be o-scalar. O

In conclusion, we point out that McCarthy produced in two com-
muting o-scalar operators 7" and 7  whose sum and product are not
o-scalar. This can be seen, for example, from the fact that the under-
lying Banach space constructed there is separable and reflexive and hence,
in particular, is weakly sequentially complete. Furthermore, the Boolean
algebras of projections exhibited there, say .# and #’, are uniformly
bounded and contain 7" and 7, respectively, in the weak operator closed
algebras that they generate. It follows that 7 and 7 are necessarily
o-scalar [3; XVII Theorem 3.19]. In contrast to Kakutani’s example, the
Boolean algebras .# and .#" can be imbedded in o-complete Boolean alge-
bras of projections [1; Lemma 2.9] which, by separability, are even com-
plete [3; XVII Lemma 3. 21].

REMARK. Let ZX%' ={EXE ;E€%, Ec%#'} and 1etZX%' denote
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the algebra of sets in SX S’ generated by %X %". Then the set function
PRP : X% —L(Y) defined by

(PQP)YEXE)=P(E)P(EN=P(E)P(E),

for every EXE' €% X %', has a unique extension to a finitely additive
spectral measure, again denoted by PQPF’, on the algebra ZQZF'; it is
called the product spectral measure. Since the range of PQFP on ZQ %’
is not a uniformly bounded subset of L(Y)-see ~-the following observa-
tion is of some interest. Its proof follows the lines of that of
2, after noting that elements of #&®. %' are finite disjoint unions of ele-
ments from %X %' and hence, are subsets of the compact space SXS
which are simultaneously open and closed.

PROPOSITION 6.  The product spectral measure PP : #Q% —L(Y)
is o-additive on the algebra ZX.F .
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