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Abstract

We exhibit a class of linear liftings of Fourier-Stieltjes transforms
defined on a closed subgroup of a locally compact Abelian group to Four-
ier-Stieltjes transforms defined on the whole group. Using these liftings,
we establish a result about unitary representations associated with cocy-
cles on compact Abelian groups with dense action.

0. Introduction

Let G be a locally compact Abelian group and G be the dual group of
G. Let A(G) be the space of Fourier transforms of Haar-integrable func-
tions on G, B(G) be the space of Fourier transforms of complex finite
regular Borel measures on G, BL(G) be the set of Fourier transforms of
regular Borel probability measures on G, and Bs(G) be the space of Four-
ier transforms of finite regular Borel measures on G singular with respect
to Haar measure. Let Go be a closed subgroup of G and R be the opera-
tor of the restriction to Go of functions defined on G. A well-known ele-
mentary result states that R(A(G))=A(Gy) and R(B(G))=B(Go) (cf. [13,
Theorems 2.7.2 and 2.7.4]). J. Inoue constructed a linear isometry
I from B(G,) into B(G), carrying A(Go) in A(G), Bi(Go) in Bi(G), and
Bs(Go) in Bs(G), such that RI is the identity on B(Go) and, for each ¢&
B(Go), the support of I¢ is contained in the set of all elements of the form
x+y with x in the support of ¢ and y in any given neighbourhood of 0 in
G. Inoue’s construction, relying on a subtle reduction to the case in
which Go is discrete and in which such an isometry can be expressed by a
simple formula (cf. [9, Theorem A.7.1]) is fairly complicated and leads to
a rather non-transparent formula for I. In this paper, we reveal a class
of isometries with properties as above, which have a strikingly simple
form. Taking advantage of the special shape of these isometries, we
establish a result about transferring cocycles from closed subgroups of
compact Abelian groups with dense action to the entire groups. The
latter result will provide motivation to the proposed approach.
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1. A lifting theorem

With G a locally compact Abelian group, let m¢ be the Haar measure
on G and % (G) be the space of all complex continuous functions on G
with compact support. With G, a closed subgroup of G, let G/Go be the
corresponding quotient group and & be the canonical epimorphism from G
onto G/G,. Suppose the Haar measure on G/Go is normalized so that

ff(x)a’mG(x f [f f(x+y>dmco(x)]dmc/co(y) (y=n(y))

for all f€%(G); here we adopt the standard notational convention
regarding double integrals in which one integration is performed over a
subgroup and the other over the corresponding quotient group (cf. [3,p
44 ; 5, p. 249)).

Let C(G) be the space of all complex bounded continuous functions on
G, Co(G) be the space of all complex continuous functions on G vanishing
at infinity, and, for 1<p<+oo, let L?(G) be the pth Lebesgue space based
on Mme.

Let . be the Fourier transformation defined by

1) = [ @)~ dmelx) (FELNG), 7€ 0).

We normalize the Haar measure on G so that

@)= [F (), 7) dmely) (xEG)

whenever fELY{G)NC(G) and FrF<LY(G).
Let G4 be the annihilator of Go in G defined as
{yeG: (x, v)=1 for xEGo}.

Let p be the canonical epimorphism from G onto G/G¢. With the normal-
ization of Haar measures on mutually dual groups adopted above, we
have

[rdman=[. | [ 1+ &dma® |amaa( )3 =o(1)
for all f€EX(G).

Let M(G) be the space of all complex finite regular Borel measures on
G, Ms(G) be the space of measures in M(G) singular with respect to Haar
measure, M.(G) be the space of atomic measures in M(G), and Mo(G) be
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the space of measures pEM(G) such that ¥ ue Co(G), where ., the
Fourier transform of g, is defined by

Fun=[(x, = Ndux) (r€6).

We identify the space of measures in M(G) absolutely continuous with
respect to Haar measure with the space L'(G). We also let

Bu(G)={7u: pEMG)}

and
Bo(G)={51: EM(G)}.

For any space E of functions or measures, we denote by E. the set of
all non-negative elements of E.

Given a topological space X, let Z(X) be the space of all complex
bounded Borel functions on X, and B(X) be the o-algebra of Borel sub-
sets of X.

Suppose % is a function in C+(G) such that, for each yEG,

[ nr+Odma(9=1 1. v
As we shall see shortly, such functions exist in abundance. For each f&
% (G), the function

0/(0)= [ Wy +O7(r+Hdma(&) (y€06)

is continuous on G and g;(y+7)=gs(y) for each y€G and each 7EG#, so
that gr=gs°p, where Gy is a uniquely determined continuous function on
G/G%. Moreover, G, has compact support (cf. [5, Theorem 14.1.5.5]),
and if we let ||+ |l»x denote the supremum norm over a set X, then
| Grlocies=gslle.c<|flw.c. Thus, by the Riesz theorem, for each
pEM(G/GH) the bounded linear functional

f= [ Gdn (FEH(G))
can be represented as
i [ fal.

for a unique J, in M(?). We claim that given f€%(G), g, is in Z(G/G%)
and, for each = M(G/G%),
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/@ fd] = /m dd. 1. 2)

Let f be a non-negative lower semicontinuous function on G and
(fa)aea be an increasing net in % +(G) such that sup«fe=Ff. Then, by the
generalized monotone convergence theorem (cf. [3, Chapitre 4, §1, n°1,
Théoreéme 1]), §r=sup.ds and, since the G (¢€A) are in 7. (G/G?Y), gy
is lower semicontinuous. Let #EM.(G/G§). Then, still by the general-
ized monotone convergence theorem,

/;fd]#:sgp_/-éfad]yzsgpfc/% G r.du=

In particular, for each open subset U of G, if we let 1y denote the charac-
teristic function of U, then g, is lower semicontinuous and (1. 2) holds
with f=1y. Let

9={E€B(G): 51.£B(G/G%) and (1. 2) holds for F=1z).

Clearly, 2 is a Dynkin class:1° G isin @ ; 2° if E is in 2, then G\E is
in 9; 3° if (E.).en is a sequence of pairwise disjoint sets in 2, then
Unen En is in @. According to the main theorem about Dynkin classes,
if Q is a non-empty set and & is a family of subsets of Q closed under
finite intersections, then the smallest Dynkin class containing & coincides
with the o-algebra generated by & (cf. [2, Theorem 1.2.4]). Applying
this result in the situation where Q=G and where & is the family of all
open subsets of G, we conclude that & =%(G), so that the claim is valid
for all f=1: (EE®B(G)), and next, by the usual extension, for all f in
% (G). The final step consists in an obvious extension of the validity of
(1. 2) to all measures in M(G/G%).

The mapping J: x—J« is clearly a linear operator from M(G/G%) into
M(G). Its basic properties are listed in the following

THEOREM 1.1.  The following hold true :

(1) J is an isometry ;

(i) JWEMAG) if and only if p=M.(G/G?):

(i) J.€LYG) if and only if p=LNG/GS);

(v)  if pEMAGIGE) and GIGo is compact, then J.< M(G).

PROOF. (i) For each pu€M(G), let pxy be the image of ¢ by p
given by

GIGH grdp.

ox(B)=p(p™Y(B)) (BEB(G/GY)).
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The mapping px: ¢ —pxu is clearly a linear operator from M(G) into
M(G/G%). One verifies at once that the composition s/ is the identity
operator in M(G/G?¥). Since |JI<1 and |lp«l<1, it follows that J is an
isometry.

(i) As J is an isometry and J.(G/G%)=pu(G) for each n€M(G/G%),
it is clear that /.=>0 if and only if z#=0.

Gii) If p€M(G/G$) is absolutely continuous with respect to #ccs
and f is the corresponding density, then, as one directly verifies, J. is
absolutely continuous with respect to m¢ with density #(fep). Conversely,
if for k€M (G/G%), J. is absolutely continuous with respect to m¢ and g is
the corresponding density, then, as it follows immediately from the iden-

tity oxJ.=p, ¢ is absolutely continuous with respect to mge: with density
d defined as

d(r’)=_/;ﬁg(7+§)dmcﬁ(é) (7=p0(y), r<G6).

(iv) Suppose that G/Go is compact. Then Gt is discrete. Let p=
Sesasds, where S is a countable subset of G/G+ and the as (s€S) are
complex numbers such that Xlses |as|<+oo (for each s€S, s stands, of
course, for the Dirac measure at s). For each s&€S, choose ysEG so that
o(ys)=s. Then, as easily seen,

]/1:2 > dsh(7s+5)67s+é
£€Gt

s€S

showing that /. is atomic along with g.

The proof is complete.

Now that the role of functions satisfying (1. 1) is clear, we turn to
the question of the existence of such functions.

Let % be a locally finite covering of G/G#% consisting of open relative-
ly compact sets. For each UE Z, let fv be a function in %" +(G) such that
ol{ly : fu(») >0))DU. Let gv be the function on G defined by

gy<7>={f”<7)[ﬁﬁfv(7+5>dm65<5>]_1, if y& p:‘(U) ;
0, if yEG\o '(U).

The latter definition makes sense for if yEp (U), then fu(y+x)+0 for
some y< Gt, whence

G%fu(Y"F &)dmei(£) >0.

Notice that gv is lower semicontinuous and, for each y€p *(U),
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/‘Gﬁgu(V‘F &)dmey(&)=1. . 1.3

Let (pv)ver be a partition of unity subordinate to Z. Set f=Xves (@uo
o)gu. Clearly, f is a non-negative lower semicontinuous function on G.
If we arbitrarily fix an element y of G, then, for each £EG#,

fy+ £)=20u(0(7)gu(r+8).

The right-hand sum has only a finite number of non-zero summands corre-
sponding to those U’s for which ¢u(0(7))>0 or, equivalently, for which y
€p (U). Hence

[, fr+8amel&)=Eguo(D) [ au(r+E)ama(®)

Taking into account (1. 3), we see that f satisfies (1. 1).
Let p be a function in .#.(G%) such that

f(;ép(v)dmcs(v)ﬂ. (1.4

For each yEG, set

V(V)Iﬁ;ﬁf(yﬁL 7)p(n)dmei(7).

Repeating mutatis mutandis the argument used in the proof of (1.2), we

see that » is a non-negative lower semicontinuous function on G. By
(1. 1) applied to  and by (1. 4),

'/657’(7'}'5)017%66(5):'/%’: Gﬁf(?""f'*ﬁ)ﬁ(ﬂ)dmca(ﬂ)}dmcé(f)
= [ | [ 7+ &+ mme® | otnyamen)
—1

so » satisfies (1. 1) and |7[wc<|plxc;. Now, letting * denote convolu-
tion, if s is a function in .%.(G) such that /; sdmc=1, then h=7 *s is a

function in C+(G) satisfying (1. 1).
Let .1 be the Fourier transform of % in the sense of pseudomeasures,
that is, %% is the element of the dual space A(G)" of A(G) given by

<5h, q0>=_/;§h(é)w(~$)dn’zé(5) (p€A(G); p=Fw, weLY(G)).
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It turns out that the support of ¥4 may always be assumed to be arbirar-
ily small.

Indeed, let U be a neighbourhood of 0 in G and V be a compact sym-
metric neighbourhood of 0 in G such that V+ VCU, where V+ V={x
+y:x,vEV}) Set ¢=(mc(V))(#1v).. A standard argument shows

that ¢ is a non-negative element of Co(G)NLYG) with L ¢dmec=1 whose

Fourier transform, (mc(V))™}(1y * 1v), is suppored by U. Now, if we set
Ji=¢ + h, then % is an element of C.(G) satisfying (1.1) whose Fourier
transform, #¢. h, has support in U.

Given a function f on G and an element x of G, let Txf be the trans-
late of f by x, that is,

Tf(»)=f(x+y) (YEG).

We recall that if x€G and SEA(G)’, then the translate 7%S of S by x is
the pseudomeasure

<ToS, o>=<8S, T-xp> (€ A(G)).

Let #(G) be the space of all compactly supported Fourier transforms of
elements of LY (G)NC(G). With S in A(G),, we shall say that the func-
tion Go2x— T-S€A(G) is weakly integrable whenever Go>x—
<TyS, 9> is in LYGo) for every ¢« (G). Notice that if f is any
mec-essentially bounded me-measurable function on G whose Fourier trans-
form has compact support, then Go>x— Tx¥f is weakly integrable. In
the light of the previous paragraph it is clear that the assumptions about
the function % appearing in the theorem to follow are consistent.

THEOREM 1.2. Let h be a function in Ci(G) satisfying (1. 1) such
thatA GoDx— Tx FheE A(G) is weakly integrable. Then, for each p<
M(GIGS) and each o= #(G),

fosTdme= [ <T-ssh, o> Fulx)dme(x).

PROOF. For each ¢€(G) with o= 5w (weL(G)NC(G)), we
have
[ i+ Olo= 7= )l dma(&) | a7
<|i|wslwle (7=p(r)),

where | « | 16 denotes the LY(G) norm, so that gu+, where w*(Y)=w(—17)
for all yEG, is in LYG/Gt)N C(G/GF) (cf. [3, Chapitre 7, §2, n°3, Propo-
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sition 3;5, Theorem 14.4.5]). Remembering that (G/G%) can canonically
be identified with Go, for each xE Gy, we have

FGur)= [ Gu P)x, — Ddmac(7)

G/G%

= é/cg[/;éh(y_*_E)w(_y_é)(x’ _V_E)dmcs(f)]dmé/cﬁ(?)-
Given yEG, set v(y)=w(y)(x, ¥). Then, of course, Fv=T_x¢ and

fgw’(X):‘/;h(7)U(— 7)dme(y)=<Fh, T-xp>
=< TxFh, p>.

Since Go2x—<Tx5h, > C is in L'(Gy) and G.+ is continuous, it fol-
lows that

Gul$)= [ < Tesh, 9>(x, Ddmalz) (3=p().
Hence, in view of (1. 2), for each xEM(G/G¥),
fcsof/#dmfﬁ;uﬁd]ﬁ @Gﬁﬁw»a’u
=A< T« %h, ¢>[/G./Gﬁ(x, ?)d#(?)]dmco(x)
= [ <Tesh, 0> 50— x)dme(x)

= | < T x5h, o> ulx)dme,(x).

Go

The proof is complete.

Now we are in a position to state the main result of this section. It
will be a minor generalisation of Inoue’s result mentioned in the introduc-
tion.

THEOREM 1.3. Let h be a function in C:(G) satisfying (1. 1), and
let I be the linear operator from B(Go) into B(G) defined by

Ip=5]. (¢€B(Gy); =51, n=M(G/GY3)).

Then
Ci) I is an isometry such that RI is the identity on B(G);
(i) I(A(Go)CI(A(G));
(iii) I(Bi(G))CBi(G);
(iv) I(Bs(Go)CTBs(G);
(v) if G/Go is compact, then [(Ba(Go)) T Bl(G).
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If, for a given neighbourhood U of 0 in G, h is such that supp FhCU,
then

(vi)  supp I C supp ¢+ U for each ¢ < B(Go).

PrROOF. (i) That [ is an isometry follows immediately from Theo-
rem 1. 1(i). By (1. 1) and (1. 2), for each ¢=B(Go) with ¢=5Fpu (ne
M(G/G%)) and each x& G,, we have

IY(x)= G/Gé[,/;th(7+ &)(x, _7’_5)de$(5>}@’#(7)

N é/c#[fcgh(ﬂ'f)dmcé(@](x, —y)di(7)
=¢(x),

showing that RI is the identity in B(G).

(i), (i), (iv) and (v ) are consequences of suitable statements of
Theorem 1. 1.

(vi) results from Theorem 1. 2.

2. A refinement

In this section, we single out a class of functions satisfying (1. 1) and
examine the corresponding lifting operators. The results of this section
will be of direct use in the next section.

Let G be a locally compact Abelian group satisfying the second axiom
of countability and G, be a closed subgroup of G such that G/Go is com-
pact. Let 7 be a section of the canonical epimorphism 7 over G/Go, that
is, 7 is a Borel right inverse of 7 (for the existence of at least one such
section see [14, Theorem 8. 11]).

For each y& Ci, set
W=| [, (1), dmee) @D

here we assume that #c,c, has mass equal to 1. Clearly, % is a function
in C.(G) with values no greater than 1. It turns out that /% satisfies
1. .

To see this, notice first that for each x€G, n(x—nn(x))=0, so x
—gn(x) lies in Go. Hence, for each yEG and each £EG3,

(7(x), v +&)=(9r(x), 7)(x, &). 2.2

Since Gt is the discrete dual of G/Go, it follows from Parseval’s identity
and the above identity that
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2 h(r+8)= ZLf (2D, 7)(, &)dmayed)|
£€Gs £EGsl/ G/ Go
:/;/Gol(ﬂ(x), V)P dmeic(%)=1,

as was to be shown.

As we saw earlier, for each x€G, x—pn(x) is an element of Go,. We
shall denote it by [x] and refer to it as the integral part of x. Such a
terminology fits in with the one employed in the special case in which G=
R, Gv=2Z, and, for each x€R/Z, p(x) is the unique element of [0, 1) such
that mp(x)=x.

Now we can state our major result.

THEOREM 2.1. If I is the lifting operator associated with h given by
(2. 1), then, for each ¢=B(Go) and each xEG,

1= [ $(lx+2)Ddmeren().

PROOI;‘. In view of (2. 2) and Parseval’s identity, for each x&€ G and
each y& G, we have

28, —r=§)
~(v, =9 2 x5 =8| [ | (1), 7+ Eamare)|
=0, =N 2 ). . (& +), ), E)dmeicl(y)

x [ (3, N, Edmerel)
~(e, =1 [ G+ =2), Ddmese).

Since, for any x, yEG, [x+7(y)]=x+7(y)— (4 +y), we see that
S8, —r=8=[ e+ 1)) —Ndmerc).

Now, if uEM(G/G%) is such that ¢=.Fu, then, in view of (1. 2), for each
x€G,

S iy+8)x, — 78 |dul?)

P
GIGtL ¢ Gi
VL e a0, = dmees) |dut)

— / - Fullxt () dmaed(y)

Ip(x)=FJu(x)=
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_ f x99 dmored(3).

The proof is complete.

It is worth noticing that if one takes R for G, Z for Go, and the natu-
ral mapping from R/Z onto [0,1) for 7, then Theorem 2. 1 in conjunction
with Theorem 1. 3 implies the following theorem due to R. Goldberg [7].

THEOREM 2.2. If (aw)nez is the sequence of Fourier coefficients of a
finite Borvel measure on [0, 27), then the function whose graph comsists of
the line segments successively joining the points (n, an) is the Fourier
transform of a finite Borel measure on R.

More generally, the extension to R” of Goldberg’s result due to C.C.

Graham and A. Maclean can immediately be deduced from Theorems
1.3and 2. 1.

We close this section with the following

THEOREM 2.3. If I is the lifting operator associated with h given by
(2. 1), then .

I(Bo( Go)) T Bo(G).

PROOF. Let ¢ be a non-zero element of Bo(Go). Since every Borel
measure on locally compact space satisfying the second axiom of
countability is regular, given €>0 there exists a compact subset C of G
such that 7.mcico(C) >1—¢€/4||¢llw.co. Since G/Go is compact, the set
7 Y x(C)) is also compact. Passing if necessary to 7 '(x(C)), we may
assume with no loss of generality that 7#7'(x(C))=C. For each x&G/Gy,
we have

Mai6o( G/G\T(C) N (x(C)— %))
<616 GIG\(7(C)) + mg16o( G/Go \(7(C) — %))
—_—2(1 - ﬂ*MG/Go(C)
< &
2 ‘/’"00,60

whence

. . & )
./;;/Go\n(C)ﬂ(n(C)—i)gb([x_{— (9D dmeci(y) <5 2.3

here, of course,

7(C)—2={2€G/G,: 2=y—% with yEr(C)}.
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Let K be a compact subset of Gy such that |¢(2)|<e/2 for zEGo\K. The
set K+C—C is compact, so to end the proof, it suffices to show that
|Ig(x)|< e for x€G\(K+ C—C).

Let x€G\(K+C—C). Note that if y is in 7(C)N(x(C)—%), then
7(y) and p(x+y) are in 7(x(C)). But x(»(x(C)))=x(C) and so 7(x(C))
Crx Y (#x(C))=C. Thus 7(y) and »(x+y) are in C, which implies that x
+7(y)—7n(£+y) is in Go\K and next that ¢([x+7(y)])<e/2. Consequent-
ly

[ ¢t 7D amerc )<<

[\)

The latter inequality together with (2. 3) implies that |I¢(x)|<e.
The proof is complete.

3. An application

Let G be a locally compact non-compact Abelian group satisfying the
second axiom of countability and 2] be a compact Abelian group satisfy-
ing the second axiom of countability. Suppose that there is a one-to-one
continuous homomorphism « from G onto a dense subgroup of >..

A (G, 2)-cocycle is a Borel function A from XX G into the circle
group T such that

Ao, x+y)=A(c, x)A(c+a(x), v)

for all €2} and all x, y&G. Given a (G, X))-cocycle A, one defines a
unitary strongly continuous representation U of G in L*2}) by setting

(U)f)o)=A(o, x)f(ctalx) (xEG, €T, FELX()).

In virtue of the Stone-Natmark-Ambrose-Godement theorem (cf. [1, The-
orem 6.2.1]), there is a unique regular projection-valued measure E on
B(G), taking values in a Boolean algebra of projections in LX), such
that, for each x€G,

U= [ (x, = 7)dE(y),

where the integral is to be interpreted in the sense of strong convergence.
If, for each f, g€ LX), Es,¢ is the Borel measure on G given by

E;o(A)=(E(A)f,9) (AEB(G)),

where (+,*) denotes the scalar product in LX), and if
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I ={Esq:f, 9 L}(2)},

then, as one can show, either # CMJ.(G), or & C(Ms(G)\M.(G))U{0}, or
#CLYG). One expresses this property by saying that A is either trivial,
or of singular type, or of Haar type, respectively. Moreover, one has
either £ C Mo(G) or # NMy(G)={0} and, correspondingly, one says that A
is either of type (Ci) or of oscillatory type. Cocycles of different types
exist and play a vital role in harmonic analysis, ergodic theory, and
differential equations (cf. [4]).
Let @ be the homomorphism from 3} into G given by

(x, d(x)=(alx), ) (x€G, x€).

Let T be a subgroup of @(2)) that is discrete under the topology inherited
from G. Let Go be the annihilator of T' in G and K be the closure of
a(Go) in D). Of course, Go is a closed subgroup of G and G/G, is com-
pact. Let 7 be a section over G/G, of the canonical epimorphism 7 from
G onto G/Go. It turns out that by means of 7 each (Go, K)-cocycle can be
transferred into a (G, 2})-cocycle of the same type. The description of
this transfer and its properties is the main objective of the present section.
For each ¥ G/Gy and each k<K, set

0(x, k)=a(n(x))+k.

We first show that & is a bijection from G/GoX K onto 2 inducing an
isomorphism of the Borel structures of the two groups.

Suppose that 6(x1, ki)=0(x2, k2) for x1, x:EG and ki, k=K. Since T
is contained in @), it follows that T =a(K*). Now a(7(x1)—7(%.))=k.
—Fk, is annihilated by K*, so 7(#1)—7(x2) is annihilated by a@(K*) and
hence 7(#1)—7(%2) is in Go. Consequently, 77(%1)=nyp(%:) which amounts
to #x1=x2 and next implies that &i=#k.. Thus @ is injective.

Given 6€3Y, let (x.).en be a sequence in G such that o=limn-~a(xz).
(Note that, in view of second countability, both G and X} are metrizable.)
By the compactness of G/Gy, there exists x in G, a subsequence (xu,)icn of
(xn)nen, and a sequence (yx)reny in Go such that x=lime-o(Xn,—¥x). In

view of the compactness of K, we may assume that the sequence
(a(ys))een is convergent. Let ;j be the limit of this suquence. Then o=

a(x)+j. With this representation, it is now easy to see that
0=0(x, j+alx—n(x)) (G=nr(x)).

This establishes the surjectiveness of 4.
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It is clear that @ is a Borel map. Since the Borel structures of G/Go X
K and X are standard, it follows that 67! is also Borel (cf. [11]).
Now we shall show that

Ox(mcico@mk)=ms. 3.D
Notice first that

1, if y=0;

fc,co(”(’é)' 7>dmc’c°(x)={o if yer\{0}.

3.2

In fact, for any x, yEG, 7(%)+7(y)—7(x+y) is in Go, so (7(x)+ (),
y)=(p(%+7v), v) whatever y&I'. Hence

(v, =D [ _ (1), Ddmoen()
=), N=D [ (18, 7)dmarcl)
= [ (1D +2), D= (1), Mdmare(5)

= ﬁ (& +9), N =(0(2), 7)) dmeco(£)
=0,

from which (3. 22 follows immediately.
For any x€2!, we have

(fe*(ch/Go@)mK))(X)
:/(;/Go(a(n(ﬁé)), x)dMG/GO(X)A(k, x)dmk(k).

If YK+, then

[k, 2)dme(i)=0;
if xy€ K+, then

[k, 2)dmi(k)=1

and, moreover, since @(x) is in T, it follows from (3. 1) that

1, if x=0;

J o fatnta), Damee={) 2,

Thus
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1, if x=0;

(fe*(mG/Go®mK))(X):{0 if y=+0

which establishes (3. 1).
Now we are ready to discuss transference of cocycles.
Let A be a (Go, K)-cocycle. For each x€G and each €3, put

Ao, x)=A(k, [x+2(3)]),

where (y, £)=607""(0) (yEG/Go, kEK). One verifies by a direct computa-
tion that A is a (G, X})-cocycle. The definition of A in the case where G
=R and Go=2Z is due to T. W. Gamelin [6]. The above general definition
of A parallels the one employed by J. Mathew and M.G. Nadkarni in

[12].

The following is the main result of the present section:

THEOREM 3.1. If a (G, K)-cocycle A is trivial (resp. of singular
type, of Haar type, of type (Co), of oscillatory type), then the correspond-
ing (G, 2))-cocycle A is also trivial (resp. of singular type, of Haar type,
of type (Co), of oscillatory type).

PROOF. Let U be the unitary representation of G, in LK) associat-
ed with A and V be the unitary representation of G in L%Y}) associated
with A. Let E and F be the corresponding projection-valued measures.
Then, for each x€G,

FFU)=(V(L )= [ Alx, 0)dm(o)
= [ o | JLAG s+ 20D dma(8) | ()
= [ U+ )DL, Damereo)
= [ 5B+ 7)) dmercs).

Hence, by virtue of Theorem 2. 1, #F}, is the image of FE., by the lift-
ing operator corresponding to the function % given by (2. 1). That A is
trivial (resp. of singular type, of Haar type, of oscillatory type) now fol-
lows upon applying Theorem 1.3. To conclude that A is of type (Co)
whenever A is so, it suffices to invoke Theorem 2. 3.

The proof is complete.
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