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Toeplitz and Hankel operators on Bergman
one space

K.R. M. ATTELE
(Received February 21, 1991)

Abstract

This note provides necessary and sufficient conditions for Toeplitz and
Hankel operators with harmonic symbols to boundedly map the Bergman
one space to the Lebesgue one space.

1 Introduction

We begin by recalling some standard notations and definitions. Let
dA denote the Lebesgue area measure on the unit disc D of the complex
plane C. For 1<p<oco and for a Lebesgue measurable function f: D-C,
let

Wr1o=( fislr aa)”

Here and elsewhere unless otherwise stated all integrals are taken over
the unit disc. For 1<p<oo, the Bergman space L% is the set of all those
analytic functions f: D— C such that |f|,<cc. As usual the space of
bounded analytic functions will be denoted by H® and the subspace of
functions vanishing at the origin will be denoted by Ho".

The Bergman space L% is of course a functional Hilbert space, and
the reproducing kernel at a point w&D is

ko(2)=1"'1—w2)% 2E€D. D

There is an explicit formula for the orthogonal projection (Bergman pro-
jection) P from the Lebesgue space L* D, dA) onto the Bergman space
L%

Ho)2)= [olw)1 -2 22 ge 14D, aa) @
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and for all z€D. The integral in equation (2) makes sense when g&
L?(D, dA) for all 1<p<oo so we can use (2) to define P on L?(D, dA) for
1<p<oco. Then P: L?(D,dA)— L% is bounded for 1<p<co (this was first

proved by Zaharjuta and Judovic ; Axler ([3], Theorem 1.10) gives a
proof using the Schur criterion for boundedness) and unbounded for p=1.

However, we may note that there are bounded projections from L'(D, dA)
onto LY ([7], Theorem 1 (iv)).

For veLY(D, dA) and fEH" let
T.(f)=P(vf) and
H,(f)=(I— P)(vf)=uvf — P(vf).

Since P does not map LY(D, dA) into L% boundely ; it is of interest to find
the necessary and sufficient conditions on v, so that the Toeplitz operator
T,: Ly— L. respectively, the Hankel operator H,: L,— LY(D, dA) as
densely defined operators (H* is dense in L) are bounded.

The main result of section 3, [Proposition 8§, characterizes Toeplitz
operators with real-valued harmonic symbols which are bounded on Le.
Proposition 10| in section 4 provides necessary and sufficient conditions for
a Hankel operator with a conjugate analytic symbol to boundedly map Lu
into LY(D, dA).

In a 1972 paper Stegenga characterized bounded Toeplitz opera-
tors on the Hardy space H' in the case when the symbol is either a real-
valued function or the conjugate of an analytic function. In a more recent
paper Cima and Stegenga proved that the Hankel operator Hy: H'
— H', with an analytic symbol f (see their paper for the definition of this
Hankel operator and other details) is bounded if and only if

sgp@%['fifs( /) If’(z)lzlogﬁdA(z)<00. (3)

Here I denotes a subarc of the unit circle, || is the arc-length measure of
I, and S(J) is the Carleson square with I as the base. We may note that
the condition on f’ in [Proposition 10| can be viewed in the form of (3),
provided that the Carleson square S(I) is replaced by the “half” Carleson
square={z€ S(I) :|z|<1-|1|/2}.

Throughout this note the letter ¢ will be used as a generic notation
for a constant.

2 Bloch space and dual of L,

An analytic function f: D—C 1is called a Bloch function if
supzen|f(2)[(1—|z|*)<co. Let B denote the space of Bloch functions. For
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fE€ B, the Bloch norm |f|s is defined by

1715 =17(0)]+supl £(2)I(1— [2[*). @
For f€B, it follows by integration that
£)~ FOI=5 1~/ Olslog 1512, 2D, (%)

so fELL for 0<p<oo. A very useful property of Bloch functions is the
Mbobius invariance of the Bloch norm, more precisely, if f€ B then

Ifo b —F(w)la=If—F(0)l (6)

for every Mobius map ¢, (to recall the definition of ¢, see (7)).

The dual of Li can be identified with the Bloch space B. There are
many versions of this identification in the literature ; see for example ,
Theorem 2.4; [3], Theorem 2.6 or [5], Lemma 5.1. Here we include an
identification with the pairing that will be used in this note.

PROPOSITION 1. Let fEB. Then the pairing
<9, £>= [9(2)F (@)1~1eP)dA), gL}

defines a bounded linear functional on L. Furthermore, given < (LY)*,
there exists f €EB, unique up to a constant, such that

v(9)=<g, f> 9gEL% and
Sl ls<lpl<Irls,

where ||y is the operator norm of +.
3 Bounded Toeplitz operators

In we note a formula for a “differentiating” kernel in L% The
corollary following the lemma is used to evaluate an integral during the
course of the proof of Proposition §.

LEMMA 2. Let h €L% wED and 1,(2)=27"'2(1—@w2)"% z€D.
Then

W (w)= fhz‘w dA.

PROOF. Let Z€L% and let k» be the reproducing kernel (1) in L3
Write
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h(w)th/?w dA

and differentiate. O

COROLLARY 3. If he L% then

f hllul dA= h;f(‘f)_lwlf)i"
h(w)(  6lwl? 2
T \<1—|w|2>4+<1—|w|2>3>-

PrROOF. Note that thZwI2 dA=fhlwl_w dA and apply Lemma 2. O

The estimation given below of the integral in is standard ;
the calculations presented will also be used in other instances. See [9],
Lemma 4.2.2, page 53 and Lemma 4. 2.8, page 57, for more general ver-
sions of Lemmas 4 and 5.

LEMMA 4. Let weD. Then
ﬂ1— 72| dA(2) <271+ wl)(1—|wP) ™.

ProOF. Let ¢u»: D— D be the M&bius map
du(t)=(w—t)1—wt)™, tED. D
We change the variable in the integral by writing z=¢.(¢). Then

(1—wz)=1—|w»H(1—wt)" and

dA(Z)=| 6o P dA(H) =1~ w1 — @t | dA(1), ®

SO
Jiv- 2 dAGR) =1~ wP)” flgu(llw— 1 dA)
<) [lw—t|" dA(D),

Integrating over the disc with center w and radius (1+|w|) (so this disc
contains D) and using polar coordinates with the pole at w, we obtain

flw—tl‘l dA(H) <271+ |w)).

Result follows. O

The following lemma essentially shows that the hyperbolic derivative
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of a function in L% is projected back to itself by the Bergman projection.
LEMMA 5. Let g L% with g(0)=g¢'(0)=0. Then

P(A—|wP)@)" ¢(w))(2)=9g(2), zED,
where P is the Bergman projection defined in (2).

PROOF. Writing g(w)=2%-0 a»w" and w=re®, 0<6<2x, and doing
a standard integration involving orthogonal functions, we have

ﬂg’(w)lz(l—lwlz)2 a’A(w)=27r§n2|an|2fl72”‘1(1—7’2)2 dr

‘2

=27 B DD

so, clearly the function (1—|wl?) (@) '¢'(w), wED is in L¥D, dA).Fix z&
D. Then

P((1— )X einanr™2e™) (2)

1 rin 0 . o .
=7r'1’/0‘_£ (1—72)(’;%41,,7”‘2@”’0)(20(%%—1)r"e"“"z”) rdrd6
=2 Olgln(n-i—l)anz”rz"’l(l—rz)dr
=9(2)

as desired. O

Leta—azdenote the usual operator (defined on continuously

differentiable functions on D)

ai-:%{ai“ai}'

If # is an analytic function on D, it immediately follows from Cauchy-
Riemann equations that

gf: 0 nd 8f =f.

On several occasions, we will make use of the following application of
Green’s theorem.

LEMMA 6. Let u be a (complex-valued) continuously differentiable

function on D. Suppose both u and %—(1—|z|2) are integrable on D.
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Then

5@ a—1mdAE)=0,

PROOF. Let 0<#<1 and rD={z2€D: |z|<#}. Apply Green’s theo-
rem to u(z)(#*—|z|?) on »D to obtain

[ @) ) dAR) =0, ..

D0Z

./r-Dg—?; 72"‘Z|2)dA(Z)—fmu(Z)sz(z)=O.

Notice that for z€ D, Ig—gl(rz—lzlz)slg—g(l—lzlz). Let »—1—and apply
Lebesgue Dominated Convergence Theorem to get

%(I—IZV)CZ’A(Z)* u(z)zdA(2)=0,

which is the desired result. O

We now prove a simple necessary condition for a Toeplitz operator
T, with a harmonic symbol to be bounded on L.

LEMMA 7. Let v&LYD,dA) be a real-valued harmonic function on
D and suppose that the Toeplitz operator Ty: Ly— LY is bounded. Then v
is the real part of a Bloch function. Thus in particular vEL?(D, dA) for
all 0<p< oo,

PrROOF. Since Ty: Li— L} is bounded,
- [Tun)da, reL

is a bounded linear functional on L% so by the Hahn-Banach theorem can
be extended to a linear functional on LD, dA). Identifying the dual of
LY(D, dA) as L*(D, dA) we have

/ T.(f)dA= / fgdA, feLb
for some g=L~(D, dA). The left-hand side integral is 77T,(f)(0), which is
f VfdA for FEH". so

foraa= [faaa
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— [P(/)gdA
= [P(g)dA, feH" ©

In deducing the last integral we used the orthogonality of the Berg-
man projection on L% D, dA). Pick an analytic function % such that v="%
+%. Then k€LY ([3], Theorem 1.21) and

fvfdA= /fEdA, FEHS.
Hence from (9)
ffEdA= ffﬁadA, feHy.

Replacing f by f(z)=2z", n=1,2,... we deduce that 2 and P(g) differ at
most by a constant. However, P(g)€ B([5], Theorem V’), so the result
follows. O

We are ready to prove the main theorem of this section.

PROPOSITION 8. Let v be a rveal-valued harmowic function in L'(D,
dA). Then the Toeplitz operator Ty: Lu— L is bounded if and only if

1
PN SN S
sup|v| <o and sup|V()(2)I(1 -] )log1_|z|z <o,

PROOF. Suppose T»: Ly— L% is bounded. If g€ B with g(0)=¢(0)=
0 then ¢(w)(w)*(1—|w|?), wED is bounded and so there exists a constant
¢ such that

[T ) () A~ wP)dAw) < cl gl i.e.

| [Pof)w)g (wyw A~ luwP)dAw) <l Algls, FEH" Q0
Using Fubini’s theorem and Lemma 5, we have

| [vfgdAl<cllflilgls, FE H™ and g€ B with g(0)=g'(0)=0.

The use of Fubini’s theorem in is justified since both f and ¢'(w)w™'(1
—iz), wED are bounded, |v(z)—v(0)| < clog(1—|z|)™*, 2€D (Lemma 17 and
use inequality (5)) and log(1—|zD|1—wz|™? (2, w)EDXD is integrable
over DX D, which can be verified by a direct calculation. Moreover, for
f€EH” and gEB
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| [uf(g(0)+¢'(0)2)dA|
=| [P(u/)(g0) g 0)2)dA
<[ Tulll1:1g(0)+ g°(0) 2]l
<c|flilgls.
Thus
| JufgdAl<cllflilgls, fEH” and gEB. (1D

To deduce that v is bounded, we replace f and g by suitable kernel func-
tions: fix wED and put f(z2)=g(z)=z2(1—wz)3 z&€Din (11). Then the
lglle<c(1—|wl*) and the |f]: is estimated in Lemma 4, so

| (@) 21— 2| * dA(2)|< c(1—[wl?)~,
or as in the notation of Lemma 2,

(1=|wl? |v|lu? dA|<c. (12)
Now let ZEL% be an analytic function such that v=#h+%. Then by

LCemma 7, #'(w)(1—|w/?) is bounded. Taking real parts in the formula for

(1_|W|2)4fh|lw|2 dA in Corollary 3 and using we deduce that v is

bounded.
Replacing f by zf in (11) and noting that |zf]:<| /. we have

| [vzfgdA|<cllflillgls, FEH® and g=B. (13)

Applying for the function #=vfg (Lemma 7 is used to verify
that the hypothesis of is satisfied) and using the Cauchy-
Riemann equations, we deduce that

0L 131~ |2 dA= [vzfadA— [vfg(1—|2F)dA. (19)

Since we now know that v is bounded ; from (13) and we have
| %Z:fsi(l—IZV)dAlSCIIflllllglla, fEH> and g=B. (15)
Write v=~h+ i for some A L% Then—g—z_—= k'. Fix weD and as before

we replace f and g by suitable kernel functions; let f(z)=(1—wz)™3, z&D
and g(z)=log(1—wz), 2z€D. Then the |glls<2 and the |f]: is estimated in
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Lemma 4, therefore, from (15)

| [ (Dog(l - m2)(1 - w2)X(1-I2P)dA@I<c1-lwP) ™. 16
But then for f€LYD, (1—|z|*)dA),

227 [A(2)(1—~ wz) (1~ |2P)dA(D)=f(w), wED an
([7], Theorem 1 (iv)). Since 2B (Lemma 1), the hypothesis of is
trivially satisfied by /#’, so from it follows that

W (w)log(1—|w(1—|wl®), weD

is bounded as desired.

Conversely, suppose v is a real-valued harmonic function on D such
that both v and |V(2)(2)|(1—|2z/%)log(1—|z|?) are bounded. Fix f€H> and
g€ B. Then equation still holds and we may rewrite it as:

f v2fdA= f%fg(1—|z|2)dA+ ofg(1—|2P)dA. 18)

Note that |VU|:%|/’L/| where v=h+h and % is analytic. Also%z W'

Now to estimate the second integral in [18), use the hypothesis on V|
and the standard point estimate for a Bloch function g (5):

l9(2)| <|g(0) +]g—g(0)ll5 log(1—|2])~
<|lglls(1 +1log(1—|2)"), z€E€D.

Then from (18)

| [vfgdAl<clAhlglls, (19)

where f is the function zf. Since vf €LXD,dA), gL% and P is the
orthogonal projection from L*D,dA) onto L% the integral in is

equal to /P(vf)g’dA, SO
| [T 7)gaAl<cl 7 gl 20)

It is not hard to see that P(zZg)€B. In fact a direct calculation shows
that, if g(z)=2% a»z2", 2D then P(zg)(w)=2% a.w"', wED. Thus

[T F2)29(2)dAR) =] [To( 7) P(Zg)dAl
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<c|fLlP(zg)ls(from (20)) 1)
<c|flilgls. 22)

By an application of to u=T,(f)g and the estimate in (21)
show that
|[TU PN @g (D1~ dAR) <l Flilols
<cl Flilglle,

whence KTo(f), ¢ol<clflillgls. The pairing <,> was defined in Proposi-
tion 1. Therefore, for f€ Hy

KTo(5), pI=<Ililgll.

Since the dual of L% is the Bloch space (Proposition 1)), it follows that for
feEHy

I 7oA < cll Al
Thus 7T»: Lu— Lt is bounded. O

4 Bounded Hankel operators
Let f€LY(D, dA) and g=H™. Let us recall the definition of H,(g):

H/(g)=(I—P)(fg)=fg— P(fg).

Using g=P(g), we get the following well-known formula for a Hankel
operator :

Hg)(2)= L2 o,y dAG0)

(=27 ¢ for almost all z€D. (23)

Formula (23) for a Hankel operator suggests that we investigate the
growth of

prov1des a growth condition for when fEB.

LEMMA 9. Let f€B. Then there exists a constant ¢ such that

JRD=LDL ga) < clfFO)ls log™=Fpy,  wED.

11—z

PROOF. Let us change the variable in the integral by writing z=
¢(t) (see (7) for the definition of ¢,(#) and also (8));

f(2) = /( )| |fo ¢w(t) f(w)|
|’1" |“’ dA(z)= f D A(), (25)
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From (5) and (6)

|[fodu(t)—F(w)|=fodu(t)— fopu(0)|
< ||f° Puw—fo ‘/’w(o)”B log(l - | tl)—l
=[7—=£(0)lzlog(1—[¢))7.

Thus from (25)

f |f|1 w,gﬁ”)l dA(2)<|f = £(0)|ls f ‘lﬁg(}‘jlltl) JA)

=2lf—FO)ls | 25—

<2rlf—fO)ls [ 2B =D

1
Put g(x)=j)‘ —log(1—¢t)(1—tx)'dt, 0<x<1. Then

g G)l< [ —logl—N(1— ) dt.

View (1—#)7%dt as x7' d(1—tx)™ and evaluate the improper integral by
doing an integration by parts, to get

lg(x)|<—log(1—x)x*(1—x)"", 0<x<]1.
Since—log(1—x)x!
0<x<1

is an increasing function of x on 0<x<1 we have, for

1
|g’(x)|<{ 4log?2 if 0<x<—+

2
< _ -1
21log(1—x)(1—x) if otherwise.

Thus for some constant ¢, |¢'(x)|<c—clog(1—x)(1—x)"", 0<x<1. Hence

lg(x)—g(0)| < cx -I-%logz(l —x), 0<x<1,

from which the desired result follows. 0O

PROPOSITION 10. For f&L% the Hankel operator Hy: Lyi— LY(D,
dA) is bounded if and only if

|0 =supl (21~ |2l Nog 7=z < = (26)

Note that we do not assume 7 to be bounded.

PROOF.  Suppose (26) holds. Then trivially |f[z<cc. Fix ke
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L™(D, dA). We begin by showing that the function defined by :
H(w)= [(£(2) = ()1~ wZ) *h(2)dA(z), wED
is a Bloch function. Indeed;
H ()1~ w)= [~ £ ()1~ |wP)1 - w2) *h(2)dA(2)
+201-|wP) [(F(2) = Fw))(1—w2) ™ Zh(2)dA(2)

=L(w)+2(1—|w) L(w).

Now
ﬂ1-wz|-2 dA(2)=r|lw|2log(1—|wP)™, weED )

(the limit as w— 0 of the right-hand side of clearly exists); whence
by I, is bounded on D. To show that (1—|w|*)(w) is bounded, it is
sufficient to show that (1—|w|?)?*L(w) is bounded ([6], Theorem 5.5).
Indeed
(1P P )= (1= 12 [~ 7)1~ )1~ 05) Zh()dA(2)
+3(1—|wP) [((2) ~ )1~ w2)* 22h(2)dA(2)
=Ji(w)+ J(w).
Then from
|l <4zll sl 7l
and the fact that
|2l < cll £l 2]l

follows from [2], Theorem 1(B), see also equation [(14), page 327 of the
same reference. Thus H is a Bloch function and

| H s < cl2l,

so here the constant ¢ depends on f.

In view of the following well-known identity (which also follows from
an application of Lemma 6))

Jotw)wH w)dAGw)= [o(w) B (w)1~|wP)dA(w), gEH" (28)

we have
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| [o(w)wH (w)dAw) < clghllile, g H=.
Applying Fubini’s Theorem
(ER=L o) waaw)) M dAR) < clolillle, o< H™
So
| [EAg) hdAl< clghlile, g€ H™ and he L(D, dA),
where g=wg. Hence
fiE(9laA=clgh, g=Hs.

It follows that Hr is bounded.
To prove the converse, suppose fEL% and

IHADh<clgl,, gEH"
Then

| f Hy(g)hdA|<clglllhle, g=EH™ and he L*(D, dA). (29)

Let h€Hg. Then P(%)=0. Clearly for all geH> fg= LD, dA).
Recalling that P: L*(D, dA)— L% is the orthogonal projection ;

[H7(@hdA= [Fahda— [P(Fg)hdA
= [fahaA~ [fyP(RydA
~ [fohdA. (30)
Likewise we can show that,
[H{9)kdA=0, g and heH™. (3D

Replacing the function % in by h(z)=z, writing § for the function
d(2)=29(z), z€D and using (29) we have

| [fgaAl<clah=clgls, i.e,
| [fgaAl<clgl, g< He.
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Now by an argument similar to that of we deduce that f€B.
From (29) and (31) we have

lfo'(g) hdA|<clgl: dist(h, H?), g H" (32)

and € L=(D, dA), where dist (&, H*) is the L™(D, dA) distance from % to
H*. Fix weD. Then dist(log(1—wz), H*)= 2 dist(Im log(1—wz), H®)
<4r, so replacing % in (32) by the function log(1—z), 2€D and using
we have from (32)

l f F(2)g(2)log(1—wz)dA(2)|<clgl, g=H™. (33

Replacing ¢ by zg in (33) and then using identity (with of course f
instead of H), we have

|[F(@g(2ogl —w2)(1~ | dA() < clgh, 9= H"

Now since f €B and the argument of log(l1—iz) is bounded (independent
of w and z, and we may assume that neither w nor z is 0)

|[7(2)9()Tog(1—w2) (1-|z)dA(2)| < clgls, 9 H
Put g(z2)=(1—wz)", 2€D. Then by Lemma 4, |g|:<4x(1—|w|*)™", so
I/f’(Z)log(l —w2)(1—wz) (1 -1z dAR)| < cQ—|wl) ™

By we get

F(w)(1—|w)log(l—|wl)™, weD
to be bounded. O

COROLLARY 11.  Suppose v is a (complex-valued) harmonic function

on D such that both v and%(1—|z|2)log(1—|z|2) are bounded on D.
Then the Toeplitz operator

T,: Lo~ L
is bounded.

PROOF. Write v=f+J where f and g are integrable analytic func-
tions on D. Since v is bounded vE LXD, dA), so f+ g(0)=P(v)EL?%; con-

sequently g&L% Also the hypothesis on%implies that ¢ satisfy the
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hypothesis of Propostion 10, thus the Hankel operator

Hg: L.~ LD, dA)

is bounded. Since v is bounded, M,, the multiplication operator by » on
La—LY(D, dA) is also bounded. Note that M,=T,+H, and H,=H,
Thus the Toeplitz operator

Tv: LY— L},

is bounded.
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