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Abstract.

In this paper we present a new proof of the uniqueness of the large
Witt systems Was, Was, Wa. Their uniqueness is (almost) simultaneously
proved by the same and simple method, and their existence is also shown.

1. Introduction

Although self-contained, this paper is a continuation of our previous
article , which was intended as the title shows, but made no mention of
the uniqueness of the Witt systems. Nowadays not a few proofs of their
uniqueness are known (see, e. g. [1] [2], [4], [5, Chap. 20]). The purpose of
this paper is to present an alternative, simple, elementary and unfied proof
of the uniquenesss of the large Witt systems Wz, Was, Wa. ‘Simple, ele-
mentary’ means that our proof uses only block intersection property BIP
(mentioned later) which is easily shown, not using any knowledge of finite
geometry such as projective planes, coding theory, etc. ‘Simple, unified’
means that the uniqueness of the three systems can be (almost) simultane-
ously proved by the same method. We note also that our uniqueness
proof shows the existence of the three systems (see Remark 3).

DEFINITIONS AND NOTATION. Let Q be a set of v points and 3B a collec-
tion of A-subsets (called blocks) of Q. The pair D=(Q,8) is called a
t-design with parameters t,v,k, A(v>k>t>0 and A>0) or, briefly a
t-(v, k, A) design if any t-subset of Q is contained in exactly 4 blocks of .
If D=(Q,®B)is a t-(v, &, A) design, then, for any s<¢, the number of

blocks containing any s-subset of Q is equal to /13=/1<1;:;> / (f:;), and

in particular, |%|=A02A<?> / ('f) Two t-designs with the same parame-
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ters, D=(Q, B) and D'=(Q, B’) are said to be isomorphic if there is a
bijection ¢ from Q onto Q such that B7(:={B’|B<38})=%". A t-(v, k1)
design D=(Q, B) (namely, ¢-design with A=1) is called a Steiner system,
and for any ¢-subset {ai,-,a:} of Q, the block containing it is uniquely

determined. This unique block is called the block defined by ai,--,a: and
denoted by

<ay,t,as>.

Throughout this paper we fix the following notation. W, W, W
denote any 3-(22,6,1), 4-(23,7,1), 5-(24, 8, 1) designs, respectively. They
are called the large Witt systems, and their existence is proved by quite a
few authors. For v=22, 23 or 24, let

Wv:(Qu, %(v)).

For s-subset S={ai,-:*,as} of Q,, where s<3,4 or 5 according as v=22, 23
or 24, respectively, we set

%S:%al,"°,as:{B€§B(v)ISCB}.

The following well-known property can be easily shown only by using
the parameters of W, (see, e.g. [1, next to the last rows of Figs. 2,6,38],
[2, the last row of Fig. 5 and p.30], [5, the last row of Fig. 2.14 and p.
641]).

Block Intersection Property (BIP): For any distinct blocks B, C of
W., we have

IBNC|=0o0r2;10r3;0,2 or 4
according as v=22, 23, 24, respectively.
Only by using BIP, we are going to prove

THEOREM. Large Witt systems Wi, Wi, W are umique wup to
1somorphism.

2. Proof of Theorem.
We begin with the following general proposition.

PROPOSITION.  Suppose that for any t-(v, k,A) design D with given
parameters t, v, k, A we have a settled wmethod for labelling all the points
and the blocks of D, morve precisely, a settled wmethod according to which

we can label all the points of D 1,2+, v and we can explicitly write down



An elementary and unified approach to the Mathieu-Witt systems 11 :
The uniqueness of Waa, Wi, Wa 241

all the blocks of D by means of 1,2,++, v. Then, a t-(v, k, A) design (, if
exists,) is unique up to isomorphism.

Proor. Let D=(Q,8) and D'=(Q,¥’) be any two ¢-(v, k, A) designs.
According to the method we have, we label the points and the blocks of
both designs. We denote by a: (resp., ) the point itself of Q (resp., Q')
labelled 7, and by B; (resp., Bi) the block itself of B(resp., B') expressed as

I={4\, i,--,ix}. The bijection o: Q—— Q defined by a?=a: gives an

isomorphism from D onto D', since Bi={au, an, ", as}, Br={du, @a, ",
a3} and Bf=B;. O

Our proof of is based on the above proposition, and consists
of two parts: What we have to do for the proof of is that for
any lage Witt systems W, we present a settled method (1) for labelling all
the points of W, and a settled method (1) for writing explicitly down all
the blocks of W,.

In order to present such methods we use only BIP, and methods (I),
(IT) will be given in [Lemma 1; Corollaries 1, 2, 3, respectively.

LEMMA 1. We have a settled method by which we can label all the
points of :

(1) Wi 1,2,--22 and explicitly know B (i. e, the 21 blocks contain-
ing 1) and a block A not containing 1;

(ii) W 0,1,2,--,22 and explicitly know Bo,1 (i.e., the 21 blocks
containing 0 and 1) and two blocks A, A’ satisfying 0EAP1 and 1 €EA'D
0;

(iii) Wa0,0,1,2,--+22 and explicitly know B, o1 (i.e., the 21 blocks
containing 0,0 and 1) and three blocks A, A’, A" satisfying {0, 0}C AP]1,
{1, c0}C AP0 and {0,1}C A" Hoo.

ProoF. Our proof is tabulated in Tables 1 and 2. Three cases Wba,
Was, Way can be treated similarly and the case W is mainly illustrated in
the following.

Choose any block of Wi (resp., W, We2) and call it Bi, and choose
any five (resp., four, three) points of B: and label them pointwise ‘oo’ ‘0,
‘1,2,3 (resp., ‘0,1, 2,31, ‘2,‘3). (In the case Was (resp., W) delete
or ignore o (resp., @0, 0) throughout the proof.) Label the remaining three
points of B: 4,5, 6" setwise. Choose any point outside B: and label it ‘7.
Set

B,=<c0,0,1,2,7>.
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By BIP we have B;NB;={,0, 1,2} and label setwise the three points in
B:\{c0,0,1,2,7}, 8,9, 10". Set

B3=<0,0,1,3,7>.

By BIP we have BsNBi={0,0,1,3} and BsNB:={0,0,1,7}, and so the
three points in Bs\{0, 0,1, 3,7} are outside BiUB, and we label them ‘11,
12,13’ setwise. Set

A=<,(, 2,3,7>
and
A'=<,1,2,3 7>.

(In the case Was, of course, we set A'=<1,2,3, 7>, but in the case Wi we
do not consider A".) In the same way as above, the three points in A\{co,
0,2,3, THresp., A\{e0,1,2,3,7}) are outside B,UB:UB; (resp., BiUB.U Bs
UA) and we label them ‘14,15,16" (resp., 17,18,19’) setwise. Label any
one of the three points {11, 12,13} ‘11’ and set

Bi=<x,0,1,2,11>,

Since B4ﬂBl:B4mB2:{OO, 0,1, 2} and B4m33:{00, 0,1, 11} by BIP, B,
does not contain any point of Bi\{c0,0,1,2}={3, 4,5, 6}, B:\{c0,0, 1, 2}=
{7,8,9,10} and Bs\{co,0,1,11}=(3,7,12,13}. By BIP we can write B:NA
={0,0,2, x}. Since A={,0,2,3,7 14,15,16} and B. contains neither 3
nor 7, x must be one of 14,15,16 and we label x ‘14’. Similarly, we can
write BsNA'={o0,1,2, y} and y must be one of 17,18,19 and we label y
‘17. Therefore we can write Bs={0,0,1, 2,11, 14,17, z} where z&B,UB,
UBsUAUA’" and we label z 20’. (In the case Wi, we can write Bs={l, 2,
11, 14, y, z} where neither y nor z is contained in BiUB:UBsUA and we
label the one of y, z ‘17’ and the other ‘20’). Set

Bs=<0,0,1,3,17>.

As in the case B, considering the intersections of Bs and Bi, Bs, Bs, A/,
we obtain that Bs does not contain any point of
(BiUBsUBsUAN\{0, 0,1, 3,17}={2,4, 5,6, 7,11, 12, 13, 14, 20, 18, 19}.

(In the case Wz, A’ and so 18, 19 vanish.)

We can write BsNB.={0,0, 1, x} where x is a point of B,\{c,0,1}=
{2,7,8,9,10}, and so x is one of 8,9, 10 and we label x ‘8’. Also, BsNA(D
{00,0,3}) must contain a point of A\{eo,0,3}={2,7, 14,15, 16} and so
either of 15,16 and we label the point in (resp., outside) Bs(NA ‘15" (resp.,
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‘16). Hence we can write Bs={c0, 0, 1, 3, 8,15, 17, y} where v B,U B,U Bs
UBsUAUA’. We label vy ‘21’. Set

Bs=<,0,1,7,17>.

As usual, considering the intersections of Bs and B, Bs, By, Bs, A’, we
obtain that Bs does not contain any point of (B:UBs;UB,UBsUA)\
{0,0,1,7,17H(D{2, 3, 14, 15}). We can write BsNBi={>,0,1, x} where x is
a point of Bi\{0,0,1}={2,3,4,5,6} and so we label x ‘4. Also, we can
write BsN A={,0,7, y} where y is a point of A\{o, 0, 7}={2, 3, 14, 15, 16},
so that ¥y must be 16. Therefore we can write Bs={,0,1,4,7,16,17, z}

where z&EB1U---UBsUAUA’, and we label z 22 Setting
Br=<>,0,1, 2,15>,

Bs=<,0,1, 3,16>,
By=<,0,1,7,14>

and continuing similar arguments, we can label the unlabelled points and
determine the remaining points contained in these blocks. (See Table1. In
the case W, we label the unique point in B\(BiU---UBsUA) (resp., out-
side BiU---UB;UA) ‘18 (resp., ‘19’).) Thus we have been able to label all
the points and determine explicitly the blocks Bi, B, +,Bs, A, A’ simultane-

ously. By BIP, these blocks generate blocks Bio,**,Ba, A” successively
and automatically (see Table?2). O
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Table 1
©©(012345678910111213141516171819202122 BIP
B |00000000_
B, 0000 X X xx@0O0OO X-B
B, 000 X0 XX x@xxx00O X-B,,B,
A OO XOOX X XOXXXXXXO0O0 X-B,,B,,B,
A @ XOO@OX X XO®XXXXXXXXXO0O0 X-B,B,,B;,A
XBI,BZ)BS
B|0®@®xxxxxxxx@xxansa@INO {A_A;D_A,
X_BlyB3yB4yA/
B ..Qx.xxxxiAAxxxx!gQ(xx)xg {A—BZ;D-A
B OOOXXAAAG®X XX XXXXXV@XX)XXO {X_BZ’B”B4’B5’A
— V-A: A-B,
XABI)BZ’BMBS)A
B, ...QxxxxxxxxxAéx.xx(_Q)xxv {V—BG;A-&;D—A’
X—BIJBEX)BSyBG;A
B; QOO XO X X XXXAAXXXXX@XVY V¥WXX {7—34,37;A—Bz
B OO®X X XAL®X XX XXX@XXXYV {i:g%%%ﬁl

Each block of Wi (resp., Was, W) except B is defined by five (resp.,
four, three) points ‘@’ (resp., deleting ‘c0’, ‘©,0’), and the remaining three

points of the block are denoted by ‘O’ 'A’'IK’ or ‘¥ .
«—> indicates that the labelling of the point is finished.

‘X’ indicates that the block does not contain the point.

‘() indicates the influence of the intersection of the block and A’ (in the
case W, A’ is unnecessary and deleted).
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Table 2

©012345678910111213141516171819202122 BIP
Bil@@@®® X X X X X XXX XXV¥XXVXXVWXVX X-B,B,,B,,B,

Bl lOOOXO®XXXXXXYTXXXEXXXXVYXXY x-B,B;,B;, By
B @@O® X X XXVOXXXXXXXVXXXVYX X X-B, B;,B;, B,

><_
B; QOO X XV XXXXYXXXVOO® X XXXX X {vg“’g’g’&B“’B”
“ Dy, Dy,

B, @OO@®X XX XYXTXXXVXPXVWXXXXX X X-B,,By,Bi1,B,;
B; | @@@X XXV XXXXVYXXX@YXXXXXX| X-B,B, BB

X_
B 0@0@ X X@XXX@XXVYXXXXXXVWW ><><{ B, B, B, BBy, By
- V-B,B,B,

B @@@® X X@XXXXXVYXVXXXXXXXYVYYX| X-B B BB
X X ¥ X V| xX-B, B B, B
X W X X X | X-B, By, Bs, B
X =By, Bs,Bi3,Bi4
¥ X X X X | X-B,Bi,BiuBu
X XVYY| x-B B B AA

B @O@@® X X XV X X@®XXXXWX X X
By @O@@® X X X@XXXV¥X XWX X X X
B, @0@® X X XXV¥XX@®XV¥WX XX X X
B OOO®X X XX@®XXXV¥XXVWX X X
A X 000 ® X X X@X XX X X X X X X

X 4 X 4 X
X
X
X
|
<4

Each block of Wa (resp., Wi, Waz) is defined as one containing five or
four (resp., four or three, three or two) points ‘@’ (resp., deleting ‘o0’; ‘oo,
0’), and the remaining three or four points of the block are denoted by ‘W¥’.

‘X’ indicates that the block does not contain the point.
(A” is a block only for Wa)

REMARK 1. There are various ways to label the points belonging to

blocks Bi, B,:+,Bs, A, A’. Relabelling in the following (from the upper
row to the lower), we obtain the labelling in W in many papers such as

(2], [3]. [6]
© 01234567 8 91011121314151617 1819 2021 22
© 012 317145 413162219112021 8 9 6 1815 7 1012
NoOTATION. In the following and Corollary 1|, let / denote

a (v—22)-subset of Q. (in particular, /=¢ for v=22). Let p=Q,\I and
set Br,r=Bruip).

LEMMA 2. Suppose that we finish labelling all the points of Q. and
that we explicitly know Bi,p (i. e., the 21 blocks containing I and p) and a
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block A containing I but not containing p. Then, for any two distinct j,
7€ ANl and any k<€ QNI U{jy, J2}) we can explicitly know the
block<I, j, jo, k>, namely, the remaining three points of the block.

PrOOF. Set

X =<I,j1,72 k>,
Bo=<I1, p, 11, Jj2,>,
Blz<[,p,f1, k>,
BZZ<], p,jz,k>.

We want to determine explicitly the remaining three points of X and our
proof is tabulated in Table 3. Since the blocks B, Bi, B2 belong to B;,
and are explicitly known by assumption, we may assume that X is
different from these blocks and Bo®k, Bi®P /2, B:P/1 and By, Bi, B, are dis-
tinct. Similarly, we may assume that X+ A and so that 2 A and blocks
X, A, By, Bi, B, are all distinct.

By BIP we have BoNA=1U{}, j»} and we can write

A :[U{jl, jz}U{ao, ai, az, ds},
Bo=IU{p, 71, jz}U{bo, Co, do}.

By BIP we have BiNA=IU{j;, a} where a is one of ao, a1, a2, as, and so
we may assume a=a:. As BiNBo=I1U{p, ji}, we can write

Bl:IU{p’ jly k7 al} U{bly Cl}
where b, ¢; are outside AU B,. Similarly, we can write
B:=1U{p, j2, k, az} U{bs, c2}

where b, ¢; are outside AU BoU Bh.

Now, since XNA=XNBo=1IU{j, sz}, XNBi=IU{j, £k} and XN B,=
T U{j, £}, it follows that X does not contain any point of
(AUBoUBlLJBz)\(]U{]l, jz, k}):{ﬁ, o, 41, A2, A3, bo, bl, bz, Co, C1, Co2, do}.
We set

B3:<1, p, k, as>.

As BsN Bi=BsNB,=I1U{p, k}, Bs does not contain any point of (BiUB:)\
(TU{p, EN={j1, a1, by, c1, Jo, a2, b, c2}. Hence BsNA=IU{as a} and we
may write BsN\ Bo=I1U{p, b}. Thus BsN(AUB,UBiUBz)=1U{p, k, as, a,
bo} and we set

{X3} = Bs\(A U Bo U B1 U Bz).
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Since X does not contain any one of p, as, @, bo, we have XNBs=1U
{k, xs} by BIP. Next, we set

B4:<I, P, X3, Co>,
B5:<[’ 1), X3, do>.

As usual, considering the intersections of Bs and B,, Bs, by BIP we may
write BiNBi=1U{p, d\}, BsNB.=1U{p, d2} where d; is one of a., b:, c:
(i=1,2) and BsNA=I or IU{ai, az}. Thus BsN(AUBUB,UB,UB:)=1
U{p, x3, co, d1, d2} and we set

{x4} :B4\(A U Bo U B1 U Bz U Bs)

On the other hand, since X does not contain any one of p, co, a1, b, c1, as,
b2, c2, we obtain XN Bs=1U{xs, x4} by BIP. Similarly, we have BsN
(AUBoUB1UB>UB3UBy)= IU{p, x3, do, 1, ez} where e; is one of as, b:, c:
(1=1,2) and we set

{xs} == Bs\(A U Bo U B1 UB.U Bs U B4),

obtaining X N Bs=1U{xs, xs}. Thus we have determined the three points

xs, x4, X5 of X\(LU{J1, /2, £}) only by using A and By, Bi,---,Bs belonging to
Brp. O

Table 3

I prpkaaaahb cod b ¢, by ¢ x5 x4 % BIP
A0 OO0 0OO0O0O0
B, (® ®©000® XxxxXxOOO x-A
Bl (® ®©00 <X@®@~LrAALALAXXXOO X-By: A-A
Bl (@ @0 <0@®@A XAAXXXXXOO X-By, B, ; A-A
Bl @® @@ X X@VX X@AAAXXXXO X-B,,B,;: Y-A,0-B,
B|@ @@ XX XXAOXX@XAAOD@O X-By,By; &-B,0-B,
B:| (@ @@ X X X XAOXXX@AAUOUI@XO |x-BB,B;AB;0-B
X (0 @X000 X XXXXXXXXXXVVYY X-A,B,,B,,B,; Y-B;,B, B,

Each block of W (resp., Wes, W) except A is defined by five (resp.,
four, three) points'@’, and the remaining three points of the block are denot-
ed by ‘O, ‘A’, ‘¥’ or one of ‘A’, ‘[’ in the cases Bs, Bs.

‘X’ indicates that the block does not contain the point.
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REMARK 2. asserts that from the 21 blocks belonging to
B and a block A with A=<, j1, j., %> Pp, we can explicitly know new
blocks< 1, j1, j2, k>for any AEQ\IU{, j2}). We say that such new
blocks are (explicitly) known or generated from (primary blocks) Bi.»
and (an auxiliary block) A.

COROLLARY 1. Assume that we finish labelling all the points of Qo
and that we explicitly know Bi1,p for some I, p and a block A satisfying I C
ADp. Then, for any distinct points k, [, m of Qu\I, we can explicitly
know the block<I,k, 1, m>, and hence B: (i.e., the T7 blocks containing
I)——we describe this by saying that Br is (explicitly) known or genevated
from B, and A——in particular, all the blocks of Waa.

PROOF. Set X=<I,k, [, m>.

Case (i) [{&, 1, m}NA|=3 or 2: Since we may assume A=<I, k, [,*
>Pp, by Remark 2 we can know X from 8B;, and A.

Case (ii) [{#, I, m}NA|=1: We may assume that k€A and {/, m}NA
=¢. Let a€A\{k}. From B, and A=<, k, a,*>we can know A=<
I,k a l>and A;=<I, k a,m>by Remark 2. If AiPp (resp., A:Pp),
then we can know X from B,, and A; (resp., Az2). If Ai=p and A:>p,
then Ai=<1,k, a, p>=A: and so X=A, is explicitly known.

Case (iii) [{&, {, m}NA|=0: Let /i, j» be two distinct points of A and
set

A1:<I; jlaj2) k>7A2:<]7j1y j2, l>’A3:<I’ jl,jZ, m>.

Then, from B, and A we can know Ai, A> and As. If at least one of A,
A,, As, say A dose not contain p, then we can know X from B, and A
(note that |{%, [, m}N Ai|=>1 and replace A with A in cases (i), (ii)). If
all A, A, As contain p, then Ai=A=A;=<I, j1, j2, p>and so X=A4, is
explicitly known. O

COROLLARY 2. Let v=24 or 23 and 2EQ.. In the case v=24, let u
be a point of Qa\{iz2} and in the case v=23, let i=¢. Also, let pEQ.,\{4,
iy, Assume that we finish labelling all the points of Q. and that we
explicitly know B, o » (i.e., the 21 blocks containing 4, &, p) and two
blocks A, A’ satisfying {i, 2} CAPp and {4, p} A’ Di. Then, for any
four distinct points j, k, I, m of Q.\{a}, we can explicitly know the block
<, i kI, m>, and hence B (i.e., the 253 blocks containing ) we
describe this by saying that B is (explicitly) known or gemerated from
B, . p and A, A'——in particular, all the blocks of Was.
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PrRoOOF. Set X=<i,j, k [, m>. By [Corollary 1, we can know B, 5
(resp. By, ») from Bi, i, » (=Ba, »,2) and A (resp., A). In particular, we
explicitly know 8., ,,» (CB4,5). If 2EX or pEX, then XEB,, i, or XE
B, », and so X is explicitly known. Thus we may assume X N{s, p}=¢,
in particular, {j, &, I, m}N{é, p}=¢. Set

A1:<i1, j, k, l, i2>, Az=<l.1,]., k, m, i2>.

Both are contained in B, ., and so explicitly known. If A4;3p and A.>p,
then Ai=<iy, j, k, p, 2>=A>m and so Ai=X, which is a contradiction,
for 2€A; and 5,6 X. Thus AiPp or A:Pp. If AiDp (resp., A:Pp), then
by Remark 2 we can know X from 3B, ; » and A, (resp., 4,). O

COROLLARY 3.  Let i1, %, p be the fixed three distinct points of Qo
Assume that we finish labelling all the points of Qau and that we explicitly
know Ba, o, » (i. e., the 21 blocks containing i, i, p) and three blocks A A
A" satisfying (i, B} CADp, {p, )} CA'Bi, {io, pYTA"Dir.  Then, for any
Jive distinct points j, k, I, m, n of Qu, we can explicitly know the block<j,
k,l,m,n>, and hence all the blocks of Waa.

PROOF. Set X=<j, kI, m, n>. By [Corollary 2, we can know B,
(resp., By) from B, o, » (=Bp, 1, ) and A, A’ (resp., A, A”). In particu-

lar, we explicitly know B, x, » (CB;). As in the proof of [Corollary 2, we
may assume X N{7, p}=¢ and we set
A1:<j, k, l, m, i1>, A2:<j, k, l, n, Z.1>,

having Ai®p or AP p and being able to know X from B, » » and A or
A, O

PROOF OF THEOREM. ~ Set v=22, I=¢, p=1 in [Corollary 1|; v=23, i,=
¢, 2=0, p=1 in [Corollary 7; v=24, i1=00, ,=0, p=1 in Corollary 3
Then, the assumptions (and so the conclusions) of Corollaries 1, 2,3 hold
by Lemma 1. Thus the desired methods (I), (I) are presented and the
proof of is complete. O

REMARK 3. Our proof of the uniqueness of the large Witt systems
Wez, Was, Wu presented above also shows the existence of them. In fact,

for instance, the existence of Wa is shown as follows. Set Q={1, 2,---,22},
and make 6-subsets of Q, By, Bs,-*+, By, A given explicitly in Table1 and

(automatically) Bio, -, Bx given explicitly in Table2. Then, as seen in
Corollary 1|, for any three distinct points %, /, m of Q, there is a unique < 4,
[, m>, the 6-subset of Q containing k, /, m (this uniqueness follows from
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the fact that all the<k, [, m >satisfy BIP). Letting B denote the set of all
the<k, I, m>, we see that (Q, B) is a 3-(22,6,1) design.

REMARK 4. We have seen in Table 2 that By, -+, By, A, (A’) generate
Bio,*+, Ba1, (A”), and in and Corollaries 1, 2,3 that B, -+, Ba, A4,

(A’, A”) generate all the blocks. In conclusion, the blocks Bi, Be,::, Bs, A
in Wi, added A’ in Was and Was, enable us to label all the points and
generate all the blocks, and so we may call these blocks labelling-blocks,
generating blocks, propagating blocks, basis blocks or determining-blocks of

W,, v=22,23,24. We note also that even only B, By enable us to label

all the points and generate B, **, Ba this shows the uniqueness of the
2-(21,5,1) design if we ignore oo, 0, 1——, but do not generate the other
blocks. When heterogeneous A, A" are added, generative power heightens
extremely.
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