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Simple graded Lie algebras of finite depth
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Introduction

In this paper we classify the infinite dimensional simple graded Lie
algebras of finite depth over an algebraically closed field K of characteris-
tic zero.

A graded Lie algebra (GLA) g=p(;BZ gr is a Lie algebra g endowed with

a gradation {gp}sez such that dim gr<co and [gp, 6] Tgp+q. It is called
simple if the underlying Lie algebra g is simple. We say a GLA g= @Z ap
=

is of finite depth if the negative part g_=@0gp is finite dimensional. Note
b

that a GLA of finite depth having at least dimension two and no proper
graded ideal is simple (see §1). Note also that a simple GLA is necessar-
ily transitive (a GLA g:g—)zgp is called transitive if for x<gq, (p=0),

[x, 3-]=0 implies x=0).
Let g= GL)Z a» be a simple GLA of finite depth. According to Cartan’s
peE
classification of the simple infinite transitive pseudogroups, or rather

according to its algebraic version, i.e., classification of the primitive
infinite Lie algebras, completed by many authors (in particular, Singer-

Sternberg [SS65], Kobayashi-Nagano |[KN66], Guillemin-Quillen-Sternberg
GQS66], Morimoto-Tanaka [MT70]), we see that the underlying Lie alge-

bra g is isomorphic to one of the following series of simple Lie algebras:
1) W(m): the Lie algebra of all the polynomial vector fields ﬁlPia/

ox; with P& K[xi,...,xm].

2) S(m): the subalgebra of W(m) consisting of the vector fields
which preserve the differential form daA...Adxn (m=2);

3) H(n): the subalgebra of W(m) consisting of vector fields which

preserve the differential form édxi/\dxnn, m=2n,
4) K(n): the subalgebra of W(m) consisting of vector fields which
preserve the differential form de—gani+ndxi (m=2n+1) up to the

multicative factors in K[xi,...,xn].
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(Thus our initial problem is reduced to determining all the possible grada-
tions of the above Lie algebras.)

It is well-known that each of them has a standard gradation, that is, a
primitive gradation uniquely determined up to isomorphism (we say a gra-
dation {gp}pez is primitive if g)ogp is maximal subalgebra of g). There also

exist other gradations defined as follows ([Kac70]): Let s=(si,...,s») be an
m-tuple of positive integers. We define the subspaces g (k€ Z) of the

Lie algebras (1)-(4) to consist of the vector fields éPﬁ/ dx; such that each

m
polynomial P; is a linear combination of monomials x1'1...x»* with Z‘ia/z-siz
1=

si+%. Then the family of subspaces {ax}ze z defines a gradation on W(m)
and S(m) for each s, and on H(n) (resp. K(»)) if and only if (si,...,5m)=
(Fiyeuy bny pt—tyeeespt—tn) (resp. (Sueee,Sm)=(t1,. ,tn, = t1yeun,t—tn, 1)) for an
(n+1)—tuple (¢, p)=(t,... ts, 1) with £=2. We will denote by W(m: s),
Sim:s), Hn:t:p), K(n:t:p) the GLAs equipped with the above grada-
tion. Note that the standard gradations are obtained by letting si=...=s$n
=1 for W(m), S(m), and ti=...=t,=1, u=2 for H(n), K(n).

Viewed geometrically, non-standard gradations on the Lie algebras
(1)-(4) might seem rather artificial, however they are closely related with
the geometry of differential systems developed by N. Tanaka. For exam-
ple, if we let s;=...=s,=1 and se+1=...=s, for some =1 (or resp. h=....
=t,=1), then we have the GLAs W(n:s)(or resp. K(n:t:p)) that
appear in higher order contact geometry (cf. [Yam82], [Yam83]). More
generally all the gradations introduced as above on the Lie algebras
(1)-(4) can be interpreted geometrically by using the notion, due to T.
Morimoto, of weighted jet bundles associated with differential systems.

Now our main theorem may be stated as follows (which was announ-

ced in [Yat89]):

THEOREM. Awny nfinite dimensional simple GLA of finite depth over
an algebraically closed field K of characteristic zero is isomorphic to one of
the following GLAs: W(n:s), Sn:s), Hn:t:p), K(n:t:p).

In [Kac70]. V.G. Kac conjectured that any simple GLA of finite
growth over an algebraically closed field of characteristic zero is isomor-
phic to one of the GLAs (1)-(4), finite dimensional simple GLAs of type
(s1,...,sn), affine Lie algebras with the gradation of type (si,...,s») and a Lie
algebra of Witt. Thus our result gives an answer to a particular case of
Kac’s conjecture.
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Now let us explain the outline of the proof of the theorem and
describe breifly the contents of this paper.
Let g= C—DZ gp be an infinite dimensional simple GLA of finite depth.
peE

Let E be the derivation of g defining the gradation (i.e., Ex=px for all x
Egp). First we shall construct a standard gradation {Gr}re z on g such
that each G, is E-stable. The existence of a primitive gradation is
assured by the Cartan’s classification. In order to construct an E-stable
one, we follow , slightly generalizing her arguement to fit in our
purpose. Then again by Cartan’s classification, we can identify gzk(-EBZGk

with a simple infinite Lie algebra of Cartan type with the standard grada-

tion. We shall then determine how the element E is expressed explicitly

in k@z G, by using the detailed structure of k(-BZ Gr and the method of root
55 S

systems, to obtain finally our result.

In Section 1, we prepare basic notions and facts needed in the sequel.
In particular, we prove some fundamental properties of reductive GLAs.
Then we construct an E-stable primitive gradation as mentioned above.

Section 2 is devoted to the proof of the main theorem.

In Section 3, from some geometric motiviation, we study the prolonga-
tion of the associated truncated GLAs to GLAs of Cartan type and finite
dimensional simple GLAs.

§ 1. Preliminaries.

This section contains some definitions and results used throughout the
paper. Throughout the entire paper the ground field K is assumed to be
an algebraically closed field of characteristic zero. Each homogeneous
component of a graded vector space considered in this paper is assumed to
be of finite dimension. We use the following notation: 3.(b) denotes the
centralizer of b in a, 3(a) denotes the center of a, Der a denotes the deriva-
tion algebra of a and Z denotes the ring of integers.

1.1. Graded Lie algebras.
A graded Lie algebra (GLA) in a graded vector space g= @Z s
pE

equipped with a Lie bracket such that [gp, gs] Cap+q. Also the family of
subspaces {gp}scz of g is called a gradation on g. Two GLAs g= (—EZ gp and
»E

q'= C—BZ g» are considered to be isomorphic if there exists an isomorphism ¢ :
pE

g—¢’ such that ¢(g,)C g». A GLA g= (—Bzgp is called transitive if for x=
e
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ap (p=0), [x,8-]1=0 implies x=0, where g-=g-)0gp, and irreducible if the
go-module g-; is so. Moreover a GLA g——'ﬁEeF)Z gp is said to be of finite depth if
dim g_<oo. In particular, if g-.#{0} and g,={0} for p<—p, then g=p§zgp
is said to be of depth . In this paper we will always assume p=1.
REMARK. Let gzg-)z ap be a GLA of finite depth such that dim g=2.

For g to be simple, it is neccesary and sufficient that g has no graded ideal.
In fact, the condition is obviously neccesary. Conversely, let a be a non-
zero ideal of g. As in the proof of Proposition 1. 6.1 in [Wei78], we set af
={xEgp: x:Eq;, i<p, with x+2x,€a}. Then a"Zp@ngﬁ is a graded ideal

of g. If a* is equal to g, then so does a. This proves our assertion.

Next let us define a truncated graded Lie algebra (truncated GLA)
and its prolongation ([Mor88]). Let #&ZU{c}. A graded vector space
g(k)= @kgp is called a truncated GLA of order % if one has a bracket oper-

p<

ation (skew-symmetric bilinear mapping) [, ]: 8o Xgq— gp+q for p, q, b
+g<Fk such that the Jacobi identity holds whenever it makes sense. A
transitive truncated GLA and a truncated GLA of finite depth are defined
as in the case of GLAs. Note that a truncated GLA of order oo is just a
GLA. If gzp@ng is a GLA, then for each integer k, Trun(g):= g—)kgp

becomes a truncated GLA of order k with respect to the induced bracket

operation, which is called the associated truncated GLA of order % to the

GLA g= C—Bzgp. Let g(k)———p@kgp(kZ-ﬂ) be a transitive truncated GLA of
pE <

finite depth. Then there exists, uniquely up to isomorphism, a transitive
GLA Prola(®) of finite depth satisfying the following conditions ([Tan70]):

(i) Truns(Prol g(k))=g(k).

(ii) If B is a transitive GLA and if there exists an isomorphism ¢ of
Trun «(§) onto g(k), then there exists a monomorphism ¢ of § into Prol
a(£) such that ¢|Trun.(H)=¢.

We call the transitive GLA Prol g(k) the prolongation of g(k). We
say also that a transitive GLA g=p€€|-)z gp of finite depth is the prolongation

of Trunx(g) if g=Prol Trunt(a). Note that g can be always identified with
a graded subalgebra of Prol Truns(g). Finally let E be an element of a
Lie algebra Dero(g) of all the derivations preserving the gradation of a
GLA g=p@zgp such that [E, x]=px for all x=g,. We call this element £

the defining element of a GLA g= %)Z ap.
b
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1. 2. Gradations of finite dimensional simple Lie algebras.

Let g= (—BZ g» be a finite dimensional simple GLA. Then its defining
pE

element E is contained in go. Let § be a Cartan subalgebra of go. Let A
be a root system of (g, §). We will usually denote by e. the root vector
corresponding to a root ¢€A. Given a b-stable subspace a of g, we set
Ala)={aEA: e.Sa}. In particular we set Ap=A(gp) and 3=Up=0A,.
Since A=XU(—32), there are a simple root system I={a,...,a;} of(g, §)
and an Z-tuple of non-negative integers (si,...,s;) such that A ,=
{e=Zka:€A: Zisiki=p} (cf.[Bou75]). The ¢-tuple (s1,...,52) of non-
negative integers is determined only by the gradation of gzg—)z gp up to the

ordering of (ai,...,as). In what follows, we assume that the ordering of
(ai,...,@) is as in the table of [Bou68]. Moreover we assume that Sio > Suio)
for all the automorphisms g of the Dynkin diagram such that SiF Su(s for
some 7, where jo=min {7: s;¥sws}. Then the above gradation of g=p(;9zgp

is called the gradation of type (si,...,s;). Furthermore for k>0, a finite
dimensional simple GLA 9= p@ZQP is called of general type of order % if g-

=g-% and of contact type of order %, if g-=g_2.®g-» and dim g-2.=1.
The classification of finite dimensional simple GLAs of general type or of
contact type can be easily done by using the Dynkin diagram. Here we
remark that g0 is reductive in g and g, is contragredient to g-» as a
go-module.

Now we state a few properties of reductive GLAs, which we will use
later on.

LEMMA 1.  Let Iz@z lp be a finite dimensional reductive GLA of
=
depth p=1, and u= @Z up be a graded subalgebra of |.
pE

(1) Let n be a nilpotent subalgebra of | with nNu={0} and [u,n] Cn.
If uis reductive and v contains a Cartan subalgebra of |, then theve exists
a nilpotent subalgebra n. of | such that n.+u+n is a direct sum, [u,n,] C
ny and n. 1S contragredient to v as a u-module.

(2) Let er@Z tp be the radical of u. Suppose that Trun.(0)= Truns(u)

(k>—1) and w contains a Cartan subalgebra of . Then t»={0} for p=>
—k, p*0, and to=3(1).

(3)  Suppose that (-=u_ and u is reductive. Then [, {]=[u, u].

Proor. (1) Let 8=[{, (]; then & is graded, which we write 8= @ 3,.

pEZ
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Let § be a Cartan subalgebra of [ contained in uo; then h=(HN8)®3(!) and
HN& is a Cartan subalgebra of 8. Let A be a root system of (3,8NB).
Since n is nilpotent, it follows that —a€A(n) if e€A(n). Let ¢ be an
automorphism of 8 such that o(e.)=e-o and o(k)=—h for hEhNs. If we
put 0(z)=—2z for z€3(!), then we can extend ¢ an automorphism on [
Then we may put o(n)=n..

(2) If a€A(xy) for p=—Fk, then —aEA(r-p) because r is the ideal of
u and Truns({)=Trun(u), so v contains a three dimensional simple subal-
gebra of {, which is a contradiction. Thus we have 1 CbH and t»={0} for p
>—Fk, p=+0. If there exists a non-zero element ZE1, such that a(h)=*+0 for
some @€ A, then we can similarly reach a contradiction. Hence vo=3(0).

(3) Since u and [ are reductive, we see that dim [-,=dim [, and dim
up,=dim u-, for p#0. Further since up={, for p<0, we have [, (]=[u, u].
O

1.3. Graded Lie algebras of Cartan type.

In this subsection we describe Lie algebras of Cartan type and their
gradations.

Let A(m) denote the monoid (under addition) of all m-tuples of non-
negative integers. For 1<i<wm let &; denote the m-tuple (8a,...,8in). For

a, BE A(m) define <Z>=<2)<Z:) and a!=Ila!. For t=(t,...,tn) an

m
m-tuple of positive integers and < A(m) we set ||a||t=z,ltia'i. Also for

sP=(s{"....s) an m-tuple of positive integers (i1=1,...,n) we denote by
n

(sV,...,8™) the Zlmz--tuple (siV,... s .. siM . si). Further we write 1a
=

(or 1 if no confusion arises) for them-tuple (1,...,1), and for a positive inte-
ger k£ we denote the m-tuple (k,...,k) by k1. Let A(m)=Kl[x1,....xn]. For

a €A(m) define x'“=(IIx%)/a!. Then x‘“)x‘ﬁ’=<azﬂ>x‘“”). For any

m-tuple s of positive integers we define a gradation of %(m) by U(m : 8)p,=

(Nax' |als=p}. Let D; denote the i-th partial derivative defined by
Dix=x"“"%) for ac A(m),

where we put x*=0 if SEA(m).

Let W(m)=Der A(m)={Du:D:: u.SA(m)}. The Lie algebra W(m)
is called the general algebra. For s=(s,...,,sn) an m-tuple of positive

integers W(m) has a gradation {W(m: 8)s}pecz, where W(m: s)pzé%
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(m: 8)p+s,De. We will denote by W(m: s) the GLA W(m) equipped with
this gradation.
We now consider the following three differential forms:

Ws=dxiN\...\Xm, m=2,

n
a)H=Z‘idxi/\dxir for m=2n, n=>1,

n
G)K:dXZn+1_lei’dxi for m=2n+1, n=1,

i+nfor 1</<n

where :{i—n for n<i<2x.

Define subalgebras S(m), CS(m), H(n), CH(n), K(n)C W(m) by

S(m) ={DeW(m): Dws=0},
CS(m)={De W(m): DwsEKws)},
H(n) ={DeW(m): Dwyz=0},
CH(n)={DE W(m): Dws<E Kwy),
K(n) ={DeW(m): DoxEA(m)wk),

(Here the action of D on the differential forms is defined through Lie
derivative.) The Lie algebras S(m), H(n), K(n) are called the special
algebra, the Hamiltonian algebra and the contact algebra respectively.
Also for X=W, S, CS, H, CH, K, the Lie algebra X(n) is called a Lie
algebra of Cartan type. Then we can easily prove the following asser-
tions ([Kac70, § 2]).

PROPOSITION 2.  Let $=(si....,5m) be an m-tuple of positive integers.
Then

(1) S(m) and CS(m) are graded subalgebras of W (m: s).

(2) H(n) and CH(n) (m=2n) are graded subalgebras of W (m: s) if
and only if sit+sy=s;+s;.

(3) K(n)(m=2n+1) is a graded subalgebra of W(m: 8) if and only
if sitsr=Sm+1 for i=1,...,n.

From this proposition we can define the gradations on S(m), CS(m),
H(n), CH(n), K(n) induced by W(m: s) as follows. For X=S or CS,
and s=(si,...,S») an m-tuple of positive integers, we set X(m: 8)p=
W(m: 8)pNX(m). Further for X=H, CH, K, t=(b,...,t.) an n-tuple of
positive integers, and positive integer ©#>2 such that #<py, we set X(n:
t: o= W(m: 8), N X(n), where s=(¢t, 1—t) for X=H, CH and s=
(t, 11—¢, 1) for X=K. Then we can define a gradation on S(m), CS(m),
H(n), CH(n), K(n) by {S(m: 8)s}pez, {CS(m: 8)p}pez, {(H(n: t: 1p))pez,
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(CH(n: t: i)p}pez, {K(n: t: wolrez respectively. The Lie algebras
S(m), CS(m), H(n), CH(n) and K(n) equipped with this gradation will
be denoted by S(m: 8), CS(m: s), Hn: t: ), CH(n: t: p), K(n: t
) respectively, which are called GLAs of Cartan type. In particular, if s
=1 for X=W, S, CS, and if t=1 and ¢=2 for X=H, CH, K, then the
above gradation is called the standard gradation. Here we remark the
following fact: For X=W, S, CS (resp. X=H, CH, K), s= (si,...,Sn)
(resp. 8=(t1,...,tn, t— t,...,st—ta)) coincides with §'=(si,...sm) (resp. s=
(H,otn =ty —1n)) as a set if and only if X(m: s) (resp.
X(n: t': ) is isomorphic to X(m: s) (resp. X(n: t': 1)) as a GLA.
In what follows, we will assume that s1<...<s» for X=W, S, CS, and &
<...<t, and t:<[p/2] for X=H, CH, K. Moreover we remark that for
X=W, S, CS (resp. X=H, CH, K), X(m: s)-(resp. X(n: t: p)-) is
generated by X(m: 8)-1 (resp. X(n: t: p)-1) if and only if si=1 (resp. &
=1).

To simplify the caluculation on K(n), we will use another characteri-
zation of K(n). We deﬁne a linear mapping Dx: AQ2n+1)— W(2n+1)

by means of Dx(f)= glij,-, where fi=—D:f 1<j<n), f;=Duof +x;Dons1f

(n+1<;<2n) and f2n+1:f_§nlxi' D»f. For f, g€A@2n+1) we put [/, ¢]

= fDons1(g) — gDons1(f)+Dx(f)g. Then we have [D«(f), Dx(9)]=[f, g]. In
particular,

[x@ x®]= ﬁ:{(“+5—5i_ 51”)_(“"'3_ 5i—5i’>}x(a+p—ei—e,-r)

a—E¢&; B—¢:

+{(|B| )<a+,8 €2n+1) (lal— 1)<a+,8 62n+1>}x(¢,+ﬁ_€2n+1)’

2n
where |a//= 3 @. Then the mapping Dx is an isomorphism of A(2z+1)

i=n+1
onto K(»), so the bracket [ , ] induces the Lie algebra structure on
A2n+1). In what follows we identify A(2xn+1) with K(n). We have
Kn: t: wp={x?: |als=n+p} for t=(h,...tn) an n-tuple of positive
integers and a positive integer ¢>2 such that #<...<f, and t:<[p/2],
where s=(¢t, p1—t, u).

Now we state the structures of W(m: 1), S(m: 1), CS(m: 1),
H(n:1:2), CHn:1:2) and K(%: 1: 2), which is investigated by many
authors (e. g., [KN65], [MT70], {Kac68]). Here we describe these results
according to [Kac68].

THEOREM 3. ([Kac68, Proposition 19]) Let g= p@ gp be ome of
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Wn:1) (n=2), Sn:1), CS(n: 1), Hn:1:2), CH(n:1:2), K(n: 1:
2). Then go=00P3(g0), where go is the semisimple part of go; the subspace
9'29—@96@1@) ap is an ideal of codimension omne of g= CS(n: 1)

(resp. CH(n: 1: 2)), isomorphic to S(n: 1) (resp. H(n: 1: 2)). The Lie
algebras W(n: 1), S(n: 1), Hn: 1: 2) and K(n: 1: 2) are simple ; their
structurves are given by the following table :

Cartan type 80 go-module g dim 3(go)
W(%Z 1) An—l Tk(%)@Sk(%) 1
S(n:1) An Tw(n) 0

Hn:1:2) Cn P.(n) 0

Kn:1:2) Cn P.(n)®...BPu(n) (k=even) 1

Pi(n)®...®Pu(n) (k=0dd)

In the table, Tx(#) and Sk«(%) are irreducible representations of A-1 with
the following highest weight :

1 k+1 k
Tw(n) O——0-—----0——0 Si(n) O——0--——--0 o)

and P.(») is an irreducible representation of Cx:
k+2
P.(n) O—O-————- 00
In particular, the canonical sequence (go, b, IT, (ea)acn, F1) of g= 692 a»
e

(where b is a Cartan subalgebra of g, I is a simple root system of (g, b)
and F, is the highest weight vector of the go-module g-1 with respect to (8o,
b, IT)) is described as follows:

Case 1. g=W(mn:1)
b= K(x:Dy), ea=—xinDi, Fa=Dy
Case 2. g=S(n:1)
b= K(x.Di—xeDint), €a,=—%inDiy Fa=D;
Case 3. ¢=CS(n:1)
b= K(x:Dy), ea=—xenDi, Fa=Dy
Case 4. g=H(n:1:2)
b= K(xDi—xeDy), e, =—xinDit+z Drn(1<i<n—1)
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€a,= —X2nDan, Fa=Di.
Case 5. g=CH(n:1:2)

n 2n
E):EK(xz'Di_xi'Di') @K(E?QDZ),
eal-:‘xi+1Di+xi’Di’+l(1£Z.Sn_l), éan:‘—MnDzn, Fi=D:.
Case 6. g=K(n:1:2)

n
E):Z‘.IK(xixz-f), €a;=Xi+1Xi, (léién), ean=—1/2x§n, Fi=xn41.
1=

1. 4. Filtered Lie algebras.

Let L be a Lie algebra and t be a finite dimensional Lie algebra.
Assume that the L has a t-module structure and any element of t acts on
L as a derivation. A decreasing sequence {L*},cz of t-stable subspaces of
L is called a t-filtration (simply a filtration if t={0}) on L if [L?, L¢]C
LP*? and dim L?/L**'<co. The Lie algebra L with this t-filtration is
called a t-fitered Lie algebra (FLA), which we write (L, {L?},cz). Given a
t-filtration {L*},ez on L, clearlyNL? is a t-stable ideal of L . the t-
filtration is called separated if NL?={0}, weakly transitive if L**'={x&
LP: [x, LPJCLP*** for all a<0} (p=0), transitive if L is weakly transi-
tive and separated, and of finite depth if L=L"* for some x¢>0. Let (L,
{L"}pez) and (L', {L""}cz) be two t-FLAs; a homomorphism /: L— L’
is called a t-homomorphism of t-FLAs if #(L?)CL’® and % is a t-module
homomorphism.

Let (L,{L"}pez) be a t-FLA. Then there exists a unique uniform
topology on L which is compatible with the Lie algebra structure and for
which the {L?},czconstitute a fundamental system of neighborhoods of
zero of L. (L,{L?}sez) is called complete if L is separated and L is com-

A
plete with respect to the uniform topology. If we set [A,Zm L/L* and L*

=lim L?/L* then (ﬁ, {lA,p}pez) is a complete t-FLA called the completion
of (L,{L"}scz) and there is a canonical t-homomorphism of (L, {L?}pez)

onto ( ]: { LAP}pe z) having as its kernel the closure N L? of {0} in L.

REMARK. Let g= GBZ gr be a transitive GLA of finite depth. We set
=
L?=@ge. Then (g,{L"}sez) is a transitive FLA of finite depth and its
k=p
completion is identified with (I1gs, {kl;_[pgk}pez). If g=W(n: t), Sn: t),

CS(n:t), Hn: ¢: p), CHn: t: p) or K(n: t: u), then any choice of
t and y gives the same topology.
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Let (L,{L*}pez) be a t-FLA of finite depth. Let gr(L)= @Zgr(L)p be
P

its associated GLA, where gr(L),=L"/L*** and the bracket operation of
gr(L) is defined in the obvious manner. Further the graded t-module
structure on g»(L) is naturally defined. Note that ¢gr(L) is transitive if

and only if L is weakly transitive. Let (I, {l/\fb}pez) be the completion of

(L,{L*}pez). Then the canonical homomorphism gr(L)——»gr(LA) is an
isomorphism both as a GLA and as a t-module.

1.5. Construction of filtered Lie algebras.

Let L be a Lie algebra and t be a finite dimensional subalgebra of Der
(L). Suppose that there is a maximal t-stable subalgebra L° of L of finite
codimension. Then the adjoint action of L on itself induces a representa-
tion of L° on L/L’. Let LDL DL be such that L~!/L° is an irreducible
(L’ t)-submodule of L/L° (that is,it has no proper subspace which are
both L° and t-stable). Following Weisfeiler [Wei69] and Morimoto-
Tanaka [MT70], we define a t-filtration of L by Li'=[L, L-']+L’ for ;
<0and L*'={x&L’: [x, L']CL%} for i>0. Then the t-FLA (L, {L"},c2)
is a weakly transitive t-FLA of finite depth. We call this a t-FLA corre-
sponding to the maximal t-stable subalgebra L°. Let gr(L)szei—)Z gr(L), be

the associated GLA. Then gr(L) is a transitive GLA such that gr(L)- is
generated by gr(L)-1 and (g7 (L), t)-irreducible.
The following propoition deals with a somewhat more general case

than that considered in [KN65] and [MT70].

PROPOSITION 4.  Let (L,{L?}pez) be as above. Suppose that L is
infinite dimensional and transitive. Then :
(a) gr(L)z(-BZgr(L)p is isomorphic to one of W(n:1), Sn: 1), CS
=

(n:1), Hn:1:2), CHn:1:2), K(n:1: 2).
(b) If there exists an element E of gr(L)e such that all the
eigenvalues of ad E are megative integers, then gr(L)=p(e-BZ gr(L)y is isomor-

phic to one of W(n:1), CS(n: 1), CH(n:1:2), K(n: 1: 2).

ProOF. (a) By assumption, we get a homomorphism t—Dero(gr(L)-);
we denote by t its image. We set gr (L)'= @gr (L), where gr(L)i=
)/

g7(L)p for p#0 and gr(L)s=gr(L)o+t (here we consider gr(L), as a
subalgebra of Dero(g#(L)-)). Then gr(L)’=p(€9Z gr(L)} is an infinite dimen-

sional irreducible transitive GLA of finite depth such that gr(L)_ is gener-
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ated by g7r(L)-.. Then, by [KN65] and [MT70], the [gr(L)-,, gr(L)]-
module g»(L)-: is irreducible, so the g»(L)s-module g»(L)-; is irreducible.
Now suppose that gr(L)=p§—)Z gr(L)s is of depth two and [g7(L)_s, g7 ()]

={0}. By the similar arguement to the proof of Lemma 4.1 in [MT70],
we can prove that there exists a one dimensional subspace U of L such
that L=U®@L™, [UPL’, L'|CUPL® and t. UCUPL’. Then we have
[UDL’, UBLICUPL® and t (UDL)CUBDL®, which contradicts the
maximality of L°. Thus by and [MT70], g»(L) is isomorphic to
one of W(n:1), S(n:1), CS(n:1), Hn:1:2), CHmn:1:2), Kn:1:
2).

(b) We have only to prove that gr(L), has the defining element e of
gr(L)= ,,@ gr(L)s. To do this, it is sufficient to prove that EEK*e

+gr(L) in case gr(L)=W(n:1), CS(n:1), CH(n:1:2), K(n:1: 2),
where gr(L), is the semisimple part of g»(L),. We can deduce this from
the following assertion: Let E be an element of al(n: K) (resp. c8p(# :
K)) such that all the eigenvalues of E are negative integers. Then EE
K*id+38l(n: K)(resp. K*id+3%p(n: K)). Indeed, we have E=(E—(1/
n)tr E)id+1/n)tr E)id, E—(/n)tr E)id<8l(n: K)(resp. 8p(n: K)
and t» E<0. This proves (b). O

1.6. Construction of a gradation on a filtered Lie algebra.

The following proposition gives some sufficient condition for the com-
pletion of a transitive t-FLA of finite depth to be isomorphic to the com-
pletion of the associated GLA both as a Lie algebra and as a t-module.

PROPOSITION 5.  Let (L,{L*}pez) be a transitive t-FLA of finite
depth. We write = @Z lo=gr(L). Suppose that t is commutative and the
=

t-module L is completely reducible. Moreover suppose that v contains the
defining element ¢ of (= @ ,. Let (IA4, {[/\,p}pez> be the completion of
peZ

(L,{L*}pez). Then there are t-stable subspaces {Gp}pez of L such that L
=Go® [ 2+t and [Gp, Gl Gpra. In particular, IA,ZHGpZng(L)p.

PrROOF. The proof can be done by an analogical method of [But67],
so we will state only an outline. If we choose {G¥}sec z such that L?=
GHDLP*" and t.G3C G}, then we can identify [, with G5 and decompose the
bracket y of L as y=2207” with 7.€Hom(A%, (),, where Hom(A%, {),=
{wEHom(AY, 1) : w(lpAlg)Clpiqre}. We define t-stable subspaces {GErso
of L? such that LP=GPBL**' inductively as follows: Gi={v—(1/
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E)y¥ Ve, v): vEGE'}, where 7§V is the Hom (A%(-, [),-component of the
decomposition of y according to the identification via {G5™"}pez. Then [e,
v]=pv (mod LP***') for all vEGE We define {G,} as the limit of the
sequence {G#}e=o in IA, By construction, we have ﬁP:GP@[A}H, t. GpC Gy

and [e, v]=pv for vEG,. From this fact, we can easily prove that [Go,
G¢]C Gpsq. This proves our assertion. O

REMARK. Proposition 5 was obtained by T.Morimoto [Mor88] in
case t={0}. Moreover, if (L, {L?}rez) is of depth one, it is known by

Kobayashi-Nagano [KN66].
§ 2. Main theorem.
We now are ready to obtain our main theorems.
THEOREM 6. Let g=p(e-DZ ap be an infinite dimensional GLA of finite

depth satisfying the following conditions :
(G. 1) a0 contains the defining element E of g= @ng.
e

(G. 2) Every nonzero ideal of g contains g-.

Let t be a commutative subalgebra of Den(g) such that the t-module g
is completely reducible and that E<t. Further let L° be a maximal t-
stable subalgebra of g containing p@ogp, and (g, {L*}pc z) be a t-FLA corre-

sponding to the maximal subalgebra L° of g. Then there exist t-stable
subspaces {Gp}pezof L such that L*=Gy®L?"" and [Gp, Ge]C Gp+q, whence
g=p§r)Zszgr(L).

Proor. We put LP= ggk. By (G.2), (g, {L?}pez) is a transitive t-

FLA. Then we can easily prove that two t-filtrations {L?}sez and {L?}pez

give the same topology, so that the completion of (g, {L"}sez) is identified

with (ng,{]_;[kgk}pez). Moreover, by separatedness, we have dim gr(L)
4

=oco, Therefore by [Proposition 4, gr(L) must be isomorphic to one of
Wn:1), CS(n:1), CH(n:1:2), K(n: 1: 2). Thus the t-FLA (g,
{L*},cz) satisfies the assumptions of Proposition 5. Hence there exist t-

stable subspaces {Gp}pez of L such that L? =Go®fr+! and [Gp, Ge]C Gp+q,

where L? is the closure of L? in II gp. Therefore it is sufficient to prove
that G,Cg. Let x=2p2pxpE Gp, Where xpEgp. Suppose that Card {pe

Z: xp#+0)=00. We define the sequence {x'*} of G, inductively as fol-

lows: x¥=x and x*®=(adE)x* P—(po+,—1)x*P. Then X [ poratt,
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AN
On the other hand, there is an integer ¢ such that L**'DL’; then for a
A
sufficient large integer %, we have x*&L*, which contradicts the fact that
Gpﬂﬁp={0}. Hence G,Cg. O

REMARK 1. Let g= GI—)Z gp be an infinite dimensional GLA of finite
=

depth and t be as in [Theorem 6. Then the condition (G.2) is equivalent
to each of the following conditions :

(G.2) Every nonzero t-stable ideal of g contains g-.

(G.2)"” There exists a maximal t-stable subalgebra L° of g of finite
codimension such that L° contains no t-stable ideal of g.

(G.2)” Every nonzero ideal of g contains §: =g @®p+olss, 9-5]Pas,
where g+ =@>00p.

Indeed, suppose that (G.2)" holds. We can easily prove that g=p§-)z ap

is transitive, so we may regard Dero(g) as a subalgebra of Dero(g-). We
set g'= @Z 8h, wWhere g§=go+t and gh=g, for p+0 (here we regard g and t
e

as subalgebras of the prolongation of g-). Then g‘= G-DZ ap is a GLA satis-
=

fying (G.1) and (G.2). By [Theorem 6, g* is isomorphic to one of W(#),
CS(n), CH(n), K(n). Then the graded ideal § of g is simple, and hence §
=g or g*=g. This proves that (G.2)" implies (G.2)”. It follows from the
proof of Theorem 7 that (G.2) implies (G.2)”. Clearly (G.2)” implies
(G.2), and (G.2) implies (G.2). Finally let us show that (G.2)” implies
(G.2)”. Let {L?}pezbe the t-filtration on g corresponding to the maximal
t-stable subalgebra L° of g. Now let a be an ideal of g and {a’}c z be a
filtration on a induced by that on g. Note that the condition (G.2) is
equivalent to the condition “every nonzero graded ideal of g contains g_”
(see [Wei78]). Thus, since we have already shown that (G.2) implies (G.

2)”, we may assume that a is graded. We write a= (—BZ ap. On the other
peE

hand, by Proposition 4, g»(L)= GL)Z gr(L), is isomorphic to a certain GLA
e

of Cartan type with the standard gradation. Thus g»(a)={0} or gr(a)=
[gr(L), gr(L)]. If gr(a)={0}, then aNL?=aN L**! for all p=Z, so aC N
L?={0}. Thus a={0}. Next we suppose gr(L)=[gr(L), gr(L)]. Since
gr(L)p=gr(a), and gr(a)e=[gr(L)s, gv(L)s], we have LP=a’+L**' (p=0)
and [L° L°]+L'=a"+L'. Moreover we can find a graded subspace Z of
L° such that L'=Z® ([L°, L°]+ L") and Z+L'/L'=3(gr(L)). Then if we
set L5=L?Nge and ab=a’Ngs, then we have L%=a%+ L% for £+0 and L%=
(a3+L3)DZ, which implies gr=2pezab for £+0 and go=3pezalPZ.
Hence § Ca. This proves our assertion.
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From [Theorem 6, we have

THEOREM 7. Let g= EEDZ ap be an infinite dimensional GLA of finite
b

depth satisfying the conditions (G.1) and (G.2) in Theorem 6. Then
g= (—Bzgp is isomorphic to one of W(n: t), CS(n: t), CH(n: t: p), K(n:
e

t: p).

Proor. By [Theorem 6, g is isomorphic to one of W(xn), CS(n),
CH(n), K(n) (as a Lie algebra) and g has a standard gradation {Gs}sez
such that [E, G»]CGs. By construction, we have @p«0GpCa-. We set
9s(q)=g»N Gq ; then gnggp(q). We first show that £€g0(0). Since go(0)

is reductive in Go and since the Go-module G is completely reducible, the

go(0)-module g- is completely reducible. Furthermore we can easily prove

that n:=6>9ogo(q) is the largest nilpotency ideal for the go-module g- (cf.
q

[Bou60, § 4,n°3]). Therefore the radical of go is 3(go(0))®Pn. Now we can
decompose the element E of go as follows: E=FE,+E;, E1€3(a(0)), E:En.
Then since [E, Ei]=0, we know that ad(E— E1)|g- is semisimple. On the
other hand, since ad E:|g_ is nilpotent, we have ad(E—E))|lg-=0. By tran-
sitivity, we have E=Ei, so E€q)(0). Moreover let e be the defining ele-
ment of g=p€ei-)zgp; then e<qo(0) because [e, E]=0. If g isomorphic to

W (1), then g= G—)ng is clearly isomorphic to W(1: £1) (£>0). Hence we
PE

may assume that #>2 in case g is isomorphic to W(x). Let § be a Cartan
subalgebra of go(0). Let us examine the structure of the GLA Go= (—BZ a»(0).
pE

This GLA is a reductive GLA whose center is one dimensional (Theoreml
3) and contained in g0(0). Then b is a Cartan subalgebra of G,. More-
over there are a simple root system II={a,...,2:} of (Go,H) and s=(s,...,
s))EA(Y) such that Ap={e=2Zka:EA: Js:k:=p} (cf.1.2). We suppose
that G_1=p@g-p(—1) and g-s,(—1)#{0}. Then we can easily prove that

the highest weight of the go(0)-module g-s;(—1) is that of the Go-module
G-1, which we write —a. Here we remark the following fact: let
[(i):p@ (§’(=1, 2) be GLAs isomorphic to a certain GLA of Cartan type

with the standard gradation, and let us consider the sequence (§”, 6, TT,

(ei)aen” F$M) (cf.1.3). Then there is an isomorphism ¢ of [ onto (@
as a GLA which transform 5 into 5@, II® into IT?, e into e@(where ¢

is a contragredient mapping of ¢[6), and F§ into F¥ (cf.[Kac68]). By
identifying the GLA g=p(€-DZ G, with a certain GLA of Cartan type with the
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standard gradation, we may regard the sequence (Go, Y, I1, (€a)ecm, F4) an

the sequence defined in 1.3. Moreover {a, a,...,a:} is a basis of H*. We

denote by {n,...,m’} the dual basis of {@;}. We first assume that g= ® G,
PEZ

£+1

=W(n:1). Then n=¢+1 and 7rkv=i§+lxiDi (k=0,....,£). Thus we have
£+1 k-1

¢ ¢ ? k-1
E=§)simv=2 N siijj=§l(Z_.:)si)kak. We set tk=§)s,—(1£k££+1);

i=0j=k+1
i+1

¢
then E= 2 texzDyr. Further we have [E, x*'D ]=§tk[kak, 2P D,]=

Z‘,tk(xkx“g D), — x B yleren )_ (tk,Bk—tp)x‘ﬂ)Dp (UBl:= t,)x® D,.
Hence g——pC;Bng is isomorphic to W(n. t). Similarly in case gzg)Zsz
CS(n: 1), we can prove that g=p@zgp is isomorphic to CS(%: t). Second-
ly we assume that g= p(E-BZ Gp=CH(n:1:2); Then n=¢ and .=

M-~

i s
(xeDr+ %1 Dy)+2 Z‘, xwDw (0£i<¢—1) and m¥= 2 XwDw. Thus E=

k

I

i+l

MN

i 0

]

2{(23}:)9‘71) +(23k+223k+34)x1D} We set t:= iZ‘.;lsk(ISisﬂ)

and u=2§osk+34. Then [E, x“Dp]=(|al|.—t)x' Dy, where u=(¢t, 11
—1), so g=ﬁ(E-Bng is isomorphic to CH(n: t: p). Finally we assume that

i ¢
g= Ei-)ZGp=K(n: 1: 2). Then n=¢ and 7Tiv:—(1/2)6ié’kzlxkxk’"—k2+Ikak’
e = =i

) ’ i—1 -1
+x20+1. Thus E:23i7fz'v:—2(30+ ZISk)xjxj’+(§123k+St’)x2é+1- We set ¢;

k_ s (1<i<¥¢) and p= 225k+3[ Then [E, x“]=(lall.— #)x'*, where u
=(t, u1—t, 1), so g= EBng is isomorphic to K(n: t: p). O
=

REMARK 2. Let g=€-)z g» be a finite dimensional GLA of depth p
e

satisfying (G.1), (G.2) and the condition “g,#{0} for some ¢=1". Then

g is simple. In fact, suppose that there exists a nonzero commutative

ideal a= @Zap of g. By (G.2), we have g-Ca, so [ap, g-]={0} for p=0.
=

By virtue of transitivity, we have a,={0} for p=0, and hence g-=a. This
being so, since 3,(8-)=g_,, we have ga-,=g-=aqa; thus [q, g/]Ca,—n=1{0},
which is a contradiction. Hence g is semisimple. Let g=a'@a* where o'
is a non-zero simple ideal of g and a’® is a semisimple ideal of g. Then by
(G.2), we have a'Dg_. Therefore a®*={0}. This proves our assertion.
Actually the condition (G.1) is unnessary.
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COROLLARY. Let g= G—DZ 8p be an infinite dimensional GLA of finite
e
depth satisfying (G. 2). Then g= @Z 8p 1S isomorphic to one of W(n: t), S
e

(n:t), CS(n: ¢t), Hn: t: p), CHn: t: p), K(n: t: p). In particular,
if g is simple, then it is isomorphic to one of W(n: t), Sn: t), H(n: t-
©), K(n: t: p). Furthermore if g is simple and satisfies (G.1), then it is
isomorphic to W(n: t) or K(n: t: p).

PrROOF. Let E be the defining element of g= p(E-BZ gr. We set gf=qo
+KE and gi=g, (p#0). Then g°:=pCe49Zg2 is a GLA satisfying (G.1) and
(G.2). By Theorem 7, 90:1)@292 is isomorphic to one of W(n: t),

CS(n:t), CHn: t: p), K(n: t: p). If gc=g-)zg2 is isomorphic to
Wn: t) or K(n: t: p), then g°=q. If gCZPEEDZgZ is isomorphic to CS(#:

t) and g#g°, then g is isomorphic to S(») because g is a nontrivial ideal
of ¢°. Hence g= @ng is isomorphic to S(u: ¢). Similarly in case
pE

gc= @Zg?) is isomorphic to CH(n: t: p) and g°#g. we can prove that
=

g= @Z gp is isomorphic to H(w: t: p). This proves the first assertion.
=

For the remaining statements, it is obvious. O

§3. The prolongation of the associated truncated GLAs to GLAs
of Cartan type and finite dimensional simple GLAs.

3.1. Let g= @Z gr be a GLA of finite depth isomorphic to either a
=

certain GLA of Cartan type or a finite dimensional simple GLA. In this
section, we will give necessary and sufficient conditions so that g= @Z ap 1S
peE

the prolongation of Trun.(g) (k=—1). We first prove the following lemma
to be used later on.

LEMMA 8. Let g=pC—Bng be a simple GLA of finite depth and ¢ = @Z?p
= e
be the prolongation of Truni(g) (k=>—1). Then:
(1) ¢:=0%,® (%, ¥ is simple.
p¥0 p+0

(2) If QZC—Bng satisfies (G. 1), then ?=D@Z?'p is isomorphic to either
e S

Wn:t), Kn: t: p) or a finite dimensional simple GLA.
(3) If k=0, then ?szEBZ?p is simple.

PrROOF. If dim¥<oo, we can easily prove that g=%. Therefore we
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N N
suppose that dim ¢ =oco. Since ¥= @Zg ,» satisfies (G.2), it is isomorphic
pe

AN
to a certain GLA of Cartan type to Theorem 7). Since ¢ is a

nonzero ideal of ¢, we know that 7 is isomorphic to one of W(n), S(#n),
H(n), K(n), so 7 is simple. This proves (1). The assertion (2) follows

immediately from to Theorem 7. If £=0, then G=9, 50 ¥ is
simple. This proves (3). O

3.2. Let g= @Z g, be a GLA of finite depth satisfying (G.1) and
pe

(G.2). It follows from that g has a standard gradation {Gs}rez
with [E, G»]C G, and p@oGPCg_' We set ago(q)=0,NGe. Let e be its

defining element and § be a Cartan subalgebra of ao(0). Then by the proof
of Theorem 7 we have e, E€gl(0). Let &€= (—BZ ¢ » be the prolongation of
e

Trunk(g) (A=—1). Clearly ?ZDCE%BZ%;; satisfies (G.1) and (G.2), so it is

isomorphic to one of GLAs of Cartan type satisfying (G.1). Then we
have

LEMMA 9.  There exists a standard gradation {Kp}pez on € such that
(6, K»] T Kp, @OKPC a- and ¢'E3(30(0)), where e' is the defining element
p

Of ¢ = 6’) Kp.
r=Z

ProOOF. If k=0, the assertion follows from the proof of Theorem 7.
Therefore we suppose that k=-—1. Since Zo=Dero(g-), there exists a
reductive subalgebra m of €, such that the m-module g- is completely
reducible, that g(0)C m and that Zo=mn, where n is the largest
nilpotency ideal for the % o-module g- (cf. [Bou75, Ch. VII, § 5. Proposition
7 and Exercise 4]). Let § be a Cartan subalgebra of m containing §. It
follows from that ¢ has a standard gradation {Kp}rez such
that [¢’, K»]CKp and 1)6:)0 K,Cg-. Let e" be its defining element. We put

% (q)=%»NK, Then E, '€ Zo(0) (cf. the proof of Theorem 7). Here
we remark that n= @Ogo(q). Let e'=el+e), where e’Ej(m), e En.
q

Then 0=[e", Z0)]=[el, Zo(0)]+[e¥, € o(0)]. Since [e¥, ¥ o(0)]C < 4 (0)
and [e, ¢ 0(0)] Cn, we have [er, Z o(0)]={0}, so [er, e']=0. Since ad
(ef —e")la- is semisimple and since ad e7|a- is nilpotent, we have e'=e’'E
s(m), and hence [e”, 3(0)]={0}. Thus gs(0)C (0). Since [b, ¢']={0} and
¢ _=q_, we have [e",ap(q)]Cas(q) for p<0, so [e¥, G)]CGp for p<0.
Since [e", 0(0)]={0}, we can easily prove that there exists an element % of
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3(30(0)) such that ad #|G-=ad e¢'|G-, where G_.=®G,. It follows from

»<0

transitivity of g= E}-)ZGp that ad e"|g-=ad k|g-. Hence by transitivity of &=
pe

@Z?p, we have e"=h<3(g0(0)). O

peE

REMARK 1. We may assume that @G,CDK,. In fact, g has a

p<0 <0

standard gradation {G”»}s<z such that [h, G"»]©G"» and D G”»D @()Kpﬂg
>

=0

(Theorem 6). Further g= @Z Gy is isomorphic to g= @ G”» as a GLA and
e 4

SV
e¢'€3(G"9oNgo). Hence we may replace gzg-)ZGp by g=p€EBZG”p.
3.3. Let g= (—Bzgp be a GLA of Cartan type of depth x, E be the
pE
defining element of g= @z gp and &= EBZ ¢ p» be the prolongation of Trunx(g)
pE pE

(k=-1). By and Remark 1, there is a standard gradation

{Gp}pez (resp. {Kp}pez) on g (resp. ) such that each K, is (g0 Go)-stable,

e'€3(goN Gy) and B G,C @OKPCg_, where ¢" is the defining element of the
4

<0

GLAY =@ K,. We set Gp=gN K, ; then g= @ZG},. Further g= @ZG}) is a
e e

PEZ

GLA of depth v=1 or 2, and G»NTrun(g)=K,NTrunk(a). In particular,
Gy=K, for p<0, and Gl.=g_. if v=2. By construction, g=p(€-BZG}; is

isomorphic to one of W(n: 1), W(n: (1,-1,2)), CS(xn: 1), CS(n: (1,-1,2)),
CHn:1:2), K(n:1:2).
Then we have

THEOREM 10. Let g:pg-)zngK(n: t: ), Then g=p(€-Bng is the pro-
longation of Truni(a) for all k>—1.

PrROOF. By Lemma 8 (2), ¢ =p(E-DZ ¢y is isomorphic to W(#n': t) or
Kwn:t:y). If ?=p§—)z <p is isomorphic to W(#n': t’), then v=1. It is
impossible. If ?Zp@z p is isomorphic to K(»n': t': ), then v=2. Thus
QZPCE-DZG}, is isomorphic to K(»': 1: 2). Since g=p§zG}> is the prolongation
of GL.®G.,, we have g=%. O
THEOREM 11.  Let g=p€el—)2gp= Wn: t). Then:

(1) gzg)z 8p s the prolongation of Trunx(a) if ome of the following

conditions  holds : (@) n=2, ti=tw-1; (8) 122, tha1<ta<2ti1+(k+1): ()
n=1.
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(2) If n=2 and t,>2ti1+(k+1), then the prolongation of Trun(a)
is isomorphic to K(n—1: s: t,), where s;=min{t;, t»— t:}.

ProorF. (1) The case n=1 is clear. Therefore we assume #n=2.
By Lemma 8, ¥= @ ¢, is isomorphic to W(n': t') or K(n': t': ). If

PEZ

G = @Z?p is isomorphic to W(#': t’), then v=1, so g= (—BZG}) is isomor-
= e

phic to W(#n: 1), Since g= @Z G5 is the prolongation of G-i, we have g= &.
§IS
Suppose that ¢= G‘)Z‘gp is isomorphic to K(»': ¢': p). Then v=2 and
e
dim g_.=1. Hence the condition (@) dose not hold. If the condition ()
holds, then dim G-:=1, and hence g= 2EI—)ZG}; is isomorphic to W(n: (1,-1,
N

2)). We set Go(q)=G»NGqy. Then we can easily prove that Go=
Go(0)®Go(1) and Go(1) is a nilpotent ideal of Go isomorphic to G .
RSHG-1(—1)*) as a G'o(0)-module, so the maximum of the eigenvalues of
ad E on Go(1) is 2¢p-1—t.. Applying (2) to the case when (= K,
u=Go, we have G'o(1)CTrun-z-1(g). Hence 2tn-1—t,<—Fk—1, which is a
contradiction. This proves (1).

(2) We set Fo=W(n: (1,-1,2)r and Fp(q)=FpNW(n:1)q. Let
;{/ZPEEBZH;; be the prolongation of F_.®F-. Then%Zg-)ZHp is isomorphic

to K(n—1:1:2). Therefore dim F.;=2(x—1) and dim Ho=dim c8p(F_,)
=2n*—3n+2. Applying (1) to the case when n="Fy(1), u=F0),
(= H,, we know that there exists a nilpotent subalgebra n, of Ho such that
s+ Fo(0)+ Fo(1) is a direct sum and that n, is contragredient to Fo(l) as a
Fo(0)-module, so dim (ns@Fo(0)PFo(1))=2n*>—3n+2. This implies Ho=
. AF(0)®F(1). We set #»={xE9: [E, x]=px}; then %’=pCE-BZ%p. As

in the proof of (1), since Fo(1)CTrun-x-1(g), we have n,C S?H”%” whence
b

HoN p@e%pZFoﬂTrunk(g). Moreover we can inductively prove that [H.N
@Pp<r @p, F.1]J]TF_1N Trun «(g) for £=0. Hence we see that C—ZBalﬂ
?

Truns(g) is contained in the prolongation of FL.@F_1@DF,. However since
g= @® F, coincides with the prolongation of F_.®F..®F, (by (1)), we

p=-2
have Trunk(g)=(-9k%p, so % is contained in ¢. On the other hand, since
p<

K(n: t: p) is the prolongation of Truni(K(n: t: ) for any t and u
(Theorem 10), we have ¢ =4 Finally since dim F_,= (n—1) and since

F_, is isomorphic to F.i(—1)@®F-(—1)*®F_, as a Fy(0)-module, ¢ = @

reZ

¢ , is isomorphic to K(n—1: s: u), where s;/=min {¢;, t,—t}. O
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REMARK 2. In the case of #=1 (resp. s=(1, # 1)), [Theorem 10 (resp.
Theorem 11) is included in the results of [Mor88].

THEOREM 12. Let g= G-DZQPZCS(W: t) (n=2). Then:
pE
(1) g= (—Bzgp is the prolongation of Trum.(g) if H<E.
=

(2)  The prolongation of Trun(a) is isomorphic to W(n: t) if one of
the following conditions holds; (B) th=tu-, t>k: (@) tpor<ta<2r+(k
+1), 4> k.

(B) If tu=2tyws+k+1 and L>k, then the prolongation of Trune(g) is
isomorphic to K(n—1: s: t.), where s;=min {t;, t»—t.).

PROOF.  If #i>k, then we can easily prove that W(n: ¢),=CS(n: t),
for /<k. Hence the assertions (2) and (3) follow from Theorem 11.
Now suppose that 41 <k. If ¢= C—BZ Kp is isomorphic to CS(»’: 1), then v
»E
=1 and n=w’, so g= G—)ZG}, is isomorphic to CS(%: 1). Hence g= ¢. If
P
¢ = (—BZKp is isomorphic to CH(»n': 1: 2) (#'>2), then v=1 and 2n'=mn, so
=
g= (—BZG}, is isomorphic to CS(2n’: 1). We have dim Ko=dim c8p(G.,)=
pE

2n?+7'+1 and dim Go= dim gl(G ~1)=4#" Since KD Go, we have (2n’
+1) (#'—1)<0, which is a contradiction. If ?ZGBZKP is isomorphic to
=

W(n': 1), then v=1 and #'=n, so g= G-DZG}, is isomorphic to CS(#%: 1).
=

Moreover Ko=Go and there is a Ko-submodule K; of K; such that K=
Ki®G: and that K is contragredient to G_; as a Gj-module (Theorem 3).
Since the minimum of the eigenvalues of ad(E) on K; is # and since G,N
Trunk(g)=KiNTruns(g), we have h>k, which is a contradiction.
If%:p@zl{p is isomorphic to K(»': 1: 2), then v=2 and dim G_.=1, so g
ZPCE-BZG; is isomorphic to CS(n: (1,-1,2)). Let ?ZD@ZHP be the prolonga-

tion of G-y @G-1PGo. By (2), %szei-)ZHp is isomorphic to W(n: (1,-1,2))

and # C ¢, By [Theorem 6|, there exists a standard gradation {F»}sez on
Z such that [§, Fp]CF, and F-i.CG.®G.1Cg-, where b is a Cartan subal-
gebra of goNGo. We set C,=F,Ng; then Q:pCE‘BZCp and Cq=F, for ¢=0,

—1. Moreover g= G-DZFP is isomorphic to CS(n: 1). We set ser=#NCp
pE
then o# = (—BZ #p and it becomes a GLA isomorphic to W(%: ¢’). As in the
=

proof of Theorem 7, since t’ is determined by C, and C-;, we have t=¢".
Since Trunx(g)=Trun«(¥), we have Trunk(s)=@p<x%#», so dim W(n: t),
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— dim CS(n: t)., for ¢<k. But it is impossible (e.g., x*'*** D,
W(n: t):,\CS(n: t).,). This proves (1). O

THEOREM 13. Let g= EBngZCH(n: t: ) (n=2). Then:
=

(1) g= @ng is the prolongation of Trunk(a) unless k=—1, h=...=k
=
and p=24.
(2) If t=...=t, and p=2t, then the prolongation of Trun-.(a) is
W2n: tl).

Proor. (1) If ?=@ZKp is isomorphic to W(wn': 1) or CS(%': 1),
=
then v=1 and »'=2xn. Thus g= @ZG}; is isomorphic to CH(»: 1: 2); then
e

dim Ko=dim gl(G_1)=4#* and dim Go=dim c8p(G_))=2#n*+n+1. If KeNg-
#+{0}, then Ko=Go (Lemma 1 (3)), so 0=2#n*—n—1=2xn+1)(z—1), which
is a contradiction. If KoNg-={0}, then #=...=t, and x=2#, and hence
g=pCE—Bng is isomorphic to CH(#n: t1: 2#,). But since £=>0, we have g= &,

which is a contradiction. If €= @ZKp is isomorphic to K(»: 1: 2), then
pE

v=2. Hence g= @Z Gp must be isomorphic to CH(#n: 1: 3), which contra-
pE
dicts the fact that dimG_.=1. If ¢= (—DZKp is isomorphic to CH(#': 1: 2),
e

then v=1 and #»'=#n. Hence g=¢.
(2) This is a well-known fact. O

3.4. Let gzg-)zgp be a GLA of finite depth isomorphic to S(#n: t)
or H(n: t: u), and ?=€DZ?,, be the prolongation of Truns(a) (£=—1).
pe
We set g6=go+ KE and gi=gp for p#0, where E is the defining element of
g=p(—Bng. Then ¢°= @ng, is a GLA isomorphic to CS(n: t) or CS(n: t:
= e

1) respectively. Also we set ¥6= ¢+ KE and 5= ¢, for p#+0. Then
=@ ¢% is a GLA of finite depth satisfying (G.1) and (G.2). We

PEZ

remark that ¥°=¢ if k=—1. Then we have
THEOREM 14. Let g=ﬁ§-}zgp=5(n: t) (n=2). Then:
(1) If k=0, then g= G—)ng is the prolongation of Trun(g).
<

(2) The prolongation of Trune(g) is isomorphic to W(n: t) if ome of
the following conditions holds: (@) k=—1, ti=ti—1; (B) k=—1, tia1<ta<
2tn-1.

(3) If t,=2t,_1, then the prolongation of Trun-(g) is K(n—1: 8: tu),
where si=min {t, t.— L}
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Proor. If >0, then ¥= G—)ng is isomorphic to S(»": ') or H(n':
=

t': 1) (Lemma 8 (3)). Then as in the proof of Theorem 11, we have ¢°=
¢ so g=7, Since the prolongation of Trun-i(g) coincides with that of

Trun-.(g°), our assertion follows from [Theorem 12. O

Similarly we have
THEOREM 15. Let gzp@zgpzl—l(n: t: u) n=2). Then:
(1) If k=0, then g= @ng is the prolongation of Trun(g).
P

(2) The prolongation of Trun—i(g) is CH(n: t: 1) unless h=..=t,
and p=2%4.

(3) If t=...=t, and u=2t, then the prolongation of Trun-i(g) is W
(2n: #1).

Let g= (—BZ g» be a finite dimensional simple GLA. Then g- is generat:
pE
ed by g-: if and only if (‘ng is generated by g;. By contrast, in the cases
b

of GLAs of Cartan type, it is not true. Indeed, as a corollary to Theo-
rems 10-15, we have

COROLLARY. Let g=p(E—Bng be one of W(m: s) (m=2), Sim: s) (m

=2), CS(m: 8) (m 22), Hn: t: u) n=2), CHn: t: 1) (n >2), K(n:
t: ). Suppose that a- is generated by a-1. The following conditions are
equivalent :

(a) p@lgp is generated by g..

(6) (i) sim—s<1 for g=W(m: 8), Sim: 8) or CS(m : 8); (ii) tis
—t<1, [¢/2]=t, for g=H(n: t: p), CH(n: t: p) or K(n: t: 1) (n=
2); (iii) a=[p/2] for s=KQ: t: p).

PROOF. By assumption, s;=1 (resp. t=1) for g=W(m: s), S(m: s)
or CS(m: s) (resp.o=H(n: t: p), CHn: ¢: p) or K(n: t- «)). Sup-
pose that (a) holds and (b) does not hold. Then there exists a positive
integer po such that po<m, sps1—sp<1 for p>po and Spgt1<spy+1 (resp. po

<n, tp—tp1<1 for p<p, and tpyT1<Ip,+1, where we consider tpys1=p—tn
if po=n). We set a=(2 A(m : 8)-1+5,Dp) Ng-1 (resp. (X2 A(m: 8)_11u_s,
p=2p p2p

Dnip)Ng-1). Then it is not difficult to show that a is a nontrivial go-sub-
module of g-; such that [[a, 1], 9-1]Ca. Let E):p(-EBpr be the ideal of g

generated by a; then b_i=a (cf.[Kan70, Lemma 16]), which contradicts
(G.2); thus (a) implies (b). Conversely we suppose that (b) holds. Then
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we can easily prove that [ap, g1]=gp+1 for p<0. Let §= (—EBZQ} be the subal-
b
gebra of g generated by g-1Pg@Pa;. By the above-mentioned fact, d= (-EBZ ap
4

satisfes (G.2), so it is isomorphic to one of GLAs of Cartan type (Corol-

lary to Theorem 7). Since the condition (a) is clearly satisfied for the

GLA g= @Z g» the condition (b) also satified by virtue of the implication
=

(a)==(b). Applying Theorems [0-15 to g, we see that g is the prolonga-
tion of Truni(g), which implies g=g. Hence the condition (a) holds for g.
O

3.5. Let QZG—)Z gr be a finite dimensional simple GLA of depth g
e
and ¢= @Z?p be the prolongation of Truns(g) (#=>—1). We can easily
e

prove that if dim ¢ <oo, then ¥=q. Hence we investigate only the case
that dim €=co, Then by Lemma 8 (2), £= C—BZ%, is isomorphic to W(n:
pE

t) or K(n: t: 1). Just as in the proof of Lemma 9, there exists a stan-
dard gradation {Kp}rez on ¢ whose defining element e¢" is contained in
3(30). The following theorem is due to K. Yamaguchi ([Yam-pre]). Here
we prove the theorem by a different approach to his proof.

THEOREM 16. Let g= @Z gp be a finite dimensional simple GLA of
e
depth 1 with the gradation of type (s,...,se) and ¢ = EDZ &, be the prolonga-
=

tion of Trune(a) (k=—1). If & is infinite dimensional, then only the fol-
lowing cases occur :

¢
(@) g is of type Awn(€=1) and k+1£30-§13i, where we except the
cases (1) k=—1, s=s>0 and s:=0 for 1<i<?l—1, and (ii) k=—1, %>
0 and s:=0 for 1< i </¢. In this case, ¢ = G-)Z Zp 1S 1somorphic to
e

i—1
W(+1: t), where tz':g()Sj.

¢
(B) g is of type Cosr and k+1£30—2§13i_52, where we except the case
k=—1, 9>0 and s;=0 for 1<i<4. In this case, gz@gp is isomorphic
b

i—1 -1
to K(¢: t: p), where t,:%sj and p=2 ;03,-+3z.

(y) o is of contact type of order m and k=-—1. In this case,
¢ = @Z?p is isomordhic to K(n: m1: 2m), where dim g-n=2n.
pe

(8) q is of gemeral type of order m such that dim g-n=n>1 and k=
—1. In this case, ?ZD@Z%; is isomorphic to W(n: m1).
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(e) g is of type A1 and —1<k<s. In this case, €= @Z?p is 1somor-
=
phic to W(1: so).

Proor. We use the same notation as in 1.2. We set Zn(q)='¢»N
K,. Since [h, Z(q)]C%(q), we know that %,(g)(p<0) is spanned by
root vectors of (g,5). We first prove that Z,(q)={0} for ¢>0, p<0. If
Zpo(q)+1{0} for some ¢>0, p<0, there exists a root @ with e.E %»(q).
Then [E, e-s]=—pe-. and [e", e-a]=—ge-.. Thus e-.Sg_p(—q)={0},
which is a contradiction. Hence ¢5(¢q)={0} for ¢>0, p<0. Clearly, if ¢
:p@z &p is isomorphic to W(1: #), then g is of type A1, so=# and —1<Fk

<#. Therefore we assume that ¢= (—BZ?p is isomorphic to K(n: t: p)
pE

or W(n: t) (n=2). Then there exist a Koy-submodule K of K not
contragredient to K-, and a Ko-submodule K{® of K, contragredient to
K.i. We set Go=gN K, and 8s(q)=g,N G,. We first suppose that KoNg-
+{0}. Then g,(0)=%,(0) for p<0 and g,(0)C Zp(0) for »>0, so by
(3), we have Ko=G,. Since G: is contragredient G-, as a
Go-module and Ki=K{"@K{®, we have Gi:=K{?, Thus g coincides with
the subalgebra of ¢ generated by KLi®KDK{?, and therefore the grada-
tion of type (so,...,5,) must be as in the proof of Theorem 7. Thus, when
Y=@ ¢, is isomorphic to W(n: t) (resp. K(n: t: u)), since K C

pEZ

, ZE:)H?%(I) and since the minimum of the eigenvalues of ad E on KV is 24

—u (resp. 34— ), we obtain that g is of type As1(£=1) (resp. Ces1) and 4
+1£30_iél\9i (resp.k+1£so—2§si—s;). Next we suppose that KoNg_=
{0}. Then t;=# (resp. t:=# and px=2#) for all 1<:;<# when gzg-)z% is
isomorphic to W(n: t) (resp. K(n: t: p)), so g=p§—)zgp is of general type

(resp. of contact type). The remaining statements are obvious from the

above proof, Theorem 9 and [Theorem 10, O
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