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Abstract

If f: X—X is a continuous function, x& X is called a periodic point
if some iterate f* of f leaves x fixed. In 1953 F.B. Fuller proved a basic
result for the existence of periodic points. He showed that if X is a com-
pact absolute neighborhood retract with non-zero Euler characteristic and
if N(X) is the larger of the sums of the odd and even real Betti numbers
of X, then for any homeomorphism f on X, f* has a fixed point for some
k, 1<k<N(X). Actually Fuller’s result holds for any space X for which
the Lefschetz Fixed Point Theorem is valid.

In this paper the authors first establish a number of extensions of the
Fuller Theorem. They next consider G-spaces and extend results of
Mann on periodic points and invariant orbits. In the last section they
turn to the Riemannian category using the volume function on the orbit
space to obtain additional results and examples on periodic points and
invariant orbits for groups of isometries. They conclude the paper by
using the Fuller Theorem, together with a result of Kobayashi relating the
Lefschetz number of an isometry and the Euler characteristic of its fixed
point set, to establish a new result on the existence of common periodic
points for commuting isometries.

1. Introduction

For a compact space X, let b4(X) denote the ¢” real Betti number
of X, i.e., the dimension of the vector space HYX ; R), and x(X) the
associated Euler characteristic. If f: X—X is a continuous function, x&
X is called a periodic point if some iterate f* of f leaves x fixed. In
1953 F. B. Fuller proved the following basic result for the existence of
periodic points. We use the formulation in [5].

THEOREM 1.1. (Fuller) Let X be a compact ANR (absolute neighbor-
hood retvact) such that x(X)+0. Let N(X) be the larger of the two inte-
gers
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2 bo(X) and X b(X).
q odd q even

If /:X—>X is any homeomorphism, then f* has a fixed point for some k,
1<E<SN(X).

Actually Fuller’s result holds for any space X for which the Lefschetz
Fixed Point Theorem is valid as the proof proceeds by showing that
the Lefschetz number of some iterate f*, £<N(X), is non-zero.

In Section 2 we establish a number of extensions of the Fuller Theo-
rem. In Section 3 we consider G-spaces and extend results of Mann
on periodic points and invariant orbits. We turn in Section 4 to the
Riemannian category using the volume function on the orbit space to
obtain additional results and examples on periodic points and invariant
orbits. We conclude by using the Fuller Theorem, together with a result
of Kobayashi relating the Lefschetz number of an isometry and the
Euler characteristic of its fixed point set, to establish a result on the exis-
tence of common periodic points for commuting isometries.

2. Extensions of the Fuller Theorem

For a locally compact space X we will use Alexander-Spanier co-
homology with compact supports; our coefficient group will be the reals
R. In most cases, however, X will be compact.

A continuous self-map f of X induces homomorphisms

¥ H (X)) HY(X).
Define

Xf(X):gO(_l)q dim Im f/*9,
and

Ny (X)=max L%}ld dimIm /*?, > dimImf*"]

q even

Compare x,(X) with the Fuller Index F(f) as defined in [6, p.26]. Also
note that if f is a homeomorphism, x-(X)=x(X) and NAX)=N(X).

We now suppose M is a closed connected oriented n-manifold and g:
M—M continuous. Define

gs:H'(M ; R)»H*M ; R)
by
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CglaUB, (MP=<aUg*™ 28, [M]D, acH' (M ;R),
BEH" (M ; R).

The following result for deRham cohomology is contained in [8].
LEMMA 2.1. If deg g+0,
gi=(deg 9)(g**)~".

PROOF.
(gig*aUB, [MD>=<g*aUg*" 28, [M]
=<g*(aU B), [MD
=<aVUB, gx M
=<{aUp, (deg 9)IM]>
={(deg g)aUB, [MD.

But HY(M ;: R)XH" (M ; R)—»R where (a, 3)—<aUB, [M]> is non-
degenerate so

9ig*?=(deg g)(Identity).
LEMMA 2.2. If deg g+0 and
FHaogki=gkdo R gIl o
then
(fR)*e(gh)I=(f*T0gd)%, all k and all q.
PrOOF. It suffices to show that
f*iogi=giof*.
But

f*logi=f*7o(deg g)(g**)~!
=(deg g)(g*?) o f*?
=ggof*9.

We are now in a position to generalize Fuller’'s Theorem to a pair of
continuous maps f,g: M—M. Define the Lefschetz number of the pair
(f,9) by

Ly.o= (=D Tr(f*%g9).

The following result is well-known [15].
THEOREM 2.3. (Lefschetz Coincidence Theorem) If Lysg*0, then
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there exists xEM such that

f(x)=g(x).
For f,g: M— M also define

1ro(M)=3}(~1)7 dimIm(F**°g2)
and
Nf,g(M):max[qu dimIm(f*?0g§), q%‘.endimlm(f*"ogi)].
Observe that for g=identity, xs+s(M) and Ny¢(M) reduce to x-(M)

and N;(M) respectively as previously defined.

THEOREM 2.4. (Fuller Coincidence Theorem). Suppose f,g are con-

tinuous self -maps of a closed conmected oriented n-manifold M. If
2r.6(M)#+0, deg g0, and

fXlog*i=g*%0 f*9 gl g
then there exists x&M such that
fH(x)=g*(x)

for some k, 1< k< Ny (M).

PROOF. We show Ly g+#0 for some £<N; (M) and apply Theo-
rem 2.3. Suppose, on the contrary, that

(1) Lfk,gk:(), k:]., 2, coey Nf,g(M).

We shall prove ys,,(M)=0 which contradicts our hypothesis.
Let Aq;, 7=1,2,...1q, be the non-zero eigenvalues of f*70g{ where

iq=dim Im(f*%°g{).
Then
@ T =2 A
From our restrictions on f and g and Lemma 2.2, we have,

(3) Tr(f*)*2e(g%)?1= Tr[(f*?-gf)*].
Since Ljxg»=0, it follows from (2) and (3) that
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4) S M= S DAk, k=12, ...Nso(M).
q oddj=1 q evenj=1
Now using the same argument as presented in [5, p.46] in the proof of the
Fuller Theorem, we can argue that
(5) > ig= 25 ig ov Xre(M)=0.

q odd q even

REMARK 2.5. [Theorem 2.4 is similar to Theorem 23 of Halpern in
[9] In both cases some type of commutativity is assumed. If we take g
—identity, we obtain a result similar to Theorem 5.5 in [6]. Actually we
can relax the hypothesis of 2.4. Since deg g#0, ¢*? is an isomorphism
for all ¢ and Ny, (M)=N,M). Moreover xso(M)=(deg g)xs(M), so
2-(M)=+0 implies xso(M)=0.

We have various immediate consequences of [I’heorem 2. 4.

COROLLARY 2.6. Suppose f,g ave continuous self -maps of a closed
connected orviented wmanifold M. If xro(M)#0, deg g+0, and [ is
homotopic to g, thenm there exists xEM such that

fH(x)=g"x)
for some k, 1<k<Ny;q (M).

COROLLARY 2.7. Suppose f,g are continuous self -maps of a closed
connected oriented manifold M. If x,(M)#0 and g is homotopic to the
identity, then therve exists x&M such that

fH(x)=g"*(x)
for some k,1<k<N:M).

PrROOF. If ¢ is homotopic to the identity, deg ¢=1+0 and g*‘=
identity. Hence

xr.0(M)=2:(M)=*0
and
Nf,g(M):Nf(M).

The reader is referred to the beginning of Section 3 for the terminol-

ogy involving transformation groups in the next several consequences of
2. 4.

COROLLARY 2.8. Suppose G is a compact connected Lie group acting
effectively on a closed connected oviented wmanifold M. If f is a
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continuous self -map of M with x(M)=+0, then for any g=G, there exists
xEM such that

fH(x)=g*(x)
for some k, 1<E<NAM).

PrOOF. If g€G, g is homotopic to the identity. Clearly if f is
equivariant, we can remove the condition that G be connected.

COROLLARY 2.9. Suppose G is a compact Lie group acting effectively
on a closed connected oviented manifold M, x(M)=+0. If f g=G, there
exists x&M such that

fH(x)=g*(x)
for some k,
1<k<|G/GY,

where G° denotes the identity component of G, and |G/G°|, the order of
the finite group G/G .
Moreover, letting [f], lg] denote the coset classes in G/G,

i) If[fl=lgl k=1;
i) If [fllgl=[gllf], 1<k<min{|G/G°|, N(M)}.

PROOF. Since f and g are homeomorphisms,
xr.o(M)=x(M)#0 and Ny (M)=N(M).
Let m=|G/G°. Then
[f™"]=[g¢g™]=identity element of G/G".
Hence
(f*)*?=(g*)*?=identity

for k=m, ¢=0.

If [f1=I[g],
(7%= (g™
for k=1, ¢=0. Thus in either case by 2.1 we have,
Lynor=(deg ¢) (=1 Tr[(f)**=({f**) ]
= (deg 9)2(M) %0,
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Hence by 2.3, there exists x&M such that
fH(x)=g"(x).
Finally if [f]lg]=[gll/],
Frlogti=g*dof*a ]| 430,
and we may apply 2.4 to conclude
k<N; o M)=N(M).

COROLLARY 2.10.  Suppose S™, n even, is the wunit sphere in R™*'
with standard wmetvic. If f,g:S"™>S" are isometries, theve exists x&S™
such that

fHx)=g*(x)
for some k, k=1 or 2.

PROOF. Note £, g Isom(S")=0(n+1) and N(S")=2. Actually k=
1if £, g=SO(n+1) or f,g¢SO(n+1).

3. Periodic points and invariant orbits of equivariant maps

Associated with a G-space X are basic objects such as the fixed point
set F(G, X), the orbit space X/G, and the orbits themselves. In
Mann made observations concerning the existence of points in F(G, X)
which are left fixed and orbits which are left invariant by some interate
/% of an equivariant self-map f of X. In this section we continue such
investigations.

We begin with some background material on topological transforma-
tion groups. Roughly speaking (X, G) is called a G-space if X is a
topological space, G is a topological group, and G acts on X as a group
of homeomorphisms . The fixed point set F(G, X) consists of those
points of X left fixed by each g=G, the orbit G(x) of x€X is the subset
{g9(x): 9= G}, and the orbit space X/G, which we denote often simply by
X™ is the space of orbits under the decomposition topology. =:X—X*
denotes the natural projection.

The isotropy subgroup Gx of G at x is the subgroup {¢=G : g(x)=x};
isotropy subgroups of points on the same orbit are mutually conjugate.
The action of G on X is called effective if XQXGx is simply the identity

element of G. In a natural way G(x) may be identified with the left
coset space G/Gx. A continuous map f: X—X is called equivariant if
flg(x))=g(f(x)), all g€G and xEX.



308 HT Ku M C Ku and L.N. Mann

We will be considering effective G-spaces (X, G) where X is a
closed n-manifold M and G is a compact connected Lie group. An orbit
G(x) is called a principal orbit if G(x) is of maximal dimension among all
orbits and Gx has a minimal number of components among all orbits of
maximal dimension. The associated isotropy subgroup is called a princi-
pal isotropy subgroup and it follows that any two principal isotropy sub-
groups are conjugate. It is known [3;IX] that the union of the principal
orbits forms a connected open dense subset of M. Orbits which are not
principal are of 2 types, exceptional (orbits of maximal dimension) and
singular (orbits of lower dimension). We let S(G, M) denote the union of
the singular orbits.

THEOREM 3.1.  Suppose x(G(x))=0 for a principal orbit G(x) or
x(M*—S(G, M)*)=0, then

x(M)=x(S(G, M)).

PROOF. Since dim S(G, M)<xn—2, M—S(G, M) is connected
[3;IX]. If there are no exceptional orbits in M —S(G, M), we have the
fibration :

(1) G/H—M —S(G, M)>M*—S(G, M)*,

where H is a principal isotropy subgroup. Now the Leray sheaf H*(G/H ;
R) over M*—S(G, M)* is constant since G acts trivially on H*(G/H ;
R)[2; VIII]. Hence by [2;IX],

(2) x(M—S(G, M))=x(G/H) x(M*—S(G, M)*))
and it follows from our hypothesis that
(3) (M —S(G, M))=0.

If, on the other hand, there are exceptional orbits, let G/K be such an
orbit with KDOH. Then K/H is a finite set and we have the fibration :

K/H—G/H-G/K.
By the Vietoris-Begle mapping theorem, we can argue that
H*(G/K ; R)=H*(G/H ; R),

and establish (2) via the spectral sequence of the continuous map =
instead of the spectral sequence of the fibration. Hence, in any case, we
have,
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(4) x(M—=S(G, M))=0.

The result now follows from the exact sequence of the pair (M, S(G, M))
using Alexander-Spanier cohomology with compact supports.

THEOREM 3.2. Suppose f: M—M is an equivariant homeomorphism,
G(x) is a principal orbit, and one of the following conditions hold :

i) x(M)=+0, and x(G(x))=0 or
x(M*—S(G, M)*)=0;

i) x(M)=0, x(G(x))#0, and
x(M*—S(G, M)*)=+0.

Assume, moreover, that the Lefschetz fixed point theovem is valid for S(G,
M). Then there is a singular orbit G(y) such that every point of G(y) is
a periodic point of f.

PrROOF. Under (i), it follows from 3.1 that x(S(G, M))=x(M)+0.
Under (ii) it follows from (2) in the proof of 3.1 that x(M—S(G, M))=+
0. Hence x(S(G, M))+x(M)=0. Since the Lefschetz fixed point theorem
is assumed valid for S(G, M), we can apply the Fuller Theorem to f:
S(G, M)—>S(G, M) and obtain the result.

COROLLARY 3.3. Suppose f:M—M is an equivariant homeomor-
phism and G acts on M with principal orbits of codimension one with M*
a closed intevval. If ome of the following conditions hold :

i) x(M)=+0.
i) x(G(x))#0, where G(x) is a principal orbit,

then theve is a singular orbit G(y) such that every point of G(y) is a
periodic point of f.

PROOF. Since y(M*—S*(G, M)*)+0, the result follows from 3.2.
Note since dim M=dim G(x)+1, x(M)#0 implies x(G(x))=0. Compare
3.3 with [Theorem 4. 2. of [14].

COROLLARY 3.4. Suppose f: M—M is an equivariant homeomor-
phism and G acts on M with principal orbits of codimension two and with
at least ome singular orbit. Suppose H(M ; Z)=0, where Z denotes the
coefficient group of integers, and one of the following conditions hold :

1) x(M)+0 and x(G(x))=0, where G(x) is a principal orbit,
i) x(M)=0 and x(G(x))=0.
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Then there is a singular orbit G(y) such that every point of G(y) is a
periodic point of f.

PrROOF. It is known that M* is a 2-disk with S(G, M)*=oM* [4],
so that y(M*—S(G, M)*)=1=+0. The result now follows from 3. 2.

EXAMPLE 3.5. Let G=SO(p1) X+ XSO(pr) XK, p:=2, be a compact
connected Lie group acting effectively on M=S?(1)X-- X S**(1)X K/H,
where K acts transitively on K/H and each SO(p:) acts on the unit
sphere S?{(1) via the standard action which has two fixed points {a:, b.},
and principal orbits S*7!(8;), 0< 8:<n. There are no exceptional orbits
and the singular orbits have the form:

G(y)=Vix-X VuaXK/H,
where
Vi=a:, b: or Spi_l(ﬁi), 0<6:<m,

with at least one ¢ where V:=a; or b..
Furthermore

M*={(6,, 6,, ..., 0, 0<0:<m;i=1,2,..., k}
and
oM*=S(G, M)*.
We apply 3.2. If f: M—M is an equivariant homeomorphism, then

i) If x(M)=+0, there exists a singular orbit G(v) such that every point
in G(y) is a periodic point of f. In fact, there is an orbit G(y)=
K/H with this property.

ii) If x(G(x))#0 for a principal orbit G(x), the same conclusion fol-
lows.

EXAMPLE 3.6. Let SO(p+1)X--XSO(p.+1), p;=1, act diagonally
on RP"IX.- X RPFHI=R"™* p=p +---+p.. We have an induced action on
the unit sphere S***7}(1) in R"**. Finally let

G=S0(p1+1) X=X SO(px+1) X K,
K a compact connected Lie group, and
M=S""*"1)xK/H.
The orbit space M* of the action of G on M is given by the (k—1)-disk,



Extensions and applications of Fuller’s theovem on periodic points 311

M*={(6y, 6, ..., 0x) : ;20 and 62+---+ Gi=1).
The orbits are of the form:
G(2)=S5%(rn) X - X S*(r,) X K/H,

where #f+--+7;i=1, ,20. (Here we assume S?(0) is a point). Now
G(z) is a singular orbit if at least one 7;=0. If follows that

S(G, M)*=oM*
and we can apply 3.2 to this action.

4. Isometries

In this section we turn to the Riemannian category where our G-space
(M, G) is a compact connected Lie group G acting effectively as a group
of isometries on a closed connected Riemannian #z-manifold M. We

denote 7(G(x)) by x* where n is the projection 7 :M—M*. The volume
Junction

V:M*>R
is defined as follows :

vol (G(x)), if G(x) is a principal orbit
V(x*)={m-vol(G(x)), if G(x) is an exceptional orbit
0, if G(x) is a singular orbit

where m=the number of cosets in K/H for K an isotropy subgroup of the
exceptional orbit and H a principal isotropy subgroup. If we denote the
union in M of the principal orbits by M), it follows from the Slice Theo-
rem that V is continuous on M* and differentiable on My, [11]. More-
over, it is known that an orbit of maximal wvolume is a minimal sub-
manifold of M [10].

We will suppose that f: M—M is an equivariant isometry and study
the geometric structure of periodic points and periodic orbits of f. It will
be instructive to first examine two examples.

The following arise out of standard well-known examples: see, for
example, [13, p. 23].

EXAMPLE 4.1. Let G=SO(n) be the product action on R"*'=R"X
R where the action on the first factor is the standard orthogonal action
and the action on the second factor trivial. Then G acts on the unit
sphere M=S"(1) of R"*! isometrically with
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M*={(x, y)ER?: x>0, x*+y*=1}

2{(cos 8,sinb): —%é 0£§}

My T,
~{a. 23‘%2}

The volume function V : M*—R is given by
V(8)=an_1cos" '8, an_1=volume S" '(1).

V has a unique maximum at =0 with corresponding orbit G(xi)=
S™*~Y(1) which is a principal orbit and a minimal submanifold of M. If
now f:M—M is an equivariant isometry, it follows that G(x:1) is invar-
iant under f. If #n is odd, it follows from Fuller's Theorem that every
point of G(x1) is a periodic point of f since x(G(x1))=x(S"")=2.

.. T T .
V assumes minimum values at 52—7 and > with corresponding

orbits G(x2) and G(xs) which are fixed points of G. Hence x» and xs are
periodic points of f.

EXAMPLE 4.2. Let G=SO(p)xSO(q) act diagonally on R?X R? via
the standard orthogonal actions. The orbit at

(x, ER?X R is SP7!(||x]) x ST (v ]).

G induces an action of G on M=S"(1), n=p+qg—1. The volume func-
tion V is given by

V(lxl, IyI)=ap-1aq-1llxP~H| ¥~
Hence V has a maximum at (|x|, |v[) where

. b1 2 q—1
=221 =L

and minimums at x=0 and y=0. It follows, that if f is an equivariant
isometry on M that f has 3 periodic orbits, i.e. orbits which are invar-
iant under some iterate of f:

where G(x:) is a principal orbit, a minimal submanifold of M, and invar-
iant under f.

(2) G(x2)=S?"" (1) and G(xs)=S"" (1),



Extensions and applications of Fuller’s theorem on periodic points 313

which are singular orbits. Moreover G(x.) (respectively G(xs)) is a mini-
mal submanifold of M if p+1 (respectively g=1).

If both p and ¢ are odd, then every point in all the orbits G(x:), i=1,
2,3 is a periodic point of f. If » is even and either p or ¢ odd, say p
odd, then every point of G(x2) is a periodic point of f. More generally
we have the following result.

THEOREM 4.3. Let G act on M with principal orbits of codimension
one with M* a closed interval. If f is an equivariant isometry on M,
theve exists at least 3 periodic orbits G(x:), i=1,2,3, such that :

i) G(x1) is a principal orbit and a minimal submanifold of M.

i) G(x2) and G(xs) are singular orbits, each of which is either a mini-
mal submanifold of M or a fixed point of G.

i) If x(G(x:)=0 for some i=1,2,3 then every point in G(x:) is a
periodic point of f.

iv) If x(M)=+0, either G(xz) or G(xs) is a minimal submanifold with
each point a periodic point of f.

PROOF. The volume function ¥V on M* assumes minimums at the 2
end points of M*;hence (ii) follows.

Suppose V has a maximum at x* with V(x*)=a. Then V7' (a) is a
closed subset of M*. If Ci, -, Cx» are the components of V~'(a), each C;
is either a point or a closed subinterval I; of M*. Since f is an isometry,
it preserves the volume of each orbit and, hence, fx, the induced mapping
on M* must permute the C;. It follows that for each iz, there exists a
positive integer k; such that

fii Ci—*Ci, Z:]., 2, Ty k.

If C;is a point, f#(C:;)=C; and 77(C:)=G(x1) is a periodic orbit of f.
If C;=1I; f& has a fixed point xi* on C: by the Brower fixed-point theo-
rem. So again G(x1) is a periodic orbit of f and clearly a principal orbit
and minimal submanifold of M. This establishes (i). (iii) follows from
the Fuller Theorem and (iv) from 3. 3.

The same argument of 4.3 can be used to establish :

THEOREM 4.4. Let G be a compact connected Lie group of isometries
on a closed connected Riemannian wn-manifold M. Let aER be a non
-zero critical value of the volume function on M* and write

VN a)=CUC - UCs

as the union of its components. Suppose finally for some i, 1<i1<k, that
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x(C:)#0 and that the Lefschetz fixed point theovem is valid for C..

If f is an equivariant isometry on M, theve exists a periodic orbit
G(x:), x¥€ C;, which is a minimal submanifold of M and either a princi-
pal or exceptional orbit. Moreover, if x(G(x:)*0, each point in G(x:) is
a periodic point.

We return briefly to Examples 3.5 and 3.6. In 3.5 the volume func-
tion on M* is given by

V(O -, On)=ap,-1 - App_15IN"* 710, -+ SInP*71 0.
Hence there exists a unique maximum at
="=0=1/2.
The orbit is
G(x)=S""1(1)x--- xS 1) x K/H

which is principal and a minimal submanifold of M. If x(G(x))#0, i.e.
p: is odd for all 7 and x(K/H)#0, and f is an isometry of M, each point
of G(x) is a periodic point of .

In 3.6 the volume function on M* is given by V(6 -+, 8x)=ap, -
qpy 1171 Ifk
where

M*={(6,, -, 6): 6:>0 and 6+ +Gi=1}.
So V has a maximum at

O =piln, i=1, -, k,

G(x)= S‘“(\/Z?;) X eee X S"'{/Z;) X K/H

is the unique principal orbit of maximum volume which is, of course, a
minimal submanifold of M. Again if x(G(x))*0, i.e. p: is even for all ¢
and x(K/H)=+0, and f is an isometry of M, each point of G(x) is a peri-
odic point of f.

The following is a special case of [Theorem 3.2 of [14].

THEOREM 4.5. Let G be a toral group, i.e., compact connected
abelian Lie group, of isometries acting on a closed connected Riemannian
n-manifold M, y(M)+0. Then, if f:M—M is an equivariant isometry,

and
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¥ F(G, M)~ F(G, M)
has a fixed point for some R<N[F(G, M)). Moreover
N[F(G, M)]I<N(M).

COROLLARY 4.6. Let M be a closed connected Riemannian n-mani-
fold with x(M)=+0, and Z an infinitesimal isometry of M with Y = Zero(Z),
the zevo-set of Z. If f is an isometry of M with

df(Zx)=Zsx), all xXEM,

then
frY-Y

has a fixed point for some E<N(Y). Moreover
N(Y)<N(M).

PrROOF. Let G be the closure of the 1-parameter subgroup of
Isom(M) generated by Z. Then G is a toral group and

F(G, M)=Zero(Z)=Y.
The following result may be found in [12, p. 63].

THEOREM 4.7. (Kobayashi) Let M be a closed Riemannian wmani-
fold and f an isometry of M. If F denotes the fixed point set of f and
L(f), the Lefschetz number of f,

L(f)=x(F).

REMARK 4.8. The Fuller (1.1) and Kobayashi (4.7) results hold
without the assumption of connectedness of the space. In the remainder
of the paper, for technical reasons, we will not assume that our Rieman-
nian manifold M is connected, e.g. M might consist of components of
different dimensions.

We conclude this section with a result on the existence of common
periodic points for commuting isometries, which appears to be new.

THEOREM 4.9. Let M be a closed Riemannian manifold with
x(M)+0. If A, 1o, -, fr are commuting isometries on M, then there exists
[=1 such that

fix)=x for some xEM, 1<i<r.

PROOF. By the proof of the Fuller Theorem (1.1), there exists
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ki< N(M) such that
L(ff)=+0.

Let
Fu,=F(f*, M).

Now F., is a Riemannian manifold [12,5.1] and by the Kobayashi theo-
rem (4.7),

x(F)=L(ff*)*0.
Since /i and f. commute,
fo: Fo—Fuy,  x(Fr)#0.
By (1.1) again, there exists k£ <N(F%,) such that
L(f#*|Fe,) 0.
Now F(f#, Fr,) is a Riemannian manifold and
F(f£*, Fi))=Fu N F,,
where Fi.,=F(f*, M) so by (4.7) again,
X(Fr N Fro)=x[F(f£*, F)]= L(f#*| Fx,) #0.
Since fi, f2, and f3 commute,
fa: FuNFry—Fp N F,

and, proceeding in this way, we obtain As, ..., £ and the associated fixed
point sets Fi,, -+, F,. Finally let

[=lem(ky, ko, ..., kr)
and
XEFr N Fr,N o N Fy,
which is non-empty since
X(Fuy N Fey N -+ N Fy,) #0.
CONJECTURE 4.10.  We can choose
[<[N(M)]"
im 4.9.

REMARK 4.11. If £, f2, -+, fr in 4.9 lie in the same maximal torus T
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of Isom(M), it follows immediately that they have a common fixed point, i.
e., /=1. This is a consequence of the fact that if a toral group 7T acts on
M, x[F(T, M)|=x(M) ; see for example [12, 5. 5(1)].

We observe that the Fuller theorem also holds for compact complex
manifolds with self-holomorphic diffeomorphisms using the Dolbeault co-
homology and the holomorphic Lefschetz fixed point theorem. More gen-
erally, we can obtain Fuller type theorems using cohomology of elliptic
complexes and the Lefschetz fixed point theorem of Atiyah-Bott [1].
Hence we can show that if a toral group 7 acts effectively and smoothly
on a closed connected smooth manifold M with signature, Sign (M)=+0,
and if f: M—M is an equivariant diffeomorphism, then f has a periodic
point on F(T, M).
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