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A note on extreme norms on R2
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Abstract. We denote by AN, the set of all absolute normalized norms on R2. It

is known that the set ANy and the set of all continuous convex functions ¥ on [0, 1]
with max{1l — ¢,t} < ¥(t) < 1 for t € [0,1] (denoted by W) are in a one to one

correspondence under the equation ¥(t) = ||(1 — ¢,t)||. Recently, we characterized
extreme points of ANy by considering Wo. In this paper we give another proof of this
result.
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1. Introduction and preliminaries

A norm || - || on R? is said to be absolute if ||(z1, z2)|| = ||(|z1], |z2])|| for
all 1, z2 € R, and normalized if ||(1,0)| = ||(0,1)|| = 1. The £,-norms || - ||,
(1 < p < 0) are basic examples:

(lz1|P + |z2|P)/? i 1< p < oo,
[(z1, 22)[l, = .
max{|z1]|,|z2|} if p=ooc.

Let AN, be the family of all absolute normalized norms on R2.

Let W5 be the set of all continuous convex functions on the interval [0, 1]
satisfying max{1 —¢,t} < ¢(t) <1 for ¢ € [0,1]. Then by [1], ANy and V¥,
are in a one-to-one correspondence with ¥ (t) = ||(1 —¢,t)|| for t € [0, 1] and

(lor |+ Joal) (i) i (@1,22) # (0,0),

0 if (%1,.’172) = (0,0)

1z, 22)lly =

see also [5], [7], [6]). For £,-norm || - ||,,, the corresponding convex function
P p
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Py is

oot (1—=t)P +2)/P if 1 <p < oo,
t) =
g max{l —¢,t} if p=o0.

We consider the convex structure of the set ANs in the sense that
-1l [I- 1" € ANz, A€ [0,1] = (L= XN)[|- |+ Al - || € AN>.

Note that Wy also has its own convex structure, and the correspondence
¥ — || - || preserves the operation to take a convex combination. A norm
| - || € AN is an extreme point of ANy if

1
A= S 1 0 W1 117 € AN = - 1= - 117

The definition of extreme point of W5 is similar to that of ANy. It is easy
to see that v is an extreme point of Wy if and only if || - || is an extreme
point of ANy (see [4]).

As in [4], we determined the set of all extreme points of ANy by con-
sidering the set W,. After that, the authors were informed by Professor
P. N. Dowling about the result of R. Grzaslewicz [2], which solved a problem
posed by Professor A. Pietsch at the Winter School on Functional Analy-
sis in January 1978 (cf. [8]). The method in [4] is different from that of
R. Grzaslewicz [2].

The main results are stated as follows. Let 17 (1/2) (resp. ¢/3(1/2)) be
the left (resp. the right) derivative of ¢ at ¢t = 1/2.

Theorem 1 Let iy € Wy, We define a function ¢ as ¢ = 2t — Yoo.
(1) If¥p(1/2) > ¥4.(1/2) + 1, then ¢ € Wy and

_ Pt ¥

v 2

(ii) Let Yr(1/2) < ¢ (1/2) + 1. Then ¢ ¢ Wy. However, we can find a
function wg € Vo with
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(0 it ¢ 0,0 Ul 1)
wo(t) =

(to)=p(s0) 4 4 elso)to=¢(to)so

¥ gg_foso t+ 2220 t(c))—(spo s if ¢ S [307t0]

for some sg € [0,1/2] and ty € (1/2,1]. Moreover, putting a function
Vmax = 2¢ — g we have Ymax € Yo and

SOO""(me
¢:%.

For 0 < a < 4 < <1 and for the case (o, 3) # (5, 5) we define

1—t if 0<t<a

Yap(t) = § SFEAt+ 55208 it a <t <,
t if B<t<Il.

For the case (a, 3) = (%, %) we put 1q/21/2 = Yoo. We clearly have 1o g €
W, for all a, 8 with 0 < a < % < B <1 and the corresponding norm is

|21 if |zo| < 125 2,

BO-20)) | | (B8-1(-a)
(@1, 22) g, , =4 7 1| + == |22 1
v if 25|z < zal, %ﬂ|x2| <1,

|2 it [a] < 52 ws.

Theorem 2 ([3], [4]) Let ¢ € Wy. Then the following are equivalent:

(1) ¢ is an extreme point of Vo,

(ii) || - ||y s an extreme point of ANs,
(iii) There exist o, f with 0 < a < 1/2 < 3 <1 such that ) =1 (resp.
Tl =1 e s)-

Note that the equivalence of (ii) and (iii) in Theorem 2 is essentially the
same as the next result given by R. Grzaslewicz [2].

Corollary 3 ([2]) Let | -|| € ANy. Then | - | is an extreme point of AN,
if and only if all extreme points of the unit ball of (R2,|| - ||) are contained
in the unit sphere of (R, || - ||oo)-
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2. Proof of Theorem 1

Note that

)(t) — 1+t if 0<t<1/2,
e(t) = .
2h(t) — t if 1/2<t<1.

It is clear that ¢ is a convex function on [0,1/2] (resp. [1/2,1]). For each
t € (0, 1], we denote by ¢ (t) (resp. ¥ (t)) the left derivative of ¢ (resp. of ¢)
at t. Similarly, for each ¢ € [0,1), we denote by ¢/;(t) (resp. ¥'5(t)) the right
derivative of ¢ (resp. of ¥) at t. Since ¢(0) = 1 and p(t) > Yoo(t) =1 —1t
for t € [0,1/2], we have

(0) = tim PO =PO) 5y 70T

= lim > —1.
t—+0 t t—+0 t
Since p(1) =1 and ¢(t) > Yo (t) >t for all t € [1/2,1], we also have

I+t—1
0 t a

1.

(1) = tim £H0 =)

< lim
t——0 t——

Hence, if 0 < s <t < 1/2, then

—1 < ¢R(0) < @r(s) < @L(t) < PR(t) < 1 (1/2) = 2¢7,(1/2) + 1,
and if 1/2 < s <t < 1, then

2)5(1/2) — 1 = Pr(1/2) < @p(s) < @L(t) < PR(t) < ¢L(1) < L.
We define a mapping G from [0, 1] into the subsets of R as

[_17 SOIR(O)] if t=0,

(7 (1), PR(t)] if 0<t<1/2, 1/2<t<1,
{er(1/2)}  if t=1/2,

[0 (1),1] i t=1.

G(t) =

Let us give a necessary and sufficient condition of ¢ that ¢ is convex on
[0,1]. Note that ¢ is convex on [0,1] if and only if ¢7(1/2) < ¢5(1/2).
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Therefore we clearly have the following lemma.
Lemma 4 ¢ is convez on [0, 1] if and only if ¥'5(1/2) > ¢} (1/2) + 1.

We consider the case ;(1/2) > 1} (1/2)+ 1. Since ¢ is convex on [0, 1]
and ¢(0) = p(1) = 1, we have ¢(t) < 1 for all ¢ € [0,1]. Moreover, we have
0 =2 — oo 2 Yoo by ¥ > Yoe. Thus ¢ € Ws.

We next suppose that ¢ (1/2) < ¢7(1/2) + 1. By Lemma 4, ¢ is not
convex on [0, 1] and hence ¢ ¢ ¥o. From ¢’ (1/2) > ¢’5(1/2), there exists a
real number a € (1/2, 1] such that

o) = 9(1/2)

—r (2.1)

¢ (1/2) >

The following lemma is easy and so the proof is omitted.

Lemma 5 (1) Let 0 <t <ty < 1/2 If A\ € G(tl) and g € G(tz),
then A1 < As.
(ii) Let 0 < sgp < 1/2 and let A\, € G(sp,) for each n. Then X\, / ¢’ (s0)
Zf Sn / S0, and )\n \ QD/R(SO) Zf Sn \ S0-

Put A={(s,A):0<s5<1/2,\ € G(s)}. Then we have

Lemma 6 The set A is a compact connected subset of [0,1/2] x
(=1, ¢L.(1/2)]-

Proof. By Lemma 5(ii) A is closed, which implies that A is compact. To
prove that A is connected, it is enough to show that A is homeomorphic to
the closed interval I = [—1,1/24 ¢ (1/2)]. Define a mapping f from A into
I as f(s,\) =s+ A for (s,\) € A. Then f is injective by Lemma 5(i). We
show that f is surjective. For each t € I, put

sy =sup{s € [0,1/2] : s+ X <t for some A € G(s)}.

Then it follows from Lemma 5(ii) that min G(s;) <t —s; < maxG(s;), and
so t — sy € G(s¢). Putting \p =t — sy, we have t = s; + Ay and (8¢, \) € A.
Hence f is surjective. Since f is one to one continuous and A is compact, f
is a homeomorphism from A onto I. Thus A is homeomorphic to the closed
interval I, which completes the proof. O
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The following is a key lemma to prove Theorem 1.

Lemma 7  There exist so € [0,1/2] and ty € [a, 1] such that

N = P =2050) ¢ sy v Gt
to — S0

Proof. Let Q = AX|a,1]. Then ©Q is compact and connected by Lemma 6.
For any (s, A, t) € Q, we define F'(s,\,t) = p(t) —p(s)—A(t—s). For any t €
[a,1] we have (0,—1,t) € Q and F(0,—1,t) > 0. Also, (1/2,¢%(1/2),a) €
Q and F(1/2,¢5(1/2),a) < 0 by (2.1). Since  is connected and F is
continuous on €, there exists an element (s,\,t) € Q with F(s,\,t) = 0.
Put C = {(s,\,t) € Q : F(s,\,t) = 0}. Since C is compact, we put
so = min{s : (s,A\,t) € C}, Ao = min{\ : (sp, A\, t) € C} and tg = min{t :
(s0, Ao, t) € C'}, respectively. Note

Ao = SO(tg()) : 9500(50) € G(so).

We show F(sg,Aog,t) > 0 for all ¢ € [a,1]. Let t; € [a,1]. Let sop >
0and 0 < s1 < sp. Put 49 = {(5,A) : 0 < s < s1,A € G(s)} and
By = {(s,\) € Ap : F(s,\,t1) > 0}. As in the proof of Lemma 6, A, is
connected. By the definition of sg, F'(s, A, t1) # 0 for all (s, ) € Ay. Hence
By is an open and closed set of Ag. Also, By # 0 by F(0,—1,t;) > 0.
Hence By coincides with Ag. Thus F(s, A\,t1) > 0 for all (s,\) € Ag. Let
sn /" so and let A\, € G(s,). By Lemma 5(ii) we have X, /" ¢ (s0)
and so F'(so, ¢ (s0),t1) > 0. If ¢ (s9) = Ao, then F(sg, Ao, t1) > 0. If
07 (s0) < Ao, then F(sg, ¢ (s0),t1) > 0 by the definition of A\g. Assume
F(s0,X0,t1) < 0. Then F(sg, A, t1) = 0 for some X\ with ¢ (s9) < A < Ao,
which contradicts the definition of \g. Hence F'(sg, Ag,t1) > 0. Let so = 0.
Assume F'(0,\,t1) < 0. By F(0,—1,t1) > 0 there exists A\{, € (—1, \g) such
that F'(0, Ay, t1) = 0, which is a contradiction. Hence F'(0, Ao, t1) > 0. Thus
F(so,Xo,t) >0 for all t € [a, 1].

Finally we show Ao € G(tg). Let t € [a,1]. By F(so,No,t) >
F(s0, Ao, to) we obtain ¢(t) — ¢(to) — Ao(t — to) > 0. This implies ¢’ (tg) <
Ao < ¢’r(to) and thus \g € G(to), which completes the proof. O

For sg and to given in Lemma 7, we define a function g on [0, 1] as



A note on extreme norms on R2 7

{go(t) if te [0, So] U [to, 1],
wol(t) =

(to)—¢(so) (so)to—ep(to) ;

2 go_foso t 4 £ tg_jo 020 if t € [so, to)-

Let us show that ¢q is convex on [0, 1]. Note that g is convex on [0, 1]
if and only if (¢g)’ (t) < (0)z(t) for t = s¢,tg. By Lemma 7,

(¢0)7.(50) = #L(s0) < Ao = (¥0)r(50)
and
(¢0)7(t0) = Ao < @r(to) = (¢0)r(to)-

Hence ¢¢ is convex on [0,1] and so ¢y € Wo. If sp = 1/2, then since
¢ is convex on [1/2,1] and from ¢’ (t9) < Ao, we have ¢(t) = po(t) for
t € [1/2,t0], which is a contradiction. Thus sy # 1/2. Putting ¢max(t) =
2(t) — po(t), we have

(1) = {%(t) it ¢ € (0,50l U, 1,
Pmax\l) = 20(t) — @o(t) if t € [so,to].

Note that ¢max is convex if and only if (Ymax)7(t) < (Pmax)r(t) for t =
S0, to. By Lemma 7,
(Pmax)7.(50) = (Yo0)T.(s0) = =1 < Yr(s0) — Ao — 1
= 20%(50) — Ao = (Pmax) r(50)

and

Hence ¢max is convex on [0, 1] and S0 ¢max € ¥o. Thus this completes the
proof of Theorem 1.

Example 8 We consider the case ¢ = 1o. It is clear that (12)7 (1/2) =
(12)'r(1/2). Hence it follows from Lemma 4 that ¢(= 2ty — ¢s) is not

convex. Put sg = % — g and to(=1—sg) = % + g. Note that since ¢
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is symmetric to ¢ = 1/2, we have ¢(sg) = ¢(t9). Easy calculation shows
that ¢ has local minimums at ¢t = sg, o and hence \g = % =0e

G(s0)NG(tg). For sg,tg and Ay, two functions pg and pmnax are the following:

A\
N[
[

200 — )2 +)V2 — 14t if 0<t

po(t) =4 —1 + 7 if L-YI<p<ly vl
2((1— )2 +2)1/2 — ¢ if L4¥T<i<
and
1—t if 0<t<i- YT
Pmax(t) = 2((1— )2 +42)/2 4 L VT jf 1 VT <p <l VT
t if L+¥I<t<l

3. Proof of Theorem 2

The equivalence of (i) and (ii) is clear (see [4]). (i) = (iii). Suppose that
¥ is an extreme point of Wo. If ¢5(1/2) > 7 (1/2) + 1, then we have by
Theorem 1, 1) = €58 and ¢ = ¢ = Yoo = V12,1 /2. L pR(1/2) < ¥ (1/2)+
1, then we have by Theorem 1, 1) = (¢ + ¢Ymax)/2 and 80 ¥ = Ymax = @o-
This implies that ¥ = 1, +,. We may put a = so and 3 = to, respectively.

(iii) = (i). Suppose that ¢ = 1, g for some «, 5. If Y, 5 = %(cpl + ©2)
where @1, p2 € Uy, then o3 = ¢1 = @2 on [0,a] U [B,1]. For each t €
[, B], Ya,5(t) = 3(p1(t) + p2(t)). Since p1 and ¢, are convex, we have
Va,3 = 1 = 2. Thus 1, g is an extreme point of Wy. This completes the
proof.
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