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On the number of crossed homomorphisms

Tsunenobu AsAI and Yugen TAKEGAHARA
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Abstract. In this paper, we study congruences about the number of crossed homomor-
phisms from a finite abelian p-group to a finite p-group.
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1. Introduction

The purpose of this paper is to study the following conjectures con-
cerning with congruences about the number of group homomorphisms and
crossed homomorphisms between finite groups.

Let A and G be finite groups, and denote the set of group homomor-
phisms from A to G as Hom(A, G). Let C and H be finite groups such that
C acts on H, and denote by °h this action of ¢ € C on h € H. We denote
ZY(C, H) for the set of crossed homomorphisms from C to H; i.e.

ZNC,H) :={n:C — H | n(cc) =n(c) - °n(c) for ¢, € C}.

Conjecture H. Let A and G be finite groups, then
|Hom(4,G)| =0 mod ged(|4/4],|G]),
where A’ is the commutator subgroup of A.

Conjecture I. Let C be a finite abelian p-group and H a finite p-group
such that C acts on H. Then

IZI(C, H)|=0 mod ged(|C|, |H|).

First, the number of group homomorphisms is studied in Yoshida [3]

and, as a generalization of Frobenius Theorem ([2]), the following theorem
is proved.

Main Theorem (Yoshida [3]) Let A be a finite abelian group and G a
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finite group, then

|Hom(A,G)| =0 mod ged(|A], |G)).

As a generalization of the above theorem, Conjectures H and I are
introduced in Asai-Yoshida [1]| and they have the following relation.

Theorem 2.1 (Asai-Yoshida [1]) If Conjecture I is true, then so is Con-
jecture H.

Conjecture H and I have not been proved yet in general, but they seem
to be natural and hold in some special cases.

Here, we list some results concerning with Conjecture H and I which
are proved in Asai-Yoshida |1 and this paper.

Proposition 1.1 (i) If C is a cyclic p-group, then Conjecture I s true.
(ii) If C is an elementary abelian p-group, then Conjecture I is true.
(iii) If C 1is a direct product of a cyclic p-group and an elementary
abelian p-group, then Conjecture I is true.
(iv) If H is an abelian p-group, then Conjecture 1 is true.
(v) Suppose that the action of C on H is defined by a homomorphism
from C to H, that is, there ezists some f € Hom(C, H) such that °h :=
fle)hf(c)™t. Then Conjecture I is true.

Theorem 1.2 (i) If A/A’ is a cyclic group, then Conjecture H is true.

(ii)
|Hom(A,G)| =0 mod ged(((4/4") : @(A/A")),|G]),

where A’ is the commutator subgroup of A and ®(A/A') is the Frattini
subgroup of AJ/A’. Especially, if every Sylow subgroup of AJ/A’ is an ele-
mentary abelian group, then Conjecture H 1is true.

(iii) If every Sylow subgroup of A/A’ is a direct product of a cyclic
group and an elementary abelian group, then Conjecture H is true.

The statements (i), (ii) of Proposition 1.1 and (i), (ii) of (Theorem 1.2 are
in Asai-Yoshida [1]. We prove (iii) of Proposition 1.1 and (iii) of Theorem 1.2
in Section 2 and (iv), (v) of [Proposition 1.1]in Section 3.
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2. On Conjecture 1
First we extend Conjecture I as follows.

Notation Let C be a finite abelian p-group and H a finite p-group such
that C acts on H. Let D be a subgroup of C. For u € Z!(D, H), we denote
p(D) :={u(d)d | d e D} < HC. Here HC > H is the semidirect product
of H by C.

Conjecture II. Under the above notation, for any u € Z1(D, H),
1Z(C,H;D,u)| =0  mod ged (|C/D|, |Cr(p(D))]),

where Z1(C,H;D,pn) = {\ € Z'(C,H) | Ap = u} and Cg(u(D)) =
Crc(u(D))NH.

Lemma 2.1 Conjecture 11 is true if and only if Conjecture I is true.

Proof. It is obvious that Conjecture II implies Conjecture I, so we show
that Conjecture I implies Conjecture II. We may assume |Z1(C, H; D, u)| #
0. Take any A € ZY(C, H; D, ), then C/D acts on Cgx(u(D)) by Ph :=
Ac) - ¢h-A(c)™! for ¢ € C and h € Cy(u(D)). We consider Z(C/D,
Cu(p(D))) with respect to this action, and show that there is a one to one
correspondence between Z1(C, H; D, ) and Z'(C/D,Cy(u(D))).

Here note that A(c)c € Cyc(u(D)) N He for any ¢ € C and so

Cruc(p(D))NHe = Che(p(D))A(c)eN HA(c)c
= (Cre(w(D)) N H)A(c)e
= Cu(w(D)A()e.
Hence we have that for any n € Z1(C,H; D, ) and c € C,

n(c)e € Cre(w(D)) NHe
= Cu(u(D)A(c)e.

So there is some 77 : C = Cy(p(D)) such that n(c) = 7(c)A(c). For ¢y, cq,
ceCandde D,

fi(cic2)A(cice) = 7
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M(cd)A(cd) =1

= n(c)A

So i € ZY(C/D,Cx(u(D))). Conversely, for any 7 € Z1(C/D, Cy(u(D))),
we define n : C — H by n(c) := 7(cD)X(c) for ¢ € C. Then for ¢1, ca € C
and d € D,

7’](0102) = ﬁ(clch))\(clc2)
= 7i(c1D)X(e1)fi(c2D)A(e1) " Aler) " A(e2)
1D)A(e1)(7(c2D)A(e2))

<
—~
o

= M
Sone€ ZY(C,H;D,p).
Thus we have that Conjecture II is true if and only if
1Z1(C/D,Cr(p(D)))| =0 mod ged (|C/D|, |Cr(p(D))])-
Hence Conjecture I implies Conjecture II. []

Proposition 2.2 If C (resp. C/D) is a cyclic p-group or an elementary
abelian p-group, then Conjecture I (resp. Congecture II) is true.

Proof. By [Proposition 1.1 (i), (ii) and Lemma 2.1, this statement holds.
]

Proposition 2.3 If C (resp. C/D) is a direct product of a cyclic p-group
and an elementary abelian p-group, then Conjecture I (resp. Conjecture II)
18 true.
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Proof. By Lemma 2.1, we need only to show that Conjecture I holds in
this case. Let C = C; x Cy where C; is cyclic and Cs is elementary abelian.
Then

IZI(C’H)I - Z |ZI(C7H302HU)|

pez1(C2,H)
= N |ZMC, H; Co, )| + Y 12M(C, H; Co, ),
HEX] HEX?
where
X = {p € ZY(Cy, H) | ICu(u(C2))| < |C1l},
Xy = {p e Zl(C2,H) | |C1| < |CH(1(C2))|}-
Step 1.

Y 1ZY(C,H;Ca,p)] =0 mod [H].
HEX]

Proof of Step 1. We define an action of H on X; by conjugation, i.e.

HxX — X
(hou) +— ("w:c—h-p(e)-h™h).

Thus

Y |1ZY(C, H; Co, )]

HEX]
= Y (H:Cu(p(C2)))-12"(C,H;Cy,p),

HEX1/~H

where in the last summation u runs over a set of complete representatives
of the above action. Here C/Cy is cyclic and |Cy(p(Cs))| divides |Cy| =
|C/Cs|, so we have that

(H : Cu(p(Cy))) - |Z1(C, H; Cy, )|
=0 mod (H: Cr(p(Cs))) - ged (IC/Cal, |Cr(1(C2))])
=0 mod |H|.

Thus we have Step 1.
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Step 2.

> 1ZY(C,H;Co,u) =0 mod [C].

HEX?

Proof of Step 2. We may assume that H is a nontrivial p-group. Let Z :=
M (Z(HC) N H), where HC is the semidirect product of H by C. Here
note that Z # 1, because H is a normal subgroup of HC. Now the group
Hom(Cy, Z) acts on X, by multiplication, i.e.

Hom(Cy,Z2) x Xy —> Ay
(f, ) — (fu:em fle) - p(c).
Since this action is semi-regular and
|Z1(C, H; Cy, )| =12 (C, H; Ca, f1)|
for any f € Hom(Cs, Z) and u € X5, we have

> 1ZY(C, H; Co, )]

HEX?

- Y |Hom(Cs, Z)| - |Z(C, H; Ca, )],

HEX2/~Hom(Cy,2)

where in the last summation u runs over a set of complete representatives
of the above action. Since C; is elementary abelian and Z # 1,

|Hom(C3,Z)| =0 mod |Cs|.
Here C/Cj is cyclic and |Cy| = |C/Cy| divides |Cy(p(C3))|, so we have that

| Hom(Cy, Z)| - |Z1(C, H; Cy, )]
=0 mod |Cy|-ged (|C/Col, |Cu(1(C2))]|)
=0 mod|C]|.

Thus we have Step 2.

By Steps 1 and 2, we have
1Z'(C,H)| =0 mod ged(|C|, |H)).
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Theorem 2.4 If every Sylow subgroup of A/A’ is a direct product of a
cyclic group and an elementary abelian group, then Conjecture H s true.

Proof. By [Proposition 2.3 and the almost same argument of the proof of
Theorem 3.4, 3.5 [1], we have the theorem. ]

3. Some special cases

Theorem 3.1 If H is an abelian p-group, then Conjectures I and 11 are
true.

Proof. By Lemma 2.7, it is enough to show that Conjecture I holds in
this case. Let C = Cy X --- x Cp, C; = (¢;), be a cyclic group decomposition
of C, and denote C; := (c;j | j # 1). Since H is abelian, Z'(C;,Cy(C;)) has
the following group structure:
ZHC;, Cu(Cy)) x ZY(C;, Cy(Cy)) — ZHC;, Cu(C))
(A1, A2) — (A1dg e o Aa(a) - Ae(er)),

for any 7. So we let the group [[™; Z!(C;, Cu(C;)) act on Z'(C, H) by the
rule

(,ul,...,,u,n)-)\:C — H
ci +— pici)A(cs),

where (p1,. .., pn) € [I72; 2Y(Cs,Cu(C;)) and X € Z1(C, H). This action
is semi-regular and, by [Proposition 2.2, we have that

1Z2*(C;,Cu(Ci))| =0 mod ged(|Cil, ICH(C))]).

So if |C;| < |Cy(C;)| for any 1 < i < n, then

|1Z}(C,H)| =0 modH|Ci!:|C|.

=1
If not, there exists some i such that |C(C;)| < |Cil, and thereby,
1ZNC,H) = Y 1ZY(C,H;Cip)
/J.EZI(ai,H)
= S (H:Cu(u(C))-|2'(C,H;Cip),

~

r€ZY(Cy,H)/~u
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where in the last summation u runs over a set of complete representatives
of orbits under the following conjugate action of H on Z!(C;, H):

Hx ZY(C;,H) — ZY(C;, H)
(h, ) — ("wicmh-p(e)-°hTY).

Since C/ C; is cyclic, by [Proposition 2.2,

1ZH(C, H;Ciyw)| =0 mod ged(|C/Cil, |Cr(p(Cy))]).-

Here H is abelian, so Cy(u(C;)) = Cy(C;) for any p € ZY(C;, H). Hence
we have that

(H : Cu(u(Cy)) - 1Z2*(C, H; Ci, )|
=0 mod (H:Cg(Cy)) - ged(|Cil, |Cr(Ci)l|)
=0 mod|H]|

So in either case, we have

IZI(C’, H)|=0 mod ged(|C|, |H]).

[]

Theorem 3.2 Suppose that the action of C on H is defined by a homo-
morphism from C to H, that is, there exists some f € Hom(C, H) such that
°h:= f(c)hf(c)~t. Then Conjectures 1 and II are true.

Proof. In this case, the semidirect product HC is isomorphic to the direct
product of H and C. This isomorphism is given by

HC = HxC
(h,e) — (hf(c),c1).

So |Z(C,H)| = |Hom(C, H)|. By Theorem 2.1 [3], Conjecture I and II are
true. ]
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