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Singular limit of a second order nonlocal parabolic
equation of conservative type arising in the
micro-phase separation of diblock copolymers
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Abstract. We study the limiting behavior as £ tends to zero of the solution of a second
order nonlocal parabolic equation of conservative type which models the micro-phase
separation of diblock copolymers. We consider the case of spherical symmetry and prove
that as the reaction coefficient tends to infinity the problem converges to a free boundary
problem where the interface motion is partly induced by its mean curvature.
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1. Introduction

In this paper, we consider a second order nonlocal parabolic equation

of conservative type proposed by Ohnishi and Nishiura [9], namely

’

u; = Au® + glg(f(us) — ][Qf(us) —evs) in Qx (0,T)

—Avszuf—][us in Qx(0,7T)
Q
ou®  Ov°
pe = — '
(P%) 4 5 =5y =0 in 89 x (0,7)
][ vidr =0 for t € (0,T)
Q
[ u®(z,0) = ug(x) for x € Q

where

£(s) = 25(1 — 82), ][Qudac - ﬁ/ﬁudm
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and where Q ¢ RN (N > 2) is a smooth bounded domain.

Integrating in © and using (1.4) we deduce that the integral of u
is conserved in time, namely

/ u(x, t)dr = / ug(x)dxr =: Mg for all t € (0,T). (1.6)
Q )

Therefore (P°) is a second order model system which conserves mass. The
main feature of this equation is that it shares the same stationary solutions
as the fourth order model system arising in the micro-phase separation of
diblock copolymer melts (cf. [8]). Both problems are technically quite diffi-
cult: it is well-known that fourth order equations do not have a maximum
principle which excludes making use of the usual techniques involving upper
and lower solutions. The situation is similar for the conserved Allen-Cahn
for which the maximum principle does not apply either and the only L™
bounds which are known for the solutions can be obtained using arguments
based on invariant domain. Moreover stability properties of those solutions
also coincide with each other, namely Ohnishi and Nishiura [9] proved that
the sign of the real parts of the spectrum corresponding to the fourth or-
der model and to Problem (P¢) coincide with each other. In general, it is
much more difficult to study the spectrum distribution of the fourth order
equation compared with the second order one, hence it is more informa-
tive to investigate (P°) than attacking the fourth order problem directly.
As we shall discuss below, the singular limit equation of (P€) turns out to
be a mean curvature flow with nonlocal term, which is much more intu-
itive than a free boundary problem of Mullin-Sekerka type associated to the
fourth order problem. Note that the total mass does not change in polymer
problems, hence the above conservation (1.6) is a natural consequence.
We remark that the functional

E(, E € €12 1 € 1 €12
— _ 1.
E (u)—/ (2\Vu | +€F(u )—|—2|Vv \ )dm (1.7)

where F(s) = (1_25 s a Lyapunov functional for Problem (P¢) and sup-
pose that the initial value u§ € H?(Q) satisfies the hypothesis H,

There exists a positive constant C' such that E*(ug) < C;
H§ § there exists Mg € (—|9], ||) such that
M§ tends to Mg as e | 0.
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When ¢ | 0, the solution u® converges to a limit function v = +1 a.e. in
2 x (0,T) and one can formally show that the limiting problem has the
form (see also Rubinstein and Sternberg [13])

( 3
Vo=—(N-1)K+ (N-1) K—i——(v—][ ’U)
Ft 2 Ft
on Ft,tE(O,T)
—Av:u—][uda: in Qx(0,7)
(Po) S .
%:0 on 9 x (0,7)
][vda::O for t € (0,7T)
Q
\ Ft|t:0:F0’

where u(.,t) = £1 on QF, Q = Qf U U, UT, K is the mean curvature
of I'y taking the sign convention that convex hypersurfaces have positive
mean curvature, V;, is the normal velocity of the interface taking the sign
convention that the normal velocity of expanding hypersurfaces is posi-
tive. The purpose of this paper is to give a rigorous derivation of the limit
problem (Fp) in the case of spherical symmetry. In this special case we
rigourously show how starting from the PDE system one obtains the limit-
ing free boundary problem. Of course the case of spherical symmetry is a
stable one whereas instabilities do arise in the general case.

This paper is organized as follows.

We pesent a formal derivation of the limit equation for the interface
motion in Section 2. In Section 3 we introduce an alternative formulation
with a Lagrange multiplier and prove a priori estimates on the solution of
Problem (P¢); we then obtain a first convergence result, namely that there
exists a function u taking the values £1 such that u® tends to u = +1 in
LY(Q x (0,T)) and a.e.

From Section 4 we assume that © is the unit ball in RN and rewrite
Problem (P¢) in the radial variable r = |z|. We prove in Section 4 a key
estimate, which implies in particular that far away from the origin r = 0,
the shape of the solution u° is close to that of the function + tanh(g).

In Section 5 we define and characterize the “jumps” of the limit func-
tion u.

In Sections 6 and 7 we approximate u® by a first order asymptotic
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expansion with respect to €.
We deduce the interface equation in Section 8; more precisely we prove
the following result.

Theorem 1.1 Assume that Hf is satisfied.
(i) There exist a sequence {e,} and functions u, v such that

™™ — uin LYQ x (0,T)) and a.e. in Q x (0,T), where u = +1 a.e.,
ver = v in L*(0,T, HY(Q)),

as €, tends to 0. The functions u and v are such that

(

__szu—f u a.e. in QX<0)T)

Q

< ][de—_—_o for a.e. t€(0,T)
Q

\ gz_:() a.e. on 02 x (0,T)

(ii) Suppose that 2 is the unit ball in RN and that ug 15 radially sym-
metric so that u® is also radially symmetric. We suppose that the number of
jumps of u, which we denote by Ny s finite and constant in time on an in-
terval (t1,t2). Let {Ti}icn, ap) be the jumps of w in (0,1] on (t1,t2). Then
forall 1 € [1,...,No] i is Lipschitz continuous on [t1,ts] and moreover T
satisfies

(1) = — 2 + () J0((), 1)

(N=1) S22V u (77 ()N 2 — 3/2 210 o (7 (1), O)F Y (1)

zz—% (B!

+ V(ﬁ)

for a.e. t € (t1,t2), where

_ 1 if u jumps from —1 to 1 across 7,
v(Ti) =

—1 if u jumps from 1 to —1 across T;.

Equation (1.8) which is written in the case of spherical symmetry cor-
responds to the interface motion

V, = —(N = 1)K + (N — 1) FK+§(U—][FU).
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We remark that a single interface does not move when there is spherical
symmetry. The complicated form of equation (1.8) is due to the fact that
a number of interfaces which corresponds to the point 7;(t) are involved.

This study is mainly based upon two articles: one of them by Henry
also written in the case of spherical symmetry, deals with the singular
limit analysis of the fourth order model corresponding to Problem (P¢);
however since the limiting free boundary problems are very different, the
mathematical analysis necessarily also involved different arguments. Many
proofs presented here extend similar ones given by Bronsard and Stoth
in the simpler case of the mass-conserved Allen-Cahn equation.

We should also mention a number of articles of Ren and Wei dealing
with related problems, in particular and where they consider the
corresponding minimization problem in the one-dimensional case and in
the case of spherical symmetry. They study equilibrium configurations and
present the connection between the local minima of the Lyapunov functional
and those of its gamma-limit.

2. Formal derivation of the interface motion equation

In this section we present a formal derivation of the equation for the
displacement of the interface. We consider for a given smooth function v
the equation

ut:Au—Fé(f(u)—][Qf(u)—ev) in RN x (0,T)

together with suitable initial data and denote the solution by u¢.
We show heuristically how to derive the motion equation

Vo=—(N-1)K+ (N —1) FK—!—%(U—][Fv) on I'y, t€0,T]
(2.1)

as ¢ tends to 0.
To that purpose we define the operator

L) = - &0 = 5 (£0) — {_f(0)=20)

We denote by ¢(r, w) the travelling wave solution associated to the function
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f(s) = 2s(1 — s?), namely the unique solution (q(r,w), c(w)) of

{ grr + c(w)gr + fg) —w =0
q(—o00) = h_(w), q(0) = ho(w), g(+00) = hy(w),

where c(w) is the travelling wave velocity and h_(w), ho(w) and hy(w) are
the three solutions of the equation f(s) = w, such that h_(w) < ho(w) <
hi(w). We suppose that the moving boundary I';y, ¢t € [0,T] is smooth
enough and denote by d the signed distance function to I';. In particular,
d=0onTI} and |Vd(z,t)| =1 in a neighborhood of T';.

We make the assumption that for € small enough, the function u® can
be approximated in the form

(2, 1) = g (d(i’ D vt ][Qf(u€)> |

We obtain

q Z C(EHJ[ )
Lf(ae):gu—\wﬁni dy — Ad + EQ

where the notation ¢, ., ¢, means that we take the values of the functions

q, 9, Grr 1N i@—’t—), ev® + u®) |. Since u® satisfies L°u® = 0, the idea is
€ Q

to consider the expression above on I'; and to cancel the lower order terms.

Setting to 0 the coefficient of —i— in the second term and using the fact that
c(0) = 0 we deduce that

dy — Ad+c’(0)(v|rt +][ f(u)) =0 on Iy,
Q
which can be rewritten as
Vo= ~(N = DE +¢(0) (v, + ][Qf(u)>, (2.2)

after substituting Ad = (N — 1)K and d; = V,, on I';. Furthermore inte-
grating this equation on I'; we obtain that

][FtVn =—(N-1) FtK + c'(0)<][nv + ][Qf(u)) (2.3)
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By the conservation law we have that

{ 2F] = 197] = Mo
[ +[9r] =9,
which implies that ([13])

0
— 197 l=1 v,=0.
8t' tl /rt

Substituting this into (2.3) we deduce that

1, i0=aG™-vf K- v

which together with (2.2) gives

Vo= =V = DK + O, + (N =1) §_K - c'<0)][F v (2.4)

In the case that f(s) = 2s(1 — s*) we have that /(0) = 2, so that (2.4)
coincides with the interface motion equation (2.1).

3. A priori estimates and first convergence results

First we give an equivalent form of Problem (P¢), namely

u; = Au® + E%(f(ue)—e’u‘g—5/\5) in Qx(0,T) (3.1)
/ u (z,t)de = [ uf(x)dx for t € (0,T) (3.2)
Q Q
—Avf=u® — 4 uf in Qx (0,7) (3.3)
(P9) 4 @
/ v¥(z,t)dx =0 for t € (0,T) (3.4)
Q
ou® O ,
il i 0 in 002 x (0,7T) (3.5)
| u*(,0) = ug(x) for x € Q (3.6)

where \é(t) = 13[Qf(u5(:r:,t))dx.

T e
We show below some estimates, which imply in particular the compact-
ness of {uf} in L}(2 x (0,T)).
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Lemma 3.1 Let (u®,v%) be the solutz’on of Problem (P®) and suppose that

ug satisfies the hypotheszs H§. Let g(s fo V2F(1)dr and 0 <7 < s <
T, then

. / s /Q (uf2da dt + B (uf)(s) — E=(uf)(r) = 0, (3.7)

which implies that the function t — E°(u®)(t) is nonincreasing. We have
that

/ Vg(u(z,t)ldz < ES(uS)(8) < C, forall t€[0,T],  (3.8)

//| ))¢ldz dt < Cv/'s — . (3.9)

Proof In order to prove we multiply (3.1) by u§ and integrate on
Q2 x (7,s). This gives

/ / (uf) / //_\. / / ?) — ev® —eX )y
Thus we have
° € ]' 1 3 1 £
/T /Q(ut)2dxdt+/Q (§|VUE|Q+E§F(U )+2—€|Vv |2>(x,s)d:c
:/ <1|Vu5\2+iF(u€)+i\Vv€|2>(9: T) dz
Q 2 62 2¢e ’ ,

which coincides with [3.7). Next we prove (3.8). We have in view of
and hypothesis Hj that

/|V “(z,t)) 1dw-/m|Vu:vt
S/Q<§}Vu5\2+§F(u€))dx

< ES(«)(t) < C.

Finally we prove (3.9).

//| Vlda dt
-[ [

¢l dx dt
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s F(u 1/2 s 1/2
< x/i(/ / w) d:cdt> (/ /s|u§|2dxdt)
T JQ T JQ

V2 (/ E5<u€><t>dt) " (E°(u)(7) — E*(uf)(s))"/?

<CyVs—T.
This completes the proof of Lemma 3.1. d
Corollary 3.2 Suppose that the Hypothesis Hj is satisfied. Then
{u} is bounded in L™(0, T, L*(Q)); (3.10)
sup |N(t)| < Ce1/? (3.11)
t€[0,7)

Proof. (3.10) follows from the Hypothesis H§ and [3.7). Next we prove
(3.11). Integrating (3.1) on £2 we deduce that

elﬂl/ (1=
IX°(t)] < elill </ (uf)2>1/2 (/Q(l— (u5)2)2)1/2.

Using we deduce that

€ Q 1/2 £\2 vz ~1/2
|IA°(t)| < 65 (u®) < Ce ,
Q

which coincides with (3.11). O

so that

Lemma 3.3 There exists a positive constant C, depending on §2, such that

sup / (]vs|2 + |V1)5|2) (z,t)dz < C
tel0,7] /0
Proof. We deduce from (3.8) that

sup /IVUEF(J:,t)da:SCl. (3.12)
te[0,T]JQ
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The generalized Poincaré inequality

2
), for all h € H'(Q),

72 < C(HVhH%zm) n \ [

together with (3.12) and the fact that [,v® = 0 implies that

/ 1v¢|? dx < C.
Q

This completes the proof of Lemma 3.3. O
Next we show the first convergence results.

Theorem 3.4 There ezists a subsequence {e,} and functions u, v such
that

u —u in LY(Qx (0,T)) and a.e. in Q x (0,T)
and moreover u = =1,
v¥" — v weakly in L*(0,T, HY(Q)),

as € tends to 0.
Proof. Using the fact that
l9(s)| < Cyls|> + Cy for all s € R,

and (3.10) we deduce that {g(uf)} is bounded in L'(©2 x (0,T)). This
together with (3.8) and (3.9) implies that there exist a subsequence {e,}
which we denote again by {e} and a function £ such that {g(u®)} tends to
£in L} (2 x (0,T)) and a.e as € | 0. Since the function g is continuous and
strictly increasing one can define its inverse ¢~ and deduce that as e | 0

u® tends to u:= g (£) a.e. in Q x (0,7).

Next we show that u® tends to w in L'(Q2 x (0,T)) ase | 0. Let 6 > 0
be arbitrary. It follows from Egoroff’s Lemma (see for instance Rudin [14])
that there exists {25 C €2 such that

12\ Q5] <6 and u® — w uniformly in Q5 as € | 0.

Then

/ lu® —u| = / lu® — ul + [u® — ul (3.13)
Q Q\ Qs s
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and we have that

1/3
[ el [ )
Q\Qs Q\Qs
1/3
<o\ ( [ e+ up) (3.14)
O\ Qg
Note that there exist positive constants D and D, such that

|5]* < Dig(s)+ Dy, forall s€ R. (3.15)

Therefore we deduce from (3.14) that

1/3
ut —u 2/3 ut U
/Q\Qé\ | < C1IQ\ Q) </Q\Qé lg(u®)| + |g( )\+02)

< G300\ Q5?3 < ¢82/3 (3.16)

Let n > 0 be arbitrary. Choose § small enough such that C§%/3 < 7 and
choose ¢ small enough such that

/Q |u® —ul < g (3.17)
é

Using 3.13), (3.16) and (3.17) we deduce that [, [u® — u| < 7. Next we
check that u = +1 a.e. in Q x (0,T). In view of and Fatou’s Lemma,
we deduce that

/ /hmlan d:l:dt<hm131f/ / )dzdt <0.
£—

This implies that F'(u) = 0 and thus that u = +1 a.e. in Qx (0, T'). Moreover
we also deduce that

w$(,t) > u in LY(Q) ae. in (0,T), (3.18)

which will be used in the sequel. Next we prove the convergence of the
sequence {v¢}. We deduce from that {v®} is bounded in
L?(0,T; H'(2)). This in turn implies that there exists a function v and
a subsequence {e,} that we denote again by {¢} such that {v°} tends to
v weakly in L?(0,T; HY(Q)). This completes the proof of [[heorem 3.4.




572 M. Henry, D. Hilhorst and Y. Nishiura

Finally we deduce that the functions (u,v) are such that

4

—Av:u—][ u a.e. in Qx(0,7)
Q
4 ][vdazzo for a.e. t € (0,7)
Q
0
\ B—Z =0 a.e. on 00 x (0,T).

O

Theorem 3.5 The sequence {t — E¢(uf)(t)} is bounded in WH1(0,T).
Therefore there exists a function Eqg € BV(0,T) and a subsequence {e,},
which we denote again by {e} such that

Ef(uf)(.) = Eo(.) in LY(0,T) and a.e. in (0,T).

Proof. By {E¢(uf)(.)} is bounded in L*°(0,T). Moreover also
implies that the function E°(uf)(.) is decreasing so that in fact {E*(u®)(.)}
is bounded in BV (0, T). This completes the proof of [[’heorem 3.9. O

As it is done by L. Bronsard and B. Stoth [3| we define for any n > 0 a
set N(n) C (0,T) as the set of all jump points of Ey with height at least 7:

N(n) = {t, ess ing Eo(s) — esssup Ep(s) > 17} (3.19)

s< s>t

Then for any n > 0, the set N(n) is finite since Ey is monotone decreasing.
Furthermore since E¢ and therefore Ey are bounded, it follows that

card (N(n)) < <.
n
For ¢ty > 0 and 7 not too large we define T¢(n, ty) > 0 by
to+T°(n,to)
. / / 1 2dz dt = n (3.20)
tO_TE(nvtO) Q

Next we state a result which implies that for any to ¢ N(n) one can find
an interval (to — T¢(n,to),to + T¢(n, to)) on which the energy E°(u)(.) is
uniformly small in €.



Singular limit of a second order nonlocal parabolic equation 573

Lemma 3.6 Let 0 < to ¢ N(n) where N(n) is defined by (3.19) and let
T¢(n,to) be as in (3.20). Then there exists To(n,to) > 0 such that

T€(77,t0) > TO(nat0)7 fOT’ € S 50(775t0)'
In particular we have

to+To(n,to)

Ee(us)(to — T()) — Es(ug)(t() + T()) = 6/

/ |us|2dz dt < n
to—To(n,to)

(3.21)

Proof. Suppose on the contrary that T° — 0 for some sequence. Then for
7 > 0 it follows from that

to+71¢(n,to)
0 <n=lim |uf |2z dt
e—0 >t0) Q

T<(n
= gig%E (UE)(to — T%(n, to) — E°(u¥)(to + T¢(n, to)
< &15% Ef(u®)(to — 1) — E*(u®)(to + 7)

< Ey(to — 1) — Eg(to + 1)

Thus
0 < n <essinf Ey(s) — esssup Ey(s) < n,
s<tg s>to
which is impossible. This completes the proof of Lemma 3.6!. O

4. The approximation in the radial case

The purpose of the next subsection is to prove a central estimate, which
implies that the function u® can be locally approximed by a hyperbolic
tangent profile in the neighborhood of each of its zeros. More precisely, we
prove a result (see also Stoth [2]) that implies that far away from the origin
and near each of its zeros, the solution u® is close to the function iq(g)
where ¢ satisfies

{ qee + f(q) =

so that ¢(£) = tanh(¢).
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4.1. The central estimate

From now on we suppose that  is the unit ball in RV and that u§
is spherically symmetric. We express the solutions (uf,v®) in the spherical
variable r = |z|. It follows from the regularity of u® and v that

(Or) wui(0,t) =v;(0,t) =0, forall te(0,T).
Problem (P¢) takes the form

2 2
EU; — EU. — €

uﬁ—éf(u5)+ve+)\€:0
in (0,1) x (0,7)

r

]
= [
[\] I
-

N -1
— s, — vf:us—][ utdzx in (0,1) x (0,7)
Q

1 1
. / ws (r, t)rY " = / ug (r)rN dr in (0,7T)
(Pr) 0 0

—

1
/ ve(r, t)rN ldr = for t € (0,T)

0
us(0,t) = v5(0,t) =0 for t € (0,7)
us(1,t) =vi(1,t) =0 for t € (0,T)
L u®(r, 0) = ug(r) for r € (0,1) (4.6)

The energy estimates becomes
breee L Lo ey2), N-1
sup / (—(ui) + —F(u) + =(v§) )7‘ “ldr < K (4.7)
tef0,7)Jo \2 € 2

Next we give some preliminary estimates.

Lemma 4.1 Let 0 < Ry < 1; there exists a function C(Ry) independant
of € such that v¢ satisfy the following estimates

1
sup / (0¥ + [vE?) (r, t)dr < C(Ro), (4.8)
tE[O,T] Rg
sup [|[v° (., )|l Lo (Ro,1) < C(Ro), (4.9)
te[0,7]
sup |[u®(, )|l Leo(Rro,1) < C(Ro). (4.10)

t€[0,T]
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Proof. In order to prove [4.8), we note that

1 1

1

/R [2)5]2 + IUﬂQdT < RN /R (|v€[2 + }vflz)’rN_ldr.
0 0 0

Using we deduce (4.8). (4.9) immediately follows from (4.8).
Next we prove (4.10). We have

g (u(r,1))]
< Ig(ue(s,t))lJr/R |(g(u" (&, 2))r|dE

1
< lgu(s,8))] + /R (€, )| V2w (&, 1))\ de

: LM Lo -
e MG GLIR = U )]

Using (3.15) and this implies that

|uf(r, t)!3 < Dilg(us(s,t))| + Do + for all r,s € [Ry, 1].

R{)V I
(4.11)

Moreover using the mean value theorem we obtain that there exists p €
(Ro, 1) such that

1
/ U‘E(fa t)df = U’E(pa t)(]' - RO)
Ro

This gives that

1
1— Ry

[u®(p, )| =

1
€ €l N—1
/Rou(é,t)dgig(l_RoR / |uf|r™ ~ dr

In view of (3.10) we deduce that |u®(p,t)| < K;i(Rp), which together with
the fact that the function g is continuous, implies that

l9(u*(p, 1))] < Ka(Ro).

Therefore applying (4.11) with () Loo(ry1) <
K3(Ry) for all t € [0, T]. This completes the proof of Lemma 4.1. O
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Lemma 4.2 Let 0 < Ry <1 and t; > ty; u® satisfies that

-5 a0+ Pt

L°°(R0,1)

. t1 pl 1/2
< C(Ry) [51/2+ (s/ / |u§|2(fr, t)rN“ldr>
to 0
1 1/2
& [ e ar) |
0

Proof.  We multiply (4.1) by eu;. and integrate on (7, p) C [Ro, 1] to obtain

p P N-1
/ e2ul uf + f(uf)us = / (52u§ - 52—T—(u§)2 +e(v® + )\E))ui
1 U

This in turn implies that

for all t € (ta,t1).

2

_%(ui)2(p, t) + F(u (p, 1))

+e*(N-1)

Taking absolute values we deduce that

€2
S0+ P (p.0)
€2, .
-0 + Fu(0.0)

1/2 1/2

/p|uﬂ2TN—1 / /pIUEIQTN_l /
r

1/2

/ | 5|2 N-1 / "UEP /

+€|>\EHU (0, 1) — u(n, )]
Using 3.7}, (3.11), [4.7), and (4.10) we deduce that

<

R{)V—l
1/2
+ ¢

P
/ P
n
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52
S D0+ P (1)

2

e g3/2 p 1/2
< | —Z_(y& 2 € - €12,,N—1
< |-+ P, | et ([t
+&(N = 1)Cy(Ro) + €Y/2Cy(Ro) + €'/2C(Ry), (4.12)

which we integrate for n € (Ro,1). It follows from that for all t €
[t2, t]

82
’_3(u$)2(p, t) + F(uf(p, t)){

1
< C3(Ro) [51/2 +53/2(/
R

0

lufler_l)l/Q] (4.13)
This gives that
- R0+ R0 < ClRo) [+ ([ i)™

(4.14)

Let us differentiate with respect to ¢t and multiply the resulting equa-
tion by €?uf. We deduce using the conservation of mass property that

T T T T

2 € € 2 E £ 1y € eN2 €, €

€ / /uttut—g / /Autut :/ /f(u ) (ut) ”5/ /vtuta
ta JQ to JQ ty JQ ta JQ

that is
E;/(ut) (z,7) + € /h / |Vug +e:/t2 /vtut
__/ )2(z, 1) /t/f . (4.15)

Next we differentiate (1.2) with respect to ¢t and we multiply the resulting
equation by v to obtain

€ £ __ €, __ £12
_/vtAvt —/Utut —/ Vg%,
Q Q Q

which we substitute in (4.15) to obtain
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—/ uf)(z,7)+ € /t2/|Vu§|2+€/t?/|V’UE|2
2/ut (z,tq) /tz/f

Moreover using the fact that f/(s) ( =2 — 652 < 2 we deduce that

e uy x7’d:1:<— (uy xt2d$+2 (uf 2d:cdt
) t ) t i)
2

which we substitute into (4.14) to deduce that

52
-S04 P (p.0)

¢ 1/2
< C(Ryp) el/2 4 ( / [u (z,t9)dx +s/ /(uf)Qd:c ds)
to JQ
This completes the proof of Lemma 4.2. O

Next we show that away from the origin the solution uf is close to the
standing wave ¢ in (to — To, to + Tp).

Theorem 4.3 Let Ry € (0,1),0 > 0 and n = 402(R) where C(Ry) is

defined in Lemma 4.2. Suppose that to # 0 and that to ¢ N(n) =: N(6, Ro)
where N is given by (3.19). Then there exists To = To(6, Ro,tg) > 0 and
g0 = €0(9, Ro, to) > 0 such that

< §?
L>°((Ro,1) x(to—To,to+T0))

9

for all € € (0,¢p).
Proof.  'We choose T, = Ty(d, Ry, tg) as in Lemma 3.6. So that

to—To/2 1 n
/ / s |2(r, t)rN "ldr dt, < L.
to— 0 €

which by the mean value theorem implies that there exists to € (to —To,tog—

ZQQ) such that

T 1
1o / E2(r, )N —dr < . (4.16)
2 0 g
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Applying Lemma 4.2 w1th t, = to + 0 and ty € (to—To, to— IQQ) we deduce
that for all ¢t € [to — Lt + To]

_i(ui(.,t))2+F( (1))
I

L>(Rop,1)

+(€ /Qlut\ (2, to)da: )1/2].

Using (4.16) and we obtain for all € small enough

H-%(ui(., £)2 + F(ul (., 1)

Lo (Ro,l)

where we have used the definition of 7 given in [Theorem 4.3. Replacing %l
by Tp we deduce the result of [Theorem 4.3 U

4.2. A new estimate for \¢

In this section we prove a uniform estimate for the Lagrange multiplier

A%,

Lemma 4.4 There exists a positive constant C, independent of €, such
that

T
/ AS(1)2dt < ©
0

Proof.  We multiply the equation (4.1) by u$ and integrate on (o, p) with
Ry < 0 < p <1 to deduce that

p N-1, ., 1
/ <6ufui — Eu;,u; — € (up)” — gf(ue)ui + v¥ul + Ag(t)u,f)dr =0,
g

r

which we multiply by oV ~1pV=1 to obtain that
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N (1) (u(p, 1) — u (0, 1)) ™ 1N

_ NN (—s [ i+ 1060 - (0,10
ua 2
rev 1) [ L pe.0) - o)) - [v)
=: G(a, p). (4.17)

In what follows we integrate (4.17) in p in a set where u° is close to 1 and
we integrate it in o in a set where u® is close to —1. The idea is to use
the mass conservation property to show that the measure of those sets is
bounded from below by a positive constant which does not depend on ¢. By
hypothesis H; we may define w > 0 such that

—Q +w < MG < Q] —w, (4.18)
for € small enough. For 1/2 < 1 < 1 and close to 1 we define

1
= {y € Q such that n < u®(y,t) < _},
n

and

1
A5 = {y € Q such that — = < u®(y,t) < —7)},
]

B := {y € Q such that |u®(y,t)| < n},
and

1
Bs = {y € 2 such that |u®(y,t)| > E} :

We have that y € Bf implies that F(u®(y,t)) > F(n) and y € B5 implies
that F(u(y,t)) > F(%) > F(n). This gives in view of that

/F(uf) .
BrU Bl < QF(n) = F(n)’

(4.19)

Moreover we note that
|s| <1+|1—s% forall s€R, (4.20)

which implies that
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/ \ws/ 141 - ()]
BSUBS BEUBS

1/2
<1 U B3|+ 1850 B ([ - )

In view of [3.7) and of [4.19] we deduce that [ BeUBS luf| < Fg(-%, which
together Wlth 1mpl1es that for € small enough

/ )u€|gf and |BSUBS| < “. (4.21)
BEUBE 4 4

1 2

Moreover since Q2 \ {A] U A5} = B U B we also have
FHIHE (4.22)

for ¢ small enough. Next we set
Se(t) ::/ u®(z,t)dz (4.23)
AJUAS
Since [, u®(z,0)dz = [,us(z,t)dz we deduce that
Se(t) = Mg — / u®(z,t)dx.
BSUBS

Using (4.18), (4.21) and (4.23) we deduce that

3 3
o+ T M- <MD <l - (2

Furthermore using the definition of the sets A and A§ and (4.23) we have

9 AE
|A|—| l<5() |v71| n |A5] (4.25)
Therefore using (4.22) and (4.25) we deduce that

5°(8) < (5 +n)ls| — n[lAg] + 145

< T4 48] - 01 ¢]

<77

45— IQH*
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which together with (4.24) gives that

451> 5[5 - -l

Similarly using (4.25) and (4.22) we deduce that

SE(t) =[] A5 + |45 u—( + 7)) 43

2
w7
>l -2 - 00 g,

which in view of [4.24) implies that

e [~ (- miel].

Thus we have shown that for n > 1 — ZIEJSTI

|43 =

w
Al |43] > do = & > 0.

(4.26)

(4.27)

(4.28)

Let w, denote the volume of the unit ball. In what follows we suppose that

Ry is a small enough positive constant such that

d
waRY < ?O (4.29)
Next we return to formula (4.17) which we integrate on Af p = {|y|, y €
A} N (Ro, 1) and A3 5 = {|yl, y € A5} N (Ro,1) and apply 4 28).
/ / (o,p)dodp
1 Rg 2 Rp
= | A°(¢ / / —uf(0,t)pN oV o dp‘
- ()] / u“(p, t>pN-1dp / oV do
i \Rg A%,RO
—/ us(o, t)aN_lda/ pN—ldp‘
E i,RO
2n
S wuan 11— ) 1451 Y
> N (1) 5 - (do — wn RY)? (4.30)

n
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Furthermore we deduce from (4.17) that
|| Gepdoa
Ai:,RO A;,RO
P N-1_N-1
/ / (/ uiuidr) p o Tdodp
Ai,RO Ag,RO g
/
+e(N —1)
[ ] F ) - Fase )oY e o dy
A A5 gy
P N
/ / </ vsuidr) pV oV "ldo dp
A§ AS o

1,Rg 2,Rg

=L+ I+ I3+ 14+ I5 (4.31)

<e

.+_

/A ((u9)*(p,t) = (u)*(0,1)p™ "'oV o dp

£
2,Rq

p €\2
/ / (/ (Ur> dr) pN—10N—1d0dp
A AS o r
2,Rq

1,Rg

£
2

5
1,Rg

1
+ -
£

£
1,Rg

_+_

First we estimate I, we have that

1— R 2 1
I < s——( & (1)) / |ufui|rN_1dr
Ry~ 0

c 1 1/2 1 1/2
< —~7 (] |u§\2rN_1dr> (/ |ui]2rN_1dr)
R, 0 0

< VeC(Ro) (/01 IUﬂQTN"ldT)l/Q, (4.32)

where we have used [4.7). We also deduce from that
Ip, I3, I < C(Ro) (4.33)

Next we estimate Is. We have the equality

p p
/ voul dr = (viuf)(p, t) — (v°uf) (o, t) — / viu® dr,
g

o

which we multiply by ¢ ~1pV~1 and integrate in o on Af g, and in p on
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Aj g, respectively, to deduce that

/ / </ “ur d'r> oV 1N o dp

1,Ry

< C(Ro)( / PN -lar)
0
[(/01 |vel2rN_1dr)1/2 + (/01 IUﬂQTN‘ldr)l/z]
< C1(Ro).

This together with (4.31), (4.32) and implies that

(o, p)dod p

1+\/E(/ [N 1d7~)1/2} (4.34)

Then it follows from (4.29), (4.30) and (4.34) that
1 1/2
1+ (/ |uﬂ27°N—1dr) } :
0
which in view of yields

T T 1
/ |/\€(t)|2dt < C4(R0, T) [1 + E/ / |U§12TN_1de| < C5(R0,T).
0 0 0

This completes the proof of [Lemma 4.4. O

< C2(Ry)

[A%(t)] < C3(Ro)

Corollary 4.5 There exists a sequence {e,}, which we denote again by
{e} and \g € L?(0,T) such that

A — o weakly in L?(0,T) as €| 0.

5. Definition and properties of the jumps of u

5.1. First definition and properties
Let Ry € (0,1). From now on we suppose that §2 < %, and let Q € (0,1)
be such that F(Q) > %. We set
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ARO = U (to —T()((S, R(),to),to +T0(5, Ro,to)). (5.1)
tO¢N(67RO)

We remark that by definition Ag, is an open set and that its complement
is the finite set N(d, Rg). We choose an increasing sequence of open sets
{DF%,} such that DR C Ag, and UDE = Apg,. The set D% and hence D
can be covered by finetely many interval of the form (to — Ty(6, Ry, to), to +

To(d, Ro, tp)). In what follows we omit the upper index m and write Dg,
instead of DT}-?O.

Lemma 5.1 There ezists a real o € (0,Q) and a collection of graphs
{t — s5(t)} defined on intervals If and taking their values in (Rg, 1) such
that u®(s5(t),t) = a® and

(5.2)

Proof. In view of [Theorem 4.3 we have the inequality

2 1
Sluf? > = on the subset {(r,#) € (Ro,1) x Dy, [u(r, )| < Q},
(5.3)

which is essential for what follows. Using the implicit function theorem we
deduce that for all b € (—Q, Q) there exist functions ¢t — s(¢,b) defined on
a time interval I7 (b) such that {(r,t) € (Ro,1) x Dp,, u®(r,t) = b} consist
of a collection of graphs s:(.,b). Moreover we have

Oyu (S5 (t,b),t) + Ops; (t, b)0rut(si(t,b),t) =0 (5.4)
Ops; (t,0)0u(s;(t,b),t) = 1. (5.5)

Using the coarea formula (see for instance Theorem 2 Section 3.4.3 in [6])
we have that

/ / |Opus (r, 1) |2 o (r, )",
Dp, J{re(Ro)Jus(rt) <@} [Us(r, )]

€ 2
— / (z Iatu (Ta t)2| dt) db
—Q\5 Jis |ui(r,t)|

Thus using we have that
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€ 2
/ / |atu (Ta t)l dr dt
DRry J{r€(Ro,1),|us(r,t)|<Q} ’ui(n t)‘

/ (Z EXACR] th)db (5.6)

Moreover using and (5.3) we deduce that

2
[ / Pt
Dpy J{re(Ro,1),lus(rt)|<Q} [ug.(r, 1)

< 2&:/ / |0;us(r, t)|2dr dt < C(Ry). (5.7)
Dgry Y Ro
Using and we obtain
Q
[ et Pavae < (o),
-Q 7 DRO

where x5 is the characteristic function of the interval I7. By the mean value
theorem we deduce that there exists a® € (0, Q) such that

C(Ro)

10,55 (af, t)|%dt <
It

which coincides with [5.4). O

Moreover by [Theorem 4.3 we note that u®(1,t) # a°. Indeed if at t =
t*, u(1,t*) = a° < Q then F(a®) > F(Q) >  so that e2uS(1,t*) > g,
which contradicts the homogeneous neumann boundary condition. Thus
either the function t — s(t, a®) exists for all t € Dp, or it stops existing by
hitting the line r = Ry.

Definition 5.2 We call a®-zero of u®(.,t) a point r € (Rp, 1) such that
uf(r,t) =

Next we state a Lemma, whose proof is very similar to that of Lemma 4.3
in .
Lemma 5.3 Let t € Dg,. There exists eg(Ro,t) such that for all e <
eo(Ro, t) we have,

ME(t) := #{r € (Ro, 1], w5 (r, t) = a°} < C(Ry).
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Thus there exists a subsequence {€,}, which we denote again by {e} such
that M=(t) = M(t) for e small enough.

5.2. A definition of “jumps” of u and properties
We denote by

AL(t) :={re(0,1), u(r,t) =1}
A_(t) :={re(0,1), u(r,t) = -1}
Definition 5.4 Let t € Ag, we call 7(t) a jump point of u(.,t) in (0,1) if

{ () — p,7(2) + Pl N AL (B)] > 0
|[F(t) — p,7(t) + p] N A_(t)| > O

Il

for all p > 0 small enough.
Next we state some preliminary results.

Lemma 5.5 Let 7(t) > Ro be a jump of u(.,t). For all p > 0, there exists
€g > 0 such that there exists an af-zero

s°(t) € (F(t) — p,7(t) + p)
of uf(.,t) for all € < g.

Proof.  We first set A (p,t) := {r € (F(t) — p,7(t) + p) N (Ro, 1), u(r,t) =
+1}, so that |4, (p,t)] > 0. The fact that u®(.,t) converges to u(.,t) in
LY(€) (see (3.18)) implies that

1
/ [ — w)(r, )N "ldr < C, (5.8)
Ry

for any positive constant C and & small enough. In particular we can choose
C = RY7'(1 — Q)|A4+(p,t)|. Next we prove that there exists r; € (7(t) —
p,T(t) 4 p) such that u®(ry,t) > a°. Suppose that u®(r,t) < af for all r €
(7(t) — p,7(t) + p), then we have that (u —uf)(.,t) > 1 —a in A4 (p,t). This
in turn implies that

/1 |(w — uf)(r, t)|rY " ldr > (1 — aS)/ N1,

Ry A+(p,t)
> (1—a*) Ry A4 (p, )],

which contradicts {5.8]. Thus we deduce that there exists v, € (7(t) —
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p,T(t)+p) such that u®(ry,t) > a°. Similarly one can prove that there exists
ro € (T(t) — p,T(t) + p) such that u®(rg,t) < a®. Therefore we conclude that
there exists r € (F(t) — p,7(t) + p) such that u*(r,t) = a®. This completes
the proof of Lemma 5.5

Next we give two results, which are proven in [4]. Their proofs are
based on the fact that the Lyapunov functional E®(u®) is bounded and
on the central estimate in [Theorem 4.3 These quantities are identical for
Problem (P¢) and for the fourth order problem consider in [4]. O

Corollary 5.6 Let t € Ag, and Ny(t) be the number of jumps of u(.,t)
in (Ro,1). This number is finite.

Lemma 5.7 Let 71(t) and T2(t) be two consecutive jumps of u(.,t); then
either u(.,t) =1 a.e. in (F1(t),T2(t)) or u(.,t) = =1 a.e. in (F1(t),T2(t)).

Definition 5.8 Let 7(t) be a jump of u(.,t) and n small enough such that
there is no other jump of u(.,t) in [F(t) — n,7(t) + n); we set
1 if u(.,,t)=-1 on [F—n,7) and
e u(.,t)=1 on (7,7 + 1]
v(7(t)) := . B o
—1 if u(.,t)=1 on [F—mn,7) and
u(.,t)= -1 on (7,7 + 7).
We are now in a position to make precise the convergence of the a®-zeros

of u®.

Theorem 5.9 Let 7(f) be a jump of u(.,t); there exists a time interval
(t1,%2), which contains t and there exist M(t) functionst — r$(t) define on
[t1, o] satisfying

ut(ri(t),t) =a® and 1>7ri(t)>r5(t)> - > Tf\/t(i)(t) > Ry
for all t € [ty, to]

and such that

(i)  M(2) is odd;

(ii) v(F) and us (wa(i) (t),t) have the same sign;

(i) If p is a a®-zero of u®(.,t) such that p > r5(t) or p < rfw(z) (t) orif p
is equal Rg or 1 then we have |rS(t) — p| > /4 and Irjw(z)(t) —p| >

el/4 for all t € [t1,1o].
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The functions t — r;(t) define on [t1,t2] satisfy
(iv) r§ — r; uniformly on [t1,t2] as € | 0,
(v) O — Oyr; weakly in L2(t1,%3) as € | 0,
(vi) ri(t) =7(2),

(vii) r; is Holder continuous of exponent 1/2

for all i € [1,...,M(t)]. Moreover there exist k > j such that (j,k) €
[1,..., M(t)] and

R0<---<ri(t)—s2/5<ri(t)S---Sr;?(t)<r§(t)+62/5<---<1,

(5.9)
for all t € [t1,t2] and € small enough. We set

m(7(t)) :=k —j+ 1. (5.10)

Proof. We first note that (i) implies (ii). Moreover we only consider the
case where that v(7) = 1 since by symmetry one can check similar properties
in the case that v(F) = —1. In view of there exist M (%) af-
zeros, p;, of u®(.,?) such that Ro < pp;q(f) < --- < p1(f) < 1. Extracting
a subsequence, which we denote again by {c}, we may suppose that p;(t)
converges to a limit p;(t) as ¢ | 0 for all ¢ € [1, M(t)]. We denote by ré(f) >

- >t M t)( ) the a®-zeros of u®(.,) which converge to 7(£). There exists

n > 0 such that 7(¢) is the only limit in [F(¥) —n,7(f) +n] C [Ro, 1] and such
that for £ small enough

(%), .. ST (t) are the only a®-zeros of u®(.,¥)
in (F(z) - g,F(f) + g) (5.11)
Let € such that
g > el/4) (5.12)

which in particular implies that
ré(t) <1—e'/* and rfw(z)(f) > Ro +¢'/4, (5.13)

Using the fact that u(.,?) is constant between two jumps and that v(7) = 1
we deduce that

u®(.,t) = =1 a.e. on [F(t) —n,7(t))
u®(,t) > 1 ae. on (7(t),7(t) +nl.
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By (5.11) u® — a° has a constant sign on (r{(?),7(f) + 1] and u® converges
to 1 so that u® > a° on (r{(¢),7(¢) + %]. Similarly we have that u® < a°
on [F(t) — 1, Tf\/l(f) (t)]. This implies in particulary that M(Z) is odd and
that uf(rs , ® (t),t) > 0, so that (i) and (ii) are satisfied. Furthermore using
the implicit function theorem we have that there exists an interval [t],t}],
which contains t such that r¢ € C1([t],t)]). Next we prove (iii). If p = Ry
or p = 1, the result follows from (5.13) and the continuity of 7§ and r9,.
Otherwise it follows from (5.11) and the continuity of r{ that there exists

an interval [t1, t3] containing ¢ such that
n n T 7
Ir5(t) — p| > 2 and [ (t) — p| > 2’ for all t € [t1, ta].

So that the result of (iii) follows from (5.12). In view of (5.2) the functions
ré for 1 € [1,..., M(t)]} are Holder continuous of exponent % uniformly in
¢; using the Ascoli theorem we deduce that there exist a subsequence ¢,

which we denote again by e, and M(t) functions r; for i € [1,..., M(?)]

+1

+1 U(,t)

()

Fig. 1. A possible configuration of the zeros
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define on [t1, 2] such that ase | 0
r¢ — r; uniformly on [t1, 9] and 7;(f) = 7(?),

for all i € [1,..., M(%)], which proves (iv) and (vi). Finally since by (5.2)
we have that fztlz |0¢ré|2dt is bounded we also have for a subsequence that

Oy — Oyr; weakly in L%(;,%3) as € | 0. This completes the proof of
Theorem 5.9. O

6. First approximation

Theorem 6.1 Let § > 0, there exists bg(d) > 0 and K(6) > 0 such that
bo(6) — oo and K(§) — 0 as 0 | 0 satisfying for € < eo(6) the following
properties

(i) Suppose that there exist a time interval [t1,ts] C Apg, and two
functions t — r°(t) and t — r5.(t) such that u(rs (t),t) = u®(ri(t),t) =
a® and 8. (t), r%.(t) are two successives a®-zeros of u(.,t) for allt € [t1,t5].
Then denoting by ¢ the sign of u® — a® on (r2,r%) we have that

S (0) (6] 2 2000(6) + 1) for all ¢ € [11,83], (6.1

and u® satisfies

[

(r,t) — tanh<T ( - ) +;f> < K(5) (6.2)
for all (r,t) € [re.(t), re(t) + bo(d)] X [t1,ta],
(r,t —l—tanh('r ( — T+ ) —,ue) < K(6) (6.3)

for all (r,t) € [rE.(t) - b0(5),ri(t)] X [t1,t2] and finally

[Tf {uf(r, t) - ([1 —&5(r,1)] tanh(’rs<z—:—7—;—€:-(t~)) + 1)

£

—[€5(r, t)] tanh(fs(ﬂ) _ u)) H CSKG) (64)

3

for all (r,t) € [r%, 78] x [t1,t2], where pf = tanh™!(a) and £ is a smooth
function on (r%.(t),r5.(t)), such that 0 < §° <1
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0 if rE(t)<r< r= () —;Ti(t) —€

“(r,t) =
R O RerD,
1 f
2

(ii) Suppose that r<(t) is a a®-zero of u®(.,t) and that there exists of €
(r¥(t), 1) be such that of — re(t) > e'/* and that uf — a® does not vanish on
the interval (r*(t),a®). Then denoting by ¢ the sign of u® — a® we have for
e <eo(d) that

{Te <ue<r,t>_tanh(76(?‘i—(”)+/f))} <K(6) (65

€

+e<r<ri(t).

for all (r,t) € [re(t), 75(t) + /%] x [t1, ta].

(iii) Suppose that v°(t) is a a®-zero of u(.,t) and that there exists
af € (Ro,75(t)) be such that r°(t) — o > e'/* and uf — a° does not vanish
on the interval (af,7°(t)). Then denoting by 7¢ the sign of u —a® we have
for e < ep(6) that

[Te (us<r, 9+ tann (re (L2720 um ko) 60

9

for all (r,t) € [r5(t) — €¥/%,75(t)] x [t1, ta).

Note that £° is well defined since by (6.1) we have r§. — r& > 2¢ for ¢
small enough.

In view of [Theorem 4.3 and the definition of Ag, (Definition 5.1) the
function U®(z,t) = u®(r,t) where z = T satisfies

Il%(Uj(.,t))Q _ F(Uf(,,t))HLoo((%,%)x(tl’tz)) <

As in the proof of Theorem 5.1 in we have to state properties of the
solutions of the differential equation

(E) (¢)°-2F(¢)=g, in R

where g is a smooth function such that ||g||c < 62. Following the proofs of
Lemmas 5.2 and in [4] one can check the two following results.

Lemma 6.2 Let ¢ be a solution of Fquation (E) such that there exist z_
and zy satisfying ¢(z-) = ¢(21) = a° and #(z) > a° for all z € (2-,2y).
Let 6 > 0; there exists by = bp(d) > 0 such that lims_ b(6) = +oo and a
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positive constant K such that
zy —z_>2(bg+1) — 400 as 6|0 (6.7)
|p(2) — tanh(z — z_ + pf)| < K\/(S:, forall z € [z_,z_ + by], (6.8)
6(2) + tanh(z — 2, — 1¥)| < KV3, for all z € [24 — bo, z4]. (6.9)
8(2) >1— KV38, forall 2 € [z— +bo, 24 — bo). (6.10)

Moreover let ¢ € (z—, z4.) be such that ¢,(c) =0. Then

c € [z— + by, 24 — by). (6.11)
Lemma 6.3 Let ¢ be a solution of (E) and let z_ be such that ¢(z-) =
a®. Suppose that ¢(z) > a° for all z € [z, A] where A — 2_ > %; then
there exists a positive constant K1 such that

sup  [P(z) —tanh(z — z_ + p)]_ < Kl\/g (6.12)

-]

As it is done in [4] one can deduce then Theorem 6.1 from the Lem-
mas 6.2 and 6.3.

Lemma 6.4 Set U*(z,t) = u®(r,t) where z = T and suppose that there
ezist a time interval [t1, ta] and two functionst — 22 (t) and t — 25 (t) such
that U®(25(t),t) = U%(25.(t),t) = a® and U® does not take the value a® for
all z € [25.(t), 25.(t)]. There exists a function b(t) such that

25 () — 25.(t) > 2(bg(t) + 1) with lim bg(t) = o0 (6.13)

e—0

for a.e. t € [t1,t2]. Moreover suppose that c*(t) € (25(t),25(t)) satisfies
uz(c®(t),t) = 0. Then c*(t) € [25(t) + bg(t), 25.(t) — by(t)].

Proof. Using we have that &2 fOT fol |u§|2dr dt < Ce, which implies
that {e? fol |uf|?dr} tends to zero in L'(0,T) as ¢ | 0. Thus there exists a
subsequence, which we denote again by {¢} and a constant C; depending
on Ry and t such that for a.e. t € (0,7T)

1
/ ué|%dr < C1(Ro,t)e 2.
Ro
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Substituting this into we deduce that

1 € 2 1/2

~(U(. — F(U%(., ¢t ” < et/
W07 = FO )|y 4y < Calor e
for a.e. t € [t;,t2]. Applying for the function U® and with 0 =
[C(Ro, t)e'/2]1/2 we deduce that there exists bo(d)(t), which we denote by
b5(t) satisfying 2§ (t) — 28 (t) > 2(b§(t) +1) and lim._ b§(t) = 400 and such
that for all points c*(t) € [25(t), 2. (t)] satisfying us(c®(t),t) = 0 we have
c® € [25(t) +bf, 25 (t) — bf], which completes the proof of Lemma 6.4. O

Following the proof of the [Corollary 5.6 in [4] we obtain the following
result.

Lemma 6.5 Suppose the hypotheses of Theorem 6.1 (i) hold. Then u§ is
such that

I Ot () e (e e _1) =0, 14
HRSUP[ Ot | w0 lug — 1 (6.14)
ey | —
;1_{1(1) SUP[re (1) +ebo,re () —ebo] x [t1,t2] |(ug)r| = 0. (6.15)
Consequently we also have
Hmsupr,e g ) o2 @48 @ |(ug)r| = 0. (6.16)
e—0 [ . —¢, 5 +€] X [t1,t2]

7. Approximation of u¢

Introduction and preliminary definitions

Let 7(f) be a jump of u(.,) and Ry € (0,1) such that 7(£) > Ro. In
view of [Theorem 5.9 there exists a time interval (1,%2), which contains ¢
and there exist m(7(t)) (see [5.10) for the definition of m(7(%))) functions
t — ri(t) define on [t1, to] satisfying

uf(ri(t),t) = a® and

Ry < - <ri(t) — % <ri(t) < ri(t) <rS(t) +eP < < 1,
r; — 75 > 26 forall 1<i< m( (t)) 1, (7.1)

and such that (i)-(vi) of are satisfied. We first state some notations and
definitions. In order to simplify the notation we replace m(7(t)) by m in all
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the proofs of Section 6. We introduce a new variable namely,

z(t) := T——;—;(t—),

moreover we set for all t € [t1, 5]

Tf+j—1<t) — T?(t)

25 (t) = , forall ie[l,m)]
€
and also

rio1 TS Tht1 — 75

B0 = ()=
Ro —7rs 1—17r¢

28 (t) := Lo 25 () = ]

()= () =

Thus on [t t2] we have that

2f < b < —e3

+25, <z, < zh <
o< =0< S e < gf < 2
From now on we use capital letters for functions defined in the new
variable z, so that

Uf(z,t) = u®(r,t),
VE(z,t) = v°(r,t).

In the z-variable equation (4.1) becomes

—cug(ez +r5(t),t) + %sz(z, t) + g—;—%)Uj(z, t)
+ %f(Ue(z, t)) — VE(z,t) — A°(¢t) = 0. (7.2)

Next we give some definitions

1. Let {Ef(z,t)}1<i<m be a partition of unity, such that the func-
tion Ef(z,t) has support in (i”;—zf -1, z—fizzf;l +1) and Ef(z,t) = 1 on
[iﬂ;—z’a +1, % — 1] for all ¢ € [2,m — 1], while Ef(z,t) has support
in (—2—22 - 1,00) and Ef(z,t) = 1 on (522 + l,oo); E,.(z,t) has support in
(—o0, zi"—%zf”;l + 1) and E,,(z,t) =1 on (—oo, fm—z—e”f—l —1). Moreover we
suppose that (EY)., and (Ef),, are uniformly bounded in . By (7.1) this
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construction makes sense; similar computations have already been made in
Section 5.

Fig. 2. The partition of unity

2. We set
Us(2,t) =Y Ef(2,t)Ug(2, 1),
=1

where U§,(z,t) = tanh[(—1)""1(2 — 2£(¢)) + p°] where u® = tanh™! ¢ and

=m

Us(2,t) := ) Ef(z,t)Uf(z,1),

1=1

where U7, is a solution of the system

{ (Ufi)zz + f1(UG)UT; = VE + A°
ri(2(t),8) =0
3. Finally we set for all z € [2%, 2% ]
OF(z,t) := v(F)(~1) (U5 (2, t) + eUf (2, 1)),
where v(7) is defined by Definition 5.8 and

U (z,t) := U(z,t) — ©°(2,¢).
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Construction of the approximation In this Section we prove that
U*® is well approximated by ©¢; more precisely we prove the following result.

Theorem 7.1 Let £° be a smooth function with values in [0, 1] such that
1 in (—€~ 42t (T(t))(t),s_%)

£ (2,t) = - _3/s a5
in R\ (—e7%/° + ¢ m(r@) (1) € ),

0 <€ <1 and ||€]||po < Ce3>. Then we have

/tz/ (JWE 2 4 |04 %) (€5)2 dz dt < CeB/P

(t)) )U(0,00)

and

lim / |x11§|2+ |T¢|?) dz dt = 0.

e—0

We first note that

2 <2f e — e e < ze 1 < -

< =0<e V2 e < e

and that U®(.,t) does not take the value a® on (25,(t) — e73/°, 2¢ (t)) and
in (2§ = 0,3/ %) for all t € [t;,%3]. Next we prove preliminary lemmas,
which will be useful to prove [Theorem 7.1. In each proof we only consider
the case where v(7)(—1)/ = 1 since by symmetry one can obtain the same
result in the case that v(7)(—1)7 = —1. In the following lemma, we give the

equation satisfied by ¥ and we refer to [4] for the proof.

Lemma 7.2 Setting
Hf(2,t) := —0%,(2,t) — f(O%(2,t)) + eVE(2,t) +eX°(t) (7.3)
and

G(2,t) = —e®us(ez + ¢ 5(t),t) + (N —-1)

Us(z,t
Ez-|~'r (z )

= —UL,(2,t) — f(U(2,)) + eVE(2,t) + eAX°(2), (7.4)
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we have
i=m(7(t))
H® =¢* E; (6UG,(UT;)* + 26(UT;)°)
i=1
i=m(7(t))—1
+ (05,1 — ©5) [(¢5)2z + 2ESES (1 + EF)(65)?
i=1
+(Ef —2)(05,,)% + (1 - 2E5)6565,,)]
i=m(7(t))—-1
+ (©71 — ©07):(6)- (7.5)
i=1
where ¢ = EZ E;. Moreover ¥, satisfies
—UZ,(2,t) = f'(0°(2,1))¥°(2,t) — 2 (30°(¥°)* + (¥°)°) (2, 1)
+ G*(z,t) — H%(z,t) (7.6)

T (25(),8) = 0

2

Next we give a bound for U}.

Lemma 7.3 There exist constants C1(Ry) and Cy(Ry) such that Uf sat-

i1sfies
U ()l rreoee o) < Cr(Ro)(1+ [AS(E)]), for all t € [ty,t2] (7.7)
and
sup [[US (., )l prioees o2 ) < Ca(Ro)e /2. (7.8)
te(ty,t2]

Proof. Applying [[4], Lemma A.3] we deduce that for all t € [t;, t2]

UL Ol e ee 22y S 12([VE(, D)l so(es 29y + [AT(E)])
for all 7 € [1,m]. (7.9)

Using (4.9) we deduce that ||Uf;(., )| greo(,_ -,y < K1(Ro)(1+ [A*(t)]), for
all 2 € [1,m]. Finally using the definition of U7 and the fact that E} and
(EY), are uniformly bounded in € we deduce that

IUE (Ol ooz 2y) < Ka(Ro)(1+[A(8)]), for all ¢ € [, 2],

This coincides with (7.7). Moreover using the bound on A\° given in (3.11)
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we deduce (7.8). This completes the proof of Lemma 7.3. Next we state a
lemma, which will be useful to prove [Theorem 7.1. O

Lemma 7.4

lim (25, 1(t) — 25(t)) = —o0, for almost t € (t1,1t,) (7.10)

e—0
for all i € [1,m(7(t))—1]. Moreover there ezists K (8) > 0 such that K(§) —
0 as 0 | O satisfying
[T°O°|_ < K(0) for all (z,t) € [—e73/% + zfn(F(z)),s_?’/S] X [t1,ta].
(7.11)

Proof.  (7.10) is a direct consequence of (6.13). Next we prove (7.11). By
definitions of ¥¢ and ©° we first note that
(507 (2, 1)) - < [(U* = UG)UG) (2, 8)] - + ] (U® — U§) (2, 1) [|U5 (2, 1)
+ |U§ (2, )||UE (2, )| + €2|UE (2, ) |2

for all (2,t) € [—e73/% + 25,673/ x [t1, ,]. Using (4.10), (7.8) and the fact
that |U§| < 1 we deduce that

[@°0°(2,1)]- < [((U* = U5)UG) (2, 1)]- + C(Ro, t)e'/? (7.12)
for all (z,t) € [~e73/5 + 28, e73/5] x [f1,%,]. Next we prove that

[((UF = Ug)Ug) (2, t)]- < K(6), forall (z,t) € (21, 2] x [t1, 12
(7.13)
We denote by 7; the sign of U?(.,t) — a® on the interval (zf,,,2f) and we
note that 7; = (1)
We first consider the case that 7 is even. We have in this case that
Us(z,t) = By tanh(z — 25, + p°) + Ef tanh(2{ — 2z + pf)
> Ef q tanh(p®) + E; tanh(u®) > a® > 0, (7.14)

for all z € [27,, 2{]. This with the fact that (ab)_ = (a)_b for b > 0 implies
that [(U® — U5)Ug]- = [U® — Ug]-[Ug], on (25, 2] x [t1,%2]. Therefore

1

using the fact that 7; > 0 and [Theorem 6.1 we deduce that

(U= = UUS)(2,)]- < K(5), forall (z,)[25,;, 25) x [, Ta).
(7.15)
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This implies (7.13).
In the case that 7 is odd we have that

Ui(z,t) = Ef tanh(—2 + 2§, + p°) + Ef tanh(—2§ + 2 + p°),
(7.16)
so that —U§(z,t) > 0 for all (z,t) € [2f,, + p°, 2 — p°] x [t1,%2]. The

inequality (7.13) then follows in a similar way. In the same way one can
deduce from the results (ii) and (iii) of [Theorem 6.1 that

(U = U5)Ug)(2,1)] - < K(9) (7.17)

for all z € [—e™3/5 + 28, 25 U [25, 2§ +e7%/%] and t € [f1, o). Finally [7.12),
(7.13) and imply (7.11). This completes the proof of Lemma 7.4.
l

Next we give a bound for G°. More precisely we prove the following
result

Lemma 7.5 There exists a constant C3(Rp) such that G* satisfies

zg Z4
[ / G (2, t)2dz dt < C(Ro)e (7.18)
th zZ_

Proof. By definition of G* (7.4) we have

iy rzy ta  pz4
/_ / IGF (2, ) 2dz < 254[ / ez + 75, 8)%dz db
t1 zZ_ t1
_122/t2/z+|U5zt|2 .
noJ.o lez+ril?
After performing the change of variable r = ez + 75 we obtain
22 Z4 zz 1
/ / GE (2, 1) 2dz < 253/ / s (r, ) 2dr dt
51 Z— Zl RO
t2 1 €12
1)253/ / W' Wl gr dt.
t

Finally using we deduce that f [ 1G(= B)|2dzdt < Cy(Rg)e?
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Next we give a bound on H®. More precisely we prove the following
result.

Lemma 7.6 There exists a constant Cy(Ry) such that H¢ satisfies

to
/ / He(z,t)2dz dt < C4(Ro)e™>. (7.19)
t e73/5 428 28 YU(25,e—3/5)

Moreover we have that

lim / |H®(z,t)|?dzdt = 0. (7.20)
ZE

e—0

Proof.  Using the definition of the partition of unity {Ef} we have Ef = 0
for all i € [1,m — 1] and E5, = 1 on [2_,2¢]. This together with (7.5)
implies that

He(z,t) = €% (6U§,,(Usn)? + 26(US,,)3) (2
for all (Z t) [ E ] X [tl,tz] (721)

Moreover we have that Ef = 0 for all 4 € [2,m] and Ef = 1 on [2{, 25] x
[t1, 2], which implies that

H*(z,t) = €* (6U§; (Ufy)® + 2e(U))°) (2, 1),
for all (z,t) € [2f,25] x [t1, ] (7.22)

Moreover we have
Usil oo (oo 2 x (@) S 1, for all i € [1,m] (7.23)
In view of (7.21), (7.22) and (7.23) we deduce that

t2
/ / HE (2, ) [2dz dt
t1 J(—e73/5428, 28, )U(25 ,£3/5)

4| 2 6 5
= [E UL oo (o2 22y (0 22)) T ENUT oo (o2 22 )¢ 21,20)
14 -3/517 n
+ IUI 'Lm((z_,z+)x(21,22)):l€ / |t2 B tl‘.

Applying we deduce that

t2
/ / 'He(z,t)szdt < Cg(RO)57/5.
fl _6_3/5+Z$nvzsn)u(2§,6"3/5)
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This completes the proof of (7.19). Next we prove (7.20). We set

1=

Hf(z) =2 E(6Ug;(Us)* + 2¢(UT)°)
1=1
1=m—1
(
=1

Hj(z) = Z € L= O9)[(CE)s + 2EEE, (1 + EE)(65)2

+ (E _ 2)( 2—1—1)2 + ( 2E€)®€ z—}—l)]

i=m—1
H§<Z) = 2 ( z€'+1 - @f)z«f)n
1=1
so that
HE(2,t) = HE(2, t) + HS(2, 1) + Hi(2, ). (7.24)

We deduce that

0 0 0
[ e opas <o [ mGaords + [ 150k

0
+/ |H§(z,t)12dz} (7.25)

Next we prove that

ta 0
/_ / |HS(2,t)|2dzdt — 0 as € | 0. (7.26)
t1 28,

Using (7.7) (7. 23) and the fact that |25,| is bounded by 1 we obtain that
for all i € [1,m]

to
/ / |HE(2,t)|?dzdt
tl 2E

m

< cet / [y (WGP UE)* + (U5 et |

_ i
< Ce? L(l + /%1 |AS(t )\th>HU1||Loo( ) x(f1,52))

to
+€2 <1+A1 |)\€( )|2dt)||U1HL°°( (25 zs)x(tl,tz))}
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Applying and (7.8) we obtain

ta 0
[ [ e s+ s | < ko,

which implies (7.26). Moreover as it is done in [[4], Lemma 6.6] one can
check that. Next we prove that

0
/ |H5(2,t)|2dz — 0 for a.e. te (f1,1), (7.27)
and
0 -— -
/ |HE(z,6)?dz — 0 for ae. te (inh), (7.28)
2

as € | 0. Moreover since H5 and HS are uniformly bounded we deduce from
the dominated convergence theorem and from (7.25), (7.26), (7.27) and

7.28) that lim._,q 't 05 He¢(z,t)|?dzdt = 0. This completes the proof of
h t1 Jzg,
emma 7.6l O

We are now in a position to prove [Theorem 7.1.

Proof of Theorem 7.1. Multiplying by |€¢|>U¢ and integrating the re-
sult on I x (Zy,t2), where I = (—o0, 25,) U (0, +00) or (2¢,,0) we obtain that

/ /1 (—\?zz - (&)%) ‘PEISEI?_
_ _6/:/I@f(qftf)?’m?—2/;2/1(\11"‘)4%512
[ fower [ frver

Using Lemma A.4 in Appendix of [4] we deduce that
to to
s [ [lwepiepes, [ [ e
3] I t1 I
1 22 E121¢#€12 1 t2 €12 ¢+€12 t2 €12 €12
<o L [ IEEIEr+ U [ [ IGEIERE+ | ] 1 HEP|E
S Jy, Ji So\Ji, Ji 5, JI

t2
+ 6([@E\Pe]—)Lw((—€_3/5+zfn75_3/5)X(zli2))/z /I|\I/5|2|€€‘2
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This implies that

5 / /1 W 27 2

3 o oo
+ (‘452 - 6([@ v ]—)Loo(( —3/5+Zs £~ 3/5)x tl tz / /‘\I] | |§ 12

£ ot ([ fover [ o)
(7.29)

By (7.11) we may choose ¢ small enough so that

([O°W°]2) Loo([oe 20 ) x 1 2]) 52

Substituting this into (7.29) we obtain

//wzl P2 + /tl/\w &2 |
| /I el + o / [iepier+ / [ i)

(7.30)

We first consider the case that I = [25,,0]. Using (7.30) lemmas 7.5 and 7.6
and the fact that in this case £ = 1 we deduce that

lim / (JWe)2 4 |¥¢|%) dzdt = 0.
2£,,0)

e—0

Next we consider the case that I = (—o0, 25,] or [0, +00). Using (7.30) and
the Lemmas [7.5 and [7.6 we deduce that

tg t2
i3 2 2/ \1152 €12
slftl/a “12le]? + a/}t 2lee)
/ BE21EE]2 + K (Ro)(e? + /%) (7.31)
1 I

Next we estimate fgf J; 1?1652, Using the fact that |¢5| < Ce®/® we
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deduce that

i to p—e V242 ty pe3/5
[ [rwrmer<con| [* | e [C 1w
i, JI t1 J—e=3/5428, ty Jem1/2
(7.32)
As it is done by Henry in [4] one can deduce from (7.32) the estimate

/I\Iﬁ!zléil2 < C3(Ro)eb/. (7.33)
I

Finally using [7.31) and integrating (7.33) on [t1, t2] we deduce that

to ta
/‘/WWWV+/./WWWFSW&WW
t I t I

This completes the proof of [Theorem 7.1l. Hl

As in [4] one can then deduce from [Theorem 7.1 the following result.
Corollary 7.7 Let J := [—e~ /2 + z

_ e —-1/27.
(F(t)),zm(m))] U [0,e7¢]); we have

that
to
Auwum&mwmsa&m%, (7.34)
to )
| 5 )
lim /t 19O egoe -yt =0, (7.35)
to )
tiy | WU 8) = VI Dl oo vyt = 0
(7.36)
t2
| N0 = U Ol et < C(ROES (7.37)
t
to
: € _ € 2 —
i];i% z1 ||U (,t) I/(T‘)Uo(,t)HHl,oo(O’ZTen(F(z)))dt 0. (738)

8. The limitase | O

Let 7(f) be a jump of u(.,t) and Ry € (0,1) such that 7(f) > Ry. We
refer to the introduction of Section 7 for the properties of 7(¢). Moreover
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we set

p(r;(s),s) = { v(rj(s)) if r;(s)is a jump

0 if 7;(s) is not a jump.

In this Section we derive the motion equation of a jump 7. To that purpose
we first obtain the equation of the limit function r;.

8.1. Evolution equation for the limit r;

Lemma 8.1 For each j € [1,...,m(7(t))] we have

N-1 3

ury(6) = = + U, old) +(r5(0), 1), (8.1)

a.e. in [ty,to].

Proof. For the sake of simplicity we only prove in the case that
the function r — (u® — a®)(r, t) only has one zero for all ¢t € [t;,#5]. This
amounts to suppose that m = 1 so that j =1 and 2, = 2] = 0. We refer to
for the proofs in the general case where the function u® — a® may have
m zeros close to each other. Moreover we also suppose that v = 1. Note
that the function Ug, which is given by

US(z) = tanh(z + pf) where pf = tanh™!(a®), (8.2)

does not depend on time. Moreover we have that

e—1/2
lim (US),dz = 2, (8.3)
e—0 J_-1/2
and
e—1/2 4
lim (UE),)%dz = —. (8.4)
e—0 J_.-1/2 3

We write (4.1) in the variable z := r;z_w, this gives that

—1 1
N U§~gf(U€)+V5+/\f:0

1
UE — [0S (£)]US — ~UE, —
el [trl( )] z c 2z €Z+7’§

(8.5)

Multiplying (8.5) by ((¢)UZ(z,t) where ¢ is a smooth test function with
compact support in (£,%;) and integrating the result on (—e~1/2 ¢~1/2) x
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(t1,t2) we obtain
I, pe1/2 I, pel/2 1
R c[atri— —ri| w2y
El —6_1/2 51 -—6_1/2
t2 tZ
[ L[ e[ o)
t1 —e—1/2 t —e—1/2 .

~1/2

to
/ / CUEA =0 (8.6)
th —e—1/2

In order to pass to the limit in , we first prove the following lemma.
O

Lemma 8.2

lim — / / [ F(Ue)} dzdt =0
e—0 ¢ 4 —e—1/2 5

Proof. We note that

LS e )]
< Licle / {3 (Were 2.0+ e ,0)

+ F(US(e7Y21)) + F(US (=72, t))} dt (8.7)

Moreover we have that

Us 12 < (U2 = (U§):] + |(U§):])* < 2 [|UZ = (U§):I* + 1(U5):1] -

Using the definition of U; we obtain

(U§)=(e7/%)] =1 — tanh?(e /% 4 ) (8.9)
and

(Ug)-(—e72)| = 1 — tanh?(—e~"/2 + 1), (8.10)

so that applying at the points —e~1/2 and e~1/2 and also using the
fact that the points —e7 12 and €712 are in the interval J defined in the
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Corollary 7.7 we deduce that
US (202 + |Us(—e 7172, 8))?
< AU — (U5):](, )13y + 2(1 — tanh2 (=2 4 )2
+2(1 — tanh?(—e ™2 + 1)), (8.11)

for all ¢ € [f;,%5]. Furthermore we have that

F(U§ (/%)) = 511~ tanb®(e ™2 4 )
and

F(U§ (/%) = 21~ tanh?(—= V2 4 )2
This implies that

F(US(e7'2,1)) < [(F(U?) = F(US))(e™"/2, 1)

+ %[1 — tanh?(e 712 + pf))? (8.12)

and

F(U*(=7V2,1)) < [(F(U®) = F(U§))(— /%, 1)

+ ~[1 — tanh?(—e~ /2 4+ 1#)]? (8.13)

L
2
for all ¢ € [t1,t2]. Substituting (8.11), (8.12), and (8.13) into (8.7) we obtain

I, pe—1/2 1
/ / ¢ [—(U§)2 - F(UE)] dz dt
5 Joe-12 7 |2 .

2 t2 € € 2
2 | 0E = (U8): e gt
1

1
€

< c<T>u<noo(

1
+ %[1 ~ tanh?(=V2 4+ 4+ Z[1 — tanb?(—e /2 4 )

1 [
o
E {1
1 [t
S
g {1

(F(U) = FU)) (2, 1)) dt

(F(US) — F(US)) (-2, t)l dt) (8.14)
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Moreover there exists U between Ug(¢~'/2) and U®(¢~'/2, t) such that

(F(U®) = F(U)) (2, 1)

(U° - U2, 1)
2

From (4.10) and from the fact that |U§| < 1 we deduce that F”(z) is bounded

for all U between Ug(¢~1/2) and U?(e~1/2,t) and moreover since |F'(U¢)| <

2[1 — tanh?(e~1/2 + 11)] we obtain that

= (U° = U5)(e 2 ) F'(Us(e7/%)) + F'(U).

= [ IPwe) - PO oLt

5}:1

o 1/2
< c( [1 — tanh®(e 7Y% 4+ 11f)] (/ |U§(s_l/2)—UE(e—l/Q,t)\th>
t

1 2
+ g[ |U§(f—:"1/2) — Us(s_l/Q,t)\th)

31

Using (7.37) we deduce that

to
é/ (F(US) = F(U)) e Y2, ¢)|dt — 0, as €] 0.
4

Similarly one can prove that

t2
L 1P~ PR e~ 0, as < L0
ty

Coming back to (8.14) and using again (7.37) we deduce the result of
Lemma 8.2. O

Lemma 8.3

t2 . £\24 4 2 [N-1 P
dt = - dt
i% /_6—1/2 [EZ +7r et 8,57’1:] (U:)"dz 3 /zl C{ T1 " trl]

Proof. We first prove that

t2 1 t2 1
lim / (UE)de dt = lim / —(U§)2dz dt
e—0 _e—1/2 5z + 7§ e—0 _e—1/2 ez +r§
(8.15)
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and that

e—0

t2
lim / C@ r$(Uf)%dzdt = hm / (atrl(UO) dz dt.
—e—1/2 _e—1/2

(8.16)

Since €z + r{ = r > Ry we have

e L £€)2 £\ \2
/Zl /_g 1/2<5z+r§ [(UZ) - ((Us)-) ]dzdt‘

e—1/2

/ [ conswe2 - sy

1o 1
< € N2 €12
< lclle / / . (&W ' latm) (U9 — (UE)2] de dt

-1/2

-t-z 1 g 1/2
< ¢llo | {(—H@tr“il) [ / |U§—(U5>212}
t1 RO —e—1/2

—1/2

€ 1/2
[/ Us + (U5)2|2} }dt (8.17)
_e-1/2
e—1/2

US + (US),|2dz < —
./—5-1/21 =+ ()] Z_Rév~1

which we substitute into (8.17) to obtain

/: /_5—1/2 Lz +re T 8”'1} [(U9)? = ((U§)2)?]

e—1/2

<csnf ] ([ [ - 0)”

Using (7.36) and the fact that 9;r5 is bounded in L%(f;, %) (cf. Theorem 5.9)
we obtain (8.15) and (8.16). Moreover we deduce from 8.4}, (8.16) and the
the fact that 8t’r"i3 tends to Or; weakly in L%(%1,%5) that

It follows from and that

1
4
[N+ 5 < 0(Ro)
Ro 3

t2

lim / C@ rS(US)2dz dt = ;l COyr1dt (8.18)

e—0 tl



Singular limit of a second order nonlocal parabolic equation 611

Next we prove that

f 1 ) 4 [* 1
lim / ) e (UF): Pz = /g(t) dt.

e—0 ez +r5(t) 3 Ji r1(¢)

(8.19)
We have
-t-g e~ 1/2 1 1 . 9
Ce-1)2 C(&:z + re(t) N rl(t)> (T5):)
to
< R ) (i@ =i+ e72) (@),
£1/2

. ”%2 <[ff£] (8 — ()] + 51/2> (f2— 1) / ICHERE

(8.20)

Using and the fact that r$ tends to ry uniformly on [t;, %] (cf. The-

orem 5.9) we deduce (8.19). Finally follows from (8.15),
and (8.19). O

Lemma 8.4

lim /_ 5_1/2Ct))\€( \US (=, t)dz dt = 2 / C()Ao(t)dt

e—0

t1
Proof. We ﬁrst prove that
lim / CON (BT dz dt
e—0 _5_1/2
t2 —1/2
~ Jim / (UE), dz dt. (8.21)
e—0 _6—1/2

We have that

c—1/2

/:/_5—1/2 Oz - (U )]dzdt\

[ {cpelws - o520 - 7 - T5) -2 0] fat

t1

T ; 12 ; iy , 1/2
szucnm(/z (D) dt) (/ \IUE—USIILoowdt) ,
1 1
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which in view of and (7.37) implies (8.21). Moreover using the
definition of U§ given in (8.2) we have

to pe1/2
/fl /;5—1/2 ((t)A (t)(UO)z dz dt

t2
= {tanh(a_l/2 + pf) — tanh(—e V2% 4+ ,ue)] CA° dt
t1

Letting ¢ tends to zero and using |Corollary 4.5 and (8.21) we deduce
Lemma 8.4 O

Lemma 8.5

EQ e=1/2 Ez
lim / C(t)VE(z,t)U(z,t)dzdt = 2/ C(t)v(ri(t), t)dt
e—0 i —e—1/2 1

Proof. We prove below that

Ty e l/2
lim / C(t)VE(2,t)UL(z,t)dzdt
e—0 2 _e—1/2

T, pe—1/2
= fim / COVE (2, ) (UE). (2, D)z dt. (8.22)
=0 Jz, J_e-1/2

-1/
Integrating by parts the integral fjsilig VE(US — (U§),)dz and also using
the bound of v*, (4.9), we obtain

e—1/2

[ s - w5

_e—1/2

c—1/2
e1/2 e(T7€E €
= ‘ [VE(UE - US)}_6—1/2 - / Vi(U® —Ug)dz

_e-1/2

< C(Ro, TI|U® — Us || oo ()

1/2 e—1/2

! (/:_1/2(1/;)2(12«> " (/_e_I/Q(UE - US)de>1/2 (8.23)

Moreover the energy estimate implies that
~1/2

€ 1
/ (VEdz < e / (v%)%dr < eC(Ry), (8.24)
—e—1/2 Ry



Singular limit of a second order nonlocal parabolic equation 613

which we substitute in (8.22) and (8.23) to obtain

/t 2 // OV (2,)(Us — (U5):)(2, )dz dtl

< [I¢lloeC(Ro, T)

1/2 to 1/2
(/ 1U° = Us 1700 s dt) +51/2</ / US\dedt> ]
ty —

Using (7.36) and (7.37) we deduce (8.22). Next we prove that

to
lim / C(H)VE(2,t)(U§) (2, t)dzdt = 2 lim C(t)ve(r, t)dt.
e—0 _5—1/2 e—0 4

(8.25)
We first note that v®(r{,t) = V¢(0,t). We have that

to is
/ / C(O)VE(2,t)(Ug)dz dt — 2 t ¢(t)ve(rs, t)dt‘
t; J—e"l/2 2

e—1/2

-+ . Cve(ri, t) U_e o (Ug)zdz—Qldt‘

< 1l /{ /. N ([ 2d3)1/2|2|1/2|(U0) s}

e—1/2
+ ”UEHLOO([RO,l]x[O,T])(zQ —11)

/"Eﬁl/z(US)zdz — 2!)

to t2
/ / Ve (z,t)(Ug).dz dt — 2 ((t)vs(rf,t)dt|
t1 —6_1/2 t

e—1/2 —1/2

t1
< ¢l C (R0 T) (el/‘* [ =+ \ [ wias- D
_e—1/2 —5—1/2

Together with (8.3) this implies (8.25). We now prove that

t2

2lim [ C(t)E(rs, t)dt = 2 g() (r1,t)dt. (8.26)

e—0 1 tl

Ty pe1/2
N /t /__1/2<[V5<Z»t)—ve(0,t>] (UE),dz dt
t2

In view of (8.24) and (4 9) this gives that
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We have that
H

[v¢ —v](ry,t) = — /7‘ vrds + v (r§, t) — v(ry, t). (8.27)

T1

Moreover we note that

r1(t)+h r1(t)
/ [/ [v® = v],(s,t) ds] dr
r1(t) T

r1(t)+h
-/ L [ dn®,0 - ol )i

+h
= hlv* —v](r(t), 1) — / [v¢ — o](r, t)dr, (8.28)

r1(t)

for all A > 0. Substituting (8.27) into (8.28) we obtain that
vE(ri(t), 1) — v(ri(t), t)

i (t) 1(t)+h
:/ “(s,t)ds + — / / (v —v),.dsdr
1(t) r1(t

ri(t)+h
v /ﬁ(t) v — v(r, t)dr (8.29)

Multiplying (8.29) by ¢ and integrating the result on [t1, t2] we deduce that
i

C(t) [v*(ri(t), ) — v(r1(t), £)] dt

t1

<HS+2J°+K°,  (8.30)

where we have set

3 10 1/2
= | \<(t>uri<t>—n<t>|1/2(/ |v:f|2dr) d,  (831)

t1 1(¢)

and

r 1/2
JE = _/ |/ |7°—7‘1 )|1/2(/ (|v$[2+|vr[2)dr) dr dt
r1(t)

(8.32)

and

to r1(t)+h
:% /t / . (;(t)[vs—v)](r,t)drdt‘. (8.33)
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Using and the fact that r{ tends to r; uniformly on [t1, %3] we deduce
that

lim HE = 0. (8.34)

e—0

Next we estimate J°. For all 1 > h > 0 and 7 € [ry, 71 + h] we have

1 to r1(t)+h 2 q1/2
J < —[ / m?( [ - n(tw%zr) dt]
h | Ji, r1(t)

2 1 1/2
U / ([0 ]2 + [vn[2)dr dt] (8.35)
fl Ry

Since f;l((tt)nh Ir — r1(t)|Y2dr < h3/2, also using and the fact that v
€ L*(0,T, H(2)) we deduce from (8.35) that

J* < C(Ro, T)A2|¢ - (8.36)
Using the fact that v® tends to v weakly in L%(0, T, L?(Q)) we deduce that

lim K¢ = 0. (8.37)

e—0

Letting € tends to zero into (8.30) and using (8.34), [8.36) and [8.37) we
obtain

T | [ C(0)of(r5(6), ) — v(ra(8), )] de| < C(Ro, T)Cloch!?,

13}

for all h > 0. So that letting A tends to zero we obtain [8.26). Finally
(8.22), (8.25), and imply the result of Lemma 8.5. O

Lemma 8.6

22 6—1/2
lims/ / CE)ULUZ ) (2, t)dzdt = 0.
Zl —5_1/2

e—0

Proof. We first prove that

to pe~1/2 T, pe—l/2
lim ¢ / / C(HUFUSdz dt = lim e / / COUE (UE).dz dt.
e=0  Ji, J_e-1/2 e=0  Ji, J_e-1/2
(8.38)
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Indeed

iy pe1/2
|/ | |, couEs - wg)-Jaz a
to 1/2 to 1/2
<aick([ [ \UF) ([ [ - W)

(8.39)

Moreover we have that

Zg 5_1/2
/ / \UE|2dz dt
t, J—e1/2
to
<2f [ o
—/z / (luf [* + |0 ||us|?)dr dt
1
to
RO [(/ / |ut’2 N— 1d’f‘dt>
3}
1/2 1/2
+ (/ |8t7~1|2> (/ / ‘u€|2 N-— 1d7‘dt> ]
t

Using and the fact that fgf |0;r¢]? is bounded (cf. Lemma 5.1) we
deduce that

2 e Cs(R
/z / UEP (e tdzde < 35_2 ) (8.40)
1 J—¢

Substituting into (8.39) and also using (7.36) we obtain (8.38). Next
we check that

2

2
‘ dz dt

1
+ gat?“i Us

— —(9t7“1

lim ¢ /t /_ . O3 iz = 0 (8.41)

e—0
Integrating by parts the integral ft (t)Uf (U§) . dt and using the fact that
[(U§):]+ = 0 we obtain that

t2

CGUE(US).. dt,

to

(U (Up).d [CUEUO}

t1 Zl

H-l H-l
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so that

T, pe-1/2

CUE(UE) dzdt'

tl —eg—1/2

< 22| ¢lloo || Lo (o 11 x 0,7
e—1/2

el =B ooy Gloe | |US)eldz (8,42

_5_1

Using (4.10) and (8.3) we deduce (8.41). Finally (8.38) and (8.41) imply
the result of Lemma 8.6, O

We now return to the proof of Lemma 8.1.
Letting € tends to zero into and using Lemmas B.2-8.6 we obtain
that

N -1
r1(t)
which coincides with [8.1}.

Oy (t) = — v %[)\o(t) +o(r(t), )], ace. in (F,F),

8.2. Evolution equation of the jumps

The geometrical context

From now on we suppose that the number Ny of jumps of u is finite and
constant in time on a time interval [t1,t2]. Let {t — 7;(¢)} be the jumps of
u(.,t) for t € [t1,t2]. We choose Ry such that

Ry <Tpaq(t) <--- <7(t) < 1,

for all t € [t1,t2]. Let t € [t1,t2) N AR, (cf. (5.1) for the definition of Ag,).
In view of [Theorem 5.9 there exist, for each jump 7;(¢), an interval [f;, 5]
such that £ € [t1, 2] C [t1,t2] N Ap, and functions {t — r;;(t)} and {t —
rii(t)}, defined on [t1, 5], where i € [1,...,my(7(%))] such that 7§ ,(t) >

s Tin(;l(z)) l(t) for all t € [fl,fz] Moreover r{ y tends to r;; uniformly

on [t1,t2] and 7;;(f) = 7i(f). In order to simplify the notation we replace
m(7;(t)) in this Section. In particular, we have

1>7'1,1>"'7"m1,1>"'>7'1,l+1>"‘>7"ml+1,l+1 >TiL>Te >
> Tyl > > TING > > T Nt > Ro

This implies that there exists a box [7;(¢) — h,7;(#) + h] x [t1, 2] such that
t € [t1,12] C [t1, %] and such that the solutions of the equation u(r,t) = af
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are the pairs (r{(t),t) where ¢ € [t1,%2) and i € [1,...,my]. We set
_ _ .~ h N
U = {(7‘, t), 7i(t) — 5 <7< rmy1(t) and t € [tl,tg]},

_ h ~
Ut ={(r,), i) <r <T@ + 5 and te ffh)}

We suppose the case that v(7;(t)) = 1. Since u® — a° is of constant sign on
U~ and on YT, we have that u =1 a.e. inYY" and u = —1 a.e. in Y ~. Thus

T1,1

2,1

T1,2

72,2

T3

P T23

T1,4

T2.4

r3,4

Fig. 3. A possible configuration of the limits
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we deduce that there exists a jump of u(.,t) in [F;(f) — h,7;(f) + A] for all
t € [f1,%2]. Using the fact that the number of jumps is finite we choose h
small enough such that for all [ € [1,..., o] there exists a jump of u(.,t)
in [7(¢) — h,7i(t) + h] for all t € [t1,fs]. Therefore in each Ny box defined
by [Fi(t) — h,7i(t) + h] x [t1,22] there is only one jump of u(.,t). Thus for
each jump 7; we obtain that

v(Ti(t)) = v(7i(t)) for all t € [f1,to], which we rewrite v(7;).
(8.43)

Moreover we also have shown that for all ¢ € [t1, ;] there exists i :=i(t) €
[1,...,my] such that

Tl(t) = Ti,l(t) (8.44)

Lemma 8.7 Let t € [t;,to] N AR, there exist an interval [t1,15] C [t1,t2] N
AR, such that for all 1 € [1,..., Ny] the function 7| is Hélder continuous of
ezponent 1/2 on [t1, %3] and moreover

N -1 _\3
Fl(t) +V(Tl)§

oy (t) = — (Ao(t) + v(Ti(t), 1)), (8.45)

for a.e. t € [t1,1s].

Proof. We first prove that the functions {7i};cpy, N are Holder continu-
ous of exponent 1/2 on [t;,%5]. Let I € [1,..., Np]. Using (8.44) and the fact
that the functions {r;;} are Holder continuous of exponent 1/2 we deduce
that there exist K > 0 such that

[Fl(t) — Fl(f)‘ = |7‘¢,l(t) — 7‘2',1(%)| <K |t — fl, forall t e [51, t~2]

Thus the function 7; is Holder continuous of exponent 1/2 locally on all the
intervals [f1, #5] with the same constant K. So that 7; is Holder continuous
of exponent 1/2 on [t1,3]. Moreover setting

Ri:={te[ti,ta], m(t)=ri(t)}, forall ie1,...,my,
we deduce from Theorem A.4 [7] that 0,7, = 0yr;; a.e. in R; and thus using
Lemma 8.1, (8.44) and the fact that u(m(7(t),t)) = v(7;) we deduce that

N -1 3

ori(t) = — 0 + V(Fl)§v(ﬂ(t), t) + v(7T1) Ao(2)
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a.e. in R; for all i € [1,...,my] and so a.e. in [f1, 2] = Uiep,...m,) Ri- This
gives (8.45).

Identification of \;.

Lemma 8.8 The function \g is given by

2 (N = 1) 20 w(m) N 2(t) — 31 =V0 u(Fie), )7 L (t)

Aoft) = 3 Zi;{% i) ,
(8.46)
fot all t € [f1,1s].
Proof. We have that
/u(:c,t)da;
Q
A (1) No—1 Ti(t)
= —v (T, / SNl Z I/(Tz_H)[ rN=ldr
0 i=1 Ti+1(t)
1
+1/(F1)/ rN=1dr
71(t)
1 = N N
= () + X ) () - )]

()l - (ﬂ(t))N]), (8.47)

for all t € [f1,%5). By (8.43) we remark that v(7;) does not depend on time.
Thus differentiating (8.47) we obtain in view of (1.6) that

~v(Tap) (T (8) 1 0Tag (1)

+ Z V(?i+1)[(7‘z(t))N 13t(7"z( t)) — (Fi+1(t))N_lat(?i+l(t))]
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for all t € [t1,%5]. This with imply that

No -
> vir) | -S4 B )0al0) + 0,00 |70V =0

1=1

for a.e. t € [f1, 2], so that

2 (N = 1) S v(m)mt) N2 = 3520 u(m(t), o))V !

Ao(t) = =
=Np — )
3 2im1" z(t)N !
for a.e. t € [t1,t3]. This completes the proof of Lemma 8.8. O
We now are in position to prove [Iheorem 1.1I. [

Proof of Cheorem 1.1. Let t € [t1,t2] N AR,. By Lemmas and there
exist an interval [f1,%3] C [t1,t2] N AR, such that for all I € [1,..., N
the function 7; is Holder continuous of exponent 1/2 on [f1, %3] and equal-

ities and (8.46) hold. Substituting (8.46) into [8.45) we obtain the
evolution equation for the jump; for all [ € [1,..., Ny] we have that

0¢r(t) = ]Zl(_t)lJrl/(rl); (Ti(t), t)
(N =) S v(F)m(0)Y 2 = 3/2 -2 u(r(e), om0V
S ()N -1 !
(8.48)

+ v (7))

a.e. [f1,t2]. Finally we check that the function 7; is Lipschitz continuous on
[t1, ta]. implies that ¢ — Ag(¢) is bounded and thus by (8.48)
0;71(t) is also bounded, which implies that 7; is Lipschitz continuous locally
on all the intervals [f;, 5] with the same Lipschitz constant. Therefore 7; is
Lipschitz continuous on [f1, #3]. This completes the proof of [Theorem 1.1.
O

References

[1] Bahiana M. and Oono Y., Phys. Rev. 41 (1990), 6763.

[2] Brezis H., Analyse Fonctionnelle, Théorie et Applications. MASSON, (1983).

[3] Bronsard L. and Stoth B., Volume-preserving mean curvature flow as a limit of a
nonlocal Ginzburg-Landau equation. STAM J. Math. Anal. 28 (1997), 769-807.



622

[4]

[10]
[11]

[12]
[13]

[14]
[15]

M. Henry, D. Hilhorst and Y. Nishiura

Henry M., Singular Limit for a fourth order problem arising in the microphase
separation of diblock copolymers. to appear in Differential and Integral Equations
Advances in Differential Equations, CRC PRESS, (1992).

Henry M., Reaction-diffusion systems and interface dynamics in chemistry and in
biology. Thesis from the University of Paris XI, (1992).

Evans L. and Gariepy R., Measure Theory and Fine Properties of Functions. CRC
PRESS, (1992).

Kinderlehrer D. and Stampacchia G., An Introduction to Variational Inequalities
and their Applications. ACADEMIC PRESS, (1980).

Nishiura Y. and Ohnishi 1., Some mathematical aspects of the micro-phase separa-
tion in diblock copolymers. Physica D 84 (1995), 31-39.

Nishiura Y. and Ohnishi I., Spectral comparaison between the second and the fourth
order equations of conservative type with non-local terms. to appear in Japan Jour-
nal of Industrial and Applied Mathematics.

Ohta T. and Kawasaki K., Macromolecules, (1986), 261.

Ren X. and Wei J., On the multiplicity of solutions of two nonlocal variational
problems. SIAM J. Math. Anal. 31, No.4 (2000), 909-924.

Ren X. and Wei J., Concentrically layered energy equilibria of the di-block copolymer
problem. Preprint.

Rubinstein J. and Sternberg P., Nonlocal reaction-diffusion equations and nucle-
ation. IMA J. Appl. Math. 48 (1992), 249-264.

Rudin W., Analyse réelle et Complexze. MASSON, (1980).

Stoth B., Convergence of the Cahn-Hilliard equation to the Mullins-Sekerka problem
in spherical symmetry. Journal of Differential Equations 125 (1996), 154-183.

M. Henry

Analyse Numérique et EDP
Université de Provence
Marseille, France

D. Hilhorst

Laboratoire de Mathématiques
CNRS et Université de Paris-Sud
91405 Orsay Cedex, France

Y. Nishiura

Laboratory of Nonlinear Studies and Computation
Research Institute for Electronic Science

Hokkaido University

Sapporo 060-0810, Japan



	1. Introduction
	Theorem 1.1 ...

	2. Formal derivation of ...
	3. A priori estimates ...
	Theorem 3.4 ...
	Theorem 3.5 ...

	4. The approximation in ...
	4.1. The central estimate
	Theorem 4.3 ...

	4.2. A new estimate for ...

	5. Definition and properties ...
	5.1. First definition ...
	5.2. A definition of ``jumps'' ...
	Theorem 5.9 ...


	6. First approximation
	Theorem 6.1 ...

	7. Approximation of u^{\epsilon}Introduction ...
	Theorem 7.1 ...

	8. The limit as \epsilon\downarrow ...
	8.1. Evolution equation ...
	8.2. Evolution equation ...

	References

