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The Hausdorff measure of a Sierpinski-like fractal

Ming-Hua WANG
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Abstract. Let S be a Sierpinski-like fractal with the compression ratio 1/3, N be the set
of all the basic triangles to generate S. In this paper, by the mass distribution principle,
the exact value of the Hausdorff measure of S, H(S) = 1, is obtained, and the fact that
the Hausdorff measure of S can be determined by the net measure Hy (S) is shown, and
the best coverings of S that are nontrivial are also obtained.

Key words: self-similar set, Sierpinski-like fractal, Hausdorff measure, mass distribution
principle.

It is well known that it is one of the most important subjects to calculate
or estimate the Hausdorff measures of fractal sets in fractal geometry. But,
generally speaking, it is very difficult to calculate or estimate the Haus-
dorff measures of fractal sets, even for simple sets. For a self-similar set
satisfying the open set condition, we know that its Hausdorff dimension
equals to its similarity dimension. However, there are not many results on
the computation and estimation of the Hausdorff measure for such fractal
sets except for a few fractal sets on a line, like the Cantor set ([1, 2]). For
the Sierpinski gasket S with the compression ratio 1/2 and the Hausdorff
dimension log, 3, Marion showed in [3] that H*(S) < 3°/6 ~ 0.9508, and
conjectured that the upper bound is its exact Hausdorff measure. Zhou
pointed out in [4] that the conjecture is not true by showing that H*(S) <
25/22(6/7)° ~ 0.8900. In the reference [5], the upper bound is improved to
H*(S) <(1927233/1509380)(61/80)* ~ 0.8308.

In this paper, we study a Sierpinski-like fractal .S with the compression
ratio 1/3 and the Hausdorff dimension s = 1. By the mass distribution
principle, the exact value of the Hausdorff measure of S, H(S) = 1, is
obtained, and the fact that the Hausdorff measure of S can be determined
by the net measure Hy(S) is shown, and the best coverings of S that are
nontrivial are also obtained.

2000 Mathematics Subject Classification : 28 A80, 28A78.
The Project Supported by Scientific Research Fund of Chongqing Municipal Education
Commission (KJ051206)



10 M.-H. Wang

1. The generation of a Sierpinski-like fractal

The terminology and the basic definitions in this paper can be found
in references [1-2]. The generation of the Sierpinski-like fractal can be de-
scribed as follows.

Take Sy to be an equilateral triangle with side length 1 in the Euclidean
plane R? and delete all but the three corner equilateral triangles with side
length 37! to obtain S;. Continue in the way, replacing at the kth stage
each equilateral triangle of S;_; by three corner equilateral triangles of side
length 37% to get Si. So we obtain S, (k=1,2,...): 89>8 DS D --D
Sk D -+ (See Fig. 1).

Let S = (i Sk- Since each S; (k =1, 2, ...) is compact and non-
empty, S is compact and non-empty. We call S a Sierpinski-like fractal. S
can be considered as a self-similar set generated by three similitudes with
the scale factor 1/3. Since S satisfies the open set condition, the Hausdorff
dimension of S equals to its similarity dimension s = —1g3/1g(1/3) = 1.

For each k > 0, S, consists of 3* equilateral triangles with side length
37k, Any one of such equilateral triangles is called the kth-stage basic
triangle, and is denoted by Ag. It is obvious that the diameter of Aj equals
to | Ax | = 37%. We denote by N}, the class of the kth-stage basic triangles,
and N = ;2 , Ni the class of all the basic triangles. Obviously, N is a
net for S, and any two basic triangles of N are either disjoint or else one is
contained in the other.

Since the Hausdorff dimension of .S is s = 1, in the sequel of this paper,
H(S) will always denote the Hausdorff 1-dimensional measure of S, and
Hpy(S) the 1-dimensional net measure of S determined by the net N.

Fig. 1.
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2. Some lemmas

Lemma 1 Let AABC be an equilateral triangle with side length d, and
U be an open set contained in NABC whose closure U intersects with the
three sides of ANABC'. Then the diameter of U satisfies |U| > d /2.

Proof. See Fig. 2. Suppose that the closure U of U intersects with the
three sides of AABC at D, E, F respectively. If U intersects with any
of the three sides of AABC at more than one point, we take any of such
intersect points. Since U is open, |U| = |U|. It is obvious that |U| >
|IADEF|, and the diameter |[ADEF| of ADEF equals to the maximum
among the three side lengths of ADFEF. We can see that among the three
sides of ADEF there is at least one of them which is not less than d/2. If
not, |DE|, |[EF| and |DF| are all less than d/2. By the reference [6], for
the area Spgpr of ADEF we have

V3

V3 d3\2/3 /3
Sper < ~;-(IDE| - |EF| - |DF|)*® < T<*> = V2

d-. 1
8 16 (1)
On the other hand, let |AD| = a, |BE| = b, |CF| = ¢, We have
Sper =5aBc — SADF — SBED — SCFE
= ‘fdz — ‘f[a(d— ¢) +b(d—a) +c(d—b)).

Set f(a, b, ¢) = a(d—c)+b(d—a)+c(d—0b). It is easy to see that f(a, b, ¢)
will achieve its maximum 3/4d? when a = b = ¢ = d/2. Therefore,

C

Fig. 2.
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V3 V33, V3

> —d° — = 2242 2

Sper 2 44 16 @

(2) is contrary to (1). So |ADEF| > d/2, and hence |U| > d/2. This
completes the proof of the Lemma. O

Lemma 2 H(S)<1.

Since S can be covered by 3F kth-stage basic triangles of length 37%,
by the definition of the Hausdorff measure, Lemma 2 holds obviously.
We define a distribution function p on R? such that

w(So) =1, p(Lp) =104 =37" (k> 0), wR*-S5)=0. (3)

It is easy to see that the restriction of p on S is a mass distribution. By
Proposition 1.7 in [1], the definition of i may be extended to all subsets of
R? so that p becomes a measure with support S. From the definition of ,
the following lemma holds obviously.

Lemma 3 Let o = {U;} be an arbitrary (countable) covering of S which
consists of the basic triangles, and in which each of o cannot contain com-
pletely the other. Then

#( U Ui> =1 (4)
U,ca
That is
YUl =15 =1 ()
U;ca
Corollary 1 Hy(S)=|S]* =1.

Proof. By the definition of the net measure, it is enough to prove the
above equality for all coverings that consist of the basic triangles in which
no one is contained in the other. By Lemma 3, it follows that Corollary 1
holds. O

3. The Hausdorff measure of the Sierpinski-like fractal

Theorem 1 Let U be any open subset of R?, then
uU) < [UP. (6)
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Proof. By the definition of p, it is obvious that u(U) < 1. So the Theorem
holds when |U] > 1. Next, let |U| < 1, then there exists an integer k£ > 0
such that 3—(k+1) < \U| < 37F. It is easy to see that U can only intersect
with one kth-stage basic triangle, denoted by A, and cannot completely
contain A.

Since A contains three (k4 1)th-stage basic triangle, next we will prove
the Theorem by three cases. For the convenience of the following discussion,
we denote by Al AT AL (m > k) the mth-stage basic triangle on the
bottom left, the bottom right and the top in A, respectively.

1. U intersects with one (k + 1)th-stage basic triangle in A. Then
wU) < |Bga]® = 37D,
Since|U| > 3~*+1)  (6) holds.

2. U intersects with two (k + 1)th-stage basic triangles in A. Let us
say that U intersects with Afcﬂ, A} 1 (See Fig. 3). Since U is an open set,
|U| = |U| < 37%, and hence U and U cannot contain both the bottom left
vertex A and the bottom right vertex B of A.

2.1. If A and B are not contained in U, then there exist positive
integers n, m such that

UNAk, 20, UNAL . =0UNAL, #0,UNAL,, =0.
2.1.1. Assume that n > 1 and m > 1. It is easy to see that

UL = A = Al = [Af | = (1= 37" = 37™)37%.

C

c i i )
A SN
A B

E F
Fig. 3.




14 M.-H. Wang

Since Afkﬂ contains 3" (k+n+1)th-stage basic triangles, and A}, | contains
3™ (k + m + 1)th-stage basic triangles, it follows that

p(U) <B" = DA pyns1” + B = )| A pmpr[?

3 3o+l 3m+l :
Sincen > 1landm > 1,1 —-3"—-3"™ > 2/3 - 1/3»+1 —1/3m+1  Go
w(U) < |U|?, that is, (6) holds.

2.1.2. Assume n = m = 1. Now draw two vertical lines ¢; and cs to
the bottom side of A such that they intersect with the boundary of U and
U is located between them. Let the distance between ¢; and the bottom
right vertex F of Afﬁ 41 be a, and the distance between ¢z and the bottom
left vertex F of A7 | be b (See Fig. 3), then [U| = (|A|—|AL =A%)+
a+b=3%-2.3"kt)) L g 4 b =3"+) £ 4 41,

If
0<ac< (37D — 37(+2) = 3~ (k+2)
— 2 Y
0<p< (3f(k+1) _ 3f(k+2)) _ 3—(1@—1—2)
— 2 Y
then |U| > 3=*+1) and U only intersects with one Ay in Al and AL,

respectively. It follows that pu(U) < 2|Apiol® = 2/937%. Since 3-(*+D) >
(2/9)37*, we know that (6) holds.

If0 <a<3 "2 p> 37K+ then |U| > 3-K+D 4 3-(+2) — 4.
3= +2) and U intersects with one Ak4o in AfCH and with two Agys in
At . It follows that p(U) < 3[Agyal* = 37*+D. Since 4 - 372 >
3=(*k+1) we know that (6) holds.

If a > 372 p > 37+2) then |U| > 37+ 2.3-(k+2) — 5.3-(k+2)
and U intersects with two Agio in Aﬁg 41 and Ay, respectively. It follows
that u(U) < 4|Apiol® = 4-37F+2) Since 5-37*+2) > 4.3-(*k+2) e know
that (6) holds.

2.2. If either A or B is contained in U, let us say A € U, B € U, then
there exists a positive integer n such that U AL, #0, UNAL,, ., =0.

It is easy to see that |U| > |A] — ]A§€+nl =(1-3")3"% and

n s T s 2 1 —
p0) < @ = DIkl + 1AL = (5 — g )37
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Since 1 — 37" > 2/3 — 1/3"*! we know that (6) holds.

3. U intersects with three (k + 1)th-stage basic triangles in A (See
Fig. 4). Since |U| = |U| < 37%, U and U cannot contain any two points of
the bottom left vertex A and the bottom right vertex B and the top vertex
C of A.

3.1. If A, B and C are not contained in U, then there exist positive
integers n, m, [ such that

UNAj, #0, UNAL 0y =0
UNBGm 70, UNAL g =05

UnAp, #0, UNAE, =0
Now draw three straight lines paralleling the sides of A such that they
intersect with the boundary of U, and U is contained in the equilateral
triangle V' bounded by the above three straight lines (See Fig. 4). Denote
the side length of V' by|V|. By Lemma 1, we know that |U| > |V[/2.

Note that each side of V' consists of three parts. It is easy to see that

V| > (3_k — 3= (ktn) _ 3_(k+m)) + 3~ (k+m)
+ (3—k o 3—(k+m) o 3—(k+l)) (7)
—92.37k _ (3—(k+n) 4+ 3= (ktm) | 3_(14;4_;))'

Next, we will discuss by four cases.

C
/\&L,

I
A r
k+1 JAYS

Fig. 4.
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3.1.1. Assume that U only intersects with one Aj 41 in AL
1I;+m7

p(U) < (3" =2)| Aggnga]® + (3" = 2)[Dpms1|* + (3' - 2)| At l?
2 2 2 Nk
= <1 - 3n+1 B 3m+1 B 3l+1)3 ’

and |U| > [V[/2 > (1= (1/2)(3™™ +3™™ + 371))37%. We know that (6)
holds because of 1 —1/2(37 " +3"™ +37!) > 1 —2/3n+t _2/3m+1 _9/31+1

Ly ONE

DNktrmy1 in A and one Ay in A}, respectively, then

3.1.2. Assume that U intersects with two Ay, in A%Hn and with
only one Agipq1 in Apand one Agyyqq in A, respectively.

If there exists an integer ¢ > 2 such that U cannot intersect with those
two (k + n + t)th-stage basic triangles, one of which is on the bottom left
of the (k4 n + 1)th-stage basic triangle that is on the top of A§C+n, and the
other is on the bottom left of the (k + n + 1)th-stage basic triangle that is
on the bottom right of Aﬁg 4n- In fact, if ¢ satisfies the above condition, so
does t’ for any t' > t. We choose t to be the minimum of these t'. It is easy

to see that
V|>2- 3k _ (3—(k’+n) 4+ g (ktm) 3—(k+l))
+(| Dktnt1| = [Dptnte—1l)

VI ook Lo (hin) | a—(ktm) , a—(k+)
>0 — =
|U| > 5 = 3 2(3 +3 +3 )
1
+§(’Ak+n+1| — | D ptnti—1])
1 1
— <1 o 5(3—n + 3—m + 3—[) + 5(3—(77/4-1) _ 3—(7’L+t—1)))3—k’
and
p(U) <37 = D[Dkyn1l® = 2[Dkgnre]®
+(3™ = )| D] + (8 = 2) [ D]
_ 1 2 2 2 k
- (1 ~ 3n+l gmHl g4l 3n+t)3 :
Since
1 -n -m - 1 —(n+1) —(n+t—1)
1—5(3 +37"+3 )+§(3 -3 )
1 2 2 2
> 1

©gntl gm4l gL 3n+t?
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We know that (6) holds.
If the above t does not exist, it is easy to see that

lv| Z 2 . 37’6 _ (3*(k+n) + 37(k+m) + 3*(k+l)) + ’Ak+n+1|,

v 1 1
\U| > Vi > (1 -3 +3 3+ —3‘("“))3—’“,
2 2 2
and
p(U) < 3" = 1) Dppnga [+ B™ = 2)[ Dppmpa|” + (3 = 2)[Dggrpa]®
B 1 2 2 \ok
- (1 © gntl gmtl 3l+1>3 :
Since
Lo —-m -l 1 —(n+1) 1 2 2
1—5(3 +37"+3 )+§3 >1—3n+1—3m+1—3l+1,

We know that (6) holds.

3.1.3. Assume that U intersects with two Agip,41 in Afﬂn and two

Agtm+1 in Ap, o respectively, and with only one Agyy4q in AY .

3.1.4. Assume that U intersects with two Agyp,eq1 in Aﬁﬁ_n, two

T

ADpymer in Ap o and two Agygqq in Af respectively.
By the symmetry of Aﬁcﬂ, A1, D4y, the proofs of 3.1.3 and 3.1.4
are entirely similar to the discussion of 3.1.2.

3.2. If only one of A, B and C is contained in U, let us say C' € U
then there exist positive integers n, m such that

un Aéﬂ"‘n 7é Q)’ un Aiﬂ—i—n—f—l = @7 un AZ—&-m 7& ®7 un A7l;+m—|—1 = 0.
In this case, we have

|V| >9. 3—k N (3—(k+n) + 3—(k+m))’

“ | 1 -n —-m —k
> — > — = .
and |U]| 5 (1 2(3 +3 ))3

Note that u(UNA}, ;) < |Af]°. The rest of the proof is the same as
3.1.

This completes the proof of Theorem 1. O
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Theorem 2 H(S)= Hy(S)=1.

Proof. By Lemma 2 and Corollary 1, we have H(S) < Hy(S) = 1. To
prove the opposite inequality, we need consider all d-coverings of S by the
definition of the Hausdorff measure. Since the class of all sets is completely
equivalent to the class of all the open sets ([1-2]), it is enough to prove
H(S) > Hn(S) =1 for all open d-coverings of S. Now, let U be any open
subset of R?, then (6) holds for U. According to the mass distribution
principle (See [1]), we have

H(S) > pu(S) = 1. (s)
So we obtain H(S) = Hy(S) = 1. O

In reference [7], the authors pose eight open problems on the exact value
of the Hausdorff measure. The first open problem is as follows.

Problem 1 Under what conditions is there a covering of F, say a = {U;},
such that H°(E) = > ;. o, |Uil*?

Such a covering of E is called a best covering.

From the references [1-2], It is easy to see that the Cantor set C' pos-
sesses a best covering {C'}, and that the class of the kth-stage basic intervals
to generate C is all the best covering of C.

For the Sierpinski-like fractal S, we can obtain the following result by
Lemma 3 and Theorem 2.

Corollary 2 Let o = {U;} be any covering of S consisting of basic trian-
gles in which each of o cannot completely contain the other, then o = {U;}
is the best covering of S.

Note that o = {U;} in Corollary 2 may be infinite, so it is non-trivial.
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