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Scattering theory for the Zakharov system

J. GINIBRE and G. VELO
(Received April 26, 2005)

Abstract. We study the theory of scattering for the Zakharov system in space dimen-
sion 3. We prove in particular the existence of wave operators for that system with no
size restriction on the data in larger spaces and for more general asymptotic states than
were previously considered, and we determine convergence rates in time of solutions in
the range of the wave operators to the solutions of the underlying linear system. We also
consider the same system in space dimension 2, where we prove the existence of wave
operators for small Schrodinger data in the special case of vanishing asymptotic data for
the wave field.
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1. Introduction

This paper is devoted to the theory of scattering and more precisely
to the construction of wave operators for the Zakharov system (Z),, in space
dimension n = 3 and 2 (in that order), namely

1
10w = —=Au + Au
2 (1.1)
OA = Alul?

where u and A are respectively a complex valued and a real valued function
defined in space time R"*! A is the Laplacian in R” and O = 02 — A
is the d’Alembertian in R™*!. The (Z)3 system is used in plasma physics
to describe the Langmuir turbulence. The function u is the slowly vary-
ing complex amplitude of the rapidly oscillating electric field and A is the
deviation of the ion density from its average value [27]. In this paper we
use the notation (u,A) for those variables instead of the more common
(E,n) in order to allow for a better contact with the existing literature on
related nonlinear systems based on the Schrodinger equation, in particular
with the Wave-Schrédinger system (WS), and the Maxwell-Schrodinger sys-
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tem (MS); in R3T!, and with the Klein-Gordon-Schrédinger system (KGS),
in R?*! (see [13] for a review). The Zakharov system is Lagrangian and ad-
mits a number of formally conserved quantities, among which the L? norm
of u and the energy

E(u,A) = /dx {;(\WF + w1t AR + |A]P) +A|uy2} (1.2)

where w = (—A)Y/2. The Cauchy problem for the (Z), system has been
extensively studied [1] [2] [3] [6] [15] [25] and is known to be globally well
posed for n = 2, 3 in the energy space X, = H' @ L@ H~ for (u, A, OLA).

A large amount of work has been devoted to the theory of scattering
for non linear equations and systems related to the Schrédinger equation,
in particular for non linear Schrédinger (NLS), and Hartree (R3),, equa-
tions in R"*! and for the above mentioned (WS),, (MS);, (KGS), and (Z),
systems. As in the case of the linear Schrodinger equation, one must dis-
tinguish the short range case from the long range case. In the former case,
ordinary wave operators are expected and in a number of cases proved to
exist, describing solutions where the Schrodinger function behaves asymp-
totically like a solution of the free Schrodinger equation. In the latter case,
ordinary wave operators do not exist and have to be replaced by modified
wave operators including a suitable phase in their definition. In that re-
spect, the (WS); and (MS), systems belong to the borderline (Coulomb)
long range case, as does the (R3), equation with |z|~! potential, the (Z),
system is short range, and the (KGS), and (Z), systems, although not really
long range, exhibit some difficulties typical of the long range case.

The construction of (possibly modified) wave operators for the previ-
ous equations and systems in the long range cases has been tackled by two
methods. The first one was initiated on the example of (NLS), [14] and
subsequently applied to the (NLS),, equation for n = 2, 3 and to the (R3),,
equation for n > 2 [5], to the (KGS), system [17] [18] [19] [20], to the
(WS)4 system [11] [21], to the (MS)4 system [12] [22] [26] and to the (Z)4
system [16] [23]. See [13] for a review. That method is rather direct, starting
from the original equation or system. It will be sketched below on the ex-
ample of the (Z), system. In long range cases, it is restricted to the limiting
Coulomb case and requires a smallness condition on the asymptotic state
of the Schrodinger function. Early applications of the method required in
addition a support condition on the Fourier transform of the Schrédinger
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asymptotic state and a smallness condition of the Klein-Gordon or Maxwell
field in the case of the (KGS), or (MS), system respectively [17] [26]. A sup-
port condition was also required in the case of the (Z), system when both the
Schrédinger and the wave field are large, which is allowed by the fact that
the (Z), system is short range [16]. The support condition was subsequently
removed for the (KGS),, (MS), and (Z), systems and the method was ap-
plied to the (WS), system without a support condition, at the expense of
adding a correction term to the Schrodinger asymptotic function [18] [21]
[22] [23]. The smallness condition of the KG field was then removed for the
(KGS), system, first with and then without a support condition [19] [20]. All
the previous papers on (KGS),, (WS)5, (MS), and (Z), use spaces of fairly
regular solutions, with at least H? regularity for the Schrodinger function.
Finally the smallness condition of the wave or Maxwell field was removed
for the (WS); and (MS), systems [11] [12]. Furthermore larger function
spaces than previously considered are used in [11] [12], thereby allowing for
more general asymptotic states.

In the present paper, we reconsider the same problem for the (Z), and
(Z), systems in the framework of the previous method. We treat again
the (Z)4 system with no smallness condition on either field and no support
condition. In the same spirit as in [11] [12], we use function spaces that
are as large as possible, namely with regularity as low as possible, and with
convergence in time as slow as possible. In particular we treat the problem
with only a weak convergence in time of the solutions to their asymptotic
form, namely ¢~ with A > 1 /4. Under such a weak condition, neither
a support condition nor a correction term for the asymptotic Schrédinger
function is needed as long as A < 1/2 and much weaker assumptions on
the asymptotic state than previously considered can be accomodated. We
also consider the case of more regular data but still more general than
previously considered, where the use of a correction term yields a stronger
convergence in time, namely A\ = 3/2. We finally apply the method to the
(Z), system. Again no support condition is needed, but we need a smallness
condition of the Schrodinger function and we can only treat the case where
the asymptotic state of the wave field is zero.

For completeness and although we shall not make use of that fact in
the present paper, we mention that the same problem for the Hartree equa-
tion and for the (WS); and (MS); system can also be treated by a more
complex method where one first applies a phase-amplitude separation to
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the Schréodinger function. The main interest of that method is to remove
the smallness condition on the Schrodinger function, and to go beyond the
Coulomb limiting case for the Hartree equation. That method has been ap-
plied in particular to the (WS), system and to the (MS), system in a special
case [7] [8] [9].

We now sketch briefly the method of construction of the modified wave
operators initiated in [14]. That construction basically consists in solving
the Cauchy problem for the system (1.1) with infinite initial time, namely
in constructing solutions (u, A) with prescribed asymptotic behaviour at in-
finity in time. We restrict our attention to time going to +o0o. That asymp-
totic behaviour is imposed in the form of suitable approximate solutions
(ug, Ag) of the system (1.1). The approximate solutions are parametrized
by data (u4, A4, A+) which in the simplest cases are initial data at time
zero for a simpler evolution. One then looks for exact solutions (u, A) of
the system (1.1), the difference of which with the given asymptotic ones
tends to zero at infinity in time in a suitable sense, more precisely, in suit-
able norms. The wave operator is then defined traditionally as the map
Qp: (uy, A, Ay) — (u, A,9;A)(0). However what really matters is the
solution (u, A) in the neighborhood of infinity in time, namely in some in-
terval [T, 00), and we shall restrict our attention to the construction of such
solutions. Continuing such solutions down to t = 0 is a somewhat different
question, connected with the global Cauchy problem at finite times, which
we shall not touch here. That problem is well controlled for the (Z), system
forn =2, 3.

The construction of solutions (u, A) with prescribed asymptotic be-
haviour (ug, A,) is performed in two steps.

Step 1. One looks for (u, A) in the form (u, A) = (uq + v, Ag + B). The
system satisfied by (v, B) is

1
10;0 = —iAv + Av + Bu, — Ry

(1.3)
OB = A(Jv|> + 2Ret,v) — Ry
where the remainders R, Ro are defined by
1
R = i0ug + =Au, — Agug
P ey (1.4)

Ry = 04, — Alug|?.



Scattering theory for the Zakharov system 869

It is technically useful to consider also the partly linearized system for
functions (v', B')

1
o = —=Av' + Av' + Bu, — Ry
2 (1.5)

OB’ = A(|v]? + 2Reav) — Ro.

The first step of the method consists in solving the system (1.3) for (v, B),
with (v, B) tending to zero at infinity in time in suitable norms, under
assumptions on (ugs, A,) of a general nature, the most important of which
being decay assumptions on the remainders R; and Ry. That can be done
as follows. One first solves the linearized system (1.5) for (v/, B') with given
(v, B) and initial data (v', B")(tp) = 0 for some large finite 3. One then
takes the limit ¢ty — oo of that solution, thereby obtaining a solution (v’, B')
of (1.5) which tends to zero at infinity in time. That construction defines
a map ¢: (v, B) — (v, B’). One then shows by a contraction method that
the map ¢ has a fixed point.

Step 2. The second step of the method consists in constructing approxi-
mate asymptotic solutions (uq, A,) satisfying the general estimates needed
to perform Step 1. With the weak time decay allowed by our treatment
of Step 1, and taking advantage of the fact that the (Z); system is short
range, one can take for (ug, A,) solutions of the free Schrodinger and wave
equations in that case. One can also improve u, by a correction term as
in [23], thereby obtaining faster convergence rates for more regular asymp-
totic states. In the case of the (Z), system, one can again take for uq
a solution of the free Schrédinger equation, but one is forced to take A, = 0.

In order to state our results we introduce some notation. We denote by
F the Fourier transform and by || - ||, the norm in L" = L"(R"), 1 < r < 0.
For any nonnegative integer k and for 1 < r < oo, we denote by W} the
Sobolev spaces

W = {ui lsWEl= > llofullr < OO}
o: 0<|a|<k

where « is a multiindex, so that H¥ = WJ. We shall need the weighted
Sobolev spaces H** defined for k, s € R by

HE = {us s B = [|(1+ 22)*2(1 = AR/ u]), < o0}
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so that H¥ = H*Y. For any interval I, for any Banach space X and for
any ¢, 1 < ¢ < oo, we denote by L(I, X) (resp. L] (I,X)) the space of
L7 integrable (resp. locally L? integrable) functions from I to X if ¢ < oo
and the space of measurable essentially bounded (resp. locally essentially
bounded) functions from I to X if ¢ = co. We shall occasionally use the

notation

1f: LT, L) = [[I1£11 ],

when there is no ambiguity in the choice of the interval I. For any h €
C([1,00),R"), non increasing and tending to zero at infinity and for any
interval I C [1,00), we define the space

X(I) = {@,B) . (v,B) € C(I,H* ® HYnCY(I, [ @ L?),
[(v, B); X(I)| = Stlel;)h(t)_l(llv(t);HzH + [[0pv (1) |2

+ v L™ (I, W] + [|0o; LY (J, LY)]|

+ 1B HY|[ + 9B ®)]]2) < oo} (1.6)

where J = [t,00) N I, for n = 2, 3. Finally we denote by
uo(t) = U(t)uy = exp <z<;)A> Ug, (1.7)
Ag(t) = coswt A +w  sinwt A, (1.8)

the solutions of the free Schrodinger and wave equations with initial data
and (A, A,) at time zero.

We can now state our results. We first state the result obtained for the
(Z)4 system by using only the simplest asymptotics (1.7) (1.8).
Proposition 1.1 Let n = 3. Let h(t) = t~'/2 and let X(-) be defined
by (1.6). Letu, € H>NW?2, let Ay, w'A; € H' and V?A_, VA, € W}
Let (ug, Ag) be defined by (1.7) (1.8). Then there exists T, 1 < T < oo,
and there exists a unique solution (u, A) of the (Z)4 system (1.1) such that
(v,B) = (u —ug, A — Ag) € X([T,00)). If in addition u, € H*2, then
B satisfies the estimate

1B BV kw0, B); B[ < Ct=/* (L9)

for some constant C' and for all t > T.
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We next state the result obtained for the (Z); system by using an im-
proved asymptotic u,, for more regular asymptotic states (u4, A+, A;) and
with stronger asymptotic convergence in time.

Proposition 1.2 Let n = 3. Let h(t) = t=3/2 and let X(-) be defined
by (1.6). Let uy € H> N HY? NWE with xuy € W2. Let (Ay, Ay) satisfy

Ay, w A, e HPnHY, V?A., VA, e W},
v VA, wlz- VA, e H?2nH (1.10)

Let (up, Ag) be defined by (1.7) (1.8) and let ugs = (1 4+ flug with f =

2A"1Ay. Then:

(1) There exists T, 1 <T < oo and there exists a unique solution (u, A) of
the (Z)4 system (1.1) such that (v, B) = (u—uq, A—Ag) € X([T,0)).

(2)  Assume in addition that w A, w2A, € W41/3. Then there exists T,
1 < T < oo and there exists a unique solution (u,A) of the (Z),
system (1.1) such that (u—ug, A— Ag) € X([T,00)). One can take the
same T and the solution (u, A) is the same as in Part (1).

We finally state the result for the (Z), system. As already mentioned,
that result requires small Schrodinger data, namely small u,, and requires
A+ — A+ — O

Proposition 1.3 Let n = 2. Let h(t) = t~' and let X(-) be defined
by (1.6). Let uy € H>NH®2NW2 with ||uy; W|| sufficiently small and let
uo(t) = U(t)uy. Then there exists T, 1 < T < oo, and there exists a unique
solution (u, A) of the (Z)4 system (1.1) such that (u — ug, A) € X ([T, 00)).

Remark 1.1 We could have included the norm |Jw™19;B||2, which is part
of the energy, in the definition of X(-). That norm is never used in the
proofs to perform the estimates and comes out at the end as a by product
thereof. We have omitted it for simplicity.

The results of this paper have been announced in [13].

2. The Zakharov system (Z); in space dimension n = 3

In this section we treat the (Z), system and eventually prove Proposi-
tions 1.1 and 1.2. We follow the sketch given in the introduction and begin
with the first step of the method. The treatment of that step follows exactly
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the same pattern as for the (WS), system treated in [11]. We shall there-
fore be rather sketchy as regards the general arguments of the proofs, for
which we refer to [11] for more details, and we shall mostly concentrate on
the parts which are specific to the (Z); system, namely the estimates. We
shall make extensive use of the Strichartz inequalities for the Schrédinger
equation [4] which we recall for completeness, in space dimension n > 2.
A pair of exponents ¢, r with 2 < ¢, r < oo is called admissible if

2
zﬁ—ﬁgl forn >3

q 2 v (2.1)
<1 forn=2.

0<

Lemma 2.1 Let (g;,7;), i = 1,2, be two admissible pairs. Let v satisfy
the equation

1
10 = —§Afu +f

in some interval I with v(ty) = v for some tg € I. Then the following
estimates hold:

lo; L (I, L™)|| < C(llvoll2 + [|.f; L%=(1, L™)]) (2.2)
where C' is a constant independent of I, and with 1/p+1/p = 1.

Note that the pair (8/n,4) which appears in the definition (1.6) of X ()
is an admissible pair.

We shall also need some information on the Cauchy problem at finite
times for the Schrodinger equation with time dependent real potential and
time dependent inhomogeneity.

1
10w = —§Av +Vu+ f. (2.3)

We refer to Proposition 3.2 in [10] for sufficient conditions on V, f under
which that problem is (globally) well posed with solutions in C(-, H?) N
Ci(-, L?).

We denote by h a function in C([1,00),RT) such that for some A > 0,
the function h(t) = t h(t) is nonincreasing and tends to zero at infinity. We
shall make repeated use of the following lemma, which is proved in [11].
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Lemma 2.2 Let 1 < T < ty < oo, let I = [T,ty), and for t € I, let
J=[t,oo)NI. Let 1 <gq, qx < o0 (1 <k <n) be such that

le—zlzo.

qa
Let f, € LI (1) satisfy
[ fi; L% (J)]| < Nih(t) (2.4)

for 1 <k <mn, for some constants Ny and for allt € I.
Let p > 0 be such that nA + p > p. Then the following inequality holds
forallt el

H (H fk>t—ﬂ; Li(J)
k

<C (H Nk> h(t)"tH—P (2.5)
k

where

C = (1 _ 2*(1(n>\+p*/£))_1/q.

We now turn to Step 1 of the method, namely to the construction of
solutions of the system (1.3) under general assumptions on (uq, A,). The
main result on Step 1 can be stated as follows.

Proposition 2.1 Let h be defined as above with A = 1/4, and let X(-)
be defined by (1.6). Let uq, As, R1 and Ry be sufficiently regular (for the
following estimates to make sense) and satisfy the estimates

[ta(®)lloo V [ Vtta()]loo V | Atia(t) oo V 1010 (t) e < et/ (2.6)
10 Aa()||oo < at™  forj=0,1, (2.7)
10/ Ry; L' ([t 00), L) | < mh(t)  for j =0, 1, (2.8)
I|R1; LS/?’([t, 00), L4)|| < rit""h(t) for some n >0, (2.9)
lw™ Ro; LY ([t, 00), HY)|| < 72h(t), (2.10)

for some constants c, a, r1 and ro and for all t > 1. Then there exists T,
1 <T < o0, and there ezists a unique solution (v, B) of the system (1.3) in
X([T,00)). If in addition

|w™ Ro; L1 ([t, 00), L2)|| < rot~Y/2h(t) (2.11)
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for allt > T, then B satisfies the estimate
[B@); H|V o' aB); HY|| < C(£72 + /(0 h(t)  (2.12)
for some constant C' and for allt > T.

Proof. We follow the sketch given in the introduction, and more pre-
cisely the proof of Proposition 2.2 in [11]. Let 1 < T < oo and let
(v,B) € X([T,00)). In particular (v, B) satisfies the estimates

[o(®)ll2 < Noh(t) (2.13)
lv; L33(J, LY)[| < Niho(t) (2.14)
IB(t); H'|| V [|0:B(t)|2 < Noh(t) (2.15)
[0rv(t)]|2 < N3h(t) (2.16)
|8pv; LE3(J, LY)|| < Nyh(t) (2.17)
[Av(t)[]2 < Nsh(t) (2.18)

(2.19)

180 L3 (., L*)|| < Noh(t)

2.17
2.18

2.19

for some constants N;, 0 < i < 6 and for all ¢t > T, with J = [t,00). We
first construct a solution (v', B’) of the system (1.5) in X ([T, 00)). For that
purpose, we take tg, T < ty < oo and we solve the system (1.5) in X (1)
where I = [T, 1] with initial condition (v, B')(to) = 0. Let (v , Bj,) be the
solution thereby obtained. The existence of vy, follows from Proposition 3.2
in [10] with (A, V, f) replaced by (0, A, —R1). We want to take the limit of
(v;,, Bi,) as to — oo and for that purpose we need estimates of (vi,, By, )
in X (I) that are uniform in ¢3. Omitting the subscript ¢y for brevity, we
define

Ny = Stlel}o (&)o' (02 (2:20)
Ni = Stlel}o h(t)"H's L3I, LY)| (2.21)
Ny = StEF R~ B (1) HY V0B (8)]2) (2.22)
Ny = Stg}o h(t)~How' (1) ]2 (2.23)
N} = Sup h(t)~|op'; L¥3(J, LY | (2.24)

tel
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N5 = Sup h(t)~H|Av'(8)]2 (2.25)
tel

N§ = Sup h(t) M| Av's L¥3(J, 1Y) (2.26)
tel

where J = [t,00) NI and we set out to estimate the various N/. We first
estimate N/. From (1.5) we obtain

[V (®)ll2 < | Bua — Ris L'(J, L)
< 1B lzllualloo + IR 2]
< (2eNot™Y2 4 1)h(2) (2.27)
so that
N} < 2eNoT7Y2 41y, (2.28)
We next estimate N{. By Lemma 2.1
s L33, LAY < (Il Aat's LY, L) + | Bo's L/5(J, /%))
+||Bug — Ri; L' (J,L?)])). (2.29)
The last norm has already been estimated by (2.27), while
1400's L1, 22)) < ([ Aalloll’ll]], < 4aNGA(E),
1B L3, L) < [[1Bllllv 1l < CNaNR(EA(H)
by Lemma 2.2. Substituting those estimates into (2.29) yields
Ni < C(aN§+ eNoT™V? 4171 + NoN{R(T))
and therefore
N < C1(aN} 4 eNoT7Y2 4 1p) (2.30)

for T sufficiently large satisfying a condition of the type Noh(T) < C. We
next estimate V5. From the time derivative of the equation for v/, we obtain

102" ()13 < 119w (t)I3 + 2| 19012 (1|0t Aalloc | v'[|2
+ 110 Bll2]|talloo + | Bll2/1Orttalloc + 1061 |2)
+ 100" [lalloeBll2 1"l (2.31)
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We estimate the initial condition by

100 (o)ll2 < |1 B(to)ll2lua(to) o + [[R1(to)l2

< (CN2t53/2 + 1) h(to)

where we have used the pointwise estimate

IR (t)l2 < [|8:Ra; L' ([t, 00), L?)|| < rih(t).
Using Lemma 2.2, we then obtain

NP < (eNoT32 4 1y)?

+ C(N§(aN§ + eNoT™V2 4 71) + NaNJN{R(T))

and therefore

N} < C3(aN§ + eNoT™Y2 1y + (No NyN{ R(T))?).
We next estimate Nj. By Lemma 2.1

18:0; L3 (1, LY < O (|| Aalloo |00 l|2 + 10 Aalloo I
+ [10:Bll2ltallos + | Bll2]|Orttallos + 10 R1l2 ||,
+ l1oeBll2]|v"|l4 + HBH2H0tv’H4H8/5)

and therefore by Lemma 2.2

N, < Cy(a(N§+ N§) +eNo T2 vy + No(N{ + N A(T)).

We next estimate N7. From (1.5) we obtain directly for 2 <r <4
1AV ]| < 2([0 [l + 1 Aalloo 10" llr + 1 Bllrlltallos
+ | Rullr + CUBI [l | AT

by a Sobolev inequality, and therefore for r = 2

N < 4(Nj+ aN{T™! 4 eNo T3/ 17y + CN(N2R(T))Y).

Similarly, taking the norm in L3/3(.J) of (2.35) with = 4, we obtain

(2.32)

(2.33)

(2.34)

(2.35)

(2.36)

N§ < 4(N] + aN{T ™" + CeNoT~%/% 4 T + CN{(Nph(T))*/?)

where we have used the estimate

1/4 3/4
IB]la < C|IBIly " [VBI3/* < CNah(t).

(2.37)
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We next turn to the estimate of Nj. The equation for B’ takes the form
OB’ = AF where

F =|v|* +2ReTev — ARy

and by standard energy estimates

IVB'(t)ll2 v [[0:B' ()2 < |AF; L(J, L?)]| (2.38)
IB' )]z V llw™0:B'(t)ll2 < [IVF; LY, L?)]). '
We estimate
IVE; LY, L) < 120014l Volla + [vll2][ Vel oo
+IVollzllualloo + llw™ Ral2 [, (2.39)
JAF; L, 22)] < |20l Avlls + [9012) + ol At oo
+ 2| Vll2] Vualloo + [Av]J2]|ualloo + | R2ll2 ] (2.40)
Using Lemma 2.2 and the definitions, we obtain from (2.38)—(2.40)
N} < Co(e(No + N5)T Y2 4+ N1 (Ny + No)h(T) +12). (2.41)

It follows immediately from (2.28) (2.30) (2.32) (2.34) (2.36) (2.37)
(2.41) that (v’, B') is bounded in X (I) uniformly in ¢ for T sufficiently
large, more precisely for Noh(T) < C for a suitable absolute constant C'

From now on the proof is very similar to that of Proposition 2.2 in [11].
We next take the limit ¢y — oo of (vy,, B} ), restoring the subscript tg
for that part of the argument. Let T" < ty < t; < oo and let (v, Bj))
and (vf,, B,) be the corresponding solutions of (1.5). From the L? norm
conservation of the difference vj, — v;, and from (2.28), it follows that for
all t € [T, to]

[0, (8) = v, (B)l2 = llvt, (o) 2 < Koh(to) (2.42)

where K is the RHS of (2.28), while from (1.5) (2.38)—(2.41) and the initial
conditions, it follows that
1B1, — Byys LX([T, to], HY| V 10(Bi, — By, ); L¥(T to), L)

< Ksh(to) (2.43)

where K3 is the RHS of (2.41).
It follows from (2.42) (2.43) that there exists (v, B') € LS ([T, 00), L*®

loc

H') with 8;B’ € L}2.([T, 00), L?) such that (v],, By,) converges to (v/, B') in

loc
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that space when tyg — oco. From the uniformity in ¢y of the estimates (2.28)
(2.41), it follows that (v', B’) satisfies the same estimates in [T, 00), namely
that (2.28) (2.41) hold with N/ defined by (2.20) (2.22) with I = [T, c0).
Furthermore it follows by a standard compactness argument that (v/, B') €
X([T,00)) and that v’ satisfies the remaining estimates, namely (2.30)
(2.32) (2.34) (2.36) (2.37) with the remaining N/ again defined by (2.21)
(2.23)—(2.26) with I = [T, 00). Clearly (v, B") satisfies the system (1.5).
From now on, I denotes the interval [T, c0). The previous construction
defines a map ¢: (v,B) — (v/,B’) from X(I) to itself. The next step
consists in proving that the map ¢ is a contraction on a suitable closed
bounded set R of X(I). We define R by the conditions (2.13)—-(2.19) for
some constants IV; and for all t € I. We first show that for a suitable choice
of N; and for sufficiently large T, the map ¢ maps R into R. By (2.28)
(2.30) (2.32) (2.34) (2.36) (2.37) (2.41), it suffices for that purpose that

(N} <) r1+2cNo T2 < Ny

(N; <) ¢y (r1 —|—aN(’)+cN2T_1/2) <N;

(N <) Ca(ra+c(No+ N5)T~H2 + Ni(Ny + Ng) h(T)) <N

(N} <) Cs(r1+aNy+eNoT~Y2 4+ (NoNJN{R(T))Y?) < N3

(N; <) Ca(r1+a(Ny+Nj§) +eNoT 24+ No(Nj + Ny h(T)) < Ny

(NE<) 4(r1 + Ny +aN T~ 4 eNoT=3/2 + CN(Noh(T))*) < N5

(NE<)A(r1+Nj+aN|{ T~ +CeN,T =8+ CN{(N2h(T))®/5) < N.
(2.44)

We ensure those conditions as follows. We ensure the first two condi-
tions by taking

{N0:T1—|—1

(2.45)
Ny =Ci(r1 +aNg + 1)

and by taking T sufficiently large for the o(1) terms in those conditions not
to exceed 1. It is then easy to see that the conditions on N3, Ny are satisfied
by taking

{Ng = 03(7”1 + alNy + 1)

(2.46)
Ny = Cy(r1 +a(Ns 4+ No) + 1)

and by taking 7" sufficiently large for the o(1) terms in those conditions with
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the N/ replaced by N; not to exceed 1. We finally take

N5 = 4(7”1 + N3+ 1)
Ng = 4(?“1 + Ny + 1) (2.47)
Ny = CQ(TQ + 1)

and we take in addition 7" sufficiently large to ensure that the o(1) terms in
the corresponding conditions do not exceed 1. This completes the proof of
the stability of R.

We next show that the map ¢ is a contraction on R. Let (v;, B;) € R,
i = 1,2, and let (v}, Bl) = ¢((vi, B;)). For any pair of functions (fi, f2)
we define fi = (1/2)(f1 £ f2) so that (fg)+ = frg+ + f—g+. In particular
Ut = Ug + Uy, u— = v—, Ay = A, + By and A_ = B_. Corresponding
to (1.5), (v_, B.) satisfies the system

1
0w = —=Av. + A v +B_u,+ B_1
‘ 2 - ¢ * (2.48)

OB” =2ARe(ug + 04 )v—.

Since R is convex and stable under ¢, (v, B4) and (v/,, B),) belong to R,
namely satisfy (2.13)-(2.19). Let N;- and N/_ be the seminorms of (v_, B_)
and (v”_, B") corresponding to (2.20)—(2.26), namely the constants obtained
by replacing (v', B', Ny) by (v—, B_, N;-) and (v, B”, N]_) in (2.20)(2.26).
We have to estimate the N i’, in terms of the N;-. The estimates are essen-
tially the same as those of N/ in terms of N; with minor differences: the
contribution of the remainders disappear, the linear terms are the same,
and the quadratic terms are in general obtained by polarization. The only
exceptions to that rule are the B_v/_ term in the estimate of N(’]_ and the
B_0y!y term in the estimate of Ni_ because the corresponding terms in
the estimate of one single function disappear for algebraic reasons. Thus
we estimate

- (@)113 < 2[I{v", B-(ua + )1
< 2| [0l ll2[|B= ll2llwallos + 02 |4l B=[l2]lv] 14| (2.49)

and therefore by Lemma 2.2
N2 < 2¢N}-Ny-T7Y? + CN|_N,- N\ h(T)
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so that

Nj- < 2eN,-T7V? 4+ C(N|_N,- Nlﬁ(T))l/Q-

(2.50)
Similarly

100 ()13 < 2/[19s0Z 12 (10 Aallooll0Z |2 + [10:B-]I2 | talloo
+IB-ll2l10sualloc) + 100" lla (10 B ll2ll0" lla + 0B 1210, |14
+ || B_[|2]|0:, [4) || (2.51)
and therefore by Lemma 2.2

N2 < C(Nj-(aNj- + cNy-T1/?)

+ N (NoNJ— + Ny (Ny + Nu))R(T)) (2.52)
Nj_ < C3(aNj- + cNy-T /2
+ (N} (NoN! - + Ny- (Ny + N)R(T)) ). (2.53)

The estimates of the other N/_ follow the general rule and are thus given
by

Nj_ < Ci(aNj- + eNy-T7Y2 4 Ny- N1 () (2.54)
Nj— < Cy(a(Nj- + Nj_) + eNy-T71/2

+ (NoNj— + Ny (N1 + Nu))R(T)) (2.55)
Ni_ < 4(Nj_ +aNj-T™ + cNy- T3/ 4 CN}_ (Noh(T))*

+ CNy- Ny NS () (2.56)
N <4(Nj- +aN|_-T7' 4 CcNy- T8 + CN|_ (N2h(T))*/°

+ CNy- NN () (2.57)

where in the last term we have estimated
5/8 3/8
1B lla < ClBlallo/ 17 AL 3.
Finally,

Ny < Co(e(No- + N5 )T 7% 4 (N1- (N1 + Ng) + N~ N1)A(T)).
(2.58)

We have kept the same constants C; in (2.54) (2.53) (2.55) (2.58) as in
(2.30) (2.32) (2.34) (2.41). In fact those constants are determined by the
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linear terms in the estimates, which are the same in both cases. There may
occur additional different constants coming from the quadratic terms. They
have been omitted in (2.53)—(2.58).

From the fact that most of the terms in the RHS of (2.50) and of
(2.53)—(2.58) are o(1) when T' — oo and that this system of inequalities is
strictly triangular in the O(1) terms, it follows easily as in [11] [12] that
the map ¢ is a contraction in the set of semi norms N;, 0 < i < 6, for T
sufficiently large. It follows therefrom that the system (1.3) has a unique
solution in R. Uniqueness in X () follows from the same estimates.

The last statement of the Proposition follows from the estimates of B’
leading to (2.41) (see especially (2.38)—(2.40)) by using the stronger esti-
mate (2.11) of Ra. O

We now turn to the second step of the method, namely to the choice
of (uq, Ag) and the derivation of the conditions (2.6)—(2.11). We shall need
the standard factorisation of the free Schrédinger group

U(t) = exp <z(;)A> — MDFM (2.59)
where

M= M(t) = exp(i;:) (2.60)

D() = (it) 2Dy (t), (Do(t)f)() = F(F)- (2.61)

Using that decomposition, one can easily derive the following lemma, which
we state for n = 2, 3.

Lemma 2.3 Letn =2 or3. Letu, € H*? (C L') and let ug = U(t)uy..
Then the following estimates hold:

I¥luolPll2 < 2(27t) /24 g [l1 |z |2, (2.62)
1AJuol?[l2 < 4(2mt) =262 |Jus [ w2 (2.63)
Proof. From the representation (2.59), we obtain
9o 12 < 26~ Do(t) (FRu; FMau ) o
< 272 | F My oo | FMaus |

< 2(2mt) 24 w1 wus |2
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by the Hausdorff-Young inequality.
Similarly

| Aluol2ll2 < 267"=2(| Do(t) (FMus FMaus) o
+ || Do ()| FMauy[?|2)
<264 P2 (| FMuy ol FMaPuy || + || FMauy |5)
< A(27t) "2 ug |1 [l o
by the Hausdorff-Young and Holder inequalities. ]

We shall also need some estimates of solutions of the free wave equation,
which we collect in the following lemma. A proof can be found in [24].

Lemma 2.4 Let Ay be defined by (1.8). Let k > 0 be an integer. Let
Ay and Ay satisfy the conditions

A, w A, e HF, V?A., VA, e WF (2.64)
Then Ag satisfies estimates

{HAo(t); W < at™1207,

2.65
|0 A (L); Wf_IH < qt—1t2/r fork>1 ( )

for 2 <r < oo and for all t € R, where a depends on Ay, Ay through the
norms associated with (2.64).

We are now in a position to derive the final result with simple asymp-
totics (1.7) (1.8), namely Proposition 1.1.

Proof of Proposition 1.1

The result will follow from Proposition 2.1 once we have proved that
(up, Ap) satisfies the assumptions of that proposition for (ug, Ag). From the
standard L'-L> estimates of U(t), we obtain

luo(t)lloo < (27) =22 [|uy 1, (2.66)

2[10ruollco = | Auglloe < (271) 2| Auy |1, (2.67)
which proves (2.6). The assumption (2.7) on Ay follows from Lemma 2.4.
We next consider the remainders Ry = —Agug and Ry = —Alugl?. We
estimate

IR1]l2 < [[Aoll2]uolls < Ct/2
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10 R1 12 < [ Aoll2l18suo]l oo + [|0eAo]|2]uo]ls < Ct3/2

by (2.66) (2.67) and Lemma 2.4. This proves (2.8) with h(t) = t~/2. On
the other hand

[ R1ll4 < [|Aolla]luollec < Ct2

by (2.66) and Lemma 2.4, which yields (2.9) with n = 9/8. Finally
|Ral2 = | Aluol?ll2 < 2(|Juollsol| Auollz + || Vuo|l3) < Ct/2,
lw™ Rall2 = [|V|uol*ll2 < 2l|uolloc|| Vuollz < Ct73/2,

which proves (2.10).

The last statement of the proposition follows from the corresponding
statement of Proposition 2.1 and from Lemma 2.3 with n = 3, which yields
actually

™ Res HY|| < Ct /2
and therefore
o™ Ras L ([t 00), HY) | < Cth(t)
which is stronger than (2.11) by a factor t~/2, O

We next turn to the case where one uses the more accurate asymptotic
form proposed in [23], thereby obtaining a stronger asymptotic convergence
in time of the solution on a smaller subspace of asymptotic states. Thus we
choose

(ua, Aa) = ((1 + f)uo, Ao) (2.68)
where (ug, Ag) are defined by (1.7) (1.8) and

f=2A71A,. (2.69)
Using the operators

J=z+itV, P=td+zx -V, (2.70)
we can rewrite the remainders R; and Ry as

Ry = (i@t n %A . AO) (1+ fuo

= —fAoug — it N (Vf) - Jug + it (P f)ug (2.71)
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RQ = —A(l + f)2|uo\2. (2.72)

We first reduce the estimates required for R; and Ro to general estimates
of uy, Ag and f. We first estimate R;.

Lemma 2.5 Let uy € W2 zuy € W2, and let Ay and f satisfy
16/ V¥ Aglloe < at™! (2.73)
o)V s HY | v 8] VFPf], < C (2.74)

for 0<j+ k<1 and for allt > 1. Then the following estimates hold:
16/ VFRy ||y < Ct5/2 (2.75)

for some constant C, for 0 < j+k <1 and for allt > 1.

Proof. By the L'-L* estimate of U(t) and the commutation rule JU(t) =
U(t)xz, we obtain

18 V¥ oo V (18] VF Tug || o0 < CE3/
for 0 < j+ k < 1. We then estimate
[R1ll2 < [I£ 112l Aollos [w0lloo + IV fll2llJuolloo
+ 7 Pfll2lluolle < CEO/2

which proves (2.75) for j = k = 0. The other cases are obtained similarly
by distributing d; or V among the various factors. O

We next estimate Rs.

Lemma 2.6 Let uy € W2N H%? and let f satisfy

IVF@l2 VIAf@) 2V L (B)llc < C (2.76)
for allt > 1. Then the following estimates hold:

|w L Ralls < Ct75/2, (2.77)

IRz < Ct72 (2.78)

for some constant C' and for all t > 1.

Proof. For uy € W2, we know that ||[VZug|lee < Ct~%/? and therefore
V7 uo|?|leo < Ct~3 for j =0, 1, 2. For uy € H%2, we know that ||V |ug|?||2 <
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Ct=5/2 and | Aluol?||2 < Ct~"/?2 by Lemma 2.3. We then estimate R as
follows

lw™ Rall2 = [V (1 + f)*|uol®[l2
< (1 +[1£lloo)? IV a0 ll2 + 2(1 + | flla) IV Fll2lluollZ
< Ct752,
[Rall2 = [IA(L + £)*fuol?[|2
< (X4 [ flloo) * 1A o ll2 + 41 + (£ loo) IV £1l2] V0] o
+2((L+ 1 f ls) IAFll2 + IV £1ID) lJuo 2 < O3, O

Remark 2.1 In practice the bound on || f||o in (2.76) will follow from the
Sobolev inequality

1113 < CUVFll2lIAf]l2 (2.79)
for f tending to zero at infinity in some weak sense.

We are now in a position to derive the final result with improved asymp-
totics (2.68) (2.69), namely Proposition 1.2.

Proof of Proposition 1.2

Part 1. The result follows from Proposition 2.1 and from the fact that
(uq, Ag) satisfies the assumptions of that proposition for (ug, Ag). The con-
dition (2.6) for u, follows from the same condition for ug, which follows
from (2.66) (2.67), and from L*° estimates for f. For 0 = 1, 0, V, we
estimate

l0£1% < CIvosly*|aof]y” < ¢ (2.80)
by a Sobolev inequality, the definition (2.69) of f and Lemma 2.4, while
[Aflleo = CllAo]le < Ct (2.81)

as a special case of (2.7), which also follows from (1.10) and from Lemma 2.4
as before. The conditions (2.8) (2.9) with h(t) = t=3/2 follow from
Lemma 2.5, especially (2.75), under the assumptions made on uy and the
conditions (2.73) (2.74). The latter follow from (1.10), from Lemma 2.4,
from the definition (2.69) of f and from the fact that Pf is a solution of
the free wave equation with initial data (2z-VA~1A,,2(14+z-V)A~TA,).
Finally the condition (2.10) follows from Lemma 2.6, from (2.69), from (1.10)
and from Lemma 2.4.
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Part 2. The result follows from the fact that (fug,0) € X (I), namely that
fug satisfies the conditions on v that appear in the definition of X (I), as
we now show. For uy € W2, we estimate

0% (Fuo)llr < D~ 1107 Flle 0% oo

B

<Ct32Y 00 (2.82)

Ba

for 2 <r < oo and « a multiindex with |a| < 2, and

18:(Fuo)llr < 1|1l llOeuolloc + 110efIlrl|2o0]loo
< C(|fl + 18 f 1)- (2.83)

For r = 2, it follows from (2.82) (2.83), from (1.10), from Lemma 2.4 and
from the definition (2.69) of f that

19: (fuo)ll2 V || fuo; H|| < Ct=3/2. (2.84)

For r = 4, it follows from the standard LP-L9 estimates for the wave equa-
tion [24] and from the definition of f that

1£1ls < Ot (|lw™ A llags + Nl At [lays) (2.85)

IV Flla v [10eflla < CE2(1Axllags + llw™ A llays) (2.86)
while for 8 a multiindex with G = 2

10°flla < ClAf]la = 2C||Aolls < CE1/2 (2.87)

by the Mikhlin theorem, by (1.10) and Lemma 2.4. From (2.82) (2.83)
(2.85)—(2.87) it follows that

| fuo; L¥3([t, 00), W) V (100 fuo); L¥3([t, 00), LY)|| < CE1/%
(2.88)

which together with (2.84) proves that (fug,0) € X([1,00)). O

3. The Zakharov system (Z), in space dimension n = 2

In this section, we treat the (Z), system and eventually prove Propo-
sition 1.3. As mentioned in the introduction, the situation is much less
satisfactory than in space dimension n = 3. The free part Ay of the asymp-
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totic field is estimated at best as
| Ao(t)]|oo < C1/2 (3.1)

and we are unable to handle such a slow decay in Step 1, so that the final
result will eventually be restricted to the special case of zero asymptotic
state (A, A, ) for A. On the other hand, in a suitable limit, the Zakharov
system formally yields the cubic NLS equation, which is short range for
n = 2, and one might naively expect a similar situation for the (Z), system,
allowing for a treatment of that system without a smallness condition on w.
This turns out not to be the case, and the (Z), system does actually require
such a smallness condition at the level of Step 1. The treatment of that step
is very similar to the case of (Z)5. The relevant space X(-) is again given
by (1.6), now with n = 2, and the main result can be stated as follows.

Proposition 3.1 Let h be defined as in Section 2 with A = 1/2 and let
X () be defined by (1.6). Let ug, Aq, R1 and Ra be sufficiently reqular and
satisfy the estimates

[ua()lloo V IVUua()lloo V | Atua(t) oo V | 0uta()]loo < ct™h,  (32)
107 Ag(t) || oo < at™'—7° for some 6 > 0 and for j =0, 1, (3.3)
1] Ry; L' ([t, 00), L?)[| < rih(t)  for j =0, 1, (3.4)
| Ry; LA([t, 00), LY)|| < r1t™"h(t) for some n > 0, (3.5)
lw™ Ro; LY ([t, 00), HY)|| < rah(t) (3.6)
for some constants c, a, r1 and ro with ¢ sufficiently small and for allt > 1.

Then there exists T, 1 < T < oo, and there erists a unique solution (v, B)
of the system (1.3) in X ([T, 00)).

Sketch of proof. The proof is essentially the same as that of Proposition 2.1
with minor differences in the estimates, and we concentrate on the latter.
We take again (v, B) € X([T,00)) for some T, 1 < T < o0, so that (v, B)
satisfies

[v(®)[2 < Noh(?)

[[o; L*(J, L) < Nih(#)

1B(); H|| V |0.B(t)]l2 < N2h(t)

[0pv(t)[|2 < N3h(t) (3.

© o0
= = I —

W o~ o~ —~
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003 LA(J, LY)|| < Nyh(t) (3.11)
[Av(t)ll2 < Nsh(t) (3.12)
|Av; L*(J, L*)|| < Neh(t) (3.13)

for some constants N;, 0 < i < 6 and for all ¢t > T, with J = [t,00). We
construct a solution (v/, B’) of the system (1.5) in X (I) first for I = [T, o]
and then for I = [T, 00). For that purpose we define again

Ng = Sup h(t) o/ (0) (3.14)
N} = Sup h(t) ! o's L4, L] (3.15)
Nj = Sup h(t) (1B (0): B |V [0,/ ()]2) (3.16)
N = Sup h(t) 0/ ()] (3.17)
N} = Sup h(t) 9’ LA, L) (3.18)
N = Sup h(t) | A ()] (3.19)
Nj = Sup h(t) | of: (7, 1) | (3.20)

where J = [t,00) N I. The crux of the proof is to estimate the N in terms
of the N;. By exactly the same method as in the proof of Proposition 2.1,

we obtain
Né < 2¢No + 11 (3.21)
N{ < C1(aN{ + cNay +11) (3.22)

for Noh(T) < C,
N} < C3(aN{T =% + cNy + 11 + (No N N{R(T))'/?) (3.23)
Nj < Cy(a(N5+ NJT~%) + eNo + 71 + No(N{ + N)R(T))  (3.24)
NI < A(N§+ aNST™ 4+ eNoT7 1 + 11 + CNG(N2R(T))?) (3.25)
)

N < A(Nj+aN{T™! + CeNoT =3/ 40y T71  CN{(Noh(T))Y3)
(3.26)
(

Ny < Cy(c(No + Ns) + Ni(Ny + No)h(T) + 12). 3.27)

The estimates (3.21)—(3.27) are very similar to the corresponding esti-
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mates (2.28) (2.30) (2.32) (2.34) (2.36) (2.37) (2.41) of the case n = 3. Aside
from unimportant changes in the exponents in (3.25) (3.26), the main dif-
ferences are (i) the occurrence of the factor 7% in (3.23) and (3.24), coming
from the assumption (3.3) with j = 1 on ||0; A4 |0, and (ii) the replacement
of ¢I'~"1/2 by ¢ everywhere, coming from the assumption (3.2) as compared
with (2.6). The latter difference is responsible for the need of the smallness
condition on c. In fact, with the estimates (3.21)—(3.27) available, the proof
proceeds as that of Proposition 2.1. The main step is to prove that the
set R defined by (3.7)—(3.13) is stable under the map ¢: (v, B) — (v, B).
This is ensured by taking

( Ng = 2¢No + 11
Ni = Ci(aNy + cNo +11)
N3 = C3(cNy + 11+ 1)
Ny = Cy(aN3 +cNo + 11 +1) (3.28)
N5 =4(N3+r1 +1)
Ne=4(Ny+71 +1)
Ny = Ca(c(No + N5) + 712 + 1)

and by taking T sufficiently large so that the remaining o(1) terms in the
RHS of (3.21)—(3.27) do not exceed 1. In order to solve the system (3.28),
we remark that the constants N7 and Ng associated with the Strichartz
norms do not occur in the RHS and can therefore be determined at the
very end. Eliminating N3 and Ny (to be determined at the end as functions
of Nj) one is left with the reduced system

Ny = 2¢No + 11
N5 =4C3¢Ny +4(Cs 4+ 1)(r1 + 1) (3.29)
Ny = Co(c(No + N5) +r2 + 1)
which can obviously be solved for Ny, N5 and Ns positive for ¢ sufficiently
small.
The remaining part of the proof proceeds as that of Proposition 2.1

with appropriate changes in the contraction argument and will be omitted.
O

Remark 3.1 The assumption (3.3) on A, is rather arbitrary. It is too
strong to accomodate a non zero A satisfying only (3.1). On the other hand
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it is weaker by one power of ¢ than the condition that would be satisfied by
an A; devised to ensure that Ry = 0. It has been chosen so as to ensure
that the proof of the proposition proceeds smoothly.

We are now in a position to derive the final result, namely Proposi-
tion 1.3. As already mentioned, the assumption (3.3) forces us to take
Ay =0.

Proof of Proposition 1.3

The result will follow from Proposition 3.1 once we have proved that
(up, 0) satisfies the assumptions of that proposition for (u4, A;). From the
standard L!-L> estimates of U(t), we obtain

luo(t)lloo < (278) [t |1
2|1 0cuolloe = [l Aulloo < (27t)7H| Auy |y

which proves (3.2). Since A, = 0 and R; = 0, (3.3)—(3.5) are obvious.
Finally Ry = —A|ug|?, so that (3.6) with h(t) = t ! follows from Lemma 2.3
with n = 2. O
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