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A maximal inequality associated to
Schrodinger type equation
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Abstract. In this note, we consider a maximal operator sup;cp |u(z,t)| =
sup,cp [ (P) f(z)|, where u is the solution to the initial value problem u; = iQ(D)u,
u(0) = f for a C? function © with some growth rate at infinity. We prove that the op-
erator sup;cp |u(z,t)| has a mapping property from a fractional Sobolev space HT with
additional angular regularity in which the data lives to L2((1 + |x|)~®dz) (b > 1). This
mapping property implies the almost everywhere convergence of u(z,t) to f as t — 0, if
the data f has an angular regularity as well as H/4 regularity.
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1. Introduction

We consider the following free Schrodinger type equation:

aatu(x t) =iQ(D)u(x,t) in R (n>2), wu(x,0)=f(z),

where Q(D) is a generalized differential operator defined by a C? function
and D = (—A)'/2. For smooth initial data f, the solution u(z,t) = ¢**(D) f
can be written as

u(z,t) =

e LSOO de pes@)

where f = [ e f(x)dz. In this note, we assume that the initial data f
has H*® regularlty for some s > 0 as well as some regularity in the angular
direction. For «, 8 > 0, we define an initial data space H,?Hg by

HEHE = {41l ez = 100 = A2l oo < 0}

where [lgl72 = [o% lg(r)Pr=tdr, gl e = 11— A0)P2f(ro)lz ||
(here, (r,w) € Ry x S” 1'is the spherical coordinates), and A, is the
Laplace-Beltrami operator on S™~!. Since A, commutes with A, one can
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readily check that Hg”H{}Hﬁ ~ (1 = AL)P2g|lge (for instance, see [9]).
There is no embedding from or into a usual Sobolev space because not
every function in HSHg has radial regularity higher than «. In particular,
it should be noted that H*HS ¢ HtY (0 < v < 8) and HOHS 2 Ho

(v > B).

We also assume that Q € C?(R") is radially symmetric and satisfies
Cl’p|a_k < ’Q(k)(p)’ < 62‘p’a_k (k =0, 1, 2)7 if ‘P‘ >N
for some ¢1, c2, a > 0 with ¢ # 1 and a large N > 0. With the above
assumptions, let us define a maximal function u*(z) by u*(x) = sup |u(z, t)|.
teR
Our main result is the following.
Theorem 1.1 Foranye >0 andb> 1, if f € H}/4H£n71)/271/4+€, then
there exists a constant C, depending only on a, c1, ca, N, n, €, b, such that
10| L2142y -bazy < ClU I arago-nre-r/ase.

Now let us define a linear operator 7' and a maximal operator T for
a fixed s > 0 by
Tf(a,t) = w(lal) [ OO fie)
’ (1 + lgf2)=2"

where w(r) = (14 r)7%2 b > 0 and

T"f(x) = sup [T'f (x, ).
teR

Then Theorem 1.1 follows immediately from

Theorem 1.2 Foranye >0 andb>1, if f € L%HLE,H_I)/Q_SJFE for some
s € [1/4, 1/2), there exists a constant C, depending only on a, c1, c2, N,
n, s, €, b, such that

1T fllzz < CUFN o v rz-se

The maximal function u* and operator 7™ have been studied by many
authors ([1, 2, 3, 4, 5, 7, 8, 10, 11, 12, 13, 14, 18, 19, 21]). P. Sjslin [14] and
L. Vega [19] showed that for a ball Bg of radius R

[u*ll2(g) < ClIfllas, (1.1)
only if s > 1/4. It has been known that (1.1) is true, when n =1 ([5, 8]) or
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the initial data is radial ([4, 12]), or s > 1/2 and n > 2 ([11, 19]). Recently,
T. Tao [18] obtained (1.1) with Q = |¢|2 for s > 2/5 and n = 2. However,
the sufficiency remains open.

Theorem 1.1 shows that it is true for s = 1/4 if we assume the additional
angular regularity. When the initial data is a finite linear combination of
radial functions and spherical harmonics such that f =", -, fiY%, it was
proved by the authors of [4] that ||u*||;an/@n-1) < OL|f||g1/2, where
1Yl pan/2n-1)

Cp, < CLY*e(n 4 20)"H20)/2 max

0 < 1).
1<k<L || Yill2 O<e<1)

The factor (n + 2L)™*2L)/2 is due to the asymptotic behavior of Bessel
function (J,(t) = byt=1/2e 4 b_t=12e7" 4 O((n + 2v)"+2)/2)4=3/2 for
t > 1). The tail t=3/2 was used crucially for the non-weighted global
LA/Cn=1) (4n/(2n — 1) > 2) estimate. It seems that one cannot avoid
a big cost of Cf, for this global estimate. In view of this point, Theorem 1.1
improves the dependency on the order of spherical harmonic up to L3/4+e
(see (2.2) below). This improvement results from an estimate for the tail of
Bessel function Ct~! for t > 2v, which enables us to use the L? method. The
weighted L? estimate as in Theorem 1.1 is necessary for a global estimate
because the non-weighted global L? estimate [11] and any local estimate
in LP (p > 2) [22] are impossible for the data f € H'/4.

In case that Q(D) = —A, recently G. Gigante and F. Soria [6] showed
a local L? estimate that [|u*||2(p,) < CL1/2+€HfHH21[' They used a finer

asymptotic behavior of Bessel function J, () for v+ v1/3 <t < 2v but their
method does not seem to be applied directly to the general phase Q) like
ours.

Obvious examples of our 2 are Q(£) = [£|*, a >0, Q(§) = 22:1 m; ||
for any number a; > a;_1 > --- > a1 > 0, a; # 1 and m; € R. For more
general phase ), we refer the readers to [3] in which a weighted L? estimate
is discussed with the phase €2 which allows V2 to have zeros or singularities.
Another use of angular regularity can be found in [9] where the endpoint
Strichartz estimates of 3-d wave and Klein-Gordon equations are considered.

If not specified, throughout this paper, C' denotes a generic constant
that depends on a, c1, c2, N, n, s, b, . We use the notation A < B and
A ~ B to denote |A| < CB and C~!B < |A| < CB respectively.
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2. Proof of Theorem 1.2

We begin with reviewing some properties of the spherical harmonic
expansion. If f(rw) = g(r)Yy(w) for a radial function g and a spherical
harmonic Y}, of order &, then we have

F(p0) = G(p)Yi(0), lgllzz = IGllz,

where

G(o) = s [ 9o (o) D0, (rp) dr
0
with |¢, x| < Cand v = (2k+n—2)/2 (see e.g. [16] or [22]). Since —A, Y}, =
k(k +n —2)Yy, we also have || f|| ;58 ~ (1 + kQ)B/zHgHLgHYkHLa. Further-

more, if h € L%Hg , then there exist radial functions {hﬁg} and spherical
harmonics {Ykl} such that

=> > hi(r in L?HP
k>0 1<i<d(k)

where d(k) is the dimension of the space of spherical harmonics of degree k,
and

IRl e ~ D > (k)R T2l Zs - (2.1)
L2Hf

k>0 1<1<d(k)

Thus for the proof of theorem, we have only to consider the case f(rw) =
9(r)Yy(w) and to show that for large k

17" flle S K27 llgll a1 Vil 2. (2.2)

since for the function h(rw) = >7~0 > 1<i<ak) hL(r)Y(w) in LZHE, us-
ing (2.2), we have

TRl S Z V20l a1 Y 2

k 1<i<d(k

1/2
SZkl/Q_Sd(k:)l/Q< > ik |L2||YI<:||L2>
K

1<i<d(k)

1/2
Szk("_l)/2_5< >k HLQHYkHLQ)

k 1<1<d(k)
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1/2
5(2 5 kn—1—2s+€|hzuigny,§n%a) .

kE 1<i<d(k)
Here we used the estimate

n+2k—2/m+k—3 L
= < kM
) == — (" 217 sk

for the third inequality (see [16]).
Now if f(pw) = G(p)Yk(w), from the definition of T,

Tf(rw,t)

d
z(rw PO+t (p G Yo (6 n—1 P do

_ d
—cn,kwu/o 1) (1p) =1 1 () 7 G ) —

W 2y K

We define an operator S by
SG(r,t) = enr ™ u(r)

o d
#Qp) (1 \—(n—2)/2 (n—1)/2 _ @
X /0 e (rp) Ju(rp)p G(p) (14 p2)5

Let us denote by ||F|[zrre the mixed norm ||([|[F(7,t)[|La(ar)) | ze(dr)-
Here we use the notation |]F||’£p(dr) for [ |F(r)|Pdr to avoid the confusion
with [|F'[| . To prove (2.2) it suffices to show that

I1SGll 2 S K27 NGl 2 (ar), (2.3)

where G(p) = p(*~1/2G(p). Now the dual operator S of S is given by

d n.k o~ itQp 1/2
SUP() = s [ ) ) Pt
for F' € C§°(R4 x R). Then, by duality (2.3) follows from

I1S“F |l p2(ary < CK2 5|1 F |l 2 1. (2.4)

Choose smooth cut-off functions ¢g, ¢1 and ¢35 so that ¢g = 1 on
{|s| < 1/4}, ¢o = 0 on {]s\ > 1/2}, ¢1 = 1 on {|s| ~ 1}, ¢1 = 0 oth-
erwise, g2 = 0 on {|s| < 2}, ¢2 = 1 on {|s| > 3}, and ¢g + ¢1 + @2 = 1.
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Then we decompose S? as
SYF(p) = SoF + S1F + Sy F,

where for i =0, 1, 2,

Cn,k
(1+p2)%/2

X/R/OooeitQ(p)(rp)l/2Jl,(rp)q§i(T)w(r)F(r,t)drdt.

SiF(p) =

Now we need to show each S; satisfies (2.4) in the place of S¢. Each estimate
is to be shown using the following asymptotic behavior of Bessel functions:

17, (t)] < Cexp(—Cv), iftgg (2.5)

1 T
/ |J,(t)|*tdt <C  forall >0, (2.6)
™ Jo

t t
v v

J06s(2) =72 0se b (D) + @utin(1), 27)

where |®,(t)| < C/t, |bi| < C and the constant C' is independent of v. For
the proof of (2.5), see [17]. The mean value estimate (2.6) can be found in
Section 4.10 of [20]. Invoking the Schlafli’s integral representation (see p.
176 in [23)):

1 2 . 00 .
J,,(t) — 27 ez(tsm 0—v0) de — M / e_VT_tsthdT,
™ Jo T 0

(2.7) follow from the easy estimate

: [eS)
Sln(Vﬂ') / eflfotsinh‘rdT
0

™

C
v+t

<

and the method of stationary phase, which gives

1 [2r . . . .
/ €z(tsm9—l/9) do = (b+ezt + b_e—zt>t—1/2 + O(t_3/2)
2 0
for ¢ > 2v.

Using (2.5), we now see

v/p
IS0F (p)] < vM/2eCY(1 4 p2) )2 /0 W | dr
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min(v/p,2)
= ety I, )l dr
0

v/p
[ s 1 Ol dr)

S Vl/Qe—CV(l +P2)_S/2

. 1/2
x <<min(p, 2)) +X[o,y/2](p)> [ Fllz2pr

Thus
150 F || 2 (ar)
00 y 1/2
< /2O ( [+ <mm<p,2> ; X[o,ym(p)) dp) T
0
< e OV F o, (2.8)
For Sl,

) 1/2
$17 S (14 202 ([T oot (L)t ar ) 1Pl

2 o0 1/2
5<1+p2>-5/2(/0 - ) TP

Changing variables r +— r/p, the first part in the middle parenthesis is
bounded by X[, /4, 50)()(1/p) fOQp J2(r)ré3(r/v)dr. By (2.6), it follows that

2
/0 Svp X, 00) (P)-

For the second part, by the change of variable r +— r/p and (2.6)

o] 3v —b
/ S pb_l/ J2(r)yrt = dr < vpbt (max<2p, K)) )
2 ax(2p,v/2) 2

m.

We thus obtain
151 F || 2 (ar)

0o b 1/2
Sfa+p° S(Vplxy ooy (p) + vp" ! (max( 2p, - )dp)
(/0( ) /400 (P) ( ( 2>>

X IF [l Lo
S|P e (2.9)
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Now we estimate SoF'. Let us set SoF = Sy F + S_F + SsF', where

Cn kbt .
S+F(p) = 7 / / G120 gy (LY () F () dr

Cn,k —itQ(p 1 2
SdF( 1+P 5/2// T‘p /

D, (rp)p2 (%) w(r)F(r,t)dr dt.

For the estimate S F', it suffices to consider S;F. We decompose it into
two parts as follows:

where

anb“’ zrp tQ(p
09 3/2// ()F(T,t)drdt,

Cn.kb £i(ro—10(p)) B
= 1 + ,0 5/2 / / Qb ( ) 1)w(7“)F(7", t) dr dt.

For II, we have
2\—s/2 Bvle
T(0) < (1+ ) /O W (r, | dr

oy [P 2 12
< (14 ) ( /0 w(r) dr) T

and hence by the same computation as in (2.8)
1T z2gary) S V1272 Fl g2 (2.10)

Now we estimate I. Since F' is in C§°(Ry x R), obviously we may
assume

= M i(rp—tQ(p))
I= e [ E e dr

Squaring and integrating I over {|p| < N} (here N is the number in the
condition of ), we have

/| P I (2.11)
pl<
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It is easy to see

/ 12 dp
|p|>N

<C’////|Kr—r t— Yw(|r DI O DIF (¢ drdr'dt dt,

where

K(r,t) = / e!(rp=tp)) dg’ :
lo|>N |p|?s

To estimate K, we use a lemma which gives a uniform bound for kernel K
in ¢.
Lemma 2.1 (see Lemma 2.3 in [4]) For any real number A, B (A # 0)

and s € [1/2, 1), there exists a constant C, independent of A and B, such
that

‘/ cH(AQ(p)+Bp) “F dp < C|B|—(1—s)_
\>N | ‘

Applying Lemma 2.1 with 2s (1/4 < s < 1/2) and B = r — 7/, from
fractional integration and Holder inequality it follows

/ [12dp
lo|>N

S [[ir =B DI Gl a0 DIF Gy dr
< 1 1
S | Zes@IF N L) | o gy @1 F N 2| o gy =2
< 2 < 2 2 b 1
~ ”wF”LZ/(1+23)L1 ~ HwHLl/SHFHL2L1 5 . ; > 1

where Zo, is the Riesz potential of order 2s.
Finally, we estimate S3F. From the uniform bound of ®, on v, for
small € > 0, we have

SO g [ ) 20a (2w e
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2
,Sp‘s‘l/QX[V,oo)(p)/ rV2IF (r, )| g dr
2v/p
+p_5—1/2/ r V2R B | o dr
max(2,2v/p)

2
S0 () | TR dr
v/p
20\ —b/2
Ly <max(2, ?”)) 1F | 2 1

S(V_5P_5_1/2+5X[y,oo)(P)+P_s_1/2<max(2’ 2:))b/2)

X[[Fl[g2po-
Choosing ¢ as 1/8, we obtain
193 F | L2ary S v oI F | L2nr- (2.13)

Combining all the estimates from (2.8) to (2.13) and recalling v = (2k+
n —2)/2, we get (2.4) and hence Theorem 1.2.
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