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Strongly almost (w, λ)-summable sequences defined

by Orlicz functions
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Abstract. The purpose of this paper is to introduce the spaces of sequences that are

strongly almost (w, λ)-summable with respect to an Orlicz function. We give some rela-

tions related to these sequence spaces. It is also shown if a sequence is strongly (w, λ)-

summable with respect to an Orlicz function, then it is S̄λ-statistically convergent.
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1. Introduction

Let w be the set of all sequences of real or complex numbers and `∞, c

and c0 be respectively the Banach spaces of bounded, convergent and null
sequences x = (xk) with the usual norm ‖x‖ = sup |xk|. A sequence x ∈ `∞
is said to be almost convergent if all its Banach limits [14] coincide and the
set of all almost convergent sequences is denoted by ĉ. Lorentz [14] proved
that x ∈ ĉ if and only if limn(1/n)

∑n
k=1 xk+m exists uniformly in m.

Several authors including Lorentz [14], Duran [4] and King [10] have
studied almost convergent sequences. Maddox [15], [17] has defined x to be
strongly almost convergent to a number L if

lim
n

1
n

n∑

k=1

|xk+m − L| = 0, uniformly in m.

By [ĉ] we denote the space of all strongly almost convergent sequences. It
is easy to see that c ⊂ [ĉ] ⊂ ĉ ⊂ `∞.

The space of strongly almost convergent sequences was generalized by
Nanda [18]. Let p = (pk) be a sequence of strictly positive real numbers.
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266 R. Çolak, M. Et and E. Malkowsky

Nanda [18] defined

[ĉ, p] =

{
x = (xk) : lim

n

1
n

n∑

k=1

|xk+m − L|pk = 0, uniformly in m

}

[ĉ, p]0 =

{
x = (xk) : lim

n

1
n

n∑

k=1

|xk+m|pk = 0, uniformly in m

}

[ĉ, p]∞ =

{
x = (xk) : sup

n, m

1
n

n∑

k=1

|xk+m|pk < ∞
}

.

Later Das and Sahoo [3] defined the sequence spaces

(w) =





x :
1

n + 1

n∑

k=0

(tkm(x)− L) → 0 as n →∞,

uniformly in m, for some L





and

[w] =





x :
1

n + 1

n∑

k=0

|tkm(x)− L| → 0 as n →∞,

uniformly in m, for some L





where tkm(x) = (xm + · · ·+ xm+k)/(k + 1).
The idea of statistical convergence was introduced by Fast [8] and stud-

ied by various authors ([2], [9], [11], [22], [23]).
A sequence x = (xk) is said to be S̄-statistically convergent to L if for

every ε > 0

lim
n

1
n
|{k ≤ n : |tkm(x)− L| ≥ ε}| = 0, uniformly in m.

In this case we write S̄ − lim x = L or xk → L(S̄) and S̄ denotes the
set of all S̄-statistically convergent sequences [5].

Lindenstrauss and Tzafriri [13] used the idea of Orlicz function to con-
struct the sequence space

`M =

{
x ∈ w :

∞∑

k=1

M

( |xk|
ρ

)
< ∞, for some ρ > 0

}
.
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The space `M with the norm

‖x‖ = inf

{
ρ > 0:

∞∑

k=1

M

( |xk|
ρ

)
≤ 1

}

becomes a Banach space which is called an Orlicz sequence space. Linden-
strauss and Tzafriri proved that every Orlicz sequence space `M contains a
subspace isomorphic to `p for some p ≥ 1. For M(t) = tp, 1 ≤ p < ∞, the
space `M coincides with the classical sequence space `p.

Recently, Parashar and Chaudhary [20] have introduced and examined
some properties of four sequence spaces defined by using an Orlicz function
M , which generalized the well-known Orlicz sequence space `M and strongly
summable sequence spaces [C, 1, p], [C, 1, p]0 and [C, 1, p]∞. It may be
noted here that the spaces of strongly summable sequences were discussed
by Maddox [15].

An Orlicz function is a function M : [0, ∞) → [0, ∞), which is contin-
uous, non-decreasing and convex with M(0) = 0, M(x) > 0 for x > 0 and
M(x) →∞ as x →∞. If the convexity of an Orlicz function M is replaced
by

M(x + y) ≤ M(x) + M(y)

then this function is called modulus function, defined and discussed by
Ruckle [21] and Maddox [16].

An Orlicz function M is said to satisfy ∆2-condition for all values of u,
if there exists a constant K > 0 such that M(2u) ≤ KM(u), u ≥ 0.

It is easy to see that always K > 2. The ∆2-condition is equivalent to
the satisfaction of inequality M(`u) ≤ K`M(u) for all values of u and for
` > 1.

Subsequently Orlicz sequence spaces have been studied by Nuray and
Gülcü [19], Esi and Et [6], Esi [7] and Bhardwaj and Singh [1].

Let λ = (λn) be a non-decreasing sequence of positive numbers tending
to ∞ and λn+1 ≤ λn + 1, λ1 = 1.

The generalized de la Vallée-Pousin mean is defined by

tn(x) =
1
λn

∑

k∈In

xk,

where In = [n− λn + 1, n].
A sequence x = (xk) is said to be (V, λ)-summable to a number L [12]
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if tn(x) → L as n → ∞. If λn = n, then (V, λ)-summability is reduced
to (C, 1)-summability. The set of sequences x = (xk) which are strongly
almost (V, λ)-summable was defined by Savaş [23] such as

[V̂ , λ] =





x = (xk) :
for some L, lim

n

1
λn

∑

k∈In

|xk+m − L| = 0,

uniformly in m





.

Definition 1 [23] A sequence x = (xk) is said to be almost λ-statistically
convergent to the number L if for every ε > 0

lim
n

1
λn
|{k ∈ In : |xk+m − L| ≥ ε

}| = 0, uniformly in m.

In this case we write ŝλ − lim x = L or xk → L(ŝλ) and

ŝλ = {x : for some L, ŝλ − lim x = L}.

2. S̄λ-Statistical convergence

This paper extends the statistical convergence to the S̄λ-statistical con-
vergence and finds its relations between [w, λ] and S̄λ.

Before giving some inclusion relations we will give two new definitions.

Definition 2 A sequence x = (xk) is said to be S̄λ-statistical convergent
to L if for every ε > 0

lim
n

1
λn

∣∣{k ∈ In : |tkm(x)− L| ≥ ε
}∣∣ = 0, uniformly in m.

In this case we write S̄λ − lim x = L or xk → L(S̄λ) and

S̄λ = {x : for some L, S̄λ − lim x = L}.
Definition 3 The sequence x = (xk) is said to be strongly (w, λ)-sum-
mable toL, if

lim
n

1
λn

∑

k∈In

|tkm(x)− L| = 0, uniformly in m.

In this case we write



Strongly almost (w, λ)-summable sequences 269

[w, λ] =





x = (xk) :
for some L, lim

n

1
λn

∑

k∈In

|tkm(x)− L| = 0,

uniformly in m





for the set of sequences x = (xk) which are strongly (w, λ)-summable to L,
i.e. xk → L[w, λ].

It can be shown that if xk → L[w], then xk → L(S̄).

Theorem 2.1 Let λ = (λn) be the same as above, then
i) xk → L[w, λ] ⇒ xk → L(S̄λ).
ii) If x ∈ `∞ and xk → L(S̄λ), then xk → L[w, λ], especially if λn = n,

xk → L(w) provided x = (xk) is not eventually constant.
iii) S̄λ ∩ `∞ = [w, λ] ∩ `∞.

Proof. i) Let ε > 0 and xk → L[w, λ]. Since
∑

k∈In

|tkm(x)− L|≥
∑
k∈In

|tkm(x)−L|≥ε

|tkm(x)− L|

≥ε
∣∣{k ∈ In : |tkm(x)− L| ≥ ε

}∣∣.
Therefore xk → L[w, λ] ⇒ xk → L(S̄λ).

ii) Suppose that xk → L(S̄λ) and x ∈ `∞, say that |tkm(x)− L| ≤ K

for all k and m. Given ε > 0, we get

λ−1
n

∑

k∈In

|tkm(x)− L|=λ−1
n

∑
k∈In

|tkm(x)−L|≥ε

|tkm(x)− L|

+ λ−1
n

∑
k∈In

|tkm(x)−L|<ε

|tkm(x)− L|

≤K

λn

∣∣{k ∈ In : |tkm(x)− L| ≥ ε
}∣∣ + ε

which implies that xk → L[w, λ].
Further, we have

1
n

∣∣∣∣∣
n∑

k=1

(tkm(x)− L)

∣∣∣∣∣=
1
n

∣∣∣∣∣∣

n−λn∑

k=1

(tkm(x)− L) +
∑

k∈In

(tkm(x)− L)

∣∣∣∣∣∣

≤ 1
λn

n−λn∑

k=1

|tkm(x)− L|+ 1
λn

∑

k∈In

|tkm(x)− L|
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≤ 2
λn

∑

k∈In

|tkm(x)− L|.

Hence xk → L(w), since xk → L[w, λ].
iii) This immediately follows from (i) and (ii). ¤

Theorem 2.2 If limn inf(λn/n) > 0, then S̄ ⊂ S̄λ.

Proof. Given ε > 0 we have

{k ≤ n : |tkm(x)− L| ≥ ε} ⊃ {k ∈ In : |tkm(x)− L| ≥ ε}.
Therefore

1
n

∣∣{k ≤ n : |tkm(x)−L| ≥ ε
}∣∣≥ 1

n

∣∣{k ∈ In : |tkm(x)−L| ≥ ε
}∣∣

≥λn

n

1
λn

∣∣{k ∈ In : |tkm(x)−L| ≥ ε
}∣∣.

Taking the limit as n →∞ we get xk → L(S̄) ⇒ xk → L(S̄λ). ¤

3. Some new sequence spaces defined by an Orlicz function

In this section, we introduce and examine some properties of some new
sequence spaces defined by using an Orlicz function. It is also shown that if
a sequence is strongly (w, λ)-summable with respect to an Orlicz function
then it is S̄λ-statistically convergent.

Definition 4 Let M be an Orlicz function and p = (pk) be any sequence
of strictly positive real numbers. We define the following sequence sets.

[w, λ, M, p]=





x=(xk) :
lim
n

1
λn

∑

k∈In

[
M

( |tkm(x)−L|
ρ

)]pk

=0

uniformly in m,
for some L and for some ρ>0





,

[w, λ, M, p]0 =





x=(xk) :
lim
n

1
λn

∑

k∈In

[
M

( |tkm(x)|
ρ

)]pk

=0

uniformly in m, for some ρ>0





,

[w, λ, M, p]∞=





x=(xk) :
sup
n,m

1
λn

∑

k∈In

[
M

( |tkm(x)|
ρ

)]pk

<∞

for some ρ>0





.
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We denote [w, λ, M, p], [w, λ, M, p]0 and [w, λ, M, p]∞ by [w, λ, M ],
[w, λ, M ]0 and [w, λ, M ]∞, respectively, when pk = 1 for all k. If x ∈
[w, λ, M ] then we say that x is strongly (w, λ)-summable with respect to
the Orlicz function M .

If M(x) = x and λn = n, then [w, λ, M, p] = [w(p)] for ρ = 1 (for the
definition of [w(p)] see [3]).

If M(x) = x, λn = n then [w, λ, M ] = [w] for ρ = 1 (for the definition
of [w] see [3]).

Theorem 3.1 For any Orlicz function M and a bounded sequence p =
(pk) of strictly positive real numbers [w, λ, M, p], [w, λ, M, p]0 and
[w, λ, M, p]∞ are linear spaces over the complex numbers field C.

Proof. We shall only prove for [w, λ, M, p]0. The others can be treated
similarly. Let x, y ∈ [w, λ, M, p]0 and α, β ∈ C, αβ 6= 0. Then there exist
positive numbers ρ1 and ρ2 such that

lim
n

1
λn

∑

k∈In

[
M

( |tkm(x)|
ρ1

)]pk

= 0

and

lim
n

1
λn

∑

k∈In

[
M

( |tkm(y)|
ρ2

)]pk

= 0, unifomly in m.

Define ρ3 = max(2|α|ρ1, 2|β|ρ2). Since M is non-decreasing and convex

1
λn

∑

k∈In

[
M

( |tkm(αx + βy)|
ρ3

)]pk

≤ 1
λn

∑

k∈In

[
M

( |tkm(αx)|
ρ3

+
|tkm(βy)|

ρ3

)]pk

=
1
λn

∑

k∈In

[
M

( |αtkm(x)|
ρ3

+
|βtkm(y)|

ρ3

)]pk

≤ 1
λn

∑

k∈In

1
2pk

[
M

( |tkm(x)|
ρ1

)
+ M

( |tkm(y)|
ρ2

)]pk

≤ 1
λn

∑

k∈In

[
M

( |tkm(x)|
ρ1

)
+ M

( |tkm(y)|
ρ2

)]pk
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≤C
1
λn

∑

k∈In

[
M

( |tkm(x)|
ρ1

)]pk

+ C
1
λn

∑

k∈In

[
M

( |tkm(y)|
ρ2

)]pk

→ 0

as n → ∞ uniformly in m, where C = max(1, 2H−1), H = supk pk. Hence
αx + βy ∈ [w, λ, M, p]0, this proves that [w, λ, M, p]0 is a linear space. ¤

Theorem 3.2 For any Orlicz function M and a bounded sequence p =
(pk) of strictly positive real numbers, [w, λ, M, p]0 is a paranormed space
(not necessarily totally paranormed) with

g(x) = inf
ρ>0
n≥1

{
ρpn/H : sup

k
M

( |tkm(x)|
ρ

)
≤ 1, uniformly in m

}

where H = supk pk.

Proof. Clearly g(x) = g(−x). Since M (0) = 0, we get inf{ρpn/H} = 0 for
x = 0. Now let (xk), (yk) ∈ [w, λ, M, p]0 and let us choose ρ1 > 0 and
ρ2 > 0 such that

sup
k

M

( |tkm(x)|
ρ1

)
≤ 1, uniformly in m

and

sup
k

M

( |tkm(y)|
ρ2

)
≤ 1, uniformly in m.

Let ρ = ρ1 + ρ2. Then we get

sup
k

M

( |tkm(x + y)|
ρ

)
≤ sup

k
M

( |tkm(x)|
ρ1 + ρ2

+
|tkm(y)|
ρ1 + ρ2

)

≤
(

ρ1

ρ1 + ρ2

)
sup

k
M

( |tkm(x)|
ρ1 + ρ2

)

+
(

ρ2

ρ1 + ρ2

)
sup

k
M

( |tkm(y)|
ρ1 + ρ2

)

≤ 1, uniformly in m.

Therefore g(x + y) ≤ g(x) + g(y).
For the continuity of scalar multiplication let r 6= 0 be any complex

number. By the definition
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g(rx)=inf
{

ρpn/H : sup
k

M

( |tkm(rx)|
ρ

)
≤ 1, uniformly in m

}

=inf
{

(|r|s)pn/H : sup
k

M

( |tkm(x)|
s

)
≤ 1, uniformly in m

}

where s = ρ/|r|. Since |r|pn ≤ max(1, |r|H), we have

g(rx)≤max(1, |r|H) inf





spn/H :
sup

k
M

( |tkm(x)|
s

)
≤ 1,

uniformly in m





=max(1, |r|H)g(x)

and therefore g(rx) converges to zero when g(x) converges to zero in
[w, λ, M, p]0.

Now let x be a fixed element in [w, λ, M, p]0. Then there exists ρ > 0
such that

g(x) = inf
{

ρpn/H : sup
k

M

( |tkm(x)|
ρ

)
≤ 1, uniformly in m

}
.

Now

g(rx) = inf



ρpn/H :

sup
k

M

( |rtkm(x)|
ρ

)
≤ 1, ρ > 0

uniformly in m



 → 0

as r → 0. This completes the proof. ¤

Lemma 3.3 [1] Let M be an Orlicz function which satisfies ∆2-condition
and let 0 < δ < 1. Then for each x ≥ δ we have M(x) < Kxδ−1M(2) for
some constant K > 0.

Theorem 3.4 For any Orlicz function M which satisfies ∆2-condition,
we have [w, λ] ⊂ [w, λ, M ].

Proof. Let x ∈ [w, λ] so that

An ≡ 1
λn

∑

k∈In

|tkm(x)− L| → 0

as n →∞, for some L, uniformly in m.
Let ε > 0 and choose δ with 0 < δ < 1 such that M(t) < ε for 0 ≤ t ≤ δ.
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We can write
1
λn

∑

k∈In

M(|tkm(x)− L|)= 1
λn

∑
k∈In

|tkm(x)−L|<δ

M(|tkm(x)− L|)

+
1
λn

∑
k∈In

|tkm(x)−L|≥δ

M(|tkm(x)− L|)

<λ−1
n (λnε) + Kδ−1M(2)An,

by Lemma 3.3 and letting n →∞, it follows that x ∈ [w, λ, M ] for ρ = 1.
¤

Theorem 3.5 For any Orlicz function M , [w, λ, M ] ⊂ S̄λ.

Proof. Let x ∈ [w, λ, M ] and ε > 0 be given. Then

1
λn

∑

k∈In

[
M

( |tkm(x)− L|
ρ

)]

=
1
λn

∑
k∈In

|tkm(x)−L|≥ε

M

( |tkm(x)− L|
ρ

)

+
1
λn

∑
k∈In

|tkm(x)−L|<ε

M

( |tkm(x)− L|
ρ

)

≥ 1
λn

∑
k∈In

|tkm(x)−L|≥ε

M

( |tkm(x)− L|
ρ

)

≥ λ−1
n M

(
ε

ρ

) ∣∣{k ∈ In : |tkm(x)− L| ≥ ε
}∣∣.

Hence x ∈ S̄λ. ¤

Theorem 3.6 If M is a bounded function which does not satisfy only the
condition M(x) → ∞ as x → ∞ in the definition of Orlicz function, then
S̄λ ⊂ [w, λ, M ].

Proof. Suppose that M(y) ≤ K for some positive constant K and all y ≥
0. Let ε > 0 and choose δ > 0 such that M(t) < ε for 0 ≤ t ≤ δ. Then we
have
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1
λn

∑

k∈In

M(|tkm(x)−L|)

=
1
λn

∑
k∈In

|tkm(x)−L|≥δ

M(|tkm(x)−L|) +
1
λn

∑
k∈In

|tkm(x)−L|<δ

M(|tkm(x)−L|)

≤K

λn

∣∣{k ∈ In : |tkm(x)−L| ≥ δ
}∣∣ +

M(δ)
λn

λn

=
K

λn

∣∣{k ∈ In : |tkm(x)−L| ≥ δ
}∣∣ + M(δ)

<
K

λn

∣∣{k ∈ In : |tkm(x)−L| ≥ δ
}∣∣ + ε

Hence x ∈ [w, λ, M ]. ¤
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R. Çolak

Department of Mathematics

Firat University

23119-Elazig Turkey

E-mail: rcolak@firat.edu.tr

M. Et

Department of Mathematics

Firat University

23119-Elazig Turkey

E-mail: mikailet@yahoo.com

E. Malkowsky

Mathematisches Institut

Universität Giessen

Arndtstrasse 2

D-35392 Giessen, Germany

E-mail: eberhard.malkowsky@math.uni-giessen.de


