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Multiplication operators, integration operators
and companion operators on weighted Bloch space

Rikio YONEDA

(Received January 7, 2003; Revised June 5, 2003)

Abstract. Let g be an analytic function on the open unit disk D in the complex
plane C. We will study the following operator

/ K (O)g(Q)de,  Jg(h)(2) _/ h(C)g' (C)d¢

on the Bloch space. In this paper, we will study the boundedness and compactness
of Iy on the a-Bloch space, and the boundedness and compactness of products of I
and Jy defined on the a-Bloch space. And we will get the relationship of multiplication
operator My and the operators Iy, Jy defined on the a-Bloch space.

Key words: multiplication operator, integration operator, Bloch space, boundedness,
compactness.

1. Introduction

Let D = {z € C: |z| < 1} denote the open unit disk in the complex
plane C and let 0D = {z € C: |z| = 1} denote the unit circle. Let H(D)
denote the space of analytic functions on D. For 1 < p < 400, the Lebesgue
space LP(D,dA) is defined to be the Banach space of Lebesgue measurable
functions on the open unit disk D with

1/p
V£ i = (/Wf wm4>) < +o0,

where dA(z) is the normalized area measure on D. The Bergman space
LE(D) is defined to be the subspace of LP(D,dA) consisting of analytic
functions. For 0 < p < 400, the Hardy space HP is defined to be the
Banach space of analytic functions f on D with

1 2 0 1/p
uﬂmz(wp uvamw) < oo

0<r<1 2m

The space of analytic functions on D of bounded mean oscillation,
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denoted by BMOA, consists of functions f in H? for which
| £ I Broa == | f(0)| + sup 1 fow.—f(2) ]2 < +oo.

Let a > 1. Then the a-Bloch space B“ of D is defined to be the space
of analytic functions f on D such that

[ f | == [£(0)] + ilg(l — 21 ()] < +oc.

And the little a-Bloch space of D, denoted B, is the closed subspace of B¢
consisting of functions f with (1 — |2|)*f/(2) — 0 (|z| — 17).

Note that B!, B& are the Bloch space B, the little Bloch space By,
respectively.

Let w be analytic on {(: |1 — (| < 1}. Suppose that ‘w(l - ]z|2)| -0
as z € D and |z| — 17. Then the weighted Bloch space B,, of D is defined
to be the space of analytic functions f on D such that

1 I8, == |F(0)] + jgg\W(l = 2| 1f'(2)] < +oo.

For g analytic on D, the operator .J; is defined by the following:

1)) = | “hO)g (Q)dc.

If g(2) = z, then Jj is the integration operator. If g(z) = log1/(1—z), then
Jg is the Cesdro operator. And we also define the companion operator I,
the multiplication operator M, by the following:

Iy(h)(2) = /OZQ(C)h’(C)dC, My(h)(2) := g(2)h(2).

Let X be a Banach space. For an analytic function g on D, g is a mul-
tiplier for X if ¢X C X, i.e. fg € X for all f € X. By the closed-graph
theorem, g X C X if and only if the multiplication operator M, is bounded
on X. Let §: X — X be a linear operator. Then the operator .S is said to
be compact operator if for every bounded sequence {z,} in X, {S(z,)} has
a convergent subsequence. On the other hand, the operator S is said to
be weakly compact operator if for every bounded sequence {z,} in X,
{S(zn)} has a weakly convergent subsequence. Then the operator S is
weakly compact operator if and only if S*™(X**) C X where S* be the
second adjoint of S and X is identified with its image under the natural
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embedding into its second dual X**.

In [5], Ch. Pommerenke showed that J; is a bounded operator on
Hardy space H? if and only if ¢ is in BMOA, and this result was extended
to the other Hardy space H? 1 < p < 400 in [1]. In [2], A. Aleman
and A.G. Siskakis studied the operator J, defined on the weighted (radial
weight) Bergman space. Recently, in [7], A.G. Siskakis and R. Zhao studied
the operator J; defined on BMOA.

In [9], we showed the following result about the operator J, defined on
the Bloch space B.

Theorem A  For g analytic on D, the operator J, is bounded on B if and
only if

1
sup(1 —|z[*)( lo "(2)| < 400,
sup(t = o) (1o =5 ) /<)

and the operator J, is compact on B if and only if

1
lim (1—|2*)(log —— ) |¢'(2)| = 0.
i (1= )(ogl_ W)\g (2)]

Let o > 1. Then the operator J, is bounded on B* if and only if g € B,
and the operator Jg is compact on B* if and only if g € By.

In this paper, we will study the boundedness and compactness of I
defined on the a-Bloch space. And we will give the relationship between
multiplication operator M, and the operators I,, J,;. In some cases, it is
advantageous to think of I, and J, as distant cousins of Hankel and Toeplitz
operators, respectively. In [8], K. Stroethoff and D. Zheng studied products
of Hankel and Toeplitz operators. So we will also study the boundedness
and compactness of products of Iy and J,.

Throughout this paper, C will denote positive constant whose value is
not necessary the same at each occurrence.
2. The operators Iy defined on the a-Bloch space

In this section, we study the boundedness and compactness of Iy on the
a-Bloch space.
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Lemma B Let a > 1. Then there exist hy, ho € BY such that

|71 (2)] + ha(2)] = (z € D).

1
(1 =1z
Proof. See Proposition 5.4 in [6]. O

Theorem 2.1 Let o > 1 and f be an analytic function on D. Then the
operator Iy is bounded on B* if and only if sup,cp |f(2)| < 4o00.

Proof. Let a > 1. Let f be an analytic function on D. If f € H*, it is
trivial that Iy is bounded on B®. To prove the converse, suppose that I is
bounded on B®. By Lemma B, there exist hi, hs € B such that

_
(1 =1z’
for all z € D. So for any z € D, we have

[f(2)] < (1= [z)*(Ih1(2)] + [y ()]) 1 £ (=)
< sup(l - [2[2)*h ()] 1 ()] + sup(l — [2[2)* |5 (2)] |£(2)]

= [[ sy |l + | 172 || 5=
<ALl llg + W g |l T o2 | Be < +oc.

|71 (2)] + ha(2)] =

Hence we have sup,¢p | f(2)] < 4o0. O

Corollary 2.2 For g analytic on D, the following are equivalent:
(i) gBC B;
()" gBo C Bo;

(#4) Both I, and Jg are bounded operators on B.

()" Both I, and J, are bounded operators on By.

1
(iii) g€ H*®, sup(1 — |2*) [ log —— | |¢'(2)| < +o0.
z€D 1- |Z|2

Let o > 1. For g analytic on D, the following are equivalent:
(i) gB* C B%
(i) gBS C BY:;
(i) I, is bounded operator on B,
(i) I, is bounded operator on B;
(iii) g€ H™.

Proof. The above equivalences of (i), (i)', (i) were proved by [3] and [12].
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The other equivalences are immediate consequences of Theorem 2.1 and
Theorem 1 in [3]. O

Theorem 2.3 Let a > 1. Let f be an analytic function on D. Then the
operator Iy is compact on B if and only if f=0 ---(x).

Proof. Let o = 1. Let f be an analytic function on D. Since |h(z)| <
C||h|Blog(1/(1 — |2|?)) for h € B, the unit ball of B is a normal family
of analytic functions. By normal family arguments, Iy is compact operator
on B if and only if every sequence {hy} in B with || A, ||p <1 and h, — 0
(n — 400) uniformly on compact subsets of D has a subsequence {hy, }
in B such that || Ithy, || — 0 (kK — +00).

We show that every sequence which goes to zero has a subsequence such
that the condition () holds when the limit is taken over that sequence. This
implies that the condition (%) holds.

Suppose that the operator Iy is compact on B. Let a, — a € 9D and
consider the test functions hy(2) :=log(1/(1—@nz)), h(z):=log(1/(1—az)).
Then h,, — h uniformly on compact subsets of D. Using the fact |c + d|? <
2|c|? + 2|d|? and the subharmonicity of | f(2)],

a€D JD(a,r) (1 - |Z|2)2 ,

anl?1f (an)?
D Er——— y4 2 z
<Ot /D NCIEEE

<C’K/ <log )
mny 1 ,

—C’K/ <log >
D(an,r) 1—-a,z

1 /
<CK sup (1—]z]?)? <log — )
z€D(an,r) 1 —apz

y / dA(z)
D(an,r) (1 - ’2‘2)2

we have

(2)PdA(2)

? 212 dA(z)
’f( )| (1—|Z|2)2

2

|f(2)?
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<20K/
an,r) 17 Z| )

1 LY (e LY
1 4 R

dA(z)
+2C’K/ —_—
D(an,r) (1 - |Z|2)2

X sup
z€D(an,r)

If( )P =217

1 /
<o (st [ rora -y
z€D(an,r)
4A:) :
<2CK 1 —h
Dlanr) 1_‘2‘ )2 H f( )”B

dA(z)
—i-QCK/ —_—
D(an,r) (1 - |Z|2)2

, 1 112
8 1—az

By the compactness of Iy, we have M; — 0 (n — 00). Since By is a subspace
of B and they share the same norm, the compactness of Iy on B implies its

()P =27

X sup
z€D(an,r)

=: My + M.

compactness on By. Hence we see that Iy is weakly compact on By. Since
(Bo)™ = B and I}* = Iy, by using the fact of the introduction, we have
I+(B) C By. Thus we have I¢(h) € By. Thus we have

My = sup

og — / 12)2
2€D(an,r) (1 812 ) [F()P( = [2?)
(1= PTG’

z€D(an,r)

2

= SEB(XD(an,T)(Z)(l = )|y (R)) (2)])"-

Hence we have My — 0 (n — +00). So we have lim, |- [f(axn)| = 0.
Since f € H*, thus we see f = 0. The proof of the converse is trivial.

Let a > 1. Let f be an analytic function on D. Since |h(z)| <
C|lhl|lga(1 — |2]?)}=® for h € B?®, the unit ball of B is a normal fam-
ily of analytic functions. By normal family arguments, Iy is a compact
operator on B¢ if and only if every sequence {h,} in B* with || hy ||ge <1
and h, — 0 (n — +o00) uniformly on compact subsets of D has a subse-
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quence {hy, } in B* such that || Ithy,, ||[pe — 0 (k — 400).

We show that every sequence which goes to zero has a subsequence such
that the condition (*) holds when the limit is taken over that sequence. This
implies that the condition (x) holds.

Suppose that the operator Iy is compact on B®. Let a, — a € dD and
consider the test functions hy, (2) = (1 — @p2)' 7%, he(2) == (1 —az)! =%
Then hg, (2) — he(z) uniformly on compact subsets of D. Then we have
by using sup,cp fD(a,r) dA(2)/(1 - |2]?)? < o0

|anl?| f(an)[”

<c AAG) (1= PR (PG

D(an,r) (1 - |Z|2)2 z€D(an,r)

<2€/ 1—rz\>
< sup <1 A2, (2) — B (=) 2L (2) 2

z€D(an,r)

dA(z) o iy ,
———=—  sup (1 —|2]7)*Y|h,(2)|7|f (=
D(an,r) (1 - |Z|2)2 z€D(an, 7")( ‘ | ) | ( )| | ( )|

<2 It(hq, — ha) || Be
c/ 1_|Z‘ )2 | 21 (ha, = ha) I

s sup (1 —[z[7)" ke (2)|7]f(2
D(an,r) (1 |Z|2) zED(an,T)( ‘ ‘ ) ’ ( )’ | ( )‘

=: N1 + Ns.

+2C

+2C

By the compactness of Iy, we have N1 — 0 (n — 00). Since Bf is a subspace
of B* and they share the same norm, the compactness of Iy on B implies its
compactness on B. Hence we see that I; is weakly compact on Bf. Since
(B§)™ = B (see [12]) and I7* = Iy, by using the fact of the introduction,
we have Ir(B*) C Bf. Thus we have If(h,) € B§. Thus we have

Ny = sup (1— 2% (2)]2f(2)]?
z€D(an,r)

= sup ((1- )| (h)(2)])?
z€D(an,r)
2

= Sup(XD(an,r)(Z)(l = 21|y (ha)) (2)])"

zeD
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Hence we have No — 0 (n — +00). So we have lim|, |1~ |f(an)| = 0. Since
f € H*, thus we see f = 0. The proof of the converse is trivial. O

3. The operators Iy defined on the weighted Bloch space

In this section, we study the boundedness of Iy on the weighted Bloch
space B,. And we will give the relationship between multiplication opera-
tor M, and the operators Iy, J,; defined on the weighted Bloch space B,,.
The examples of the weighted Bloch space B, are the a-Bloch space and

{J € H(D): sup.cp(1 — |2[?) (log(1/(1 — |2)))|f'(2)] < oc }, and so on.

Theorem 3.1 Let 0<r<+4o0. Letw be analytic on D and non-vanishing
on {C: 1= ¢| < 1}. Suppose that sup, oep |w(1 - |2[%)] /lw(1 - @2)] < oc,
and that for any a € D there is a constant C' > 0 (independent of a) such
that |w(1 — @z)|/ |w(1 — |2|?)| < C for all z € D(a,r). Let f be an analytic
function on D. Then the operator Iy is bounded on B, if and only if

sup| f(2)] < +oo.
zeD

Proof. Let f be an analytic function on D. Suppose that || f|e =
sup,cp |f(z)| < +o0. Then

1 1(9) 1B, = Slelglw(l — 2|1 @ <N f llooll 9 1IB., -

Hence we see that I; is bounded on B,,.

Next, we prove the converse. Suppose that I is bounded on B,. Put
ha(2) := [5 1/w(1 —@n)dn. Then it is clear that h, € B, for all a € D
because of the assumption sup, ,cp |w(1 = [2]*)| /|w(1 —@z)| < +o0. Since

dA 1 C
sup / % < +o0 and <
D

aeD Jp(ar) (1= [2?) w1 = [22)| ~ [w( —az)|
for all z € D(a,r), for any a € D
|f(a)[®
1 2 dA(z)
K . — T 2_ %\
<K o P PO OO g
1 2 dA(z)
KCQ —  _w(l — 2 2_ 7\
= /D(a,r) ‘w(l—az)‘z‘ (1= 1BM/E)N (1 —12]?)
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_ 2 z’2w—z22z2dA(Z)
=k [ [ Pl - PP G

ch*?/D( dAI(Zl)Q sup |(ha(2))'|*w(1 — =) I ()

a,r) (1 - Z| z€D(a,r)
dA(z)
<K [Tl B
dA(z
ket [ G 1 Pl
dA(z)

<KC’2/ — || 2sup ho | < 400.
D(a,r) (1_‘Z|2)2 ” fH aGDH CLHBW

Hence we see sup,¢p | f(z)| < +o0. O
We proved the following proposition in [9].

Proposition 3.2 Let 0 < r < 4o0o0. Let w be analytic and non vanishing
on {C¢: |1 = <1}. Suppose that supzeD‘w 1—1z2]?) ‘ 1 32 < 400

1— 2
and Sup, ,ep % < +o00, and f m < 400 for any z € D and

(lzl |(1d7582)| — 00 (|z| = 17), and that for any a € D there is a constant

C > 0 (independent of a) such that wll mz ’ < C forall z € D(a r) and

that there is a constant K > 0 (independent of z) such that f 1732)| <

K}fo w(l_zn) dn| for all z € D. Then the operator J, is bounded on B, if
and only if

12l ds ,
ol s= suplot = s)| [ B 1o ()] < o

Proof.  See [9]. O

Corollary 3.3 Let 0 < r < +00. Let w be as Proposition 3.2. Then for
g analytic on D, the following are equivalent:

(i) 9B, C By;

(ii) Both I, and J, are bounded operators on Bi;

|| ds
iii g€H°°,supw122/ ——|d'(2)| < +o00.
(i) sup (i = |2) | Tl (2)

Proof. The equivalence of (ii) and (iii) is an immediate consequence of
Theorem 3.1 and Proposition 3.2. If (ii) holds, it is trivial that (i) holds.
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So it suffices to prove that (i) implies (ii). In fact, suppose that gB, C B,.
For arbitrary a € D, let ho(z) = [ —2_—dn. And let ku(z) =

w(1—an)
ha(2) — hg(a). Then we see that k(z) = m, kq(a) = 0 and k, €
_ 2
B, because of sup, ,cp % < 400. So for g analytic on D, we have

(gka) (a) = g(a)m. By using the boundedness of M, on B,, and the
subharmonic property of |w(1 — @z)||(gks.) ()| and the assumption that
for any @ € D there is a constant C' > 0 (independent of a) such that
% < (C for all z € D(a,r),
l9(a)l = |w(1 — la]*)| |(gka)'(a)]
dA(z)

<x [ oy [0 =T ah) O = o

dA(z)
< KC w(l =22 |(gka)'(2)| ———2—
D(w)| (1= |2*)] [(gka)'( )}(1_‘Z|2)2
dA(z)
é KC M ka B,
D(a,r) (1 - ’2‘2)2 H I H
dA(z)
—— || M ko |lB,
Dlar) (1 _ |Z‘2)2 || g H ” ||

dA
§KCsup/ i||Mg||sup||kaHBw<+oo.
D(a,r) ( aeD

<KC

aeD 1—[2[?)

Hence we have g € H*. By Theorem 3.1, g € H* if and only if I, is
bounded on B,. So by the boundedness of I, and M, on B, we see that
Jg is bounded on B,,. O

Remark Carefully examining the proof of the above corollary, we see that
the equivalence of (i) and (ii) can be proved by using the assumption of w
in Theorem 3.1 only. U

Based on Corollary 3.3, we furthermore make the following conjecture.

Conjecture Let 0 <7 < +00. Let w be as Proposition 3.2. And suppose
1-|z%)]
that 1!

1—|z]?
equivalent:

(i) 9B, C By

(ii) I, is a bounded operator on By;

(ili) g e H™®.

— 0 (]z| — 17). Then for g analytic on D, the following are
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Supposing the assumption that there is a constant C' > 0 (independent

of 2) such that |w(1 — |2]?)| i ey < C(1 = |22 for all 2 € D which
w(l—|z 2
is stronger than the assumption %

above conjecture holds.

— 0 (]z] — 17), we see that the

4. The product of the operators Iy and J, defined on the a-Bloch
space

In this section, we study the boundedness and compactness of products
of Iy and J,; defined on the a-Bloch space.

Theorem 4.1 Let f be an analytic function on D and g be an analytic
function on D. Suppose that sup.cp |f(z)| < +o0. Then the operator I;J,
1s bounded on B if and only if

1 /
sup(t = o) (1og 5 ) 1)) < 40,

Let o > 1. Then the operator I;J, is bounded on B® if and only if
sup(1 — [z[)|g(2)| | f(2)| < +oo.
zeD

Proof. Let a=1. Let f be a function on D. First, suppose that

sup(1 = 52)(log =5 ) ()] < 40,

zeD

Then we see
1) = [ hOd (O F0)dc
Since |h(2)| < C| h HBlogﬁ for h € B, we have

(1= =PI h) ()
= (1 )M ()1
1 /
< sup(1 = ) 1oz 3 ) lg I £ 12 ]

Hence

1
I I Jgh || < sup(1 — |2[*) { log ——3 | |9 () If )] | 2 ]| -
2€D 1 ‘Z‘
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To prove the converse, we suppose that IyJ, is bounded on B. For
a € D, it is clear that the test function h(z) :=log(1 —az) € B. Since IJ,
is bounded on B, for any z € D
(1= |2*)[log(1 —az)| lg' ()| 1 £ (2)]
= (L~ zP))g ()] 1f(2)]
<|HJghls <[ Jgll [ h]lp < K < +o0.

Applying z = a, we have

(1 o) 1o

)|g’<a>| F(a)| < K.

1—laf?

for any a € D. Hence we have

zeD

sup(1 = 312)(1og =5 )l (] ()] < 4o,

In the case of o > 1, we can prove it as well. So we omit it. O

Theorem 4.2 Let f be function on D and g be an analytic function on D.
Suppose that sup,cp |f(z)| < +00. Then the operator Iy J, is compact on B
if and only if

(1~ %) (log =5 )l (9] ()] =0,

|z[—=1~

Let o > 1. Then the operator I;.J, is compact on B* if and only if

lim (1 - [2*)lg'(2)|1f(2)] = 0.

|z[—=1~

Proof. Let a =1. Then we have

1
I T5Tgh || < sup(1 = |2?) ( log ——5 1§’ ()| 1F () [ |18
zeD 1 |Z’

1
< sup |f(z)] sup(l — |Z|2)<10g — 2)\9'(2)! [ 7]B-
2€D 2€D 1— 2]

By using the fact that A; Ay is compact operator on B for any bounded
operator A; on B and compact operator Ay on B and the fact (I;Jy)*" =
I;J,, we can prove this theorem as well as the proof of Theorem 2.3. In the
case of a > 1, we can prove it as well. O
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