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Global estimates of maximal operators generated
by dispersive equations
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Abstract. Let Tf(z, t) = et¢(D) f be the solution of a general dispersive equation with
phase function ¢ and initial data f in a Sobolev space. When the phase ¢ has a suitable
growth condition and the initial data f has an angular regularity, we prove global and
local LP estimates for maximal operators generated by T. Here we do not assume the
radial symmetry for the initial data. These results reveal some sufficient conditions on
initial data for the boundedness of maximal operators in contrast to the negative results
of [28]. We also prove a weighted L? maximal estimate, which is an extension of [19] to
nonradial initial data.
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1. Introduction
The general dispersive equation is defined by
iug(z) = —p(D)u(xz), on R" xR,
u(z, 0) = f(x), (z,t)€ R"H(n > 2),

where D = —iV and ¢ is a smooth phase function. The formal solution of
this equation is

1
(2m)"

where f(f) = [e ¢ f(x)dr. Now let us define maximal operators:

T*f(z) = sup |[Tf(z,t)|, T f(x)=sup|Tf(x,t).
—1<t<1 teR

u(z, t) =Tf(x, t) =

/ T EHE) Fg) e, (1.1)

In this paper, we try to find mapping properties of T** or T associated
to various phase functions. A typical phase is |£|* (a # 0). Mappings are
from a mixed Sobolev space H*(H'") to a weighted LP(wdz). The estimates
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are of the form:

IT* fllerwdzy O N1 fllrwdey < CIf e rmy- (1.2)

Here, Hg||’£p(wdz) = Jgn l9(2)|Pw(z)dz for some nonnegative measurable
function w, LP = LP(R™). The mixed Sobolev space norm is

1 W (e = (L= A2 (1 = D)™ 2|2

where A, is the Laplace-Beltrami operator defined on the unit sphere S»~1.
Let us now impose an assumption on the phase ¢ as follows:

A. Let ¢ be a radial function such that for some a € R (# 0, 1), ¢ €
C?(R™ \ {0}) and there exist positive constants c;, cp such that

c1le” ™ < o™ (€)] < eal€]*™* (k=0,1,2), in R\ {0}.

The maximal inequality (1.2) is motivated from the well-known point-
wise convergence problem: limy_ou(z, t) = f(z) a.e. z, for f € HY/4(R™).
The local and global LP estimates of the maximal operators have been stud-
ied by many authors [3, 4, 8, 10, 12, 15, 25] and [26]. P. Sj6lin [20] and L.
Vega [26] obtained the strong necessary condition (s > 1/4) on the point-
wise convergence problem. In particular, P. Sjolin showed that the maximal
operator T** cannot have the global L? boundedness (see [17]). Thus we
consider global LP or local (or weighted) L? estimates. For a global weighted
and a local L? estimates see [6] and [9].

In this paper we show a nonweighted global L? estimate under an an-
gular regularity condition on f. See (1) of the main theorem below. In
view of the negative result of [28], where S. Wang showed that if p >
2, then there exist fo and Yj such that if f(z) = |z|Ffo(|z|)Ye(z") for
some spherical harmonic function Y of order k (for instance see [23]), then
limg oo |T* fll 2o () /I fl| gr1/a = oo for any ball B, we see that our result
suggests a sufficient condition on f for LP maximal inequality (1.2). The
same method leads us to an extension of [27], which is stated in part (2) of
the Theorem 1.1.

P. Sjolin also showed the global estimate of T*. Namely, ||T%f|;2 <
C|| f|lms holds for s > a/4 and radial f, and fails for s < a/4 (a > 1) (see
[19, 20]). We still do not know about the critical case s = a/4. As related
topics, we refer the readers to [1] and [16] in which some global smoothing
properties of the critical case (s = 1/2, a = 2) are considered. Our last
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result ((4) below) is an extension of the sufficiency condition of Sjolin. We
consider a weighted L? inequality for a general f with angular regularity
even in the case 0 < a < 1.

Now we state our main results.

Theorem 1.1 Let f be a function in H*(H). Then

(1) MNT** flle < Cllfll sy holds for s € (1/4,1/2), m > (3n —5)/6 —
2/p, 4n/(2n—1) <p<2n/(n—2s) and 0 < a # 1

@) 1T fliotwasy < Cllfle(amy holds for s € [1/4,1/2), m > (3n +
1)/6 —2s/n, p=2n/(n—25),0<a#1 and w = |z|°/(1+ |z|)® with
b>0

3) MNT*fllLr(wde) < Cllfllsmmy holds for 0 < a <1, m > (3n+1)/6 —
2s/n, a/4 < s < 1/4, p=4n(l —a)/{2n(1 —a) + a — 4s} and w =
|zt /(1 + |2])* %2 with by > 0 and by > 1 — (n—1)(p/2 — 1)

4) T fllz2wde)y < Cllflls(amy holds for s > aj4, m > n/2, 0 < a#1
and w = (1 + |z|)~° with b > 0.

The parts (1), (2) and (3) are obtained by using a boundedness prop-
erty of one dimensional oscillatory integral of the form fR el(te(€)+xt) |€|~5d¢.
Many authors referred in this paper have tried to handle such an integral
and obtained various bounds for the corresponding growth rate a of ¢ (i.e.
a > 1or a <1). Here, we show that the integral is bounded by a constant
multiple of |2|~(3=*) for any 0 < a # 1 where the constant is independent
of t. See Lemma 2.3 below. Recently P. Sjolin showed this lemma for a > 1
n [21]. An earlier version of the proof of Lemma 2.3 can be also found in
[5].

For the proof of theorem, the uniform bound of Bessel function is impor-
tant. We use the following asymptotic behavior of Bessel function: J,(r) =
r=V2(byre™ 4b_e ")+ U(r), |¥| < Cr~! for 7 > v, where C is independent
of v. Owing to the slow decay of the tail ¥, we cannot attack the end point
case p = 2n/(n — 2s) in (1). To avoid this difficulty, we have used weights
in (2) and (3).

The angular regularity is due to the estimate of Bessel function which
appears in the Fourier transform of spherical harmonics. The condition on
m is far from being optimal. We do not know even the necessary condition
on this angular regularity, which might be interesting if found.

For the last result (4), we use an oscillatory integral to show that a
scaling property is related to the growth rate of the phase ¢ for a local
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time. See Lemma 2.4 below. If a > 1, the dispersiveness is quite strong,
hence an L? weighted global maximal inequality is possible which covers
the part (4) when a > 1 (see [6]).

For the more general initial data f, by using a bilinear estimate, T. Tao
in [25] showed that the global estimate for 7%** holds for p > 2(n+3)/(n+1)
and s > n(1/2—1/p), if the phase ¢ is of an elliptic type. Recently, in [13] S.
Lee improved Tao’s results in 2 dimensional case up to s > 3/8. As another
global estimates, there are several results about the weighted estimates for
s > 1/2. For these results, one may refer 7, 10, 26, 27]. However, it remains
still an open problem whether even a local estimate of T™ holds or not for
s=1/4.

If not specified, throughout this paper, C' denotes a generic positive
constant that depends on c1, ¢, a, s, n.

2. Preliminary lemmas

We begin with the weighted inequality for the Fourier transform.

Lemma 2.1 (see [14]) If1<¢<2, 0<a<1/2,0< a1 <1/q¢ and
a1 =a+1/2—1/q, then the following inequality holds

([ eisieras) ™ < o f 1spama) ™

Now we introduce some estimates of oscillatory integrals. Let us first
state a stationary phase lemma which can be found in [12] etc..

Lemma 2.2 Let 1 be a monotone function and I = ff e ) (€)dE. Then
if |[dp/dé| > X >0 in [, B] and dp/dE is monotone, |I| < CA™! suppq, g [ (€)];
and if |d*p/d€?| > X\ > 0, then |I| < CA~Y/? Sup[q,g] [¥(§)]. The constant C
doesn’t depend on a, 3, \, p and 1.

Utilizing the lemma above, we get the following lemma.

Lemma 2.3 Suppose ¢ satisfies the assumption A for 0 < a # 1. Let
A, B, s be the real numbers such that A, B # 0, 1/2 < s < 1. Consider the
following integral:

7 / (HABE+BE) ¢ s g
£eR

Then |I| < C(a, s, c1, co)|B|~079).
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If0<a<1,a/2<s<1/2and|A|l <2, then
I< C(‘B’_(l_s) + ‘B’—(l—s)—a(1—2s)/2(1—a))'
Proof of Lemma 2.3.

Case a > 1: Without loss of generality, we may assume that A > 0 and
B>0. Let D = B/Al/a. Then by the change of variable, we have

[_A(1S)/a/ei(A¢(A1/“£)+D£)|§’Sdg_/ +/ =I_+1,.
£<0  Je>0

We may only have to consider I, . Let us denote it by I again.
Now we first consider the case when ¢’ > 0. Observe that

E = (Ap(A7V%€) + DY > 6471 + D.

Let M be a large positive number depending only on a, s, ¢1, co. If D < M,

then
1 o0
= A<18>/a(/ +/ ) — L +D
0 1

For I, by a direct integration, we have |I| < CA—(1=s)/a < op—(1-s)
For Iy, since E > C~!, by the first part of Lemma 2.2, we have |I3| <
CA-(=9)/a < cB~(=5) 1f D > M, then since E > D, by the first part of
Lemma 2.2, we have |Io| < CA-(-=9)/ap=1 < As/ap=1 < B=(1=9) For I,
using the change of variable, we have

D
I, = A-(1=9)/ap=(1-9) / (HABDTIAT G 1) =5 e
0

Thus I} = fol —l—le = I11+ I1 2. By the integration, |I; ;| < CB~(1=%), For
I 2, since (Ap(D1A~1/ag) 4 €)' > 1, from the first part of Lemma 2.2, we
have |11 2] < CB~1-%) and hence || < CB~(-s),

Now we consider the case when ¢/ < 0. We observe that

—es"71 4+ D < B = (Ag(A/9€) + DEY < 1+ D.

If D < M, then we split I into two parts as follows:

(2M /cp)t/ (a—1) 00
I[=A"0=9)/a </ +/ ) = I3+ Iy
0 (2M /cz)t/(a=1)
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For I3, we have by direct integration |I3] < CA~(=5)/e < ¢B~(1=%)  For
Iy, since E < —c16%7 1 + D < —1, by the first part of Lemma 2.2, we get
11| < CA=(=9)/a < ¢B~(=%) If D > M, then we split I into four parts
as follows:

1 p(D/2e)/ @D r(2D/e)t/ (@D roo
I:A(ls)/a</ +/ +/ +/ )
o 1 (D/2c)/ (@1 J(2D/ey)1/(a=1)

=I5+ I+ I7 + Ig. (21)

For I5, we use the change of variable so that

Is = A-(1=s)/ap=(1-9) /D 61'(A¢>(D_1A_1/“£)+£)€*Sd§'
0

We split I into two part: I5 = /1*(1*3)/‘LD*(1*5)(IO1 —i—le) =I51 + I5p.
For I 1 and I5 2, using the direct integration and the first part of Lemma, 2.2
respectively, we have |I5 1| + |I59| < CA~(=8)/ap=(-5) = =05 For
I, since E > C~'D > C~'D'~%, using the first part of Lemma 2.2, we
have |Ig| < CA—(1=9)/ap=(1-5) = ¢ B—(1=9),

To estimate I7, we use the fact |E’| is equivalent to £4~2 and hence to
D(@=2)/(a=1)  Then from the second part of Lemma 2.2, we obtain

|I;| < cA~(=9)/ap=(a=2)/2(a=1) p=s/(a=1)
— CA—(l—s)/aD—(a—2+2s)/2(a—1).

Since a > 1 and s > 1/2, we have |I7| < CA-(=s)/ap=-(-s) = cp=(1-s),
Finally, we estimate Ig. Since E > C~'D > C~'D'~#%, by the first part of
Lemma 2.2, we have |Ig| < CA~(1=9)/ap-(=s)p=s/(a=1) < o p=(1-9),

Case a < 1: We first consider the case 1/2 < s < 1. We may assume
A, B> 0. Let D= A/B“. Then by the change of variable, we write

0o 0
Bl-sT — /ei(A¢(£/B)+£)‘§|—sd§ = / +/ =1 +1.
0 —0o0

As in the previous case (a > 1), we only consider I and denote it by I
again.

In case that ¢/ > 0, we have E = (A¢(£/B) +&) > ¢;DE*"1 41 > 1 for
all &€ > 0. We divide I into two parts: [ = fol + floo. For the first integral,
we just integrate and for the second one, we use the first part of Lemma 2.2.
Then we can see |I| < 1.
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Now we consider the case when ¢/ < 0. Then we obtain
—DE V41 < E < —DE 4 1.

~ /(a—=1)
If coD < 2, then we divide I into two parts: I = 0(1/4)1 ' f(ic}4)1/(a,1) =

I, + I,. By the integration, we get |I;| < C. And since coD < 2 and hence
E > C~L, by the first part of Lemma 2.2, we have |I5| < C.
If ¢1D > 2, then we divide [ into four parts:

1 (2/c1 D)/ (e=1) (1/2¢, D)1/ (a=1) 0o
0 1 (2/c1 D)1/ (a=1) (1/2¢2 D)1/ (a=1)
=13+ 14+ I5 + Is.

For I3, by the integration, |I3] < C. For |I5|, since |E’| is equivalent to
DD~ (a=2)/(a=1) — pl/a=1) 4pd s > 1/2, by the second part of Lemma 2.2,
we have |I5] < CD?s=D/2(e=1) < O, And since E < —C on [1,(2/¢; D)"/(@=1)]
and E > C~1 on [(1/2coD) (¢~ 0), we also have |I4|, |Is| < C.

If2/co < D< 2/c1, choose a large number M depending only on c1, ca,
and divide I as follows: I = fOM + [4r- Then as the estimate of I; and Ia,
we can obtain |I| < C.

If 0 < a < 1anda/2 <s < 1/2, then except for the integral I,
we can treat every integral by the same method as above. For I5, since
|E’| is equivalent to DD~(e=2)/(a=1) = pl/(a=1) | 4| < 2 and s < 1/2, by
the second part of Lemma 2.2, we have |I5] < CB~%(1=25)/2(1—a)  Thjs
completes the proof of the lemma. O

Lemma 2.4 Let N be a positive number and o, B be real numbers satis-
fying 0 < |a| <1, B#0. Let ¢ be a C°(R) function with the support away
from the orgin. Consider the oscillatory integral

In(a, §) = N / HOONEENSE) o) g

where ¢ satisfies the assumption A. If N > 1 and 0 < a # 1, then
[In(e, B)|dB < CN%2. The constant C, does not depend on o and N.

Proof of Lemma 2.4. If N|8| > CN%a| and N|3| > 1 for some C depend-
ing only on ¢, then by the integration by part, we have

[In| < CuN(1+ N[B|), (2.2)

where C), is a constant depending on the parameters of C' to be denoted by
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C again and p is any positive number less than equal to 2. By the second
part of Lemma 2.2, we have

[Iny| < CN(N®|a|)"%2 and |Iy| < CN. (2.3)

We divide the integral [ [In|d3 into four part as follows.

IINIdﬁz/ +/ a+/ +/
/ Nigl<1 JISNIBI<ON®, N|B|>1, N|g|>CNa
4

N|BI<CN®la| “ CN®|a|<|B|<CN®
= Z 1I;.
=1

Now we estimate each term. At first, by the second part of (2.3), II; <
CNN~! = C. For II,, using the first part of (2.3),

II,<CN (N°|a|)~2dg3
|B|<CNa=1]a|

§0N1/2/ ‘/8|_1/2dﬁ < CNG/Q.
[B|<CNa~1

Using (2.2) with p=1—a/(2 + 2a), for II3, we have

I3 < ON'# / Nz, BTHAA < CNU-m+a) — o2,

CN°|a|<|B|<CN®

Finally, for II4, using (2.2) with 1 < u < 2, we have

II, < C(a, p)N'=*# / |8]7*dB < CN*U—H) < N2,
|B|>C N1

This completes the proof. ]

3. Proof of Theorem 1.1

3.1. Proof of the part (1)

We first consider the simple case that f(rw) = fo(r)Yx(w), where {Y}}
is the orthonormal basis of the space of spherical harmonic functions on the
unit sphere of order k. Using Fourier transform of the radial function and
spherical harmonic function (see [23]), we have

~

flpw) = go(p)Ye(w), | follzz = llgoll L2,
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where

= an/ fo(r) Ty (rp)r™?p= =22y, (3.1)

with v(k) = (n+2k —2)/2 and |¢,, x| < C. We define an auxiliary operator
T'p by

_ 1 iz E+10(6)) 7 dg
Tpf(x,t) = (277)"/6 S emrrrS

Then using Fourier transform of the spherical harmonic function again, it
can be written as:

T (e, 1) = oo [ SO0 (€ )anleh

(2m) (1+[¢[?)s/2
_ 1 Ooi (p) ,n— irpw-w’ / / dp
= (27r)”/ et(P) pn=L g0 (p) </Sn1 e Y (W) dw >(1+p2)5/2
1 ito(p) n—1 (n—2)/2 dp
(%) / 0 0(0) 7))

o0 d
_ (=212 [ citolo) 112G (p) ] o
= /0 ¢ oo}t ) ey (=)

_TOk(Go)(T tYk( w

where Go(p) = p" /?go(p). Then we have | T35 fllzr < C|T57.(Go) || e
x||Yi||£p(gn-1y. For the proof of (1) we have only to show that for p =
2n/(n —2¢') and s’ € [1/4, s) (hence 4n/(2n — 1) <p < 2n/(n — 2s))

I1T55.Go()llze < Cv(k)** |1 Goll 2(r ) (3-2)

Here the LP norm LHS of (3.2) is the usual LP = LP(R™). For simplicity, we
denote [|gll o) by llgllzz - Since [[Gollr2@w,) = Cllgollr2rn), once (3.2) is

proven, then from the observation® that [|Yy|| e (gn—1) < Ck(™=2/2 and the
condition p = 2n/(n — 2s’), we have for k > 1,

IT5 flle < O || foll 2 | Vil o1y
< Ck3/2—s’+(p—2)(n—2)/2p||f”L2
< CEY22| £ o

"This follows from the facts that Yi(w) = [, Ya( 0)Zk(0)do for some zonal harmonic
ZE(0) and || ZE llL2(sn-1y < En=2)/2, For instance see p. 143-144 of [23].
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Hence, for general f with expansion f(rw) = Zkzo,lglgd(k) f,i(r)Y,j(w),
where {Y}} is the orthonormal basis of spherical harmonics of order k and
d(k) is its dimension, we get

ITE flle <C > (LR 1Y
E>0,1<1<d(k)

COS Ry Y Hf,iY,fH%Q)l

k>0 1<i<d(k)

< C’(Z(l + k)2(3/2—2s//n+(n—2)/2—m))1/2

k>0

(S rmye.)

k.l
<C| fl

/2

L2(H)

We have used the bound d(k) < C(1 + k)" 2, the condition m > (3n +
1)/6 —2s'/n = (3n —5)/6 — 2/p and the fact —A,Y; = k(k +n — 2)Y}, for
kE > 1. This proves the first part (1) of the theorem.

From now on we prove (3.2). We may assume that k and v(k) are
sufficiently large. Let us denote v(k) by v for simplicity. Let SGy =
" 1/PTy Gy and S? be the dual operator of S. Let v = (n — 1)(1/2 —
1/p). Then for any F € C$°(Ry x R), we may write SYF as follows:

SUF(p) = <1p1/2<1 )

2m)n

x// e 10 1, (rp)r 2V F (v, #)dredt
R J0

7=0,1,2
where
dp_ 1/2 2\—s/2
SiF = gyt (L +07)
< [ [T e () E o v
R Jo v

and ¢, ¢1 and ¢3 are smooth cut-off functions such that ¢g = 1 on {|s| <
1/4}, ¢o =0 on {|s| > 1/2}, 1 =1 on {|s| ~ 1}, ¢1 = 0 otherwise, ¢o = 0
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on {|S| < 2}7 ¢2 =1lon {|S| > 3}a and ¢0 + d)l + ¢2 =1
Before estimating each part, we list some asymptotic properties of
Bessel function:

17, (r)| < Cexp(—Cv), if r< g (3.3)
Ju (1)1 (g)‘ <Cr Y3 forall r>1, (3.4)
J()oa(5) =72 be +boe oo (1) + 0, (r)62( 1), (35)

where |®,(r)| < C/r, |bx| < C and the constant C' is independent of v. For
the proof of (3.3), (3.4) and (3.5), see [24], 5.2 of [22] and [6], respectively.

We first estimate S¢F. Using (3.3) and the inequality (1 + p?)~%/2 <
Cp~*', we have

, v/2p
SR ()] < Cem vt/ [0 ey
0

, v/2p
< CeCv2pms /0 NG, gy

To use the identity ||SgF(p)||L2(R+) = H(l/p)SgF(l/p)||L2(R+), we estimate
(1/p)SEF(1/p) as follows:

1 1 RGN

Dgap <>'§Ce‘c”/ e / (g T

5157 (5 o o Tl
§Ce_CV/le_SIISI(7”_7||F(T7 )HL%)<%)’

where Zy is the one dimensional Riesz potential: Zy(g)(r) = ng(T’)/V —
[=5"dr’. From Lemma 2.1 with a; = §'+1/2—1/p' and p = 2n/(n — 25'),
we get for large k,

IS, < CemCt=2 / €72 By ) N (©)12de

2/p’

<o( [ eIEe g rerar)
0

Here the Fourier transform of the integrand of the second term is applied
after extending the function r™7[|F(r, -)|[z1 to 0 for 7 < 0. Since a1 =7,
we get

ISGFll2 < CIF| (3.6)

7%
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for p=2n/(n — 2s'), where HF||pp = = [ (g |F(r, t)|dt)? dr.

Forsgpyxwehaye|5f1r@ﬂ|g<jpv2 A T o) E ()| adr
Similarly as we did for the estimate of S¢F, with p = 2n/(n — 2s’), we have

from (3.4) that

1 1 , [l
WFgGW“S/ PO E(r, )| prdr
Al QN p o £y )z

<O/ QVPLHFH dr
- o Qupt= Tk

<OV Ty (r || F)| 1)) (2vp).
Changing the variable p — vp, we have that
IS{F |z < CV*/2~||F|

'Ly (3.7)

Now we estimate S§F. Let us set S§F = S, F + S_F + S3F, where

SLF(p) = (21’*) (14 )02

// 1o gy (L p)r YF(r, t)drdt,

(14 p*)~*/2

SsF(p) =

(2m )
// —itg(p rp UQQ) (rp)gbg( )7‘ TE(r, t)drdt.

For the estimate S F, it suffices to consider S F. We decompose it into
two parts as follows:

S.F(p) = A1 + A

where

A = by (1+p2)_5/2// ei(”)_w(p))r_”F(r, t)drdt,
(27T "

(L+p%)~7

)
/ i(rp—te(p)) ¢ (%) - 1>r’7F(r, t)drdt.

2
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For A5, we have

Aa(p)] < Cp /0 rNE(r, ) padr

and hence by the similar estimate to SgF except for the factor e=¥

[Asll 2 < Co2|IF| (3.8)

'y
Now we estimate 4;. Since F' is compactly supported in Ry x R,
obviously we may assume that

Al =

(Qb;)n (14 p)~%/2 /}R2 Pt || =Y F (r, t)drdt.
Hence for A;, we have from the inequality (1 + p?)=%/2 < Cp~*

1Al < [0 ot Ol R, 0l F Pdratata
where

K(r ', t, ¢) = / o000 H—)p) 25 g )

Since 1/4 < &' < 1/2, by Lemma 2.3, we have |K(r, v/, t,¢)] < C|r —

|~(=25) Thus we have from the Fourler transform of Riesz potential and

the fact [ g(z)h(z)dz = " [G(&)h(E)dE that

||A1||L2<c//|r =2 F(r, )l

X|"/‘ ||‘Z ( /7.)||L1d"d/
t/
—C/|§’—28/(

Invoking Lemma 2.1, we can get

TNEC )N ©)f e

2 e — P ap' 2/p'
Iz, <o GIEl e ar)
provided « = s' +1/2 — 1/p’. Since @ = =y, we have

[Aillz2 < ClIF] (3.9)

'y

Now it remains to estimate S3F. The uniform decay of the function ®,
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on v shows that
1S5F (p)| < Cp 21+ p*) (X (0.) (P) + X[p.o0) (P))

x/ Y2 F(r, | .
2v/p

By Holder’s inequality, we get
< Cp=12(1 4 p2)5/2 v _SIF
1S3 (p)| < Cp™ /(1 + p7) (X (0.)(P) + X[,00) (P)) P W
<= (07 50, () + 072 N o) IE Ny

and hence

153 F |12 < C|IF (3.10)

LF'rLl
Therefore the claim (3.2) follows from the estimates (3.6), (3.7), (3.8), (3.9)
and (3.10). This completes the proof of the part (1).

3.2. Proof of the parts (2) and (3)

For the part (2), we follow almost the same way as in the proof of (1).
One can prove (3.6), (3.7), (3.8) and (3.9) by replacing s’ with s and =7
factor with r=7r/P(1 4 r)=0/P = r=Yw(r)/P. We leave the details to the
readers.

We have to check the inequality (3.10) with 77 replaced by 7~ Yw(r)'/.
Let us observe from the estimate

/ r*(1/2+7)pw(7’)dr§CLf(s”*b) or CL%P
L

for p=2n/(n—2s) and v = (n — 1)(1/2 — 1/p) that
1S3F(p)]
< Cp 21+ pA) (X0, (P) + Xjpoo) ()

x/ V2| F(r, |y
2v/p

_ s v\ —S 1% _(S_b/p)
< Cp 214 p?) e (X(o,u) (p) (;) + Xvoo] (P) (;) >
< Fly

< Ov (072 X0 (0) + 07 ) Il 1
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Taking L%_ norm to both side, we get the desired result.

Similarly, one treats the part (3). Replacing r—7 with =7t /P(1 +
r)~(b1+02)/Pone can readily get (3.6), (3.7), (3.8) and (3.10). For the in-
equality (3.9), let us consider the modified functional

b+ 2\—s/2
A = 1+

/ e rP=t 00N || =Y |p /P (1 4 || ) ~OLHOP (1) 1) drdt.
R2

—~

X

Then we have from the second part of Lemma 2.3 that
172
< c//// K (r, o/, £, )| 71+ []) 2/
x |F(r, t)Hr =YL+ |¢) 2P| F (o) | dredr! didt!
<Cf[ =7 A (1)

x || F(r, -)I!Lglr A )T PIEG ) gy drdr

<cff ot
|r—r’|<1 [r—r/|>1

where ﬁ’(r, t) = |r|P/P(1 4 |r|)~b/P and
K(r,r' t, t') = /e_i((t—t/)¢(P)+(T—r’)p)p—25dp.

It follows from Lemma 2.1 with o = s — a(1 — 4s)/4(1 — a), aq = 7 and
g = p’ that the first integral is bounded by

/ [ — ¢~ (=2(s=a(1=45)/401=a)) | || F (7, iz

X e[ F G ) gy drdr

<CIFI,,, < CIFIR,,,

The second integral is bounded by

([ s <o(([ + [)e)
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Since yp < 1 and yp + by > 1 by the choice of p and bo, (fol + floo)(- )+ <
CHFHM,/L% and hence ||.,41HL?F < C||F||L$/L%.
3.3. Proof of the part (4) N

Let us first define an auxiliary operator Tz by

= w(lzD'? [ o e 7oy €
Tpfle,t) = —o—tm | WOTOf(6) ———
(2m)" 1+ )
where w(|z|) = (1 + |z])7° with 0 < b < s. If f(rw) = fo(r)Yi(w) for some
smooth radial function fy and a spherical harmonic Yy of order k, by the
Fourier transform of the spherical harmonic function, the operator T's can
be written as:

~ w(r)V/? _ e
Tpf(rw, t)= ((273)71 pm(n=2)/2
< [ G ) i)
0 (14 p?)3/2

= TO,kG()(T, t)Yk(—w),

where v = v(k) = (n+ 2k — 2)/2 and G is the same function as in (3.1).
From the proof of the part (1), we have only to prove that

15 Go( )2 < Cv'/?|Goll 2 - (3.11)

Let SGy = 7"(”*1)/2T07kG0. Then for the proof of (3.11) it suffices to
show that

15°Go(- )z < Cv|Gallyz (3.12)

Now we divide the integral of SGg by the cut-off functions ¢; introduced
in the previous section:

~ w(r)l/? > dp
Go(r, )= b2 [0 2 01, )

= SoGo + S1Go + S2Go,

where

S o = WO 1 [ i) 1o (TP i
S]GO_WT /0 e p GO(P)‘JSJ(V)J”(Tp)(l_FpZ)W'
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Let us define the maximal functions S&(r) = supg;<q |SoGo(r, t)| and
ST(r) = supg.s1 |S1Go(r, t)|. Then from (3.3) we have that

1 -~ 1 2ur
=S5 (7> < Cl/l/zec”rl/ 1Golp)|dp < Cv*2e=CY MGy (vr),
T T 0
where M is the Hardy-Littlewood maximal function. We did not use the
weight w here. Hence for large v,
15552 < Cv¥2e|| Gz (3.13)

Using the inequality 1/r [ |J,(t)[*tdt < C for any r > 0 (see [27] for
instance), for S}, we have

B 2v/r
81 (r) < O xo.0) (r)rV/2+* / PG Rtrp)ldo

2v/r
O (F)r/2 / PM2\Go (), (rp)ldp

2v/r 1/2
<C ( / IJV(TP)IZpdp)
v/2r

X (17X (0.0) (1) 2T + X (1 00) (1)1 2 7F) 1Gollr2
<CVM2 (V™ x (0.0 (1)r AT X ) (1) ETE) 1Goll 2
and hence that

13502 < Cv2|Goll (3.14)

Now we treat Sy similarly as we did in (1). Using the asymptotic
behavior (3.5), we divide the integral of SoGy into three parts:

ggGo = §+G0 + S_Go + ggGo,

where

1/2

biﬂU(T) > i(£rp+to(p)) rp dp
(2m)n /0 ¢ Go(p)d’?( v ) (1+ p2)5/2

B w(r)/2 Sy TP dp
5,6 — ((273)7LT1/2/(] 0 pLI2 Gy (0) By (1) o <V>(l—|—p2)5/2

S.Go =
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For §3G0, we have from the uniform bound of &,

185Go(r, D) < Cxo (M / o Galpldy

Lo [T dp

o 1/2 b/2/ 121G (o) — P

+ OX[1,00) ()T 2V/TP | 0(p)’(1+p2)5/2
< Cv ™y o (r)r /2 /2 / p~ 270G (p)|dp

+CX[1,oo)(T)T1/2b/2/2 / p~1/2701Go(p)|dp,

where § is any number smaller than s. For the last integrand we have
used (14 p?)~%/2 < Cp~ for ey < min(b/2, s). Then by Cauchy-Schwartz
inequality, we obtain

S5(r) < C(v™"x(0,1) (r)r™ /2T 4 v720x g o) (r)r /2 (B2 720))
X ||G0HL17
where S3(r) = supgs< [S3Go(r, t)|. Hence

13502 < Cv=0l|Goll . (3.15)

Now we estimate S3Go. We use the extended operator B defining Gg
by Go(—p) for p < 0 as follows:

_ bsw()Y2 g, (TP dp
BGo(r, t) = (27T)”/Re ¢2(7)GO(P)W-

We can rewrite this by

BGo(r. t):bi(ugf:))nlﬂ /IR()_i_W/R(l_@(T))()
=B1Gy + B2Gy

as Aj and Aj in Section 3.1. Let BiGo(r) = suppy; |B1Go| and B3Go(r) =
supj|<1 |B2Gol. Then we first have B3G(r) < C’f03y/T |Go(p)|dp and hence

1 1 1 [ 3vr
_RB* V< (OZ < -
“B3Go(+) < cr/o (Golp)ldp < CvM(Gol)(5-).
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where M is the Hardy-Littlewood maximal function. Thus
1B5Gollz2 < Cv'?|Goll 2y < CvM2|Goll 2. (3.16)

Next, we consider a global L? estimate of the local maximal operator
B;. To do this, we employ the Kolmogorv-Seliverstov-Plessner method (see
[8]). Let us define an operator 7 as

dp
(14 p2)s/2’

where ¢(r) is any measurable function with [¢(r)| < 1 on R;. Then we may
write the operator 7 by 7; as T7Go(r) = 3_ ;50 ZjGo(r), where

TGolr) = / i) G ()

dp
where {p;} are Littlewood-Paley functions such that ¢q € C§°(B(0, 1)),
0i(-) = (- /29)), ¢ € C°(B(0, 2)\ B(0, 2’1)\)and >0 = 1. We claim
that ||’]}Go||L2+ S 2aj/4||AjG0HL2(R), where Ajg = ;g is the n-dimensional
Fourier transform. The L?(R) was taken for A;Gp as a one-dimensional

function of p. To show that, let ’Z}d be the dual operator of 7;. Then for
any F(r) € C°(Ry) and j > 1,

H’];dFH%i = // Kj(r, v")F(r)F(r")drdr’

T.Go(r) = / (AT I000) G ()i () for jez

where
Kj(r, ') = 2172V / i)t |p)+27 (r=1")p)

. dp
223] 2 e

Since 22%7p2(p)/(1 4+ 2%/ p?)* and its derivatives are uniformly bounded on
j, from Lemma 2.4 replacing § by 27, we have

sup / | K (r, r')|dr + Sup/ K (r, o) dr’ < C2@/2-25)3
reR reR

It follows from the Schur’s lemma (see the lemma in p. 284 of [22]) that

ITF) 2 < C2@/43 | . (3.17)
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If j =0, then
IFIE; = [ Kol r)P(r)F@drar’

where

; ’ ’ (ip
i((t(r)—t(r"))o +(r—r 2
1(0(7", 'I",) = /6 (( ( ) ( )) (|P|) ( )p)@o(p)m

Since [t(r) — t(r’)| < 2, using the integration by parts twice, we have
[Ko(r, )] < C(L+ |r ') 72

Thus using Schur’s lemma again, we have |71 F||;2 < C||F|| 2. Combining
this and (3.17), we get

1B1Gollr2 < CllGollz2 - (3.18)
Therefore the part (3) of Theorem 1 follows from the estimates (3.13)—(3.18).
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