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CMO estimates for higher-order commutators

of integral operators with rough kernels

Xjaojin ZHANG, Zunwei FuU and Zongguang Liu
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Abstract. In this paper, we establish the CMO estimate for the higher-order com-
mutator of Carlderén-Zygmund singular integral with rough kernel. This estimate
enables us to get the CMO estimates for the higher-order commutators of a class of
Marcinkiewicz integral operators upgq, Ns*l,x and pqo,s with rough kernels, which are
corresponding to the Littlewood-Paley g function, Littlewood-Paley g3 function and
the Lusin area integral, respectively.
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1. Introduction

Suppose that S"~! is the unit sphere of R"(n > 2) equipped with nor-
malized Lebesgue measure. Let Q € L'(S™~!) be homogeneous of degree
zero and

/ Q(a')do(2') = 0, (1.1)
Sn—l

where 2/ = z/|z| for any x # 0. In 1958, Stein [15] introduced the
Marcinkiewicz integral as follows.

ol = ( [ rFQ,Ax)Pff)m,

where

Fou(a) = /| UE=Y) by ay,

z—y|<t |£L’ - y|n—1
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and proved that if Q € Lip, (S™™!), then ugq is of type (p,p) for 1 < p < 2
and of weak type (1,1). In [1], Benedek et al. proved that if Q € C1(S™71),
then ugq is of type (p,p) for 1 < p < oco. Ding et al. [3] improved the above
results to the case Q € L"(S"1).

Let m be a non-negative integer, b= (b1,ba, ..., bm), bi(i=1,2,...,m)
be a locally integrable function. The higher-order commutators Tg, ué,

,uQ . and MQ g are defined respectively as follows:

1@ = [ TEIT[0e) = b)) o (12)
. e , 1/2
u?z(f)(x)=< [TIE@PE) (1)
~ , 1/2
e = ff () 1P EE) T a1
and

1/2
2 dydt
M?) s <//F(x) ‘Fﬂt t”+3> ) (1.5)

where

b () —
FQ,t( ) /|z Jl<t |ﬂ§‘—y‘n 1 H f(y)dy

and I'(z) = {(y,t) e R 2 |z —y| < t}.

Obviously, when m = 0, Tg = Tq, which is the Calderén-Zygmund
singular integral operator, and if m = 1, TS = [b, Tq], which is the well
known commutator generated by b and Tg.

Definition 1.1 ([6], [10]) Let 1 < ¢ < co. The space CMO’(R™) is defined
by

CMO"(R™) = {f € LL,(R™) : | fllgmor < 00},

where
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1 1/‘1
Fllevios sup ( f(x) — fao, qu)
Ifllextor = IB(0,R)] B0, R)‘ (2) B(0 R)’

and fp(o,r) = \B(é,R)| fB(o,R) f(z)dx

Remark 1.1 It is easy to see that BMO(R™) & CMO"(R™) and
CMO‘ (R™) S CMO”(R") for any 1 < p < ¢ < co.

Remark 1.2 CMO’(R") is a Banach space and the dual of
HE) YO N R with 1/g+1/¢' = 1,1 < ¢ < oo, where HEK' /9N (R)
is the Herz—type Hardy space [12].

Definition 1.2 ([11]) Let B, = {x € R": || < 2*}, Oy = By\Bx_1 and
Xk = Xc, be the characteristic function of the set C} for k € Z. For a € R,
0 <p<o00,0<qg< o0, the homogeneous Herz space Kg"p(R”) is defined
by

EgP(R™) = {f € L, R"\{0}) : | fll gor < 00},

where

00 i 1/p
= (2 27lpuly)

k=—o0
with usual modification made when p = cc.

Remark 1.3 K9P(R") = LP(R") and K;/""(R") = L?(jz|*dz) for 0 <
p<ooand a € R.

A famous result of Coifman, Rochderg and Weiss? is that when Q
is smooth, the commutator [b,Tq| is bounded on LP(R™) (1 < p < o0)
if and only if b € BMO(R™). Because of BMO(R") & CMO’(R™), the
commutator [b, Tg| may not be a bounded operator on LP(R™) (1 < p < 00)
if b € CMO(R™). But Grafakos et al. [7] found the fact that [b,Tq] is
bounded on homogenous Herz spaces when (2 is smooth and b € CMOq(R”).
Lu and Wu [13] improved this result to the case of Q € L"(S"™!) for r > 1.

Recently, Ding et al. [4] obtained the weighted LP boundedness for the
higher-order commutators of Marcinkiewicz integrals with Q € L"(S"~1).
Inspired by [4], [7] and [13], we establish the CMO(R") estimates for the



140 X. Zhang, Z. Fu and Z. Liu

higher-order commutators Tg, ,ug, u;‘)’bA and NE),S with Q € L7(S"1).
Throughout this paper, C' denotes a constant independent by the essential
variables.

2. Auxiliary and main results
To prove our main results, we introduce the following lemmas.
Lemma 2.1 ([5]) be CMOI(]R”) and i,k € Z. Then

[6(t) = bp, | < [b(t) = bp,| + Cli — E|||bl] cp01 - (2.1)

Lemma 2.2 ([14]) Suppose Q € L"(S" 1), 1 <r<oo. Ifa>0,0<d<
r and —n + (n — 1)d/r < § < oo, then

1/d
( / |ﬂ<x—y>d|x|ﬁdm> < Cly| B+ .
lz|<aly]|

Lemma 2.3 ([8]) The dual space ong’p(R") is K;a’p/ (R™), where 1/p+
1/pP=1,1/g+1/¢ =1 with 1 < p, q < 0.

Lemma 2.4 ([9])) If —n/g<a<n(l—1/q),0<p<o0,1<q< x,
then the Hardy-Littlewood mazximal operator M is bounded on homogeneous
Herz space KJ'P(R").

Using the similar method of proving Lemma 2 in [3], we can easily get

Lemma 2.5 For any non-negative function ¢, there exists a constant
Cy > 0 such that

[ (i) swar < o [ (i) wotis

The main results in this paper are the following theorems.
Theorem 2.1  Let Tg be defined as (1.2), b = (by,ba,...,bm), b; €
CMO™(R"), 1 < s; < 00, i=1,2,....,m, meN and Q € L"(5"1),1 <
r S 0. -[fo < p S 0, 1< 41,492 < o0, 1/qQ = 1/q1 +Z;11(1/81)7 oy

satisfies either of the following two conditions:

(i) —n/q1 < a1 <n(l/r" —1/q1) + 1/r when ' < g2 < o0,
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(ii) —n(l/q1 —1/r) = 1/r < oq <n/q) when 1 < q <,

and ag = oy —ny ;v (1/s;), then

m
TG (Nl gz < C TT Ibillenror

i=1

Fllicsro- (2.2)

1

Theorem 2.2  Under the assumptions in Theorem 2.1. Let ué be defined
as in (1.3). Then

m
& (Dl g < C T Ibillexron

=1

Fllaen. (2.3)

Theorem 2.3 Let ”S,b/\ be defined as in (1.4) and M?z,s in (1.5), respec-
tively, b = (b1,bay ... bm), b; € CMOSi(Rn), 1<si<oo,i=1,2,...,m,
m € Nand Q € L"(S"1), 1 <r <oco. If2 < p,q1,q2 < 00, 1/qa =

/g1 + >, (1/s;), an satisfies either of the following two conditions:
(i) —n/q1 < a1 <n(1/2—1/q1) when max{2,r'} < g2 < o0,
(ii) —n(1/qn — 1/r) = 1/r < a1 < n(1/2 —1/q1), when 2 < max{2(1 —
1/n),q1} <r, and as = oy — nzgl(l/si), then

m
b
g\ ()l geozr < C T il ey e, (2.4)
i=1
and
o m
b sDllszr < CTLMbillenors 1 fl oo (25)

i=1

These results have corresponding inhomogeneous counterparts. More
precisely, Theorem 2.1, Theorem 2.2 and Theorem 2.3 are still true if we
replace CMO(R™) and Kg’p (R™) by their inhomogeneous version CMO(R™)
and Kg'P(R™), respectively. We refer to [6] and [11] or the related references
there for the definitions and properties of these inhomogeneous spaces.
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3. Proof of Theorems

3.1. Proof of Theorem 2.1
Without loss of generality, we may assume m = 2 and H?:1 1bill cxros =

L Set f(z) = Y0 F@)xy(a) = S (), we get

e =0 & 2o 3 Irton,)'}

k=—00 j=—00
oo k41 . py1/p
+C{ > 2’”‘”( > HXkTS%(fj)H@) }
k=—o00 Jj=k—1

o0

rol 3 gt > HXkTg(fj)HqQ>p}l/p

k=—00 ]:k+2

= C(Il + I —|-13)

For I, set \; = |C I fc x)dz with i = 1,2, applying Holder’s in-
equality and the facts that the operator Tq is bounded on L? (1 < ¢ < o0)
and |C}| ~ |Cy| with j =k — 1, k, k + 1, we have

2
Xkr(')/n Q(__y’n) J

=1

(bi(-) = bi(y)) fi(y) dy

175, = \

q2

m%(ﬁ bi = i) )

=1

Xk H(bz = A)Ta(fy)

i=1

SC‘ +C’

q2 q2

+C[x(br = M) Ta((b2 = A2)f5)],,
—+ CHXk(b2 - )\2)TQ((b1 - Al)fj)”qz
9 2
Xk H(bz - >\i) .15 +C H(bl N )\i)fj

=1 s1+sg =1
+ COlxw(br = Al [1(02 = A2) fill arz2.
+ Clixn(bz = A2)llsz (01 = A1) fi) | vz

< OS2 f

< ClTa(fi)lla

q2
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Thus we arrive at

(e’ k+1 2 P l/p
IQSC{ Z 2]{:0(2]7( Z 2nk(1/81+1/52)‘|fJHq1HHbZHCMO@l) }

k=—o0 j=k—1 i=1
oo k+1 1/p
cof > (X s}
k=—o00 j=k—1
o0 1/p
<of 3 i} =l
k=—oc0

For I;, we assume (i) holds and note that if € Cj,y € C; and j <
k — 2, then |z — y| ~ |x| and ’ﬁ—ﬁ‘ <Cp ly l‘s,we have

T8,
2
/ (= ) [[(bi() — b)) £ (9) dy

<o{ [, e 1 %dx}l/%

oo i o]
rez{ [ ([ 10w =l swiline i) - iy )
wez{ [ ([ 106wl -l - i) ")
cer{ ([ - -y s}

= U11 + U12 + U13 + U14.

Observe that 7’ < ¢ < co and choose 3 < 0 such that a1 < —8 +
n(l/r" —=1/q1) <1/r+n(1/r" —1/q1). From Lemma 2.1 and Lemma 2.2, it
follows that
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2 q2/7
v < ez [ ) - v ([ 1o - o)

C% =1 Cz

az/r’ 1/q2
<[ rwra) T a

J

2 1/Q2
< CQ—nk2—jﬁ+kﬁ+kn/r2nj(1/r'_1/q1){ H \bi(:c) _ )\i|q2 dm} Hfqu1
Ok =1

S C(k _ j)22(k—j)(a1+ﬁ_n/’r,+n/‘h)2_ka22ja1 HfJHQ1 .

By Holder’s inequality, we obtain

qz2/r
Umgcz—"kz—ﬂﬁ{ / |b1<x>—A1|q2( / m<x—y>|rry|ﬁrdy>
Cl

Cj

, , KI2/7’/ 1/Q2
x ( [ 15 ) - 2l dy) dx}
Cj

1/82
< C2k(ﬁ—n/r/)+nj(1/r’_1/q1—1/sz)—jﬁ||fjqu (/ ‘bz(y) . Aﬂ”dy)
Cj

1/q2
« </ by () —A1|qzd:c>
Cy

< Ok = ja=Destomnfrttn/ay—kesgion | )
Using the similar method, we get

Uty < Ok — )2kl tomnlan/my-besgion|| .

By Holder’s inequality, we have

qz2/r
U14§C'2_”k{ / < / |ﬂ<x—y>vdy>
c, \Joy

, 2 , Q2/T/ 1/Q2
x ( /C 1 TInw A dy) d:c}
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< 2 IB+k(B=n/r")onk/q> [

1/7",_1/f11
</ H 1b; (y )\Z_|q17"’/(q1—r’) dy>

711

< Cok=i)(er+B—n/r'+n/q)g—kasgja Hfqul,

Thus we arrive at

py1/p
Ilsc{ Z < Z P01 (k — j)*2k- D eatfmn/rin/a)| IIq) }

k=—oc0 “j=—o00

[eo]

‘ 1/p
<o 3 2J°‘1p||fj||§1} — Cllfll e

j=—00
To estimate I3, it is observed that |z — y| ~ |y| and }ﬁ — W‘ <
Clzl—i‘/ﬁ for any x € Cy and y € C; with j > k4 2. Similar to the above
estimates, we have

T8,

e[ ([ 1o6- y)\!f(y)\f[l!bi(x) ) ae)
vern{ [ ([ 1o —ymf(ymbl(m)—A1\|bz<y>—wy)%dx}l/%
UL
7

q2 1/
LM - yllfy )Hb2($)_>‘2‘|b1(y)_A1|dy) di}

+ oo ( ) ] I >—Airdy)qzdx}”q2

i=1
= C(Uzy + Usz + Usg + Usy).
Similar to the estimates of U1, Uyo, Uz and Uy4, by Holder’s inequality

and Lemma 2.1, we can get the estimates of Usy, Usa, Usg and Usy, respec-
tively. Thus we can finish the estimate for I3 immediately. Here we omit
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the details.
Let’s turn to the case (ii) now. By Lemma 2.1, Minkowski’s inequality
and Holder’s inequality, we have
Uy <C27mF /

1/‘12
2% — )|y \% CE Ai\qwx) dy

< 2k /O </C Q(z — ywdx)”’“

J

1/q2—1/r
( / T o) — Ao/ d:c) ()] dy

Ch j=1
< C(k — j)?2tk—ila—n/a) g—kazgje I

||lI17

and

1/r
Uy < 27 / ( / |ﬂ<x—y>|’"dx)
c; \Jey

1/q2—1/r
(L =l de) ) ay) ~ ald
<C(k- j)g(kfj)(arn/qf)gjal 27k042||fj“q1.
Similarly, we can obtain
Uis < C(k — j)20=(ea=n/m)g=kazgjar) ¢
and
Uss < C2(b=Dlor=n/a)g—kazgion |1

Thus we arrive at

o) k—2

neol 3 (¥

k=—o0 j=—00

1
_ \29(k—j)a1—n/q")—kaz+jar || £, nte
(k—j)=2 £ llq
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00 k-2 - ) , py 1/p
<of 3 (X wm-gppreaiyg), ) )
k=—oc0 “j=—00

©© 1/p
<o 3 weigin = clilig

j=—oc0

To estimate I3, we choose v < 0 such that ay > v+ n/r —n/q >
—1/r+n/r —n/q1, we have

Us, < 02 M9~k /
Cj

1/51
X (/ \bl(az) — Al‘sl d.fC)
Ch

X (/ |b2(x) — )\2‘811127"/(817”—51(12_(127,) e
Ck

(f (9o - ) el dw)l/rf@)rdy

>1/Q2—1/T—1/51

<@ — ]'6)22(1{—3')(@1—'ern/ql—”/’“)2_1’“’22jo‘1 1 £illqs -

Similarly, we can get the estimates of Uss, Uss and Usy, respectively. Thus
we arrive at

[e.e]

I3 < 0{ Z okazp

k=—o0

oo ‘ ‘ py1/p
x ( ) (J'k‘)22(k_])(‘“_”+"/q1_”/’“)_k“m“1Hfjllzh) }

j=k+2

o) e8] py 1/p
cof 3 (3 wm-wpte o), )

k=—o0 “j=k+2

oo

1/p
<of 3 weigin ) =il

j=—o00

Combining the estimates of I, I and I3, the proof of Theorem 2.1 is
completed. O
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3.2. Proof of Theorem 2.2
It is easy to see that

) . k—2 . py 1/p
bhDlleze <0{ 32 2( X IWbional,) |
k=—o00 Jj=—o0
o k+1 1/p
o o 5 )}
k=—o0 Jj=k—1
. 00 . py1/p
+C{ Z 2ka2p< Z H,ulgz(fj)Xk:Hq2> }
k=—oc0 Jj=k+2

= C(Jy + Jo + J3).

Let us estimate J, now. Similar to the estimate for I in Theorem 2.1,

we get

b (Fi)xel,,

wO( [t 1H fw) dy

Xk(‘)H(bi(')— Ad)ua(fi)()

=1 q2

+ I () = Adlpa(b2(y) = A2) ) O],
+ [ ()[b2() = Aol (b1(y) = M) ) O,

2
" ' O TT0:) - 205 )0
=1 q2
2
< Cllpa(fi)lla | xe T Ol = Al ll(b2 = A2) fl] avea
i=1 511+32
2
+ Clixlbz = Azlllsall (b1 = A0)fll e+ C|| [T = X0)f)
=1 q2

< C2rR/stfs2|
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Thus

00 k+1 1/p
J2§0{ Z Qkazp{ Z 2nk(1/51+1/82)||fj||151}}

k=—o00 j=k—1

o) k+1

1/p
~of 3 (X #enpin )} =l

k=—o0 “j=k-—1

For J; and J3, we only need to note the following fact

W () (@) = (/w‘l/ » |x_ e 1H 9)f; )y ch)m

< [t 1H\b w)llf >\( /°O| ;dt)mdy
:/n |xy|n'H\b )15 (v)ldy.

Repeating the process of the estimates for I; and I3 in the proof of
Theorem 2.1, we can obtain the desired result. O

3.3. Proof of Theorem 2. 3
Since uQ s(f)z) < C,\,u aa(f)(z), see [4], we only need to consider the

operator MQ,)\' For p, g2 > 2, we denote u = p/2 and v = ¢2/2, it is easy to
note that u, v > 1. Then by Lemma 2.3, we have

/n (#E’i(f)(x))2¢(;p)d$

| (hh@) Moz

e 2
SOAHuéxf)HK;zw‘ M6
K—[Qag,u’— v

RPN
lrtDllze =, PR

'u

< O sup
II¢”K720¢2,U/ Sl

’

v

v
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This estimate, Lemma 2.4 and Theorem 2.2 give the proof of Theorem 2.3.

0
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