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ON THE CARATHEODORY APPROACH
TO THE CONSTRUCTION OF A MEASURE

Abstract

The Carathéodory theorem on the construction of a measure is gen-
eralized by replacing the outer measure with an approximation of it
and generalizing the Carathéodory measurability. The new theorem is
applied to obtain dynamically defined measures from constructions of
outer measure approximations resulting from sequences of measurement
pairs consisting of refining o-algebras and measures on them which need
not be consistent. A particular case when the measurement pairs are
given by the action of an invertible map on an initial o-algebra and a
measure on it is also considered.

Contents
1 Introduction 346
2 A generalization of the Carathéodory theorem 347
3 The dynamically defined outer measure 351
4 The dynamically defined measures (DDM) 352
4.1 The DDMs from outer measure approximations . . . . . . . . . 355
4.1.1 An inductive extension of the construction. . . . . . . . 360
4.1.2 Some signed DDMs . . .. ... ... ... ... 363
4.1.3 Theconsistent case . . . . . . ... ... ... 369

Mathematical Reviews subject classification: Primary: 28A99; Secondary: 28 A12
Key words: outer measure, outer measure approximation, Carathéodory measurability,

dynamically defined measure
Received by the editors November 22, 2016
Communicated by: Zoltan Buczolich

345



346 I. WERNER

5 DDDMs for invertible maps 372
5.1 The DDMs on topological spaces . . . . . ... ... ... ... 375
5.2 The norm of the DDM and the non-invariance of the initial

MEASUTE . . . . v v v v e e e e e e e e e e e e e e 379
5.3 The absolute continuity of the DDMs . . . ... ... ... .. 379
6 Examples 380

1 Introduction

The mathematical endeavor to construct measures, motivated by the need first
for the notions of length, area, volume, integral and later for a description of
states of stochastic, dynamical and physical systems, has a very long history.
It has its brightest point in Lebesgue’s groundbreaking work [5] obtaining a
countably additive measure on what he called measurable sets (not exactly
what is now usually called Lebesgue measurable sets).

Building on the work of Lebesgue, Carathéodory found an approach to the
construction of a countably additive measure [3], which is very general and
convenient for the proofs and applications, by formalizing the notion of the
outer measure and introducing a more restrictive notion of measurability. In
the case of the Lebesgue outer measure, resulting from a finite, nonnegative
and additive set function on an algebra, the class of the Carathéodory mea-
surable sets coincides with the Lebesgue one. The Carathéodory approach,
particularly because it does not require an additive set function, found nu-
merous applications (probably, the most prominent one is the construction of
Hausdorff measures [4]) and, in the modern form, is given in every textbook
on Measure Theory (e.g. see Section 1.11 in [2] for a refined presentation of
it).

One particular application of the Carathéodory approach was the construc-
tion of equilibrium states for certain random dynamical systems [8] [9]. It was
done through a dynamical extension of the Carathéodory outer measure (in
physics and probability, one not always encounters consistent parts from which
a measure describing a state of the system needs to be constructed). How-
ever, it turned out that the problem of finding criteria on when such measures
are not zero requires further research [7]. All paths taken by the author to
obtain lower bounds for such measures and analyze them [10] led to various
auxiliary set functions which go beyond outer measures, but have certain three
properties which we call an outer measure approzimation.

In this article, we generalize the Carathéodory measurability, prove a gen-
eralization of the Carathéodory Theorem for outer measure approximations



ON THE CARATHEODORY CONSTRUCTION OF A MEASURE 347

and develop a general measure theory for such constructions. It naturally
extends the classical Measure Theory and can be called Dynamical Measure
Theory. Although our proof of the generalization of the Carathéodory Theo-
rem is an adaptation of the well-known proof, the obtained result leads to new
possibilities for construction of measures. Moreover, the introduced novelty, a
“primordial” set function which measures the degree of approximation to an
outer measure, opens up a new dimension in the theory, which increases the
potential for its further development from its internal logic, which seems to
have been in a deadlock since 1914. This article can be seen as a continuation
of the work of Carathéodory [3] and the first part of [10].

It is organized as follows. We start with the introduction of the new
measure-theoretic language and the proof of the generalization of the Carathéo-
dory Theorem in Section 2. In Section 3, we construct the dynamically defined
outer measures (DDM) in a general setting, from a sequence of measurement
pairs. The DDMs on the generated o-algebra are then obtained, in Section
4, from the outer measures in the case of a refining, but not necessarily con-
sistent sequence of measurement pairs consisting of o-algebras and measures
on them. The outer measure approximations are constructed within the same
generality in Subsection 4.1. In Section 5, we consider the particular case in
which the constructions significantly simplify when the measurement pairs are
generated by an invertible map from an initial o-algebra and a measure on it.
We provide some examples in Section 6.

The developed theory is applied in the next article [10] for computation
and analysis of various lower bounds for the DDMs in the case when the
measurement pairs are generated by an invertible map.

We will use the following notation in this article. ‘f|4’ will denote the
restriction of a function f on a set A, and < will denote the absolute continuity
relation for set functions. The set of natural numbers N starts with 1.

2 A generalization of the Carathéodory theorem

As indicated in the introduction, we will need a generalization of the Carathéo-
dory Theorem, in order to obtain some measures in this article. We present
it in this section, along with the definitions of some new notions which we are
going to use.

Let X be a set and P(X) be the set of all subsets of X.

Definition 1. We call a collection A of subsets of X an aggregate on X iff
(i) b€ A, and
(ZZ) UieNAi eA ’LfAz eA for alli € N.
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Definition 2. Let A be an aggregate. We call p : A — [0,+00] an outer
measure on A iff

(i) p(@) =0,
(ii) p(A) < p(B) for all A,B € A with AC B, and

(iii) p is countably subadditive, i.e.

7 (U Ai> < Z“(Ai) for all (4;)ien C A.

i€N 1€EN

If A=P(X), p is called an outer measure on X. We call (A, 1) a measure-
ment pair on X iff A is an aggregate on X and u is an outer measure on A.
We call an outer measure p on A a measure iff it is countably additive, i.e.

1 <U AZ-> = Zﬂ(Ai) for all pairwise disjoint (A;);en C A.

€N €N

Note that, since ;= A; = Uio; 4 \ (A1 U ... U A;y) where (4;,_1 U...U
Ay) := 0 for i = 1, it is equivalent to require for the definition of an outer
measure that the inequality in (iii) holds true only for pairwise disjoint families
of sets, because of (ii), if A is also a ring.

Definition 3. We call a set function p on an aggregate A finitely additive iff
w(AUB) = u(A) + w(B)  for all disjoint A, B € A.

Note that, as one easily sees, an outer measure is a measure if and only if
it is finitely additive.

Definition 4. Let p be an outer measure on X. A € P(X) is called
Carathéodory p-measurable iff

Q) = (@A) + u(@Q\A)  for all Q € P(X).
Let A, denote the class of all Carathéodory p-measurable subsets of X.

In order to formulate the generalization of the Carathéodory Theorem, we
need the following definitions.

Let A be a o-algebra on X and v be a non-negative set function on A such
that

v (U AZ) < Z v(A;) < oo for all pairwise disjoint (4;);2; C A. (1)
i=1 i=1
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It would appear that the following definition has already been considered
as a possible generalization of the Carathéodory measurability, see Exercise
1.12.150 (p. 102) in [2], but it seems that it has been dismissed as not leading
anywhere.

Definition 5. Let p: P(X) — [0, +00] such that p(0) = 0. We call A €
P(X) Carathéodory (A, u)-measurable iff

w@Q)=w@NA) +u(@Q\A)  foralQe A
Let A 4, denote the class of all Carathéodory (A, u)-measurable subsets of X.
Obviously, A4, = A, if A=P(X).

Definition 6. Let f : [0,00) — [0,00) be a non-decreasing function which is
continuous at 0 with f(0) = 0. For every t > 0, let uy : P(X) — [0, 4+00] be
such that py > ps (setwise) for allt < s, and let p := limy_,o g (setwise). We
call the family (t)t>0 an outer measure (A, v, f)-approximation iff

(1) p(®) =0,
(1) pyeB\ay+e(A) < pu(B) for all e >0 and A, B € A with A C B, and

(1) 1 <Ej Ai) < io: w(4;) for all pairwise disjoint (4;)32, C A.
i=1 i=1

Observe that p is an outer measure on X if A = P(X) and v(A) = 0 for
all A € A.

If (ut)e>o is simply a non-decreasing family of outer measures on X (as,
for example, in the case of the construction of a Hausdorff measure), then p is
automatically an outer measure on X, and Definition 5 does in fact seem not
to lead anywhere (see Exercise 1.12.150 (p. 102) in [2]). In general, however
(the examples of such (u;)¢~o are given in Subsection 4.1), it leads to the
following theorem.

Theorem 1. Suppose f : [0,00) — [0,00) is a non-decreasing function
which is continuous at 0 with f(0) =0, ()0 is an outer measure (A, v, f)-
approzimation and p := lim;_o ;. Then AN Aa, is a o-algebra, and the
restriction of i on AN Ay, is a measure.

PROOF. The proof is an adaptation of the proof of Theorem 5.3 in [1].
Since, by the definition, A € A4, iff

Q) = n(QN A) + u(Q\ A) for all Q € A, 2)
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we see that X € Ay, and, by the symmetry, X \ A € A4, for every A € Ay,.
In particular, X \ A € AN Ay, for every A € AN Ax,.

Let A, B € ANA,. We show now that AUB € ANA4,. Replacing Q in
(2) with @ N B and @ \ B gives two equations the summation of which gives

w@Q) =pw(@Q@NANB) +u(@NB\A)+p(@NA\B)+pu(@Q\(AUB)) (3)
for all @ € A. Now, replacing @ in (3) with Q N (AU B) gives

mQ@N(AUB)) =w(@NANB)+u(@QNB\A) +u(@NA\B) (4)

for all Q € A. The latter together with (3) implies that

@) =pu@N(AUB)) + 1@\ (AUB)) forall Q€ A.

That is AU B € Ay, and therefore, AUB € AN Ay,.
Now, let (A4;)2, C AN Ay, be pairwise disjoint. Then setting A = A4,
and B = A, in (4) gives

p(@QN (AU A2)) = n(@N A1) +p(@NAy) forall Q€A

Hence, by the induction,

n n
u(QﬁU&):Zu(QﬁAi) for all @ € A and n > 1. (5)

i=1 i=1
Let us abbreviate C,, := [J;_; 4;, n > 1, and C := |J;=; A;. Then, by the
above, C, € AN Ay, for alln > 1, and C € A. Observe that Q\C C Q\ C,

and (Q\ Cr)\ (Q\C)=(QNC)\ C, for all n > 1. Hence, for every Q € A
and n > 1, by the property (ii) of the outer measure (A, v, f)-approximation,

(5), (1) and the monotonicity of f,

Q) = pwQNCy)+ @\ Cr)
> QN Ch) + pswoncne))+1/m(@Q\ C)

;M(Q ) Mf( = V(QmAi)>+1/n(Q\ )

i=n41

Y

Therefore, by (1), since f is continuous at 0,

wQ) =Y n(QNA)+p(@Q\C) forall Qe A (6)
=1
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Hence, by the property (iii) of the outer measure (A, v, f)-approximation,

Q) > p (Qﬂ Uz‘h) + (Q\ Uz‘h) for all Q € A.
i=1 i=1
Since, by the property (iii) of the outer measure (A, v, f)-approximation, holds
true also the reverse inequality, |J;—; A; € Auu, and therefore, Jio; 4; €
AN Ay, Hence, the algebra AN Ay, is a N-stable Dynkin system, and
therefore, it is a o-algebra.
Finally, putting @ = (J;2, 4; in (6) and the property (iii) of the outer
measure (v, A, f)-approximation give

H (U Ai) = Zﬂ(Ai)-
i=1 i=1
Thus p is a measure on AN A4,. O

Clearly, Theorem 1 reduces to the Carathéodory Theorem if A = P(X)
and v(A) =0 for all A € A.

The theorem opens the question on the existence of even more general
approximating families of set functions and measurability definitions which
also lead to measures. In particular, the reader might find it curious that v
does not play any role in Definition 5. Hopefully, the structure of the theory
is now rich enough to drive its further development from its internal logic.

3 The dynamically defined outer measure

Now, we define, if not a proper generalization, then at least a dynamical
extension of the Carathéodory outer measure, with a particular case of which
this article is concerned.

Since the main problem with the measures obtained in [8] is to determine
when they are not zero, the question naturally arises as to whether one can
also admit a sequence of measurement pairs with increasing norms to the
construction.

We will also use the opportunity presented in this paper to explore the
question of how far the generalization can be pushed.

Let Z be a countable set and (A, dm)mez be a family of measurement
pairs on X.

Definition 7. For Q € P(X), define

C(Q) = {(Am)meﬂ Ap € Am Vm e and Q C | J Am}

merl
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and

Q) = { B g 2 Om(An) C(Q) 0

+00 otherwise.
Lemma 2. ® is an outer measure on X.

PrOOF. Clearly, ®(()) = 0.
Let @1 C Q2 C X. Then, obviously, C(Q2) C C(Q1). Hence

P(Q1) < (Q2).

Let Q,, C X for all n € N and € > 0. Clearly, for the proof of the countable
subadditivity, we can assume that )\ ®(Q,) < co. Then, for each n € N,
there exists (Anm)mez € C(Qr) such that

D bm(Anm) < B(Qn) + €27

meL

Then (U,,cn Anm)mez € C(U, ey @n), and therefore,

® (U Qn> < > m <U Anm>
neN meL neN
< DD b (Anm)
meZ neN
< ) ®(Qn)te
neN

4 The dynamically defined measures (DDM)

In this section, we introduce some additional conditions on the measurement
pairs which allow to obtain useful measures from the dynamically defined outer
measure.

Let (A, ¢m)mez\n be a sequence of measurement pairs on X such that
Ao C Ay C A_s... Let B denote the o-algebra generated by J,,<qAm-

Definition 8. For every Q € P(X) and i € Z\ N, define

Ci(Q) := < (Am)m<o| Am € Apyi Ym <0 and Q C U Apm b,

m<0
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C(Q) :=Co(Q),
inf m iA"L ] Cz
®;(Q) == { (A"L)mléloecz‘(Q) ng:od) +il ) ifGi(Q) # 0 , -
oo otherwise
m+i m of C
@, (Q) = { (Ammseci@ mz<:o¢ +i(Am) FCQ) #0 .
oo otherwise

P(Q) = 0o(Q) = P(0)(Q).

By Lemma 2, each of ®;y and ®; defines an outer measure on X. Observe
that

(b()( (I)z 1)(@)7 and (9)
Q) < ®;i-1(Q) (10)

) <

@i
for all i <0, since ( JA_1, Ao, 0) € C(Q) for all (Ap)m<o € C(Q), and
(..., B_1,Bo,0) € Ci(Q) for all (Bm)m=<o € Ci—1(Q) and i < 0. Also, it is
obuvious that

9;(Q) < 2, (Q),
since C(Q) C C;i(Q) for alli <0 . Therefore, we can define

(Q) := lim 9,(Q), and

i——00

i——00

which are also outer measures on X, with

Q) < 2(Q) <7 (Q) for all Q € P(X). (11)
The following lemma corrects Lemma 2 in [8].

Definition 9. For Q € P(X), let C(Q) denote the set of all (Ann)m<o € C(Q)
such that A; N A; =0 for alli # j <0, and set

. inf 3 dm(An) ifCQ)#0
Q) :=

(Am)m<0€C(Q) m<0
400 otherwise.

Lemma 3. Suppose each A,, is also a ring. Then

d(Q)=d(Q) forall Q € P(X).
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PROOF. Let @ € P(X). Obviously,

P(Q) > 0(Q).
Now, let (Ap,)m<o € C(Q). Set By := Ap and
B, = Am \ (Ams1 U... U Ap) for all m < —1.

Then (By,)m<o € C(Q) and B,, C A,, for all m < 0. Hence,

Q)< D Sm(Bm) <D bml(Am)

m<0 m<0

Therefore,

$(Q) < 3(Q).
O

Theorem 4. Suppose each A, is a o-algebra and each ¢, is also finitely
additive. Then

(i) ®; is a measure on A; for all i <0, and

(ii) B C Ag and B C Ag-. In particular, the restrictions of ® and ®* on B
are measures.

PRrROOF. The proof is an adaptation of a part of the proof of Theorem 1 in [8].
(i) Leti <0,A€ A;, Q C X and (Am)mgo € Cl(Q) Then (AmmA)mSO €
Ci(QNA) and (A, \ A)m<o € C;(Q \ A). Therefore,

Z d)mfi(Am) = Z ¢m—i(Am N A) + Z Qbmfi(Am \A)

m<0 m<0 m<0

B:(QNA) +2,(Q\ A).

v

Hence,
P(Q) = 2:(QNA) + 2(Q\ A). (12)

Hence, A; C Ag,. Thus the assertion follows by the Carathéodory Theorem.

(ii) Let A € U,,<oAm and @ C X. Then there exists i9 < 0 such that
A€ Ay for all m < 0 and i < ig. For i <ig, let (Ay)m<o € C;(Q). Then,
as above, we obtain inequality (12), and the limit of the latter gives

P(Q)>(QNA)+P(Q\A).
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Therefore, Umgo A C Ag. Since B is the smallest o-algebra containing

Usn<o Am, it follows by the Carathéodory Theorem that B C Ag and P isa
measure on it.
Now, turning to ®*, set

{Am_iﬂA iftm <14

otherwise,

and
me 1] otherwise

for all m < 0. Then (By,)m<o € C(QNA) and (C,)m<o € C(Q\A). Therefore,

m<0 m<0 m<0

= Z Pm+i(Bm) + Z Pm+i(Cm)

m<0 m<0

PH(QNA)+2,(Q\ A).

v

Hence
D(24)(Q) > (5(Q N A) + Py (Q\ A).
Taking the limit gives

P7(Q) = 27(@NA) + 27 (Q\ A).

Therefore, J,,, <o Am C Aa-. Thus, by the Carathéodory Theorem, B C Ag-
and ®* is a measure on it. O

We will denote the measures obtained in Theorem 4 also with @fmd P
if no confusion is possible. Of these two measures, we will refer to ® as the
dynamically defined measure (DDM).

4.1 The DDMs from outer measure approximations

Observe that @ (A) < ¢p(A) for all A € A; and m < k < i < 0, since
(o 0,0, A,0,...,0) € Cr(A). As a result, ®(A) < liminf,, . o ¢ (A). Hence,
since we do not assume the consistency of the measurement pairs, the norm
of ® can be very small or even zero (e.g. see Example 1 for a zero case).
Therefore, to make the theory easier to apply, it would be helpful to have
some criteria on when a DDM is not zero.
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One way towards them, is by relating the inconsistent sequence of measure-
ment pairs with a consistent one, the existence of which may be known through
a non-constructive and less descriptive argument (such as Krylov-Bogolyubov
or some other non-unique fixed point theorem). The latter extends to a mea-
sure on the generated o-algebra through the standard extension procedure (e.g.
Proposition 11) and may provide some information on the DDM through some
residual relation to it.

For example, a natural way of relating for this purpose is by obtaining
intermediate measures resulting from an integration of some transformations
of the density functions with respect to some mutually absolutely continuous
measure (e.g. as in Kullback-Leibler divergence, Hellinger integral, etc.), which
can be estimated in a particular case and provide a clear residual relation to
the original DDM (e.g. through some convex inequality).

It turns out that there is a general measure-theoretic technique for the
construction of such intermediate measures, which naturally extends the dy-
namically defined outer measure. It allows us even to obtain some computable
estimates on @ in [10]. We develop this technique in this subsection. It requires
the generalization of the Carathéodory Theorem on outer measure approxi-
mations proved in Section 2 (Theorem 1).

Let (Am; dm)mez\n and (A, Ym)mez\n be families of measurement pairs
on X such that 49 C A1 C A_s... and ® is finite. (For example, given
measure spaces (A, ®m)mez\nv and a measure A on B such that A < ¢, for
all m, one can consider ¢, (A) := [, (dA/d¢m)*dpy, for all A € Ap,, m <0
and a fixed « € (0,1). For further examples, see [10].)

Definition 10. Let € >0, i € Z\ N and Q € P(X). Let Cyc:(Q) denote the
set of all (Am)m<o € Ci(Q) such that

é(Q) > Z ¢m+i(Am) -6

m<0

and abbreviate Cy (Q) := Cy ,0(Q). Define

Wy = inf mi(Am and Wy, =Wy .
b @i= S (A) 0l @) = o.0(Q)

m<0
(13)
Observe that Cy, 5,i(Q) C Cg.e:(Q) for all 0 < § < e. Hence,
Uy ei(Q) <Vys,(Q) foralld<s<e (14)

Define
U, ,(Q) = ggr(l) Uy :(Q) forall Q€ P(X). (15)
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Crucial for our construction is the following property.
Lemma 5.
Uy ei(Q) <Voci1(Q) forallQeP(X), e>0andiecZ\N.
PROOF. Let Q € P(X), € > 0,7 € Z\N and (Cp)m<o € Cgp,e,i—1(Q). Set
Dy := 0 and D,,, := Cy,41 for all m < —1. Then (Dy,)m<o € Ci(Q), and

Z ¢m+i(D7n) = Z ¢m+i(cm+l) = Z ¢m+i—1(cm) < (I)(Q) +e.
m<0 m<—1 m<0
Hence, (Di)m<o € Cp,e.i(Q). Therefore,
Uy ei(Q) < Z Ymii (D) = Z Ymyi (Crg1) = Z Ymti-1 (Cm) -
m<0 m<—1 m<0
Thus the assertion follows. O

By Lemma 5, we can make the following definitions.

Definition 11. Fore >0 and Q € P(X), set

Uy (Q):= lim ¥y ;(Q), and

1——00
\I/¢(Q) = 25% \I/qﬁ,e(Q)'
One easily checks that
Uy(Q) = lim U,,;(Q) forall Q€ P(X). (16)

17— —00

In the following, we will always use the capitalization rule to denote the
map (A, Ym)m<o — Py, e.g. D, denotes the set function (16) with (¢, )m<o
in place of (¥ )m<o in (13). (One easily checks that ®4(Q) = ®(Q) for all
Q e P(X).)

Lemma 6. Suppose each Ay, is a o-algebra and each ¢, is also finitely ad-
ditive. Let i € Z\N. Then (V4 i)e>0 and (Vg )eso are outer measure
(Ag, ®,id)-approxzimations.

PROOF. The assertion that (¥4 ()c>o is an outer measure (Ag, @, id)- approx-
imation follows from that for (¥4 ;)es0 by Lemma 5.

Let € > 0. Since (...,0,0) € Cp.i(0), Uy :(0) = 0 for all € > 0. Hence,
property (i) of the outer measure (Ag, ®,id)-approximation is satisfied for
(Ug.e,i)es0-
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Let A, B € Ag such that A C B and (A;,)m<o € Cp,c,i(B). Then ®(B)
> m<0 Pm+i(Am) — €. Hence, since @ is a finite outer measure on X, ®(4)

ngo ¢m+z(Am) — i)(B \ A) —¢ Asa I'eSU.lt7 (Am)mgo S C¢,e+<i>(B\A),1(A)
Hence,

>
>

Co.ei (B) CCy cr(B\a).i (4)-
Therefore, by (14),

Usi(B) = Vsei(B) =¥y iamay(4).

This implies the property (ii) of the outer measure (Ag, ®, id)-approximation.

Let (Qn)nen C Ag be pairwise disjoint. Clearly, for the proof of prop-
erty (iii) of the outer measure (Ag, ®,id)-approximation, we can assume that
> nen Vo,i(@n) is finite. Then, for each n € N, we can choose (A},)m<o €
Cp.e2-n,i(Qn) such that

D Umpi(Ap) < Wy r-ni(Qn) + €277 (17)
m<0

For each m < 0, set By, := U, ey 4. Then B, € Ay for all m <0, and
Unen @n € U,<o B Furthermore, since, by the Carathéodory Theorem, ¢
is a measure on Ag,

@ (U Qn) =3 PQ) =Y > Fmri(An) —€> Y dmsi (B) — 26

neN neN neNm<0 m<0

Hence, (Bm)m<o € C¢72€vi(Un€N Q@n). Therefore, by (17),

U 2c.i <U Qn) < Z Ymyi(Bm) < Z Z Ymti(An,)
neN m<0 neNm<0
< D Wi (Qu)Fe< Y Wi (Qn)+e
neN neN

Thus

| 2% (U Qn> <3 yi(Qu).

neN neN
O

Theorem 7. Suppose each A, is a o-algebra and each fbm and Yy, s also
finitely additive. Then B C Ag N Ay, ¢, (in particular, U, is a measure on
B).
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PROOF. Let € >0, A € U,,<o Am and Q € Ag. Then there exists ig € Z \ N
such that A € A;, @ (Q\ A) —®; (Q\A) <eand ®(QNA) —&; (QNA) <e
for all ¢ < ig. Let (Am)mgo € Cd),e,i(Q) for some 7 < ig. Then (Am ﬂA)mSO S
Ci(QNA) and (A, \ A)m<o € C:(Q\ A). Furthermore, since ® is a finite outer
measure on X,

P(QNA) > (Q)—-P(Q\A)
> Z¢m+i(Am)*€*‘i)(Q\A)

m<0

= Z(bm-i-i (AmmA)_€

m<0

m<0

Z¢m+i(AmﬂA)—€+‘I’i(Q\A)—&’(Q\A)

m<0

> D bmi (Am N A) = 2e.

m<0

Y]

Hence, (An N A)m<o € Cpae,i(Q@ NA). The same way, one sees that (A4,, \
A)m<o € Cp2¢,i(Q \ A). Therefore,

Z wmﬁ-i (Am) = Z wm—i-i (Am N A) + Z ¢m+i (Am \ A)

m<0 m<0 m<0

> Ui (QNA)+ P (Q\A).

Hence,

Usei(Q) > Ppoi (QNA)+Ty0,(Q\A).

Taking the limit as ¢ - —oo implies that

qjd),e (Q) > \TJ¢,2€ (Q N A) + \I/¢,26 (Q \ A) :

Now, taking the limit as ¢ — 0 gives

Ty (Q) > Ty (QNA)+ Ty (Q\A).

Since property (iii) of the outer measure (Ag, ®,id)-approximation gives the
inverse inequality, it follows that A € A, _g,. Hence, U, <o An C Ag N
A4, 0, Thus, by Lemma 6 and Theorem 1, B C Ag N Ay, g,, and Uy is a
measure on B. O
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4.1.1 An inductive extension of the construction

It turns out that an inference of the residual relation of a DDM to a consistent
measure often requires several intermediate measures constructed successively.
However, such constructions always follow the same measure-theoretic pattern
which is given through the natural inductive extension of the construction
from Subsection 4.1, which does not result in anything beyond outer measure
approximations, and the same generalization of the Carathéodory theorem
applies. It goes as follows.

Suppose, for each n € N, (A, ¥n,m)mez\n is a family of measurement pairs
on X where each A,, is a o-algebra and each %, ,, is also finitely additive.
(For example, given measure spaces (Am, ¢m)mez\nv and a measure A on B
such that A < ¢y, for all m, one can consider ¥, ,,(A) = fA(dA/dqu)o‘" dom,
for all A € A,,, m < 0 and fixed (ay)nen C [0,1]. For more examples, see
10].) i

Suppose ¢,,’s are finitely additive such that ®(X) < oco. Then we can
obtain a measure W := Wy, on Ag N A, 5, as in the previous subsection,
with (1,m)m<o in place of (¢m,)m<o-

Definition 12. Let Q € P(X), € > 0 and i < 0. Set C1,(Q) := Cp.c:(Q)-
Then for n > 2, provided ¥(Q) < oo for all k = 1,...,n — 1, we can define
recursively,

Cn,e,i(Q) = (Am)mg() S Cn—l,e,i(Q)| @n—l(Q) > Z wn—l,m+i(Am) — € )

m<0

\Ilnei = inf n,m iAm;
7 (Q) (Am)m<0€Cn,e,i(Q) Z v e ( )

m<0

U, (Q):= lim ¥, ;(Q) and

17— —00

since, as one verifies the same way as in the proof of Lemma 5, ¥, . ;(Q)
Uy ci—1(Q) and, obviously, U, i(Q) < Uy, 5,:(Q) for alli <0 and 0 <6 <
Let us abbreviate U, (Q) = ¥, ¢0(Q), and set

<
€.

The following corollary does the inductive step.
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Corollary 8. Let n € N. Suppose, for each k € {1,...,n}, Uy, which is given
by the above recursive construction, is a finite measure on a o-algebra By, such
that BC B, C ... C By C Ag. Let

vp(Q) := max {\le(Q)} Vo(Q) foral Qe B,.

1<k<n

Then

(i) (Wni1ei)eso foralli <0 and (Vni1.¢)eso are outer measure (B, vy, id)-
approximations, and

(1) Bn N Ag, g, is o-algebra such that B C B, N Ag g, ,, and U, .1 is a

measure on B, N Ag g, -

PRrOOF. (i) Checking, the same way (only with a slight nuance in the proof
of the property (ii) of the outer measure approximation), the corresponding
steps as in the proof of Lemma 6 verifies (i).

(ii) Clearly, by the hypothesis, for every pairwise disjoint (Q;)ien C B,

Un (U Qi> <Y v (@) S B(X) + ) W(X) < o

€N 1€N k=1

Hence, by (i) and Theorem 1, B, N Ag g . is o-algebra, and U, ; is a

measure on it.

Next, we show that B C B,NAg g, ., as the proof of it has some nuances
to that of Theorem 7. Let €, > 0, A € UJ,,<(Am and Q € B,,. Successively
choose €, > €,_1 > ... > €y > 0 such that

Uiaer 1 (Q\A) > Tr(Q\A) — e and T3, ,(QNA) > TU(QNA) —ex
for all k = n, ..., 1. Then there exists ig € Z\N such that for all i < iy, A € A;,

D (Q\A)>P(Q\A) —ep, 1 (QNA) >D(QNA) — e,

n+1

and

Uhoser 1,i(Q\A) > Wpse,  (Q\A)—€0, Vp3e, ,,:(QNA) > Ty 5., (QNA)—€o

forall k =n,...,1.

Let ¢ < 79 and (Am)mgo € Cn+1,eo,i(Q>- Then (Am n A)mgo € Cl(Q NA)
and (Am \ A)mgo S Cl(Q \ A)

Now, we show by induction that

(Am N A)m<o € Cr3e,_,.i(Q@NA) and (A, \ A)m<o € Cr3e,_,.:(Q\ A) (18)
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for all k = 1,..,n 4+ 1. As in the proof of Theorem 7, one sees that (A, N
A)mgo S Clygeo,i(Qf\lA) and (Am\A)mSO c 61)26071‘(62\14). Thus the induction
beginning holds true. Suppose (18) is true for some k € {1,...,n}. Observe
that, since Cp11.¢,,i(@) C ... C Cae,,i(Q), by the choice of iy and e,

Up(Q\A) = T (Q)— T (QNA)
> Z Vkymti (Am) — €0 — Ui (Q N A)

m<0

= > Vkmii (Am \ 4) — €

m<0

+ 3 Ykmri (A N A) = Ty (QN A)

m<0

> ki (Am N A) — €0+ Wrze, i (QNA) — T (QN A)

m<0

> Z wk,m+i (Am \ A) — €0 — €9 — €.

m<0

Y

Therefore, (Am \ A)m<o € Cr+1,3¢,..:(Q \ A). Analogously, one verifies the
symmetrical part of (18) for k + 1.
Hence,

Y nttmti(Am) = D Cnirmi (An NA) + Y bnrtmei (A \ A)

m<0 m<0 m<0

Ut1,3e,,i (RNA)+ V136, (Q\A),

\Y

which implies that

Utt,e0,i (@) > ¥ngi13e,: (QNA)+Tryise, i (Q\A).

Now, taking first the limit as ¢ — —oo and then also as €, — 0 gives

‘I/n+1 (Q) > an-&-l (Q N A) + an-&-l (Q \ A) .

Since property (iii) of the outer measure (B, vy, id)-approximation gives the
inverse inequality, it follows that A € Ag g, . Hence, Ui<oAm C Bn N
Ag,w,.,- Thus B C B, N Ag g,,, by Lemma 6 and Theorem 1. This com-
pletes the proof of (ii). O

Very useful for applications is the following lemma.
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Definition 13. Forn € N, e > 0,i € Z\N and Q € P(X), let C,. ;(Q) denote
the set of all (Ap)m<o € Cn,ei(Q) such that Ay, NAj =0 for all k # j <0,
and define

U,4(Q) == inf > Cnmyi(Am)

(Am)7rL§0€Cn,e,i(Q) m<0

where the fact that C.n,m-(Q) is not empty is clarified in the proof of the fol-
lowing lemma.

Lemma 9. ¥, .:(Q) =, i(Q) for all Q € P(X), ¢ >0 and i € Z\ N.
PROOF. Let Q € P(X), e >0 and i € Z \ N. Obviously,

\j:jn,e,i(Q) Z \I/n,e,i(Q)~
Now, let (A7n)m§0 S Cn,e,i(Q)- Set By := AQ and
B, = A\ (Ams1 U...UAp) for all m < —1.

Then, since (A,)m<o € C1,6:(Q),

(i)(Q) > Z ¢m+i (Am) —€2 Z ¢m+i (Bm) -6

m<0 m<0

and therefore, (B, )m<o € Cl,e,i(Q). The same way, it follows that (B, )m<o €
Ciei(Q) for all k = 2,...,n. Hence,

\Pn,e,i(Q) S Z 'l/}n,qui (Bm) S Z wn,m+i (Am) .

m<0 m<0

Thus )
\I,n,e,i(Q) S \I/n,e,i(Q)-

4.1.2 Some signed DDMs

It is useful for obtaining and studying lower bounds for DDMs to have the
following extension of the inductive construction on some signed measures, in
order to admit some transformations of the density functions with negative
values.

Let (A, dm)mez\n and (An, Ykm)mez\ns k € {1,...,n}, be the families
of measurement pairs for n € N where each A,, is a o-algebra and each ¢,
and ¥y, ., is finitely additive such that ®(X) < oo, and ¥ (X) < oo for all
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k=1,..,n—1, as in Subsection 4.1.1. (Note that ¥,(X) does not need to be
finite.)
Now, for each k € {1,...,n}, let ¢, € [0,00), and define

w;c,m = T;Z)k,m - Ck¢m for all m < 0.

(For example, given measure spaces (Am, ¢m)mez\n and a measure A on B
such that A < ¢y, for all m, one can consider ¥ ,,,(4) := fA(dA/dgém)“dd)m
and g m(A) == [,(dA/dpm)* 1og(dA/dm )ddm + 1/(ce)dn(A) for all A €
Apm, m <0 and a fixed a € (0,1]. See [10] for further examples.)

Definition 14. Let Q € P(X), € > 0 and i < 0. Define C} _;(Q) = Cy :(Q),
and, forn > 2, define recursively

C;z,s,i(Q) = ¢ (Am)m<o € C;z—l,e,i(QM ‘I';L—l(Q) > Z w;z—l,m-l-i(Am) —€r,

m<0
oo = inf ! (Am),
nei(@) (Am>mgoec;,e,i<cz>W;,w”’m*’( )
ij'/n.,é(Q) = lim \I//TL,e,i(Q) and

1——00

T,/ BT T,/
(analogously to Definition 12), since, as one easily verifies the same way as
in the proof of Lemma 5, ¥, ,(Q) <V, 1(Q) and, obviously, ¥;, _.(Q) <
W 5.4(Q) foralli <0 and 0 <6 <e.

Let us abbreviate V!, (Q) := V! _,(Q) and define ¥, (Q) := liII(l) v (Q).
: € S,

Define C'LE’Z-(Q) = C.¢,€7¢(Q) and let C.;M’i(Q) be the set of all (Ap)m<o €
n.ci(@) such that all Ay,’s are pairwise disjoint. It will be clear from the
/

proof of the next lemma that Cn“(Q) is not empty.
Define ¥, _(Q) and V! (Q) the same way as ¥, _(Q) and V! (Q) respec-

tively where the infinitum in the definition of \I/’n”(Q) 1s taken over C;L”(Q)
Let Cy.c.:(Q) and V,,(Q) be as in Definition 12.

Define ¢ := 0 and

!
C,_1:= max c¢; foralln>2.
R P P -

Lemma 10.
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v T1(Q) —a1®(Q) < ¥1(Q) < W1(Q) —a1®(Q)  and
U (Q) = ¥n(Q) — cn®(Q)  for all Q € P(X).
(ii) For every e >0 and i <0,
U1(Q) — a1d(Q) < ¥(Q) < ¥1(Q) — e1®(Q),
\II;L,S,i(Q) < \ij;z,e,i(Q)y
Vo a0 (@) 0 rei(@) S U (Q) +en(B(Q) — 24(Q) +¢)  and
V,(Q) = ¥,(Q)  for all Q € P(X).
PROOF. (i) The proof is by induction. Let @ € P(X), ¢ > 0, ¢ < 0 and
(Am)m<o € Cie,i(Q)- Then, since Ci,m(@) = C1,6:(Q),

D Pl (S Am) +a®i(Q) <D iy (S™A)

m<0 m<0
<Y Pl (ST AR) + 1 (B(Q) +€).
m<0
Therefore,

V) Q) +a19i(Q) SV i(Q) SV 4(Q) +c1((Q) +e).

Thus (i) is true for n = 1. B B

Now, suppose we have shown that ¥}, (Q) = ¥,,_;(Q) — ¢,—;®(Q) for all
J€{l,...,n—1}. Let (Bn)m<o € C,, . ;(Q). Then, for every j € {1,...,n — 1},
since (B )m<o € Cp_j ¢ :(Q),

‘I’n—j(Q) - Cn—j(i)(Q) = ‘I’;—j (Q) > Z U’;z—j,m-s-i(Bm) — €

m<0
= Z wn—j,m-‘ri(Bm) —Cn—j Z ¢m+z(Bm) — €
m<0 m<0
> Z Un—jm+i(Bm) — cn_j (2(Q) +€) —e.
m<0

Hence, for every j € {1,...,n — 1},

\I/n—j(Q) > Z wn—j,m-i-i(Bm) - (Cn—j +1)e

m<0

> > Cnjmsi(Bm) = (d_ +1) e

m<0
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Hence, (Bm)m<o € Cn7(c;hl+1)e7i(Q). (That is

C;z,e,i(Q) - Cn,(c;L71+1)e,i(Q)')
Therefore,
\I’n,(c;71+1)e,i(Q) < Z ¢n,m+i(Bm)
m<0
< Z w;z,eri(Bm) +cn Z ¢m+i(Bm)
m<0 m<0
< > Whmpi(Bm) 4+ en (R(Q) + ) .
m<0
Hence, B
\I/n,(c;’_1+1)e,i(Q) S \ijn,s,i(Q) + Cn ((P(Q) + 6) .
Thus

T (Q) < 0,(Q) + en®(Q)-

(19)

(20)

(21)

Now, let (Cr)m<o € Cne,i(Q). Then, for every j € {1,...,n — 1}, since

(Cm)mSO S Cnfj,e,i (Q)v

\ijizf](Q) + cnfjé(Q) = @nfj (Q) > Z ¢n7j,m+i(cm) —€

m<0

= Z quiz—j,nz-&-i(cm) + Cn—j Z ¢m+7(0m) — €

m<0 m<0
> D U myi(Cn) + e 2i(Q) — €.
m<0

Hence, for every j € {1,...,n — 1},

‘I’;ij(Q) > Z ij,mﬂ‘(cm) — Cp—j (‘i)(Q) - q)z(Q)) —€

m<0

> Z d’;b_j,m.',-i(cm) - C;L—l ((i)(Q) - @z(Q)) — €

m<0

Hence, (Cn)m<o €C/ (Q). (That is

L1 (BQ)-®i(Q)) +esi

/
Cn,e,i(Q) C CWC(’HI (@(Q)_(bi(Q))_)'_e’i(Q)')
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Therefore,
Z qzbn,m—i-i(cm) = Z 7/’;,m+1(0m) “+ cn Z QSM—H(Cm)
m<0 m<0 m<0
- \I/n,cLFl(@(Q)_@(Q))_ﬁﬂ-(Q) + Cn(I)z'(Q)-
Hence,

\Iln,e,i(Q) Z lI/I ’ (‘i’(Q)—‘bi(Q))JFE,i(Q) + qu)z(Q)

TCp—1
Since there exists ip < 0 such that ¢,_; (®(Q) — ®;(Q)) < € for all i < i, it
follows that

Unei(Q) 2 q/;z,2e,i(Q) +¢,®(Q)  for all i <.

Thus, taking the limit as ¢ - —oo and then also as € — 0 implies that

U, (Q) = 07, (Q) + cn®(Q),

which together with (20) and (21) proves (i).
(ii) Clearly,

T (Q) < ¥1(Q) and Wy(Q) < ¥4(Q) for all k € {1,...,n}.

Hence, by (i), B _

U1(Q) — a1®(Q) < ¥(Q).
Define

£: Q) —CQ)

(Am)mSO [ (Bm)mSO

by By := Ag and By, := A, \ (Amy1U...UAp) for all m < —1. Let (AL )m<o €
Cl.ci(Q). Set (B}, m<o = &((A},)m<0). Then, since Cj . ;(Q) = C1,:(Q), as
in the proof of Lemma 9, (B},)m<o € CL”(Q) Therefore,

\i’ll,e,i(Q) < Z q/jll,m—i-z(B;@) < Z wl,m-‘ri(Bvln) -G Z d)m-‘ri(Bwln)
m<0 m<0 m<0
< ) Yrmsi(Al) — a®i(Q).
m<0
Hence,

V(@) < U1i(Q) — 1 ®i(Q),
and therefore,

U(Q) < 14(Q) — e1®(Q) and, by (i),
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¥(Q) < 11(Q) — a1d(Q) = ¥, (Q).

This proves (ii) for n = 1.
Now, let n > 2, (A7, )m<o € €}, ;(Q) and (B}, )m<o := £((A7,)m<o). Then,
forevery 1 <k <n-—1,

Hence,

TL(Q)

Therefore,

Thus

¥

2 Z d};c,m-&-z(Azm) — €
m<0
= Z Vim+i(Apy) — Ck Z Omyi(AL,) — €
m<0 m<0
> Z Vmi(Bpy) — ¢ (2(Q) +¢€) — €
m<0
> Z Vymai(Bh) + e ®i(Q) — c (®(Q)+¢€) —¢
m<0
> S (B — ¢y (8(Q) — Q) + ) — .

IN

IA

IN

m<0

n 3/
(Bm)’mSO € Cn,c/ _1(§(Q)7¢i(Q)+E)+E,i(Q).

n

T/
‘I’n,c;,l(«B(Q)—@(Q)+e)+e,z’@)

Z 1/};1,m+i(BgL)

m<0

> Ynmsi(Bl) = cn Y bmri(BR)
m<0 m<0

D nmri(An) — e ®i(Q)

m<0

Z w;z,m-i-l(A:iz) +cn ((i)(Q) + 6) - CTL(I)i(Q)'

m<0

e (B(@)-s(@)+0)+ei (@) < U i(Q) + en(R(Q) — 2i(Q) + €.

In particular, taking successively limits as ¢ — —oo and as € — 0 implies that

¥ (Q) < T, (Q).

This completes the proof of (ii). O
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4.1.3 The consistent case

In this subsection, we clarify the situation in the important case, on which
the majority of contemporary applications of Measure Theory is based, that
of consistent measurement pairs.

Definition 15. We call a family of measurement pairs (Am, ¢m)mez\n 0on X
consistent iff

dm(A) = P11 (A)  forall Ae A, and m <0. (23)

If (A, ¢m)mez\w is consistent, then for every A € |J,, . Am we can define
the set function B

#(A) == ¢ (A) where m < 0 such that A € A,,.

One easily sees that, because of (23), ¢ is well defined and forms a finitely
additive measure on the algebra J,, ., Am if each A, is also an algebra and
each ¢,, is, in addition, finitely additive, which allows us to connect our con-
struction with the classical results.

In this case, for every @ € P(X), define

¢"(Q) :=inf ¢ Y ¢(An)| An€ | J Am. neN, and Q C (J 4,

neN m<0 neN

Obviously ¢* is the usual outer measure introduced by Lebesgue [5] if each
¢m is finitely additive.

The following proposition is a correction and a generalization of Proposi-
tion 1 in [8].

Proposition 11. Suppose (A, dm)mez\n is a consistent family of measure-
ment pairs on X such that each A, is a o-algebra and each ¢, is also finitely
additive. Then

(i) ®(Q) = ¢*(Q) = ®(Q) for all Q € P(X), and

(it) ®(An) = ¢m(Am) for all Ay, € Ay and m < 0, and ® is the unique
extension of ¢ ’s on B.

PRrROOF. (1) Let Q S P(X) Let i <0 and (Am)mgo € CZ(Q) Then

Z Pm+i(Am) = Z o(Am) > ¢*(Q).

m<0 m<0
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Hence
®;(Q) > ¢™(Q).

Let (An)nen C U,p<g Am such that @ C |J,,cny An. We will now define recur-
sively (Bp)m<o € Ci(Q). Clearly, there exists the greatest my < 0 such that
A1 € Apyy4i- Set By, := Aj and By, := () for all m; < m < 0. Assuming
that, for some n € N, we have defined B,, for all m,, < m < 0, choose the
greatest my 41 < my, such that A, 1 € Ay, 44, and set By, ., := Apq1 and
B, =0 for all my,11 < m < m,. Obviously, the procedure defines B, for all
m < 0 with desired properties. Hence,

(I)i<Q) < Z ¢m+i(Bm) = Z ¢mn+i(An) = Z ¢<An)

m<0 neN neN

Therefore,
2;(Q) < ¢"(Q).
Thus
2i(Q) = ¢"(Q).
Since i < 0 was arbitrary, this proves (i).
(ii) The assertion follows from (i) and the well known fact that ¢* always
extends the finitely additive measure on an algebra from which it results, and

that the measure resulting from the restriction of the outer measure on the
o-algebra generated by the algebra is a unique extension. O

Somewhat surprisingly, the same can be proved for ¥/, from Subsection
4.1.2 if it is finite and non-negative. It is crucial for some estimations of ®(X)
in [10].

Proposition 12. Forn € N, let (A, ¢m)mez\n and (Am, ¥y ) mezn, k €
{1,...,n}, be the families of (signed) measurement pairs from Subsection 4.1.2
such that 1y, ., = VYn.m for allm <0 and (Am, ¥nm)mez\n is consistent such
that W, (X) < co. Then

(i) U,(Q) = ¥;(Q) = ¥1,(Q) for all Q € B, and

(11) U, (An) = Yn,m(Am) for all Ay, € Ay and m <0, and ¥, is the unique
extension of W, m’s on B.

ProOF. (i) Let Q € B(X),i € Z\N, ¢ >0 and (A;,)m<o € C,, . ;(Q). Then

Z Un,m+i(Am) > 97 (Q), and therefore,

m<0
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(Q) =2 77,:(Q) = ¥,(Q). (24)
On the other hand, by Proposition 11, ¢ is a measure on B, which uniquely
extends all ¥, ,. Then, for (B )m<o € C,, . (X)),

Z Ynm+i(Bm) = ¥ (X), and therefore,

m<0

W), 5 (X) < o (X).
Hence, by Lemma 10 (ii),

0, (X) <y, (X).

This, together with (24), implies that W] (X) = ¥/ ,(X) = ¢}(X). Thus,
since, by Corollary 8 (ii) and Lemma 10 (i), ¥/, is also a measure on B, its
finiteness and (24) imply that

T,(Q) = V), ,(Q) = ¢5(Q) forall Q€ B and i <0.

(ii) It follows from (i), the same way as in the proof of Proposition 11
(i). O
The following proposition shows that a consistent sequence of finite and
non-negative measurement pairs can be always put in front of the construction
from Subsection 4.1.1 without changing the obtained DDMs if they all are

finite. In particular, it demonstrates that the construction from Subsection
4.1 is a generalization of the construction of ®.

Proposition 13. Let n € N. Let (A, dm)mez\n and

(Amvd)k,m)'mEZ\N,kE{l,“in} be the sequences of measurement pairs as in Sub-
section 4.1.1 such that W (X) < oo for all k € {1,...,n}. Let (Am, Am)mez\n
be a consistent sequence of finitely additive and finite measurement pairs.
Let ", WY,..., 0" | be the measures on B given by Definition 12 applied to

ol = Am, Lo =m0y o = Vlmseos Vgt m 7= Ynom for allm < 0. Then
2, (Q) =2(Q) and ¥}, (Q) = ¥(Q) forallQ € B and k € {1,...,n}.
PrOOF. Let Q € B. Clearly,
D\(Q) > 2(Q).

Let € > 0 and 7 € Z\ N. By Proposition 12, there exists (Ap,)m<o € Co.c,i(Q)
such that

=1

(Q)+e=Ay(Q) +e> Z Ami(A

m<0
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Hence, (Am)m<o € Cx.i(Q), and therefore,

Q) +e> Z Smri(Am) > P ci(Q).

m<0

Thus - -
2(Q) > PA(Q).

This proves the first equality and the rest follows analogously by the induction.
O

5 DDDMs for invertible maps

Now, we consider a special case where the measurement pairs (A, qﬁm)meZ\N
are generated by an invertible dynamical system acting on X.

Let S: X — X be an invertible map and A be a o-algebra on X. [In the
following, we will slightly abuse the notation by denoting the map induced by
S acting on classes of subsets of X by the same letter.] For m € Z\ N, let
A, be the o-algebra generated by |J;=, S ~iA and B denote the o-algebra
generated by U;’ifoo S~*A. Then, obviously, A,, C A,,—1 C B for all m < 0.
Hence, B from the previous section is contained in this B. On the other hand,
since ;o _ o S7A C U, <o Am, one sees that this B is exactly B from the
previous section.

Furthermore, by considering the class of all B € B such that S™'B € B
and observing that it is a o-algebra containing |J;- _ S™'A, one sees that S
is B-B-measurable, and, analogously, that the same is true for $~!. The same
argument with Ag instead of B shows that S is also Ap-.Ap-measurable.

Let m < 0, then, since S™™ 2, S~ A C S™™Ag, A C S™™Ap. On the
other hand, by considering the class of all A € A, such that S™™A € A, and
observing that it is a o-algebra containing  J;2, S~ A, one sees that S™™ Ay C

A,.. Hence,
Ap=5""Ay forall m <0. (25)
Now, let ¢9 be an outer measure on Ag. Define
Gm = oo S™  for all m < 0.

Then, clearly, (A, ¢.,) is a measurement pair for every m < 0. Observe that,
for every i < 0 and Q € P(X), (S"Am)m<o € C(SQ) if (Am)m=<o € Ci(Q),
and (S7'A;)m<o € Ci(Q) if (Am)m<o € C(S'Q). This implies that

3;(Q) = (5'Q) (26)
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for all i <0 and Q C X. Therefore, the outer measure ® is S-invariant.

Let n € N and (¢);_; be an additional family of outer measures on A
such that ¢ (X) < oo for all k € {1,....,n —1}. For Q € P(X), i € Z\ N and
€>0,let Cpi(Q) and ¥,, . ;(Q) be defined as in Definition 12 resulting from
(g © S™)m<o for all k € {1,...,n}. Further, we will use the abbreviations

Cn,é(Q) = Cn,e,O(Q) and \IInE(Q) = \Pn,e,O(Q)-
Lemma 14. Let Q € P(X), i <0 and € > 0. Then

qln,@i(Q) = \Ijme (SwQ) .

Proor. The proof is by induction. Let (Am)m=<o € Cl,e_,i(Q)- By the S-
invariance of ®, one easily sees that (S*A,,)m<o € C1,(S"@). This implies
that

Uy (S°Q) < ¥104(Q).

Then observing that (S™"B,)m<o € C1,¢,:(Q) if (Bm)m<o € C1,e(S'Q) implies
that

\11175 (SZQ) > \Ill,e,i(Q)'

This proves the assertion for n = 1.

Now, suppose we have shown that Uy .;(Q) = Y. (SzQ) for all k €
{1,...,n—1}. Then ¥y, is S-invariant for all k¥ € {1,...,n—1}. Let (Ci)m<o €
Ch.ei(Q). Then

(SZQ Z 1/% m—H m — €= Z ¢k7m(5ic7n) — €

m<0 m<0

for all k € {1,...,n — 1}. Hence, (S°Cp)m<o € Cn.e(S'Q). Therefore,

ne SZ Zd)nm Sz Zd)nm—&-z m .

m<0 m<0

Hence,

T, (5'Q) < ¥, .(Q).

Let (Dim)m<o € Cn.(S'Q). Then, the same way, one sees that (S™¢D,,)m<o €
Ch,ei(Q), which implies that

T, (5'Q) > ¥, ..(Q).

This completes the proof. O
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Since, in this case, the sequence (¢, )m<o is completely determined by ¢y,
we will use the notation Cy,(Q) = Cy(Q) and Ty, (Q) = ¥y (Q), to
indicate that.

It turns out, as the next theorem shows, that the construction of the DDMs
can be simplified in this case.

Lemma 15. S is Ag-Ag-measurable.

PROOF. Let A € Ag and Q € P(X). Since ® is S-invariant,
P(Q)=P(SQ)=2(SQNA)+P(SQ\A) =2 (QNSTA)+2(Q\ S 'A).
Thus S7A € Ag. O

The following theorem is a generalization of Theorem 1 in [8] (and the
proof of it is an adaptation of a part of the proof of the latter).

Theorem 16.

(i) Suppose ¢q is finitely additive such that ®(X) < co. Then ®(B) = ®(B)
for all B € Ag. In particular, ® and ®* are S-invariant measures on B.

(ii) Suppose ¢o and Y10, ..., Y0 are finitely additive such that ®(X) < oo
and, for each k = 1,...,n, Uy, which is given by Definition 12, is a finite
measure on the o-algebra By given by By := Ag N Ay, g, and By =
Br-1NAg, g, , forallk > 1 by Corollary 8 (ii). Then Vi (Q) = ¥1(Q)
for all Q € By, and k=1, ...,n. In particular, in this case, each Yy is a
S-invariant measure on B.

PROOF. (i) Let B € Ag. Then, by (11),
®(B) < ®(B).

Since, by (26), the restriction of ® on Ag is a measure such that ®(X) = &(X)
and @ is an outer measure on X,

(X \B)=®(X)—-®(B) <P(X)—®(B) <®(X\B).
Hence, using X \ B instead of B in the above gives
®(B) > ®(B),

which implies the desired equality. Thus @ is a S-invariant measures on Ag
and, by Theorem 4 (ii), on B.
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We show now that ®* is S-invariant. Let ¢ < 0. Since ;) is the outer
measure ® where the initial measure on Ag is ¢; instead of ¢g, by (10) and
(26),

P;)(Q) <P,y (S71Q)

for all @ C X. On the other hand, since (S71A.,)m<o € C(S71Q) for all
(Am)m<o € C(Q),
;) (ST'Q) < ®(1-1)(Q)

for all : < 0 and Q C X. Combining these inequalities and taking the limit
gives
(S71Q) = 2°(Q)
for all @ C X. Thus, by Theorem 4 (ii), ®* is a S-invariant measure on B.
(ii) Let k € {1,...,n} and Q € By. Clearly,

Tk (Q) < Ti(Q). (27)

On the other hand, since U}, is a measure on By, and, by Lemma 14, W (X) =
U, (X), applying (27) to Q' := X \ Q and using the property (iii) of outer
measure approximation (¥ )eso, by Corollary 8 (i), implies that

U(Q) = U (X \ Q') = ¥p (X) = U (Q') < Wp(X) — Ui (Q') < Ui(Q)

since ¥y (X) < co. Hence,

This proves (ii). O

5.1 The DDMs on topological spaces

In this subsection, we show that the definitions of ® and ¥/, are constructive
on compact sets in non-pathological cases. This fact is useful for obtaining
criteria for the positivity of ®, see Remark 2 in [10].

Let X be a Hausdorff topological space. Suppose S is a homeomorphism
of X such that the Borel o-algebra B(X) C B. Let n € N. Let (A, ¢o o
S™)mezn and (A, ¥y, 00S™ ) mez\n, k € {1,...,n}, be the families of (signed)
measurement pairs as in Subsection 4.1.2.

Definition 16. Let Q € P(X) and ¢ > 0. Let C(Q) be the set of all
(Am)m<o € C(Q) such that each A, is open in X and at most finitely many
of them are not empty and é,’w(Q) be the set of all (Ap)m<o € C;, (Q) such
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that each A,, is open in X and at most finitely many of them are not empty
for all k € {1,...,n}. Define

O(Q) = inf Yo (S"Am),

(Am)m<0€C(Q) 720

I ;c,e(Q) = inf Z 1/1;,0 (S™A,,)  and

(Am)m,goeéfc,E(Q) m<0

U4(Q) = lim ¥} (Q)

e—0 ’

for all k € {1,...,n} for which C; (Q) is not empty and set \P;(Q) = 400
otherwise.

Definition 17. We call a measurement pair (Ao, o) regular from above iff
Ao is a ring and for every A € Ay and € > 0 there exists O € Agy such that O
is open in X, A C O and ¢po(O\ A) <e.

Lemma 17. Suppose the measurement pairs (Ao, ¢o) and (Ao, Vr,0)ke{1,....n}
are reqular from above. Let Q C X be compact. Then

Q) =d(Q) and V,(Q) =T, (Q) forallke{l,..,n}.
PROOF. First, we show that
Q) =d(Q) and W(Q) =T, (Q) forall ke {1,...,n}. (28)

where the definition of W), (Q) is given by the particular case of the definition
of ¥} (Q) when ¢; =0 for all 1 < j < k. Clearly,

P(Q)<P(Q) and T(Q) < Uy (Q) forall k € {1,...,n}. (29)
Now, let € > 0 and (A )m<o € Cne(Q). Since S is a homeomorphism, by the
hypothesis on ¢g and (1/1;“0)%{1 _____ n}, for every m < 0, there exists an open
O, € A,, such that 4,, C O,, and

60 (5™ (O \ A)) < 2711 and 40 (S™ (O \ Am)) < 2717171,

Since () is compact, there exists mg < 0 such that @) C Um0<m<0 O,,. Set
0!, := Oy, for all my < m < 0 and O}, := 0 for all m < mg. Then (O},)m<o €
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C(Q), and therefore, by Theorem 16 (i), since Q € B (because it is closed),

Q) <
<
<

<

> $0(S70},)

m<0

D $0(S"0m)

m<0

D G0 (S AN+ D 0 (S (Om\ Am))

m<0 m<0

Q) +e+e.

(30)

Hence, since € was arbitrary, it follows the first equality of the assertion. Fur-
thermore, by (30), (O),)m<o € C1,2¢(Q), and therefore,

‘i’l,ze Q) <
<

<

Hence,

> 10 (S™0;) <> 10 (S"Om)

m<0 m<0

D W10 (S™Am) + > W10 (S (Om \ Am))
m<0 m<0

Uy (Q) +ete

li11 (Q) < \IJI(Q) and (Om)m<0 c CZ 25(@)

By the induction, one sees, since (A, )m<o € Ck,(Q) for all k € {1, ...,
U4 (Q) < U4(Q) and (O}, )m<o € Crr1,2:(Q)
for all k € {1,...,n — 1}. Therefore, since (O, )m<o € Cn.2:(Q),
ijn,?e (Q) S Z wn,O (SmO:n) S Z ¢n,0 (SmOm)
m<0 m<0
m<0 m<0
< Z Yn,0 (S™An) +€
m<0

Thus taking the infimum over C, (Q) and letting ¢ — 0 implies that

U, (Q) < U, (Q).

Together with (29), this completes the proof of (28).

n}, that
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Now, we show by induction that

U (Q) = U(Q) —cx®(Q)  forall ke {1,..,n}, (31)
which together with (28) will imply the assertion. X
Recall that C ((Q) is defined as the particular case of Cj (Q) when ¢; =0
forall1 < j <k—1,2<k<n Let (Bn)m<o € Cf(Q) (recall that
A{’e(Q) .= (1.(Q), and the latter is not empty by the above). Then, since
Q) = 2(Q),

U1 Q) < D ¢10(S"Bm) =Y ¢l o(S"Bm)+c1 Y éo(S"Bm)

m<0 m<0 m<0
< D W6 (SMBw) +e1(2(Q) + o).
m<0

Hence,

U1(Q) < ¥(Q) + ex®(Q)-

On the other hand,

D 10(S"Bm) =Y o (S"Bun)ter Y do (S™Bp) > ¥ (Q)+ed(Q),
m<0 m<0 m<0

which implies (31) for the case k = 1.
Suppose we have proved (31) for k& € {1,...,n — 1}. Then, by Lemma 10
(i), (28) and the hypothesis, C, .(Q) is not empty. Let (Cp)m<o € Cy, (Q)-

By (19), (Cin)m<o € é”a(C;_lJrl)e(Q)' Therefore,

\i]n7(C;L71+1)€(Q) < Z 1/1”70 (Smcm)

m<0

= D U (S"Crm)+en Y b0 (S"Crm)

m<0 m<0

Z Vo (8"Cm) + cn (‘i)(Q) + 6) .

m<0

IN

This implies R ) A
U, (Q) < U (Q) + ¢ ®(Q).

Now, let (Dyn)m<o € Cn.o(Q), where the latter is not empty by the above. By

(22), (Dm)m<o € (f;LE(Q) Therefore,

D Uno (S D) =D U0 (S"Din)+eny | b0 (S™Din) = W, (Q)+¢nP(Q),

m<0 m<0 m<0

which implies the converse inequality and completes the proof of (31). O
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5.2 The norm of the DDM and the non-invariance of the initial
measure

The next proposition states clearly the obvious dependence of the norm of
the DDM on how far the initial measure is from being invariant. It is a
generalization of Proposition 2 in [8].

Proposition 18. Suppose ¢g is finitely additive such that ¢o(X) < oco. Then

(i) ®(X) < ¢o(X) — sup sup |¢g (S™A) — po(A)|, and
m<0 A€eAy

(ii) the following are equivalent:

a) ®(X) = ¢o(X),
b) ¢0(S_1A) = QZS()(A) for all A€ Ap.

PROOF. Let k,m < 0 and A € Aj. Then, since, by Theorem 16 (i), ® is a
S-invariant measure on B,

$0(X) — o (S™A) = do (X \ S™A) > @ (X \ A) = &(X) — B(S"A).
Hence,
$o(X) — ®(X) > ¢ (S™A) — B(S*A) > o (S™A) — ¢o(S*A).

Thus (i) follows.
(ii) The implication from a) to b) follows by (i). The converse follows by
Proposition 11 (ii). O

5.3 The absolute continuity of the DDMs

The following lemma is the first piece which can be salvaged from the erroneous
Lemma 2 (ii) in [6] (see [7]), which, in particular, allows us to deduce that
® provides a construction for an equilibrium state for a contractive Markov
system (see [8] and [9]) because it is absolutely continuous with respect to
one (see Lemma 1 and Theorem 1 in [9]), where the existence of the latter is
known through the Krylov-Bogolyubov argument.

Lemma 19. Let ¢ and ¢y be non-negative measures on o-algebra Ay such
that ¢p(X) < oo. Suppose ¢l < ¢g and ¢g o S~1 = ¢g. Then ® < ® holds
true for the corresponding DDMs on B.
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PROOF. Since ¢g 0 S~ = ¢g, ®|4, = ¢m for all m < 0 by Proposition 11
(ii). Let e > 0 and § > 0 be such that ¢(A) < €/2 whenever ¢g(A) < § for all
A€ Ay. Let B € B such that ®(B) < 6. Then, by Proposition 11 (i), there
exists (Ag)ken C Up<oAm such that B C U,y Ax and Y-, o P(Ag) < 9.
Then, by (25), for each n € N, there exists m,, < 0 such that S J;_, Ay €
Ap. Hence, by Theorem 16 (i), ¢o(S™ U, Ax) = ®(Up_; Ax) < § for all
n € N, and therefore, ¢{(S™ |J;_, Ax) < €/2 for all n € N. Thus, by the
S-invariance of ® on B,

/ . ’ My
®'(B) < lm ® (5 UAk>
k=1
< limsup ¢y <Sm" U Ak>
< €

O

The inference on the relation between ®'|z and ®|g from ¢ < ¢o if
@ o ST1 = ¢} is more subtle. This is explored in another article [10], which
requires the measure theory developed here.

6 Examples

Although it is easy to give an example of ®(X) = 0 using an atomic ¢y,
Example 1 below shows that the atomicity of the initial measure does not
imply ®(X) = 0. It builds up on Example 1 in [8].

Example 1. Let X := {0, 1}Z (be the set of all (...,0_1,00,01,...), 0; € {0,1})
and S be the left shift map on X (i.e. (So); = o441 for all i € Z). Let ¢[al
denote a cylinder set (i.e. the set of all (0;)icz € X such that o9 = a where
a€{0,1}). Set A:={0,0[0],0[1],X}. Let o’ € X be given by

, 0 ifi is even
o; = .
1 otherwise

for alli € Z. Let ¢o be the measure on Agy given by
d0(A) :=14(d") for all A € Ay.
Then ®(X) =0, since (..., 0, 0, ¢[0], o[1]) € C(X). Set
1 —i
m Z ¢OOS fornEN,

0<i<n

Pno =
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and let ®™) be the corresponding DDM. Then ¢ is shift-invariant and ¢pno =
b10 for all odd n. So, ®™(X) =1 for all odd n. For every even n, ¢no >
n/(n+ 1)¢ro. Thus ®™(X) > n/(n+1) for all even n.

A natural field of applications for the theory is, of course, the theory of
Markov processes, where the initial measure ¢ is usually available. The next
example is just a scratch in that direction.

Example 2. Let A := (a;j)1<i, j<n be an irreducible stochastic N x N-matriz.
Then there exists a unique probability measure m on all subsets of {1,..., N}
such that mA = 7, and it has the property w{i} > 0 for all 1 <i < N. Let
7 be any other probability measure on all subsets of {1,..., N} such that
71'(0){2'} >0 for all1 <1< N. Define

N U o /8
Ao = min { O3} } and oo = max, { nO{i} } ' 2
Then
Aom@ <7 < aon®.

Let X :={1,..., N}~ and S be the left shift map on X. Let A be the o-algebra

on X generated by the cylinder sets ola], a € {1,...,N}. Let ¢pg and (béo) be
the probability measures on Ay given by

d)o (O[ila ceey Zn]) = ﬂ{il}ailh...ainilin
and o
é ) (O[ila ,’Ln]) = W(O){il}ailir..ain_lin

for all gli1, ...in) C {1,....,n}% and n > 0. Then, obviously,

200 (oli1s +werin]) < b0 (0fi1, -ovr in]) < 0B (o[i1, s im])

for all g[i1, ...in] C {1,....,n}”* and n > 0. Let ® and ®©) denote the DDMs

resulting from ¢¢ and qb(()o) respectively. Let Q@ C X and (Am)m<o € C(Q).
Then

M02@ (@) < X0 D7 ¢ (Am) < D7 Aodt” (S Aw) < D b (A

m<0 m<0 m<0

Hence,
2020 (Q) <2 (Q). (33)

Similarly, one sees that
®(Q) < ag®® (Q). (34)
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Since ¢g o S™1 = ¢g, ®(X) =1 by Proposition 18, and therefore,

(X)) > ai
0
Furthermore, (33) and (34) imply that
2 (Q) - (Q)‘ < max {(ao —1), (Alo — 1)} forallQ C X. (35)

For example, let

j=1
Then
0 (Q) > -#(Q) = 7 * (@)
1<i<N
Thus
o (x) > %

70 Ak
0

El e
i

satisfies T {i} > 0 for alli € {1,...,N}. If A is aperiodic, then one can take
1) .= 71O AR with such property. For k > ko, let A, and oy, be defined as in
(32) with 7 in place of 7). Then, since, by the Ergodic Theorem, A\ — 1
and oy, — 1, it follows by (35) that

lim ®*) (Q) = (Q) foralQ C X.

k—oc0

For a more general example arising from Markov processes, where the
essential boundedness of the density function is not that obvious, see [7].
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