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Classification Problem of Holomorphic Isometries
of the Unit Disk Into Polydisks

SHAN TAl CHAN

ABSTRACT. We study the classification problem of holomorphic iso-
metric embeddings of the unit disk into polydisks as in [ ; 1.
We give a complete classification of all such holomorphic isome-
tries when the target is the 4-disk A%, Moreover, we classify those
holomorphic isometric embeddings with certain prescribed sheeting
numbers. In addition, we prove that a known example in the space
HI; (A, A9k, q) is globally rigid for any integers k, ¢ > 2, which gen-
eralizes Theorem 1.1 in [ 1.

1. Introduction

In 2011, Mok [ pp. 262-263] raised a question about the structure of
the space HI; (A, AP) of holomorphic isometric embeddings from (A, kdsi)
to (AP, dsi »), where dsi (resp. dsi ») denotes the Bergman metric on the open
unit disk A in C (resp. the open unit polydisk A? in C?), and k > O is a real con-
stant. More precisely, Mok [ ] asked whether all holomorphic isometries
from (A, kdsi) to (AP, dsi,,) are parameterized by the gth root embeddings
for g < p, the diagonal embeddings, and automorphisms of A and AP. This is
precisely Problem 5.1.2 in [ pp- 262-263], which we call the classifica-
tion problem of holomorphic isometric embeddings of the unit disk into poly-
disks (or simply the classification problem). Note that such a real constant k is
indeed a positive integer satisfying 1 <k < p by [ p.- 2909]. Ng [ ]
has provided a complete description of HI; (A, A?) for p =2, 3 and solved the
classification problem affirmatively for the space HI(A, A?) when p =2 or 3.
Given any f € HIx(A, A?), we call a map given by F = W o f oy a reparam-
eterization of f, where W, v are some automorphisms of A”, A, respectively.
In the case where k = p, Ng [ ; ] showed that any f € HI,(A, AP)
is given by f(z) = (z, ..., z) up to reparameterizations. The general case where
f € HI(A, AP) for some p > 4 remains unknown. Recently, the author [ 1
has proven that any f € HI|(A, AP; p) is the pth root embedding up to repa-
rameterizations, where p > 2 is an integer. In particular, the 4th root embedding
in HI; (A, A% 4) is globally rigid in the sense of [ p. 261] (cf. [ D.
One of the main objectives of this paper is to provide a complete description of
HI; (A, A*) so that the classification problem of all holomorphic isometric em-
beddings from (A, kdsi) to (A%, dsi4) will be solved as follows:
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THEOREM 1.1. Let f € HIx(A, A*) be a holomorphic isometric embedding such
that all component functions of f are nonconstant.

(1) If k =1, then f is one of the following up to reparameterizations:
(a) the 4th root embedding Fy: A — A%,
() (a1, a2 0 Br,a3 0 (B2 0 B1), B3 o (B2 0 B1)), where («j, Bj) € HIi (A,
A% 2) for j=1,2,3,
(c) (al,h2 o an, h? o an, h* o wy), where (a1,ap) € HI (A, AZ; 2) and
(h2, 13, h*) e HI (A, A3; 3),
(d) (Bi.ai 0 Ba.az 0 B, B3), where (B1, Ba. 3) € HI (A, A*;3) and (a1,
@) €HI1(A, A% 2),
(e) (a1 0z, B oaz,a30 P2, B30 Pa), where (aj, B;) € HI (A, A% 2) for
j=1,2,3.
(2) If k =2, then f(z) is one of the following up to reparameterizations:
@) (21(2), B1(2), 02(2). 2(2)), where (aj, Bj) € HIj(A, A% 2) for j =
1,2.
(b) (z.1(2), (@20B1)(2), (B20 B1)(2)), where (o, ;) € HI; (A, A?;2) for
j=1,2.
©) (z,01(2), @2(2), @3(2)), where (a1, a2, a3) € HI; (A, A%; 3).
(3) If k =3, then f(z) = (z,z,a(2), B(z)) up to reparameterizations, where
(o, B) € HI (A, A% 2).
@) If k =4, then f(2) = (z,2,2,2) is the diagonal embedding up to reparame-
terizations.

REMARK. In fact, this theorem says that all holomorphic isometric embeddings
f (A, kdsi) — (A%, dsi4) with the isometric constant k are parameterized by
the diagonal embeddings, automorphisms of A (resp. A%), and the pth root em-
beddings up to reparameterizations for 2 < p < 4.

Moreover, we will show that it is possible to provide a complete description of all
holomorphic isometric embeddings with certain prescribed sheeting numbers. In
addition, we prove that a known example in the space HI; (A, A9%; ¢) is globally
rigid for any integers k, g > 2, which generalizes Theorem 1.1 in [ ].

1.1. Preliminary

Let A C C be the open unit disk with the Poincaré metric dsi =2Re(gdz®d?7),
where g = —2%;210g(1 — |z|?). For any integer p > 2, let A? = {(z, ..., Zp) €
CP |lzjl <1,1 < j < p} be the polydisk, which is viewed as p copies of A.
Moreover, A? is equipped with the Kédhler metric dsi »» which is the product
metric induced from the Poincaré metric d si. More precisely, we take the real an-
alytic function —2 Zle log(1—|z; 1) as a Kihler potential for dsi » (see[

p- 2908]). Let P! = C U {o0} be the Riemann sphere.
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Let f: (A, kdsi) — (AP, dsip) be a holomorphic isometric embedding with
the isometric constant k and the global sheeting number # (see [ pp- 2908—
2909]). In this paper, all holomorphic isometric embeddings

F= L D) (A kdsy) — (AP, ds3))

are assumed to be genuine, i.e., all component functions of f are nonconstant, as
mentioned in [ p- 7]. We may always assume that f(0) = 0 after composing
with some W € Aut(A?). In [ ], we have the functional equation

P
[Ta-1 P =0a-1zP" vzea

u=l

and the polarized functional equation

P
[Ta - @ FfFw) =1 -z VzweA.

u=1

Let V C P! x (P")? be the irreducible projective-algebraic curve such that
Graph(f) C V as obtained in [ Proposition 4.2]. From [ p- 2911],
V; := P;(V) is a projective-algebraic curve containing the graph of f /. where
P;j:V — P! x P! is defined by Pj(z,wi,...,wp) =(z,w;), 1 < j < p. Let
7 : V — P! be the finite branched covering given by 7 (z, wy, ..., w,) =z, and
wji:Vi—> P! be defined by wj(z,wj) =z,1 < j < p.Recall that f has the global
sheeting number equal to n or, equivalently, 7 is an n-sheeted branched covering.
In addition, the sheeting number s; of a component function f 7 of f is defined
sothatm;: V; — P! is an s j-sheeted branched covering, j =1, ..., p. Moreover,
Ng [ p. 2913] has shown that there is a rational function R; : P! — P! such
that Rj(fj(z)) =z forz € A and Rj(%) =1/R;(w), so that R;(0A) C dA for
1 < j < p, which is indeed obtained from the s;-sheeted branched covering 7;

such that R; is of degree s;. We refer the readers to [ pp- 2910-2913] for
details.
Given any bounded symmetric domains D € C" and € CV, Mok [ ]

has introduced the space HI(D, 2) of all holomorphic isometries from (D, A d Slz))
to (L2, dsgz) for some real constant A > 0, where ds%) and dssz2 denote the
Bergman metrics of D and €2, respectively. In particular, in the case where
D = A and Q = AP, we also have the spaces HI; (A, A?), HI (A, AP; n), and
HI; (A, AP;n;sy,...,5p) so as to specify the isometric constant k, the sheet-
ing number s; of each component function of the isometries, 1 < j < p, and the
global sheeting number n (see [ p. 263]).

Let V’ be a smooth irreducible algebraic curve, and ¥ be a compact Riemann
surface. If 7’ : V/ — Y is a finite branched covering, then, for each point y € Y,
denote by v(r’, x) the ramification index of " at x and by b(r’/, y) the branching
order of v/ at y in the sense of [ p- 217], where x € n/_l(y). From [ ;

; 1, for f e HI1 (A, AP;n;s1,...,5p), we denote all branches of fj
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over A by f/, all branches of f7/ over O := P!\ A by fl{_, 1 <l<sj,and

fl=ri1<j<p.

Let H :={r € C| Imt > 0} be the the upper half-plane, and H? :=
{(r1,...,7p) € C* | Im7; > 0,1 < j < p} for p > 1. Denote by ds%_t the
Poincaré metric on H, so that (H,ds%_[) is of constant Gaussian curvature
—1, i.e, dsj, = 2Re(dt ® dT/(2(Im7)?)). Moreover, H? is equipped with the
Kéihler metric ds%_[,,, which is the product metric induced from the Poincaré

metric ds%_l. Mok [ ] has defined a map p, : H — HP (p = 2) by
op(T) = (rl/p, yrl/P,...,yp_lrl/p), where y := /P and TP = yl/peif/p
fort =re'?, 0 <0 < 7. From [ ], the map p,, : (H, ds%_t) — (’Hl’,ds%_[p)

is a nonstandard (i.e., not totally geodesic) holomorphic isometric embedding.
Then, the pth root embedding F), : (A, dsi) — (AP, dsi ») can be defined from
pp via the Cayley transform ¢ : H — A, 7+ ;—jr;, and target automorphisms (see
[ 1). When p =2 (resp. p = 3), F) is called the square-root embedding
(resp. cube-root embedding).

We denote by X, the symmetric group on p elements. Moreover, we say that
two holomorphic maps G1, G, : D — Q between bounded symmetric domains
D and 2 are congruent to each other if G| = ¢ o G o ¥ for some ¢ € Aut(2)
and ¢ € Aut(D).

2. General Properties of Holomorphic Isometries in HI, (A, A?)

2.1. Special Branching Behavior of Certain Holomorphic Isometries
in HI (A, AP)

For holomorphic isometric embeddings f € HI; (A, A?) with certain branching
behaviour, we will prove that the classification problem of such isometries can be
reduced to that of holomorphic isometric embeddings in HI; (A, AP~1).

LEMMA 2.1. Let g : A — A be a component function of a holomorphic isometric

embedding f = (f',..., fP) € HI(A, AP) satisfying f(0) = 0. Suppose that

there is ¢ € Aut(P') such that ¢ o g is also a component function of f, where
up up

. 0 . .
0(z) = ‘ngig with (’g Z) = (7gé3tU ul)far some unitary matrix U = (u3 M4) sat-

isfying uy, uz € C\ {0}. Then, we have
(1 =18@P U =l =1- @),
where h : A — C is a holomorphic function defined by

_ 8(2) —ua(g(2))?
T up — (detU)g(z)

h(z):

Proof. We may assume without loss of generality that g = f! and ¢ 0 g = f2.
Then, R (f'(z)) =z = R2(f2(z)) = Ra(p(f'(2))) so that R; and R; o ¢ are
meromorphic functions on P! satisfying R;|y = (Ra o ¢)|y’, where U’ is the
image of f! in P!, which is an open subset by the Open Mapping Theorem for
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holomorphic functions. In particular, Ry = R, o ¢ by the Identity Theorem. We
compute
urh(z) +uz f' @@ o f1)(@)
_nf1@ w1 | us(@)?
— (detU) f1(2) up — (detU) f1(z)

=2

and

uzh(z) +us f' @) (g o fi)(2)
_us f1(2) —usug(f1(2))? St u3(f'(2)?
T —@etU) (2 Yur — (detU) f1(2)

us f1(2)
ety i P @

( @) ):U-( h(z) )
o(fl(2) @e(fl@))”

Actually, we also need to show that f!(z) # u;/detU for z € A so as to en-
sure that 4 is holomorphic. Suppose that f!(zg) = u;/detU for some zg € A.
Then, ¢(f!(z0)) = co. This would imply that co = R»(00) = Ra(¢(f(20))) =
Ry (f (z0)) =20 by [ p- 2913] and the fact that Ry o9 = R, which is a con-
tradiction. Thus, f1(z) Fup/detUforz € A so that the function 4 is holomorphic
on A and continuous on A, i.e., the extension 1 : A — A of & is continuous. Now,
we have

Thus, we have

I @+ lo(FL @) = 1h@) P + 1 @e(f L)

for z € A because U is an unitary matrix and thus U preserves the Euclidean norm
of holomorphic mappings. The result follows. O

THEOREM 2.2. Let f = (f',..., fP) e HIx(A, AP;n;s1,. ., Sp) with f(0) =0,
where p > 4 is an integer. Suppose that there is a point 7o € dA such that

V(Ro(j), f7(z0) 22 (j = p = 1,p) and v(Roq), f7" (o) =1 (n =
L,...,p —2) for some 0 € ¥),. Then, ss(p—1) = So(p) IS an even integer and

there exists ¥ € Aut(P') with ¥ (0) = 0 such that ¥ o fg(‘L7 D fla(p) so that
Rs(pyo¥ = Ry (p—1) and r is of the form v (z) = uzz/(—(detU)z +u1) for some

unitary matrix U = (Z; Zi) satisfying uy, u3 € C\ {0}. In particular, we have

(A= 17PD)HA - 17P @) =1~ |hz)?
for some holomorphic function h on A and thus

(fa(l) . fo(p 2 Jh) (A, kdsA)—> (AP : dSAP 1)

is a holomorphic isometric embedding.
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ReEMARK. The assumption made in the theorem may be replaced by the existence
of a certain branch of f which is of the form (fll, e lp—Z’ flfjll, f/:) up to

a permutation of the component functions of f, where [; # 1 for j =p — 1, p.
Denote by B, the branching locus of the finite branched covering 7 as a subset
of P! = C U {oco}. Then, the assumption may be replaced by that of the existence
of a continuous path y : [0, 1] — P!\ B, such that y (0) = y (1) = 0 and perform
(multivalued) analytic continuation of f = (fll, ces flp ) along y would come up

with a branch of f which is of the form (g1, ..., gp), where go(j) := flo(j) for
; . ) s

I<j<p-—2and g, = flj(,i with [ () # 1 for u = p — 1, p, and for some

o €Ly

Proof of Theorem 2.2. We may assume without loss of generality that o = Id is

the identity permutation. Starting with the branch f = ( fl' ey flp ) at 0, we per-
form (multivalued) analytic continuation along some simple closed loop around

zo once to obtain (f,..., ff -2, Vs - /7). (Noting that we may relabel the
branches of each f/ so that we can obtain fzj by performing (multivalued) an-

alytic continuation of flj along some simple closed loop around zp once for
j =p—1, p.) By the polarized functional equation, we have

(-7 @7 0) (1- o) =

for z € A so that f(z) = w(f”‘l(z)), where ¥ (w) = (1/f5 (0))(w/(w —
l/f (O))) Note that f2 (0) € C*:=C\{0} for j = p—1, p, thus ¥ € Aut(P)

because
T
det<1/fz<°> 0 >=_ LI
LR O) oo

In particular, s, 1 =5, and R, o = R),_1. From the polarized functional equa-
tion, we also have

(1-#"0r o) (1-Fofo)=

so that w(fzf"l(z)) = f;’(z) for z € A. Now, we have f3 (0) = ‘(//(fzp_l(O)) =
A ORGP0 - (71O — 1)) so that
1 1
AOR " 7 or

Therefore, we have | fzj (0)> > 1 for j = p — 1, p. Then, one can verify that
V¥ (z) = u3z/(—(detU)z + uy), where

Ue (u1 u2> _[*7O 1717 ©)
3w PN o) o (=171 0)R)
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is a unitary matrix with A = \/(1 — 1/1£20)2) (1/1£F (0)]2)e’ for some 6 €
[0,27). By Lemma 2.1, the holomorphic function 2 on A defined by

_ M@ w7 @)

M = G )

satisfies

A= QP = 1P @) =1-|h@)
Then, (fl,...,fp’z,h) : (A,kdsi) — (Ap’l,dsip,l) is clearly a holomor-
phic isometric embedding. Hence, there is a rational function R, such that
Ry (h(z)) =z, and we have 2 - deg R, =deg R—1 = sp—1 =sp so that s, =5,
is an even integer. (]

2.2. Special Sheeting Numbers of Holomorphic Isometries

In the study of the structure of HI{ (A, AP;n;sq,...,5p) in [ 1, if s;=2
for some j, then the study of holomorphic isometries f = (f!,..., fP) :
(A, dsi) — (AP, dsi ») can be reduced to the study of holomorphic isometries
from (A, dsﬁ) to (Ap_l,dsip_l). For example, in the proof of Theorem 6.8 in
[ pp. 2918-2919], Ng has reduced the study of certain f € HI(A, A?) to
the understanding of the space HI(A, A?~!) and so on. For the study of the space
HI (A, AP;n;s1,...,5,), one may ask whether s; = ¢ for some prime number
q > 3 and some j could lead to a similar phenomenon as in the case of s; =2 for
some j. We do not have any general method to handle such a problem. However,
for some small prime number g > 3, it may be possible for us to use the method in
[ ] to deal with the problem. In this section, we will show that when g = 3,
a similar phenomenon occurs as in the case where s; = 2 for some j.

LeEmMMA 2.3. Suppose that h is a component function of a holomorphic isometric
embedding f : (A, kdsi) — (AP, dsi,,) such that deg Ry, = 3, where Ry, : P! -
P! is the rational function of degree 3 such that Ry (h(z)) = z, Ry, (%) =1/Rp(w)
and Ry (0A) C dA. Then, for any branch point a € dA of Ry, we have |w| =1
forallw e Rh_l(a).

Proof. We may assume without loss of generality that f(0) = 0. Let m be the
number of distinct branch points of Ry, {ay, ..., a,} C dA be the set of all distinct
branch points of Rj, and the branching order of R, at a; is denoted by b; for
1 < j < m. Since deg R, = 3, we have Z;":l b; =4 so that 2 <m < 4. After
reordering the branch points of 4 if necessary, we may assume without loss of
generality that b1 < --- < b,,. Then, we have the following possibilities:

(1) m=2and (by, by) = (2,2);

(2) m=3and (b1, b2,b3) = (1,1, 2);

(3) m=4and (b1, b2,b3,bs) =(1,1,1,1).

If b; = 1 for some i, then |R; ' (a;)| = 2 and thus R, '(a;) = {w1, w2} such that
the ramification index of Rj at w (resp. wy) equals 1 (resp. 2) for some distinct
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wi, wy € P1. We have either |w| = |wa| =1 or w; = 1/w; by [ Corol-
lary 4.7]. If w; = 1/wy, then the ramification order of R; at w; would be the
same as that of Rj, at w,, which contradicts the assumption that b; = 1. Thus, we
have |wi| = |wy| = 1.

If b; = 2, then clearly |R, '(a;)| = 1 and w € R} ' (a;) would satisfy |w| =
1 because (a;, w) € Vj, if and only if (a;, 71)) € Vj,, where Vj, is the projective-
algebraic curve in P! x P! containing the graph of & (cf. [ p- 2912]). Thus,
we have verified that if 4 is a component function of a holomorphic isometric
embedding from (A, kdsi) to (AP, dsip) with deg R, = 3, then we have |w| =1

forall w e R;] (a;) and for i =1, ..., m. On the other hand, we have shown that
for an arbitrary branch h; of h, we have |h;(a;)|=1fori=1,...,m. O
Note that Lemma 6.7 in [ p. 2917] asserts that if the sheeting number

of some component function g of a holomorphic isometry from (A,dsi) to
(AP, dsi,,) is equal to 2, then there exists a holomorphic function 2 : A — A
such that (g, h) € HI1 (A, Az; 2). The following proposition provides a similar
result in the case where two component functions of a holomorphic isometry from
(A, dsi) to (AP, dsi,,) have the sheeting numbers equal to 3.

PROPOSITION 2.4. Let p > 3 be an integer. If h',h* : A — A are two distinct
component functions of a holomorphic isometric embedding f = (f',..., fP):
(A, dsi) — (AP, dsi,,) such that the sheeting numbers of h*> and h* are equal
to 3, then there is a holomorphic function h3: A — A such that (hl,hz, h3) :
A — A3 is the cube-root embedding up to reparametrizations, i.e., (h1  h2, h3) €
HI; (A, A3; 3).

Proof. We may assume without loss of generality that f! = h!, f? = h? and
f(@©) =0. Let {ay,...,an} C 0A be the set of all distinct branch points of
f1. Suppose that m > 3. Then, there is a branch point @ = a; € dA such that
b; = 1. Therefore, there is a branch fll of f I such that the ramification in-
dex of 7 at (a, fl1 (a)) is equal to 1 and |fl1 (a)| = 1. Then, we have a branch

( fll’ fé, fl:, e, fli ) of f for some /. Consider the functional equation
L p o
(1-fofw) 10 -fofo)=1-a e
j=2

By comparing the vanishing orders of both sides of Equation (2.1) at a, we see
that | flj (a)| # 1 for 2 < j < p. Thus, a is not a branch point of m; otherwise

we would have | flf (a)] =1 by Lemma because the sheeting number of f 2
equals 3.

Since > : V5 — P! is not branched over a € d A, we have |(r2) ! (a)| = 3 and
the set (R2) ™' (a) contains at least one unimodular value because (z, w) € V5 if
and only if (%, %) € V5. Then, we may choose I’ such that |fl%(a)| =1 and we
have a branch ( fl%, 17, flz, o, fli ) of f for some .. Consider the functional
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equation

(1-for@) [ (-fejw)=1-a
1<j<p.j#2 S
Since a € dA is a branch point of 7r; and the sheeting number of f! equals 3,
we have |fl, (a)| =1 by Lemma 2.3. Now, we have |fl, (@) = |f[, (a)] = 1. Note
that we have the Puiseux series fl, (2) = (pl/ (z — a)l/”) for z € B(a, €), where
1

& > 0 such that B! (a &)\ {a} does not contam any branch pomt of any component
function of f and <pl, is some holomorphic function on B'(0, ¢!/?). Here v =1

or v = 2. Then, we have

(1-¢t @0} @) (1- FE +0ff@)p© =—a’, @2

where ¥ (£) := 523 (1—f/(€"+a)f)(a)). Note that 1 — golli (E)‘plli (0) has a
zero of order 1 at & = 0 and thajlt 1— fﬁ & “/+ a) fﬁ (a) hasazeroof ordervaté =0
since a is not a branch point of 7>. Thus, the left hand side of Equation (2.2) has a
zero of order at least v+ 1 at £ = 0. However, the right hand side of Equation (2.2)
has a zero of order v at £ = 0, which is a contradiction. Thus, b; # 1 for all
i, 1 <i<m.Hence, we have m =2, i.e., f! has precisely two distinct branch
points. Similarly, 2 can only have two distinct branch points. Then, f! and f?
are component functions of the cube-root embedding up to reparametrizations by
[ Lemma 4.9].

We claim that f I and f 2 have the same set of branch points, say aj, az € dA.
Assume the contrary that @ = a; for some j such that a is a branch point of R; but
not a branch point of R;. Then, |fl1 (a)l=1forl =1,2,3 by Lemma 2.3. But then
there exists I’ € {1, 2, 3} such that |fl%(a)| =1 since |(R2)"!(a)| =3 and (z, w) €
V, if and only if (%, %) € Vo (cf. [ p- 2912]). Thus, we obtain a contradiction
by considering the polarized functional equation as before. Therefore, if a is a
branch point of f!, then a is a branch point of £2. Similarly, if @ is a branch point
of f2, then a is a branch point of f!. Hence, the branching loci of R; and R» are
the same.

From [ Lemma 4.9] and the proof of Theorem 6.5 in [ ], there is
a single reparmetrization such that f!, f2 would become one of the component
functions of the cube-root embedding. Then, f! % f2 since for each branch of
=1, ..., fP), thereis only one infinite value as z — oo (cf. [ p-2917)).
Thus, f! and f? are precisely two distinct component functions of the cube-root
embedding. Recall that h/ = f/ for j = 1, 2. Therefore, there is a holomorphic
function 7 : A — A such that 23(0) =0 and (h', h%, h3) : A — A3 is the cube-
root embedding up to reparametrizations, i.e., (!, h?, h3) e HI{(A, A3;3). O

REMARK. This proposition can be used for classifying all holomorphic isomet-
ric embeddings f : (A, dsi) — (AP, dsi ») with some special sheeting numbers
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1, ..., S8p. For example, the structure of the space
HI; (A, A% 0 3,3,32,3%,...,3071 3971 39 30 39) (2.3)
can be completely described by induction as that in [ Theorem 6.8],

where ¢ > 2 and n satisfying 37 | n, 2¢ + 1 < n < 2%4. Actually, the space in
Equation (2.3) is constructed by compositions of ¢ holomorphic isometries in
HI (A, A3; 3). Similarly, the structure of the space

HI (A, A2 12, /:3,3,32,32 . 39 34 .39 2.37) (2.4)

can be completely described by induction, where ¢’ > 1 and n’ satisfying (2 -39 Y
n,2¢ +2<n' < 224'+1 Actually, the space in Equation (2.4) is constructed by
compositions of g’ holomorphic isometries in HI; (A, A%; 3) and a holomorphic
isometry in HIj (A, A?). The author has written down the details in his Ph.D.
thesis [ 1.

3. Proof of Theorem

From [ pp. 2914-2915], if f € HI; (A, A*) is a holomorphic isometric em-
bedding such that all component functions of f are non-constant, then we have
f e HIx (A, A*:n; S1, 82, 83, 54) for some positive integers n, s1, 52, 53, 54 satis-
fying # <n <8, Y0 (1/s)) =k and s; | n for j = 1,2,3,4. Recall that k is a
positive integer satisfying 1 <k <4 by [ p. 2909]. It turns out that given
some positive integers n, s1, $2, 3, sS4 satisfying % <n<§, Z?zl(l/sl) =k and
sj|nfor j=1,2,3,4,itis possible that the space HI; (A, A% n: sy, 82,53, 54) IS
empty due to the structure of the irreducible projective-algebraic curve V and the
branching behaviour of each component function of f.

3.1. Classification of Holomorphic Isometries in HI{ (A, A*)

LEMMA 3.1. Let p > 2 be an integer and n be a prime number satisfying p <n <
201 Then, the space HI{ (A, AP; n) is empty.

REMARK. Note that such a prime n does not exist when p = 2, 3, thus the condi-
tion p > 2 could be replaced by p > 4.

Proof of Lemma 3.1. Assume the contrary that the space HI| (A, A?; n) is non-
empty. Then, there is a holomorphic isometric embedding f = (f Lo fP):
(A, dsi) — (AP, dsip) such that the sheeting number of f/ equals s, s; | n for
I1<j<pand Z?Zl(l/sj) =1 (cf. [ pp. 2914-2915]). In particular, we
have s; =n for 1 < j < p because ijl(l/sj) = 1sothats; # 1 forany j. This
would imply that 1 = Zle (1/sj) = % so that n = p, which contradicts n > p.
Hence, we have HI | (A, AP;n) =0. O

By Lemma 3.1, we have HI; (A, A% n) = for n =5, 7. Thus, we only need to
consider the case where n = 4, 6 or 8. The following are all possibilities of the
global sheeting number n and the sheeting numbers s, ..., s4:
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(1) (n,s1,82,53,51) =(4,4,4,4,4).

2) (n,s1,52,53,54) =(6,3,6,6,3) or (n, s1, 52, 53,54) = (6,2,6,6,06).

3) (n,s1,82,53,84) =(8,4,4,4,4) or (n, sy, s2,53,54) =(8,2,4,8,8).

In the case where (n, 51, 52, 53, 54) = (4,4,4,4,4), we can apply the global rigid-
ity of the pth root embedding for p > 2 (cf. [ ]). More precisely, any
f € HI{(A, A*; 4) is the 4th root embedding up to reparametrizations as we have
mentioned at the beginning of the present paper.

PROPOSITION 3.2 (cf. Theorem 6.8, [N 10]). If f € HI; (A, A% 8;2, 4,8, 8), then
f=(ar,a20B1,a30(B20B1), B30 (B20pB1))

up to reparametrizations, where (o, 8;) € HI (A, A2 2)for j=1,2,3.

PROPOSITION 3.3. If f € HI; (A, A% 6;2,6,6,6), then
f=(a1,h? oas, h® oz, h* o ap)

up to reparametrizations, where (o1, ) € HIj (A, A2 2) and (hz,h3,h4) €
HI; (A, A3 3).

Proof. We may suppose that f(0) = 0. From [ Lemma 6.7], we have
f I — o, for some holomorphic isometric embedding (o1, ) : A — A? with
the isometric constant 1 and o1 (0) = a3 (0) = 0. Then, we have

I=12@QPA = 1@ =1 @) =1—|w@)

because (1 — |a1(z)|2)(1 — |oz2(z)|2) =1- |z|2. Since 0 is not a branch point,
locally there is an inverse a, L"UcA— Aof o2. Thus,

(=12 @A = 1@ @)D A =14 e @) =1 —z1%

ie, (fPoas!, fPoay!, ffoas!): U — A% is a holomorphic isometric em-
bedding with the isometric constant 1. From [ Theorem 1.3.1], we know
that (2o az_l, flo az_l, fo oz2_l) can be extended to the whole A, and we let
(h?, 1, h*) 1 A — A3 be the extension. Then, f/ oa; ' =h/ for j =2,3,4 and
thus f/ = h/ o &y on some open subset. Now, we have a local inverse (f/)~! =
(x2_1 o (h/)~!. Since the degree of (f/)~! equals 6 while the degree of ocz_l
equals 2, the degree of (h/)~! should be equal to 3. Thus (h%, h3, h*) : A — A3

is the cube-root embedding up to reparametrizations by [ Theorem 8.1].
Hence, f = (fl, fz, f3, f4) = (ay, h? oay, K3 owy, h4oa2) up to reparametriza-
tions. U

ProposiTioN 3.4. If f e HI (A, A% 6:3,6,6, 3), then
f=B1,a10p2,a20 P2, B3)

up to reparametrizations, where (B1, B2, B3) € HI1 (A, A3; 3) and (a1, ap) €
HI (A, A% 2).
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Proof. We may assume without loss of generality that f = (f!, £2, £3, f*) satis-
fying f(0) = 0. Then, there is a holomorphic function g : A — A with g(0) =0
such that (f r f4, g) € HI{ (A, A3: 3) by Proposition . From the functional
equation, we have

I=12QPA -1 P =1~z

Since g is a component function of some holomorphic isometry in HI{ (A, A3; 3),
there is a local inverse g~! of g around 0 € A so that

(U—=1frog ' @MU~ og ' @PH =1~z

on some open neighborhood of 0 in A (cf. [ p.2918]). Thus (f%og™!, fl0
¢ 1A — A% is a germ of holomorphic isometric embedding with the iso-
metric constant 1. In particular, (2o g™, f3 0 g™') is a germ of the square-
root embedding at 0 up to reparametrizations. From [ Theorem 1.3.1],
such a germ of holomorphic isometric embedding can be extended to a holo-
morphic isometric embedding from (A, dsi) to (A2, dsiz). Therefore, we have

frog ' =aily, f3og™ ! = |y for some neighborhood U of 0 in A, where
(a1, a2) € HI; (A, A%;2). Then, f> =ajo0g and f3 =ay 0 g on A. Hence,
we have f = (B1, 1 o B2, a2 0 B2, B3), where (B1, B2, B3) € HI; (A, A%;3) and
(a1, 00) € HI (A, A2 2). O

Let f=(fL 2 3, 4 e HI|(A, A*;8:4,4,4,4) and v: X — V be the
normalization, where X is a compact Riemann surface of genus g(X). Without
loss of generality, we may assume that f(0) = 0. The universal cover of X is
either P!, C or A by the Uniformization Theorem. In any case, we may use the
global holomorphic coordinate ¢ on P! = C U {oc}, C or A to represent a point
in X. Given a non-constant meromorphic function Son X , denote by Zeros(S‘ @)
(resp. Poles(S‘ (¢))) the set of all zeros (resp. poles) of S not counting multiplici-
ties.

Recall that 77 : V — P! is the finite branched covering defined by (z, wy, wa,
w3, wq) > z. Then, m o v(¢) = R(¢) is a non-constant meromorphic function on
X with precisely 8 distinct poles and 8 distinct zeros. Let S;(¢) := (Prpo(Pj o
V))(¢) for 1 < j <4, where Pry : P! x P! — P! is the projection onto the second
factor, P; : V — P! x P! is defined by (z, w, w2, w3, ws) = (z, w;) and V; =
P;(V)for1 < j <4.Then, S; is a non-constant meromorphic function on X with
precisely two distinct poles and two distinct zeros. Moreover, we have R(¢) =
Rj(Sj(¢)) for1<j<4.

Let (fl}, flg, fg, flj) be a branch of f over A for some /; € {1, 2, 3, 4}. For
¢ € U':= v~ (Graph(f)), we have f/(R(¢)) = S;(¢) for 1 < j < 4. Note that
for any branch f/ of f i<, Jj <4, there are precisely two distinct branches

of f over A with the jth-component function being equal to f/ because S :
X — P! is a degree 2 branched covering and the graph of each branch of f
over A (resp. P! \ ‘A) lies in the regular part of the variety V. The following
consideration comes from [ ]. From the polarized functional equation, for ¢ €
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U’ :=v~!(Graph(f)) and w € A, we have

4 __
H (1 — Sj(g)f/i (w)) =1—R()w. (3.1)
j=1 '
Fixing w € A, both sides of Equation (3.1) are meromorphic functions on X.
Thus, by the Identity Theorem of meromorphic functions on compact Riemann

surfaces, the above equality holds true for ¢ € X and w € A. Putting w =0 in
Equation (3.1), we have

4

I <1 —S,-(;)ﬁjf(O)) =1 VceX.

j=1

Lemma 3.5. If f = (f', f2, £, /Y e HIi(A, A% 8;4,4,4,4), then there is a
branch of f over A which is of the form (g1, ..., g4), where gs(j) := fla(]) (j=
1,2) and go = [\ with Loy # 1 (u=3,4) for some o € Ty,

Proof. We assume without loss of generality that f(0) =0. Letv: X — V be
the normalization. Assume the contrary that f does not have a branch of the
desired form. From the functional equation, it is known that f cannot have a
branch of the form ( fo) go@ o) fjf(’yg))) over A up to a permutation of
component functions of f, where o € X4 and j,4) # 1. Otherwise, we would

have | ffﬁjj(z)ﬁ | £7@(2)[? so that ffij))(O) F£o@(0) = 0, which contradicts
0(4)

the fact that f and f°@ are distinct branches and 0 is not a branch point of
Rs(4). Then, we have some branches of f over A which are of the forms

1 22 3 4 1 2 .3 4
(f 7f(l)vf(l)’f(l))’ (fl=2)vf vf}§2)v]cl§2))v

3.2)
(f(S)’ f,(%w f3, f<3>) (fl%@, f[%4>, fl?4), f4),
1 2 3

where l;k) # 1 for each j, k. Note that performing (multivalued) analytic continu-
ation of (f1, 2, f3, f*) along some simple closed loop around each branch point
of R; in C, 1 < j <4, would produce all branches of f over A because Reg(V)
is connected (cf. Proposition 1 in [ pp- 2634-2635] for the structure of V
and properties of the branches of f). From the polarized functional equation, we

have
3

I1 (1 - o(/>(;>ﬁ;‘§§§‘>>) =1

j=1
for each o € X4, where for each k € {1,2,3,4}, ,B(k) = f(k)(O) e C* =

C\ {0} for j e {1,2,3,4} \ {k}. Note that the poles of 1 — sj(;)ﬁﬁ” are pre-
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cisely the polesgc Sj¢) for j €{1,2,3,4}\ {l} and [ = 1,2,3,4. More-
over, 1 — §;(¢) ﬂ](.l) has precisely two distinct zeros and two distinct poles for

jef{l,2,3, 4}\{l}andl_1 2,3,4.
Consider the branch ( f @ fl > 13 IoR f 4) Then, there is a unique branch of f

over A which is of the form (fe, sz 13 o fi,) with kg # 1 because we already

have the branch (f1, £2, f3, f*) of f, S is a degree 2 branched covering and all
points in v~ (w1 (c0)) are not ram1ﬁcat10n points of S; for 1 <! <4. We claim
that k; 1" for j =1,2.

If k; = 1( ! for j = 1,2, then we would have | f*(2)|? = | £} (2)]? for z € A,

which leads to a contradiction by the arguments above. If k| =1 % ) and ko # 1(4),
then we have

- 508 = (1-5020) (1- 2 750)

from the functional equation so that
L (A -R20) 50

[ @ 1=50) 120

Thus, S4 = ¢ 0 S, for some ¢ € Aut(P'). But then this implies that all branches of
[ are of the form (£}, f7, £, f;*) for some 11, 13,1 € {1,2,3, 4} by performing
(multivalued) analytic continuation, which contradicts the existence of the branch
(] o fi - fl 3y, [4). Similarly, if k» = 15" and k; % 1{*), then this also leads to a

S4(¢) =

contradlctlon Hence, k; ;él @ for j=172.
From the functional equatlon we have

—5i0pY  1-508"
1= S1@) £L©0) 1= 520 f2(0)

and H?:l (1- Sj(é')ﬂj(-4)) = 1. Thus, we have

1= S4(0) fi(, (0) =

Zeros (1 - $4(2) [ (0) ) < Zeros (( = 51087 ) (1= 520)85” ))

= Zeros(%) = Poles(S3(¢))
1 - 830)5"

Since §3 has two distinct simple poles and 1 — S4(¢) f,i (0) has two distinct
simple zeros, we have Zeros (1 — 84(¢) f,i (O)) = Poles(S3(¢)). Therefore, there
are two distinct points yi,y2 € V (resp. x1,x2 € X) such that v(x;) = y; =
(00, ], e, 00, 1/ f(0)) for j = 1,2, and {x1, x2} = Zeros (1 — S4(2) £ (0)) =
Poles(S53(¢)), where oz{, ag € C*, j =1, 2. Note that x1, x, € X are two distinct
unramified points of 7 o v : X — P! and y;, y, € V are smooth points on V.
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Then, we have two distinct branches of f over P! \ A which are of the forms
1 2 3 4 1 2 3 4
(flh—’ flz,—’ fl3,—’ fl4,—)’ (fnl,—’ ny,—’ fl3,—’ fl4,—) such that

91 = (00 £, (00). £ (00). £, (00). fi,_(00).
y2= (00, £l (00 £, (00). fj (00}, i} _(00)).
If nj =1; and n; #1; for distinct i, j € {1, 2}, then we have
L= A _@f _w)=1=fi _@f )

for z, w € P! \ A from the functional equation, which implies that fli = fVii»*
so that /; = n;, a plain contradiction. Thus, n; # [; for j = 1,2. Now, we have
af #a? for I = 1,2. From the functional equation, we have

(1= £ —@ i~ ) (1= 2@ f2,-w))
=(1= Al - @A) (1= 2@ )

so that . o
1= g e 1= f2_@a]
1-— fl}ﬁ(z)a{ 1-— féﬁ(z)a%

which implies that f,} () = ¢ fé _(2)) for some ¢ € Aut(P!) satisfying

¢(0) =0. Denote by O := P! \ A. Thus, R; o ‘p|fé’7((’)) = RZ'fé_f((’))' Since
fli_((’)) c P! is open, we have R| o ¢ = R, by the Identity Theorem for mero-
morphic functions on irreducible holomorphic varieties [ p.- 177]. We
claim that R (h(z)) = z for some holomorphic function # on A implies h = f/
for some [ and h(0) = f/ (0). Actually, there is an open neighborhood By of 0
in A such that R;|y, : Uy — By is biholomorphic and 4 (0) = f/ (0) for some
[ since 0 is not a branch point of R;, where U; is some open neighborhood of
£ (0) in P1. Then, (R;|y,) "8, = hls, = f|B, and thus h = f; by the Iden-
tity Theorem. Therefore, this implies that ¢ o f2 is one of the branches of f!
over A. Since (¢ o f2)(0) =0, we have g o f2 = f! because 0 is not a branch
point of any R;, 1 < j < 4. But then performing (multivalued) analytic continu-
ation of (f1, f2, £, f*) could only produce branches of f over A of the form
(F' f2, 12 i) for some 1, 15, Iy € {1, 2, 3, 4}, which contradicts Equation (3.2).
Hence, there is a branch of f over A which is of the desired form. O

PROPOSITION 3.6. If f € HI; (A, A% 8;4,4,4,4), then
f=(a1oaz, Broaz,a30 B2, B30 P2)

up to reparametrizations, where (o, 8;) € HI (A, A2 2),j=1,2,3.

Proof. We may assume without loss of generality that f(0) = 0. By Lemma 3.5,
there is a branch of f over A which is of the form (g1, ..., g4), where g,y :=
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f9 for 1 < j =2and gou = f " with Iy # 1 for su =3, 4, and for some

o € X4. Then, it follows from Theorem that

A=19HA = 1Y) =1-|h@)

for some holomorphic function & : A — C. Thus, it follows from the func-
tional equation that (o, @ h) e HI;(A, A%). Since the sheeting num-
bers of both 7 and f°@ are equal to 4, the sheeting number of & equals
2 and h is a component function of some isometry in HI{ (A, AZ:2) (cf. [
Theorem 8.1]). This shows that (£, 7@ n) e HI| (A, A3;4;4,4,2). From
[ Theorem 8.1], we have (f°, @ h) = (a5 0 g,B5 0 g,h) up to
reparametrizations, where (as, 5) € HI; (A, A?;2) and (g, h) € HI; (A, A% 2)
for some holomorphic function g : A — A. Moreover, (1 —| f°® (=1 (2))|>) (1 —
[ FOD (™1 (2)|?) =1—|z|? for z € B(0, €) C A, where & > 0 is some real con-
stant. Thus, (f°® o ™!, f7® o h=1): B1(0, &) — A? is a local holomorphic
isometric embedding which can be extended to the whole unit disk A (cf. [
Theorem 1.3.1]), where the isometric constant equals 1. Therefore, we have
fo® =a4oh and f°@ = B4 0 h for some (g, Bs) € HI; (A, A%;2). Hence,
(feD, fo@ o) 0@y = (ws50g,Bs50g,a40h, Bsoh)up to reparametriza-
tions so that f = («1 o a2, B1 o ap, @3 o B2, B3 0 B2) up to reparametrizations,
where (¢}, ;) e HI; (A, A% 2) for j =1,2,3. O

Combining the above results, part (1) of the Theorem 1.1 is proved.

3.2. Classification of Holomorphic Isometries in HIy (A, A*) for k > 2

In this section, we consider the case where k = 2, 3 or 4. The following is part (2)
of Theorem

PROPOSITION 3.7. Let f : (A, 2ds3) — (A%, ds3,) be a holomorphic isometric
embedding. Then, f(2) is of one of the following forms up to reparametrizations:

(1) (@1(2), B1(2), @2(2), B2(2)), where (aj, ;) € HI| (A, A% 2) for j=1,2.

(2) (z,a1(2), (@20 B1)(2), (B2 0 B1)(2)), where (e, B;) € HI (A, A% 2) for j =
1,2.
(3) (z,21(2), @2(2), @3(2)), where (a1, a2, a3) € HI; (A, A3; 3).

Moreover, the space HI (A, A*; n;2,2,2,2) is non-empty only ifn =2 or n = 4.

Proof. We may assume without loss of generality that f(0) = 0. Let s; be the
sheeting number of f/ and n be the global sheeting number (cf. [ p. 2911])).
In the case where k =2, we have 2 <n < 8. If n = 5, then we have Z‘}:l (1/s)) =
2withs; |Sforl < j <4.Thus,/+ % = 2 for some integer / > 0, but this would
imply that 4/ = 6, which is a contradiction. If n = 7, then we have Zj’:l (1/sj) =
2 with sj | 7 for 1 < j <4. Therefore, [ + 47;1 =2 for some integer [ > 0, but this

would imply that 6/ = 10, which is again a contradiction. Then, we have n ¢ {5, 7}
sothatn =2,3,4,6 or 8.
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In a priori for n = 6 or n = 8, it is possible that (n,si,s2,53,54) =
6,2,2,2,2),(6,1,3,3,3),(6,1,2,3,6),(8,2,2,2,2)or (8, 1,2,4,4).

If s =1, then f'(z) =z up to reparametrizations so that the problem re-
duces to the study of HI; (A, A3), which is completely described by [ The-
orem 8.11. If (n, 51, 52, 53, 54) = (6, 1, 3,3, 3), then (f2, f3, f*) is the cube-root
embedding up to reparametrizations by [ Theorem 8.1] and this implies that
n = 3, which is a contradiction. If (n, 51, s2, 53, 54) = (6, 1, 2, 3, 6), then we would
have a holomorphic isometry in HI; (A, A3:n';2,3, 6) so that n’ > 6, which con-
tradicts n’ <4 (cf. [ Proposition 5.2]). If (n, s1, 52, 53,54) = (8, 1,2,4,4),
then (f2, £3, f4) is of the form (a1, a2 0 By, B2 0 B1) for (¢}, B;) € HI; (A, A?),
j=12,by]| Theorem 8.1] and thus n = 4, which is a contradiction. This
rules out the cases where (n, 51, 52, 53,54) = (6,1,3,3,3), (n,s1,s2,53,84) =
6,1,2,3,6) or (n,s1,s2,53,54) = (8,1,2,4,4). Therefore, the only possible
global sheeting numbers n and sheeting numbers s1, . .., s4 are the following:

(1) (n,s1,52,83,84)=(n,2,2,2,2),n=2,4,60r8,
(2) (n,s1,52,53,54) =(4,1,2,4,4),
(3) (n,s1,52,53,54)=(3,1,3,3,3).

Now, we deal with these cases:

(1) Let f=(f', 2, 3, fH € HI(A, A*; n;2,2,2,2). Then, each f/ be-
comes one of the component functions of the square-root embedding from
[ Lemma 6.7]. From [ Colloary 4.7], for each branch point
a € A of some component function f/ of f, we have | f/(a)|> = 1. From
the use of the Puiseux series of each component function f/ of f around a
branch point a € dA of f/, we see that either a is a branch point of all com-
ponent functions of f or a is a branch point of another component f! of f
(I # j) and a is not a branch point of other component functions f* of f
(m gl jh.

Then, either (i) the branching loci of all component functions of f are the
same or (ii) for any branch point @ € dA of each component function f/ of
f, a is only a branch point of f! for some I # j and not a branch point of f*
for v ¢ {1, j}.

(1) If the branching loci of all component functions of f are the same, then
there is a single reparametrization of f so that each f/ is one of the a1, fB1,
where (a1, B1) € HI (A, Az) is the square-root embedding. From the proof
of Theorem 6.5 in [ ], since for every branch of f there are precisely
two component functions of f which take the value co at oo, only two of
the f/’s are o and the remaining two component functions of f are 8 up
to reparametrizations. In particular, f is (a1, B1, &1, B1) up to reparametriza-
tions for some (e, A1) € HI (A, A2).

(i1) Suppose that for any branch point a € d A of each component function
f7 of f,a is only a branch point of f* for some [ % j and not a branch point
of f* for yu ¢ {I, j}. We may assume that f! and f? have a common branch
point @ € A and a is not a branch point of f3, f*. Then, after performing
(multivalued) analytic continuation along a simple continuous closed loop
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around a € dA once, we obtain another branch (f!, £, f3, f*) of f for
some [ # 1. From the proof of Theorem 2.2, we have

1=1'@QPHA =12 =1- k@)

for some holomorphic function 4 : A — A. Thus, (k, f3, f4) e HIH(A, A3).
Since both f3 and f* have sheeting numbers equal to 2, it follows from
[ ] that the sheeting number of & is equal to 1, i.e., h(z) = z up to
reparametrizations. In particular, (!, f2) e HI; (A, A?) and thus (f3, f*) €
HI, (A, A?). Hence, f is (a1, B1, a2, B2) up to reparametrizations for some
(@j, Bj) eHI; (A, A?), j=1,2.

In any case, it follows that any f € HI>(A, A*:ni2,2,2, 2) is (a1, B1,
a3, B2) up to reparametrizations for some (c;, B;) € HI; (A, A2), j=172.
Note that the branching loci of «; and 8; are the same for each j, where j =
1, 2. By performing (multivalued) analytic continuation of the given isometry
f eHI(A, A4; n;2,2,2,2), the global sheeting number 7 is at most 4, i.e.,
either n = 2 or n = 4. This rules out the possibility of n being equal to 6 or 8.

If f=fY 2% 3, f% e HIp(A, A*;2;2,2,2,2), then the branching
loci of all f/ are the same so that there is a single parametrization of f
to make f/ to be either o1 or By, where (a1, 1) : A — A? is the square-
root embedding. Moreover, since for each branch of f, there are only two
component functions take the value oo at oo, so f = (a1, 81, «1, B1) up to
reparametrizations.

If f eHI(A, A% 4:2.2,2.2), then f = (a1, B1, a2, B2) up to reparame-
trizations, where («, 8;) € HI{ (A, AZ: 2) for j =1, 2 such that the branch-
ing loci of (1, B1) is different from that of (a2, B2).

Let /= (f', f2, f3, /%) € HIo(A, A% 4;1,2,4,4). Then, f(z) =z up
to reparametrizations so that (f2, f3, f4) e HI; (A, A3:4:2.4, 4). From
[ 1, we have (f2, f3, f4) = (a1, a2 o B1, B2 o B1) up to reparametriza-
tions, where (., 8;) € HIj (A, A% 2) for j =1,2.

Now, we consider the case where n = 3. The only possibility is that
(s1, 82, 53,84) = (1,3, 3,3). Then, we have fl(z) = z up to reparametriza-
tions so that

A=12@QPA - 1M -1 @R =1-z

and thus (f2, £3, f*): A —> A3 is a holomorphic isometric embedding with
the isometric constant equal to 1. From [ Theorem 8.11, (f2, 3, f*)
has to be the cube-root embedding up to reparametrizations. Thus f(z) =
(z,1(z), 22(z), @3(z)) up to reparametrizations, where (aq, a2, ®3) : A —
A3 is the cube-root embedding. o

The following is part (3) of Theorem

PropoOSITION 3.8. Let f : (A, 3dsi) — (A4, dsi4) be a holomorphic isomet-
ric embedding. Then, f(z) = (2,2, ®(2), B(2)) up to reparametrizations, where
(o, B) eHI (A, A% 2).
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Proof. We may assume without loss of generality that f(0) = 0. Note that
Z;‘-:l(l/sj') = 3, so there e>'(ists J such that 1/s; > %. But then s; < % <
2 implies s; = 1 so that f/(z) = z up to reparametrizations. We may as-
sume without loss of generality that f!(z) = z. Then, (I — |f%(2)|>)(1 —
2@ A = 14217 = (1 — z]%)? so that (f2, f3, f*) € HIh(A, A3). It fol-
lows from Theorem 8.2 in [ ] that (f2(2), £3(2), f*(2)) = (z, @(2), B(2)) up
to reparametrizations, where (c, 8) € HIj (A, A2 2). The result follows. O

Combining the results, Theorem is proved when k = 1, 2, 3. For the case
where the isometric constant k equals 4, it is known from [ p- 2909] that
f(@) = (z,z,z,7) is the diagonal embedding up to reparametrizations. Hence,
Theorem 1.1 is proved completely.

4. Generalizations of the Global Rigidity of the pth Root Embedding

In [ ], the author has proven that any holomorphic isometric embedding in
HI; (A, A?; p) is the pth root embedding F, up to reparametrizations, which
means that F), is globally rigid in HI;(A, A?; p) in the sense of [ ].
This kind of phenomenon also occurs for the space HIy (A, A %), where k,
p are positive integers satisfying p > 2, k| p and % > 2. Note that the case
of HI, (A, AP %) is precisely the minimal case of HI; (A, A?) in terms of the
global sheeting number. More precisely, we will show that all holomorphic isome-
tries in HI (A, A9%; ¢) are globally rigid for positive integers ¢, k satisfying
q > 2 and k > 1. The following may be regarded as an analogue of [ Theo-
rem 1.1] because the technique of proving [ Theorem 1.1] is still valid for
a more general situation with slight modifications.

PrOPOSITION 4.1. Let p and k be integers satisfying p > 2, 1 <k < p, % ez
and £ >2. Let f=(f',.... fP): (A, kds}) — (AP, ds%,) be a holomorphic
isometric embedding with the global sheeting number q := % and the isometric
constant k. Then, f = (g1, ..., g) up to reparametrizations, where g; = Fy up
to reparametrizations for 1 < j < k such that the branching loci of all g;’s are
the same and F,; = (Fl, e, F;]) : A — A1 is the qth root embedding.

LEmMA 4.2 (Analogue of Lemma 4.9 in [ 1). Under the same assumptions
as in Proposition 4.1, suppose that g > 4 is an even integer and w has 3 distinct
branch points ay, az, a3 € IA. Then, there is a component function f I of f such
that fj (A) C A, where f: (fl,..., f9%) : A — A9k is the continuous mapping
such that f|A =f.

Proof. From the proof of [ Proposition 4.4], we see that the ramification
index v(w, x) is independent of the choice of x € 7 a ;) for each j. More-
over, we will see in the proof of Proposition 4.1 that the branching loci of all
component functions of f are the same and coincide with the branching locus of
7. Let the ramification index of 7 at x € n’l(aj) be v; for j =1,2,3. Then,
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from [ Remark 4.5] we also have the Riemann-Hurwitz formula 2g — 2 =
Z?:] q(1— %) and all possible (vq, vy, v3) are listed on Table 1 in [

p. 355]. We may write a; = e for j=1,2,3 and assume that 0 <6 < 6, <
03 < 2w without loss of generality. Let A3 = (e €A | 6 € (63,60, + 27)},
Alr={(e? €A |0 € (01,00)) and Arz = {e!’ € A | 6 € (6,,63)}. Since
m = 3, each component function of f can only map precisely one connected com-
ponent A C dA \ {ay,ai, a3} into JA. Then, by properness of the holomorphic
isometric embedding f(cf [ 1), we may suppose that f#(A3,1) C 0A for
1<,u<kande(A31)gZ3Afork+1<] <gqk; fM(Alz)CaA fork+1<
uw <2k and fJ(A12)¢8A forl<j<kor2k+1<j<gk; f“(A23)C8A
for2k+ 1 <pu <3kand f/(Ar3) ¢ dAfor 1 < j<2kor3k+1<j<gqk.

For all cases listed on Table 1 in [ p- 355], we have v3 = 2. In or-
der to be consistent to the above setting, by continuity of the map f we
would have |f”(ag)| =lforl<pu<kor2k+1=<pu<3k, |fJ(a3)| < 1 for
k+1<j<2kor3k+1<j<qgk by arguments in the proof of Lemma 4.3
in_[ I, | f¥W (@) =1 for 2k +1 <pu' <3k or k+ 1< <2k and
| f¥" (@) =1 for k+1<pu” <2k or 1 <u” <k. Actually, arguments in the
proof of Lemma 4.3 in [ ] would imply that if the ramification index of
T at (aj, fll(a,-),...,flqk(a,-)) equals s, then there exist distinct ji,..., js €
{1,..., gk} such that |f/“(a,-)| =1forl <u<sk.If2<s <gq,then |f/(al-)| #
1 for j ¢ {j1, ..., jsk}- The only difference is that in the proof of Lemma 4.3 in
[ p. 352], we replace the term 1 — |z|> by (I — |z|*)¥ in the functional
equation, replace the term —a;£° by (—a;)*€%* in the polarized functional equa-
tion and also replace p by g. The argument of comparing the vanishing orders of
holomorphic functions at £ = 0 is still valid. Now, we assume the contrary that

3je{l,...,kq} suchthat f7(A)CA. “.1)
Then, for 3k + 1 < u < gk, we should have |f7*(a2)| =1or |f7*(a1)| =1.
In any case listed on Table 1 in [ p. 355], the number of elements in the

set
={n€Z|3k+1<p<qgk|fia)|=1or|fi@a) =1}

is at most 2(% -k —2k)=(qg — 4k becatls\ei we already have | f* (a2)| = 1 for
2k+1<p' <3kork+1<p <2k |f*(a)=1fork+1<pu” <2k or
1 <u” <kandvi,vs <% Notethat | f/(a3)| <1fork+1<j<2kor3k+1<
J < gk, by the assumption made in Equation (4.1), the set I; would have precisely
(g — 3)k elements. This leads to a contradiction. Hence, we conclude that there
exists j € {1,..., gk} such that f/(A) C A. O

Proof of Proposm’on . Assume without loss of generality that f(0) = 0.
Note that Z ?,(1/sj) =k and s; | g so that 5; < g. Then, k = leqlé <
Z 1(1/s;) = k implies that s; = g for 1 < j < p. The method used in the
proof of the global rigidity of the pth root embedding can be applied to the study

of HI; (A, Aka. q) since s; =g for 1 < j < kq, so that all rational functions R;
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are equivalent, i.e., R; = R; o ¢j; for some ¢;; € Aut(PY). From the arguments in
the study of the minimal case in [ ], the branching loci of all component func-
tions of f are the same, and for each point (z, wi, ..., w,) € V, the ramification
index of 7; at (z, w;) equals the ramification index of m; at (z, w;) for distinct i,
Jj, 1 <i,j<p.Let{ay,...,an} C dA be the set of all distinct branch points of
7 : V — P! Then, for each connected component A C A \ {ay, ..., a,)}, there
are precisely & component functions of f that map A into dA. From the argu-
ments in the proof of Proposition 4.4 in [ ], we have 2 < m < 3, and Table 1
in [ p- 355] still provides all possible cases when g > 4 is even and m = 3.
In fact, we only need to modify the arguments in the proof of Proposition 4.4 in
[ ], namely replacing the term 1 — |z|2 (resp. —a; &%) by (1 — |z|2)k (resp.
(—a_,-)kéks) in the functional equation (resp. polarized functional equation) and
also replacing p by ¢. The argument of comparing the vanishing orders of holo-
morphic functions at £ = 0 is still valid.

If g =2 or g > 3 is odd, then it follows from the arguments in the proof of
both Proposition 4.4 and Corollary 4.6 in [ ] that f has precisely two dis-
tinct branch points. If g > 4 is an even integer and m = 3, then it follows from
Lemma that f/(A) C A for some j, which contradicts the maximum prin-
ciple as in the proof of Proposition 4.8 in [ ]. Thus m # 3, so that m = 2.
Therefore, all component functions of f are some component functions of the gth
root embedding up to reparameterizations (see Lemma 4.9 in [ p. 2913]).
Note that 7 : V — P! is also g-sheeted. By the proof of Theorem 6.5 in [ ]
and the polarized functional equation

qk
[T-Ffl@fiw)=d-mt
j=1

for fixed w € A \ {0}, each branch of f has precisely k distinct component func-
tions that take the value oo at co. Thus, these k component functions of f are the
same component function of the gth root embedding up to reparameterizations.
We may suppose without loss of generality that f#<*1 | frk+k are the same
component function of F;; up to reparameterizations foreach u =0, ...,¢—1and
that for 1 < j,i <k, f***J and f#**+ are not congruent to the same component
function of F,, provided that u # /. In addition, (f/, f/%k, ..., fi+t@=Dkyjg
the gth root embedding F;; up to reparameterizations for 1 < j < k. The result
follows. U

REMARK. As an application of Theorem 1.1, we can solve the classification
problem for the space HI, ;(A, AP) when [ = 1,2. In fact, given any f €
HI, ;(A,AP) for p>5 and [ =1 (resp. [ = 2), it follows from direct com-
putation via Ng’s identity Z?:] (1/sj)=p—1(see[ ]) that there are p — 2
(resp. at least p — 4) component functions f/ of f with sheeting numbers equal
to 1, so that f/(z) = z up to reparameterizations. This shows that such a holo-
morphic isometry f is given by f(z) = (g1(z), g2(2)) up to reparameterizations
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for some g1 € HI,(A, A*) and g» e HI,_;_, (A, AP7#), where u is the num-
ber of component functions of f with the sheeting numbers equal to 1. Here we
apply Theorem |.1 precisely when [ =2 and u = p — 4. The details can be found

in [ ]. This gives a complete classification of all holomorphic isometries in
HI,_;(A, AP) when [ =1,2 and p > 3. (Noting that the cases where p = 3,4
have been done by Ng [ ] and the author in Theorem 1.1, respectively.) More-

over, the result obtained for the case where p =4 and / =1 is precisely that in
Proposition
On the other hand, by applying both Proposition and Theorem

we have solved the classification problem for the subspace HI (A, AP;n) of
HI; (A, AP) whenever the global sheeting number n is a prime number such
that HI; (A, A?; n) is nonempty. More precisely, if f € HI; (A, A?; n) for some
prime number 7, then f is parameterized by the nth root embedding, the diagonal
embeddings, and automorphisms of A and A?, respectively. This has been done
in the Ph.D. thesis of the author [ ].
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