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SO(n) Covariant Local Tensor Valuations on Polytopes
DANIEL HUG & ROLF SCHNEIDER

ABSTRACT. The Minkowski tensors are valuations on the space of
convex bodies in R"” with values in a space of symmetric tensors,
having additional covariance and continuity properties. They are ex-
tensions of the intrinsic volumes, and as these, they are the sub-
ject of classification theorems and admit localizations in the form
of measure-valued valuations. For these local tensor valuations, re-
stricted to convex polytopes, a classification theorem has been proved
recently under the assumption of isometry covariance, but without any
continuity assumption. This characterization result is extended here,
replacing the covariance under orthogonal transformations by invari-
ance under proper rotations only. This yields additional local tensor
valuations on polytopes in dimensions two and three, but not in higher
dimensions. In this paper, they are completely classified.

1. Introduction

A valuation on the space K" of convex bodies in R” is a mapping ¢ from K" into
some Abelian group such that

P(KUL)+o(KNL)=¢(K)+¢(L)

whenever K, L, K U L € K. The best known examples are the intrinsic volumes
or Minkowski functionals. They arise as the suitably normalized coefficients of
the polynomial in p that expresses, for a given convex body K, the volume of the
outer parallel body of K at distance p > 0. The celebrated characterization theo-
rem of Hadwiger states that every rigid motion invariant continuous real-valued
valuation on K" is a linear combination of the intrinsic volumes. This theorem
was the first culmination of a rich theory of valuations on convex bodies (for the
older history, see the surveys [15] and [17]), which in the last two decades has
again been widened and deepened considerably. For an introduction and for ref-
erences, we refer to [24], in particular, Chapter 6 and Section 10.16. A survey on
recent developments is given by Alesker [3].

A natural extension of the intrinsic volumes is obtained if the volume is re-
placed by a higher moment. If the integral

/x®~-~®xdx,
K
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where the integrand is an 7-fold tensor product (» € N), is evaluated for the outer
parallel body of K at distance p, we again obtain a polynomial in p, and its co-
efficients can be expressed as sums of symmetric tensors, which are functions
of K. Suitably normalized, these yield the so-called Minkowski tensors. They are
tensor-valued valuations on X" with additional continuity and isometry covari-
ance properties. (For brief introductions, we refer to [24], Section 5.4.2, and to
[10].) After some sporadic treatments (e.g., [19; 20]), a thorough investigation
of the Minkowski tensors began with the work of McMullen [16], who studied
them on polytopes. Alesker [2] (based on his work in [1]) extended Hadwiger’s
classification theorem, showing that the real vector space of continuous, isometry
covariant tensor valuations on K" of given rank is spanned by suitable Minkowski
tensors, multiplied by powers of the metric tensor. Questions of linear indepen-
dence, leading to the determination of dimensions and bases, were treated in [11].

Minkowski tensors were studied and used in integral geometry ([5; 12; 22; 25]), in
stochastic geometry, stereology and image analysis ([7; 8; 14; 26]), and for lower
dimensions and ranks, they were applied in physics ([4; 18; 27; 28; 29]). We also

refer the reader to lecture notes [13].

Just as the intrinsic volumes have local versions, the support measures (with
curvature and area measures as marginal measures), so the Minkowski tensors
have local versions. They associate with every convex body a series of tensor-
valued measures. The mappings defined in this way are valuations with the ad-
ditional properties of weak continuity, isometry covariance, and local determi-
nation. A corresponding classification theorem was proved in [9], based on the
previous investigation [23] concerning the case of polytopes. This approach has
some interesting features. First, on polytopes, a complete classification is pos-
sible without any continuity assumption. In [9], it was determined which of the
obtained local tensor valuation mappings have weakly continuous extensions to
all convex bodies. Second, the valuation property need not be assumed, but is a
consequence of the classification theorem.

The isometry covariance assumed in these characterization results has two
components, translation covariance (a certain polynomial behavior under trans-
lations) and covariance with respect to the orthogonal group O(n). Covariance
with respect to other groups is also of interest. Recently, Haberl and Parapatits [6]
were able to classify all measurable SL(n) covariant symmetric tensor valuations
on convex polytopes containing the origin in the interior. In the opposite direc-
tion (a smaller group than O(n)), it was shown by Saienko [21], under continuity
and smoothness assumptions, that the classification of the local tensor valuations
does not change for n > 4 if O(n) covariance is replaced by SO(n) covariance.
In the physically relevant dimensions two and three, however, he surprisingly dis-
covered additional local tensor valuations. The purpose of this paper is to study
SO(n) covariant local tensor valuations on polytopes without assuming any con-
tinuity property and also to obtain the valuation property as a consequence. Thus,
the aim is to extend the results of [23] replacing the orthogonal group O(n) by
the group SO(n) of proper rotations. The main result is Theorem 2. We will study
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elsewhere which of the newly found mappings have a weakly continuous exten-
sion to all convex bodies.

After collecting some notation in Section 2, we formulate our results in Sec-
tion 3. The proof is prepared by some auxiliary results in Section 4 and the re-
finement of two lemmas from [23] in Section 5. The main result is then proved in
Section 6.

2. Notation

We work in the n-dimensional Euclidean space R" (n > 2) with scalar product
(-, -) and induced norm || - ||. Its unit sphere is S"~! and we write £" :=R" x §*~!
and equip this with the product topology. By G (n, k) we denote the Grassman-
nian of k-dimensional linear subspaces of R", k € {0,...,n}. For L € G(n, k),
we write S; := S"~! N L. The orthogonal complement of L € G(n,k) is de-
noted by L1. By ¥ we denote the k-dimensional Hausdorff measure on R”, and
H"1(S"~1) defines the constant w, = 27"/2/T'(n/2). For a topological space S,
we denote by B(S) the o -algebra of its Borel sets. For S C R”, the set of bounded
Borel sets in S is denoted by B (S).

The orthogonal group O(n) of R”" is the group of all linear mappings of R”
into itself preserving the scalar product, and SO(n) is the subgroup of rotations,
which also preserve the orientation.

By P" we denote the set of (convex and nonempty) polytopes in R”. For k €
{0, ..., n}, the set of k-dimensional faces of the polytope P is denoted by Fi (P).
For F € F;(P), the subspace L(F) € G(n, k), the direction space of F, is the
translate, passing through 0, of the affine hull of F. The set v(P, F) C SL(F)L is
the set of outer unit normal vectors of P at its face F'. The generalized normal
bundle (or normal cycle) of P is the subset Nor P C X" consisting of all pairs
(x, u) such that x is a boundary point of P and u is an outer unit normal vector of
Patx.

This paper rests heavily on the previous papers [23] and [9] on local tensor
valuations and uses much of their terminology. We recall here briefly the under-
lying conventions on tensors. For p € Ny, we denote by T? the real vector space
of symmetric tensors of rank p (or symmetric p-tensors for short) on R”. The
scalar product (-, -) of R" is used to identify R" with its dual space, so that each
vector a € R" is identified with the linear functional x — (a, x), x € R". Thus,
T! is identified with R” (and T° with R), and for p > 1, each tensor T € T? is
a symmetric p-linear functional on R”. The symmetric tensor product a © b is
always abbreviated by ab, and for x € R", the r-fold symmetric tensor product
X ©---©x is denoted by x".

The metric tensor Q on R" is defined by Q(x,y) := (x,y) for x,y € R".
For a subspace L € G(n, k), we denote by T?(L) the space of symmetric p-
tensors on L. We must distinguish between Q(;), the metric tensor on L with
Qy(a,b):={a,b) fora,b € L, and the tensor Q; defined by

Qr(a,b) :=(mpa,n;b) fora,beR",
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where m; : R" — L denotes the orthogonal projection. The mapping 7} :
Upen, TP(L) = Upen, T? is defined by (nfT)(a1,...,ap) =T (7rar,...,
wpap),ai, ...,ap € R, for T € TP(L). In particular, an(L) = Q. (This nota-
tion is different from that used in [23].)

3. Formulation of Results

The Minkowski tensors of a convex body K € K" are given by

1 wpk

@ (K) = / x"uS A (K, d(x,u))

ris! wn—k+s
fork=0,...,n— 1 and r, s € Ng. We refer to [24], Section 4.2, for the support
measures Ao(K, ), ..., Ay,—1(K,-) appearing here and to [24], Section 5.4, for
a brief introduction to the Minkowski tensors. The local Minkowski tensors are
defined by

Wn—k

r,s _ l r..s
B (Ko = 2 | 3 MK d G )
W Wn—k+s Jn

for n € B(X"). If P € P" is a polytope, the special form of the support measures
yields a more explicit expression, namely

(P =Cr /F / 1, (x, w)x"w H 7 (du) HE (dx),

FeFi(P) (P.F)

where we now use the abbreviation
rs . -1
Cn,k = (rlsloppes) ™,

and where the function 1, is the characteristic function of 5. The attempt to
characterize these local tensor valuations on polytopes by their basic properties
revealed in [23] that these properties are also shared by the generalized local
Minkowski tensors. For a polytope P € P", these are defined by

(P

=C)% Z 07 r f f 1, (x, w)x"w H 7N duyHE dx) (1)
FeFu(P) F Ju(P,F)
for n € B(X"), k €{0,...,n — 1}, r,s € Ng, and for j € Ny if k£ > 0 but only
for j =0 if kK = 0. Recall that x"u* in (1) denotes a symmetric tensor product
and that also the product of Qi (F) with the subsequent tensor-valued integral is a
symmetric tensor product. ‘
For fixed k, r, s, j and with p :=2j +r+s, the tensor ¢,/ defines a mapping
I':P* x B(X") — TP. For such a mapping I', the following properties are of
interest. It is called translation covariant of degree g < p if

q ,
t)
F(P+1,n+1)= E Fp—j(Pvn)ﬁ (2)
j=0
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with tensors I',_;(P,n) € TP~/ for P € P", n € B(Z"), and t € R". Here
n+t:={x+tu):(x,u)en},and I') =T. If T is translation covariant of
degree zero, it is called translation invariant, and T is just called translation co-
variant if it is translation covariant of some degree ¢ < p. The mapping I' is
called SO(n) covariant if T'(9 P, ¥n) = 9I'(P, n) for P € P"*, n € B(X"), and
¥ € SO(n), where 91 := {(¥x, du) : (x,u) € n}. Here the operation of SO(n) on
T? is defined by (9 T)(x1, ..., xp) 1= T(z?‘lxl, e 19_1)5[,) for xy,...,xp € R"
and ¥ € SO(n). Similarly, O(n) covariance is defined. Finally, the mapping I' is
locally defined if n N Nor P = n’ N Nor P’ with P, P’ € P" and n,n’ € B(X")
implies (P, n) =T (P, n").

The mapping defined by I'(P, 1) := ¢,/ (P, n) for fixed k, r, 5, j has the
following properties. For each P € P, I'(P, -) is a TP-valued measure with p =
2j 4+ r + 5. The mapping I is translation covariant, O(n) covariant, and locally
defined. These properties do not change (except that the rank must be adjusted) if
I' is multiplied (symmetrically) by a power of the metric tensor.

The following theorem was essentially proved in [23] with some simplifica-
tions and supplements provided in [9].

THEOREM 1. For p € Ny, let T,(P") denote the real vector space of all mappings
I':P* x B(E™) — TP with the following properties:
(a) T'(P,-) is a TP-valued measure for each P € P",

(b) T is translation covariant and O(n) covariant, and
(c) T is locally defined.

Then a basis of T,(P") is given by the mappings Qm¢,:’s’j, where m,r,s, j € Ny
satisfy 2m+2j+r+s=p,ke{0,....,n—1},and j=0ifk € {0,n — 1}.

The purpose of the following is to extend this characterization of local tensor valu-
ations on polytopes from O(n) to SO(n) covariance. It was discovered by Saienko
[21] that, under this weaker assumption, there are additional tensor valuations in
dimensions two and three.

In the following, the spaces R? and R3 are endowed with fixed orientations.
Let P € P3. For each edge F € F1(P), we choose a unit vector vg € L(F). For
ue SL(F)L, let vp x u =: u denote the vector product of v and u in R3; thus u
is the unique unit vector such that (vr, u, u) is a positively oriented orthonormal
basis of R3. We define

¢ (P.)
= ) QQ(F)va/ 1, (e, w)x" (vp x w1 ([du)H' (dx)  (3)
FeFi(P) FJv(P.F)
_ Z 2j+1 r sqq1 1
= Vg 1,(x, w)x" (vp x w)u”H (du)H (dx) @)
FeFi(P) FJvP.F)

for n € 8(23) and r,s, j € No. Here we have used that Qpr) = v% since
dim F = 1. The tensor ¢"*/ (P, n) is well defined since it does not change if
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the vector v is replaced by —vr. Since
,

PP+t =) (r.)&ﬁ”"s’f(P, e )

1

i=0

for t € R?, the mapping @7 is translation covariant. It is also SO(3) covariant

since Yvg X Yu = 9 (vg X u) for ¥ € SO(3).
Now let n = 2. For u € S!, let w € S! be the unique vector for which (u, u)

is a positively oriented orthonormal basis of R2. For PeP?% ke {0,1}, and n €
B(z?), we define

g pom= Y. fF/ 1,0 w1 i H ). (6)

FeFi(P) (P.F)

Of course, if dim P =2 and F € F|(P), then v(P, F) = {ur} with a unique
vector u g, and we have

GRS ﬁu‘}/l,,(x,up)x’?il(dx).
F

FeF|(P)
IfdimP =1and F € F{(P), then P = F and v(P, F) = {£ur}, and therefore

o (P.n) = / (1, (x, up)ipuly + 1, (x, —up) (—up) (—up) Ix"H' (dx).
F
For the case k = 0, we note that, for F € Fy(P), we have F = {xr}, and hence

%J(p’ 1) = Z x;/ ln(xF,u)ﬁuSHI(du)~

FeFo(P) (P.F)

The translation covariance and SO(2) covariance of 5;9 are easy to check.

The mappings "/ (-, ) and ¢;* (-, ) (k = 0, 1) defined on polytopes in R
and R?, respectively, are valuations. This is proved as it was done for the map-
pings ¢,€’S’j(~, n) in [9, Theorem 3.3].

The following result is the counterpart to Theorem | with the rotation group
SO(n) instead of the orthogonal group O(n).

THEOREM 2. For p € Ny, let T;, (P™) denote the real vector space of all mappings
[:P" x B(X") — TP with the following properties:
(a) T'(P, ) is a TP -valued measure for each P € P",

(b) T is translation covariant and SO(n) covariant, and
(¢) T islocally defined.

Then a basis of fp (P™) is given by the mappings Q’"qb,:’s’j, where m,r,s, j €
No satisfy 2m +2j+r+s=p,ke{0,...,n—1},and j =0ifk € {0,n — 1},
together with
e ifn>4,nomore mappings,

e ifn =3, the mappings Q" ¢"*/, where m,r,s, j € Ny satisfy 2m +2j +r +
s+2=p,
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o ifn =2, the mappings Qmalz’s, where m,r,s € Ny satisfy 2m +r +s+1=p
and k € {0, 1}.

As in [9] (and similarly earlier in Alesker’s work [2]), this general result follows
from its particular case where I' is translation invariant. Therefore, we formu-
late this case separately, deleting the assertion of linear independence, which we
discuss in the next section.

THEOREM 3. Let p € Ng. Let T : P" x B(X") — T? be a mapping with the fol-
lowing properties:

(a) T'(P, ) is a TP -valued measure for each P € P",

(b) T is translation invariant and SO(n) covariant, and

(¢) T islocally defined.

Then T is a linear combination, with constant coefficients, of the mappings
Q”’¢,?’S’j, where m, s, j € Ng satisfy 2m +2j +s=p,ke{0,...,n — 1}, and
j=01ifk €{0,n — 1}, together with
e ifn >4, no more mappings,

e if n =3, the mappings ngo’s’j, where m, s, j € Ny satisfy 2m +2j + s +
2=p,
e if n =2, the mappings Qma,?’s, where m,s € Ny satisfy 2m +s + 1 = p and

k € {0, 1}.

In the next section, we prove the linear independence result contained in Theo-
rem 2 and show how Theorem 2 follows from Theorem 3 (and Proposition ). In
Section 5, we extend two lemmas of [23] from O(n) covariance to SO(n) covari-
ance. The proof of Theorem 3 then follows in Section

4. Auxiliary Results

First, we explain how Theorem 2 is deduced from Theorem 3 and Proposition
Each of ¢,/ if n > 2, each of ¢"*/ if n = 3, and each of ;" if n =2 is a
mapping I' : P" x B(X") — TP (for suitable p) that has the following properties:
(a) T'(P,-) is a TP-valued measure for each P € P",

(b) T is translation covariant of some degree ¢ < p and SO(n) covariant, and
(c) T islocally defined.

It follows from [9, Lemmas 3.1, 3.2] that each I',_ ; appearing in (2) satisfies
qij tr
Cpj(P+tn+0=3 Tpjr(P)—
r=0
for j =0,...,q and that I, ; has again the properties (a), (b), (c). In particular,
the choice j = g yields that I, is translation invariant. It is now clear that the
procedure described in [9. pp. 1534—1535] allows us to deduce Theorem 2 from
Theorem 3 (and Proposition 1).
We turn to linear independence.
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PrOPOSITION 1. Let p € Ny. The local tensor valuations Qm¢>,:’s’1 with m,r, s,

jeNy,2m+2j4+r+s=p,ke{0,....n—1},and j =0 if k€ {O0,n — 1},

together with

e if n =3, the local tensor valuations Q’"(z”’f withm,r,s, j € No, 2m +2j +
r+s+2=p,

o ifn =2, the local tensor valuations Q’”q~51:’s withm,r,s € No,2m+r+s+1=
p,ke{0,1},

are linearly independent.

Proof. For n > 4, the assertion is covered by [9, Thm. 3.1]. For the remaining
cases n € {2, 3}, we extend the proof of that theorem.

Case 1: n =3.

Assume the linear relation

Z Akmrsj o" ¢r > ] Z birsj Qmar’x’j =0 @)

m,r,s, j,k m,r,s,j
2m+2j+r+s=p 2m+2j+r+s+2=p

with agmrsj, bmrsj € R and with agmrsj = azmrsj = 0 for j # 0. Evaluating this at
(9 P, ¥n), with arbitrary P € P3, n € B(£3), and © € O(3), we obtain

l9|: Z Akmrsj Q (brS/(Pf 1)

m,r,s,j.k
2m+2j+r+s=p

+et) Y bmrSijgr,s,j(P’n)}zo

m,r,s, j
2m+2j+r+s+2=p

by the covariance properties of ¢,:’S’j and 5’ »$.J . This shows that the tensor in

brackets is zero, and since we can choose det?? = 1 and det¥ = —1, we conclude
that
r,s
Y s Q" = ®)
m,r,s, j.k

2m+2j+r+s=p
and o
Y burs Q"7 =0, )

m,r,s,j
2m+2j+r+s+2=p

The proof of [9, Thm. 3.1] shows that (8) implies that all coefficients aj,,s; are
zero. Hence, in the following, we need only deal with relation (9).

Let F € P3 be a one-dimensional polytope and consider sets of the form n =
B x w with Borel sets 8 C relint F and @ C Sy py1. Expression (4) yields

FHI(F, B xw)y=vy " / x’Hl(dx)/(vF x w)u'H' (du),
B 3]
and hence (9) gives

> bursi QM 2’+1/x’H‘(dx)/(vF x w)yuH! (du) = 0.
B 3}

m,r,s, j
2m+2j+r+s4+2=p
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Since this holds for all F, 8, w as specified, we can argue as in the proof of [
Thm. 3.1] and conclude that, for each fixed r, we have

2j+1
D b @M wp x Wt =0 (10)
2»1+2j’$§¥2=p7r
fOr all ue SL(F‘)L
Let (e, e2, e3) be a positively oriented orthonormal basis of R3 such that e; =
vr. We apply (10) to the (p — r)-tuple
(x,...,x) withx =xje] + x2e2 + x3e3 € R3.
—
p—r
This gives

2j+1
Z i (X7 + x5 + x%)mxl]+ (—u3xz + urx3)(uzxz +u3x3)’ =0

m,s,j
2m+2j+s+2=p—r

for all up, u3 € R such that user + uzez € S2. Denoting by 6 the angle from
user + uzes to xoep + x3e3, we can write the last equation as

3 Bo3 + 29T sinfcos’ 6 =0 (11
s>0
with
2j+1
Bs = Z bmrsj(xlz‘i‘x%"—xg)mxl]-l— .
2m+2_j-:—niip—r—.s
Since (1 1) holds for all 6 € R, it follows that 8; = 0 for all s. Now the proof of
[9, Thm. 3.1] shows that all coefficients b,,,s; are zero.
Case 2: n =2.
Then ¢,/ # 0 only for k € {0, 1} and hence also only for j = 0. Therefore,
we assume the linear relation

,5,0 T,
§ Akmrs Qm¢]: YUt E bimrs Qm¢1: '=0 (12)
m,r,s,k m,r,s.k
2m+r+s=p 2m+r+s+1=p

with akmrs, bemrs € R and k € {0, 1}. Similarly as in Case 1, we obtain that all
coefficients ay,,,s are zero, and hence we need only deal with the relation

Z bmrs Qmaj?s =0. (13)

m,r,s,k
2m+r+s+1=p

Let F € P? be a d-dimensional polytope, d € {0, 1}, and consider sets of the
form n = B x w with Borel sets 8 C relint F and @ C Sy (p1.
Subcase 2a: d = 0. Then ¢, (F, B x w) = 0. It follows from (13) that

Z bomrs Qm/‘xr/HO(dX)‘/ﬁumHl(du)ZO.
S g @
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Since this holds for all F, 8, w as specified, we obtain for each fixed r that
> bowrs Q" =0 (14)
2m+stn%—.ls=p—r

forall u € S!. We now choose the orthogonal basis (e, e3) of R2 such thate; = u
and ep = u. Applying (14) to the (p — r)-tuple

(x,...,x) withx:xlel—l—xzezeRz,
——
p—r
we obtain
L(p—r—1)/2] _—
E dm(xl2 —i—x%)mxzxf_r_ Ll
m=0

with dy, = bomy(p—r—2m—1). This yields that all coefficients d,, are zero, and hence
all coefficients in (12) with k = 0 are zero.

Subcase 2b: d = 1. Then ¢~>6’S(F, B x w) =0. We choose w = {ur}, where ur
is one of the two unit normal vectors of F. Then from (13) applied to (F, 8 X w)
we obtain

Z blmrstﬁu}/xr,Hl(dx) =0.
ST p
As before, for each fixed r, this yields

Z bimrs Qmﬁui" =0. (15)

m,s
2m+s+1l=p—r

We choose the orthogonal basis (e, e2) of R2 such that ¢ = uy and e, = ur.
Applying (15) to the (p — r)-tuple
(x,...,x) Withx=x161+x262€R2,
———
p—r
we obtain
Z blmrs(x]2 +x%)m-x2xi =0.
2m+sin+.ls=p—r
Now we can conclude as before that all coefficients in (15) and hence all coeffi-
cients in (12) with k = 1 are zero. U

5. Some Refined Lemmas

In this section, we extend Lemmas 3 and 4 in [23], essentially from O(n) covari-
ance to SO(n) covariance. (We remark that in Lemma 3 of [23], the group SO(n)
should be replaced by O(n) since this is used in the proof. This does not affect the
rest of the paper, where Lemma 3 is only applied with O(n).)
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LEMMA 1. Let Le G(n, k) withke{l,...,n—1},andletr e Noand T € T".
(@) Letk>2.If 0T =T for each © € SO(n) that fixes L+ pointwise, then

/2l _
T = Z Q)7 TV (16)
=0

with tensors TU =2 e T'=2/(L1Y), j =0,..., |r/2].
(b) Let k = 1. Let vy, be a unit vector spanning L. Then

P
T = ZvinzLT(’_”
=0

with tensors T™ e T (L1).

Proof. Given an orthonormal basis (eq, ..., e;) of R"”, we associate with T € T",
represented in coordinates by

T= E liy..i € "€,

I<i|<-<iy<n

the polynomial on R” defined by

n
pro) = D iV Y= e (17)
i=1

Isiy=-<ir=n

The mapping T +— pr is a vector space isomorphism between T" and the vector
space of homogeneous polynomials of degree r on R”. It is compatible with the
operation of the orthogonal group, that is, it satisfies py7(y) = pr(®@~'y) for
y € R"” and ¥ € O(n).

We choose the orthonormal basis (e, ..., e,) in such a way that eq, ..., e
span the subspace L and e 1, ..., e, span its orthogonal complement L.

(a) Let assumption (a) be satisfied. Then the polynomial pr defined by (17)
satisfies pr (ﬁ_ly) = ps7(y) = pr(y) for each ¥ € SO(n) fixing L+ pointwise.
For p > 0 and &k+1, - .., & € R, the group of such rotations is transitive on the set

{y=yle1+~-~+yneneR”:y12+~~+y;§=p2,yk+1=§k+1,..-,yn=§n}-

(Here it is used that k > 2.) Therefore, the proof of Lemma 3 in [23] yields the
assertion.
(b) Now let k = 1. Then we can assume that ¢; = v;, and write

proY=" D iV

1<i|<-<i,<n

r
— J ) i~ )
—Zyl Z tl...llj+1...lrylj+1 Vi

Jj=0  2<ijy1<-<ir<n



648 DANIEL HUG & ROLF SCHNEIDER
We define the tensor 7"~/ € "~/ (L+) by

T=)) = Z l‘]mlijJrlmireiHI R

2<ij41<<ir<n

and obtain assertion (b). O

For a T’ -valued Borel measure F on S"~!, we say that it intertwines orthogo-
nal transformations if F(OB) = (F)(B) for all B € B(S"~!) and all orthogo-
nal transformations 8 € O(n). We say that F intertwines rotations if F(¥B) =
(3 F)(B) for all B € B(S*~!) and all rotations © € SO(n). (Note that this termi-
nology differs from that in [23].)

We recall Lemma 4 from [23].

LEMMA 2. Letn €N, r € Ny, and let F : B(S"™Y) = T" be a T" -valued measure
that intertwines orthogonal transformations. Then
2l ‘
F(B) = Z aj Qf/ u" "2 (du) (18)
° B
j=0

for B € B(S"*l) with real constants aj, j =0, ..., [r/2].

In [23], this lemma was proved for n > 2. If n = 1, then SO = {e, —e} and
F({e}) = a(e)e”, F({—e}) = a(—e)e” with real constants a(e), a(—e). If 6 €
O(1) satisfies e = —e, then F(0{e}) = 0 F ({e}) yields a(—e) = (—1)"a(e). With
ap=a(e) and a; =0 for j > 0, F can also be written in the form (18).

The following lemma concerns rotations only.

LEMMA 3. Let r € Ny, and let F : B(S"™") — T" be a T"-valued measure that
intertwines rotations.

(@) Ifn >3, then

Lr/2]
F(B) = Zanjf w2 (du) (19)
i=0 B

for B € B(S”il) with real constants aj, j =0, ..., [r/2].
(b) Let n = 2. Fix an orientation of R2, and for u € S!, let u be the unit vector
such that (u, W) is a positively oriented orthonormal basis of R2. Then

F(B):Zaj/ wu" I (du)
j=0 7B

for B € B(S") with real constants a i

Proof. We modify the argumentation in the proof of [23. Lemma 4], replacing the
group O(n) by SO(n). We fix a vector u € S"—! and denote by B,,, the spherical
cap with center u and spherical radius p € (0,7/2). Let T := F(B, ). Then
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9T =T for all rotations ¢ € SO(n) fixing u. We choose the orthonormal basis
(e1,...,e,) such that e, = u.

(a) If n > 3, then dimu=® > 2. Therefore, the proof of [23, Lemma 4] goes
through if we apply in L = u= part (a) of the present Lemma | (instead of [
Lemma 3]).

(b) Now we assume that n = 2. (Note that Q = u? + u? in this case, so that
no factor Q/ is required.) We apply Lemma 1(b) with L = u and v;, = u. This
gives

,
T = Zﬁfn;;T(’—f)
=0

with tensors 70~/ € T" =/ (lin{u}). Since every tensor in T"~/ (lin{u}) is of the
form b;u"~/ with a real constant b; (and since the tensor T =7 depends on u
and p), we obtain that

r
F(By,) = ij (u, )il u" 7.
j=0

This holds for all # € S! and does not depend on the choice of the basis.
Since F intertwines rotations, we have 9 F(B, ,) = F(¥ By p) = F(Byy,,) for
¥ € SO(2). This can be written as

> biw. p)OW @) = b Wu. p) W) ().

j=0 j=0
The tensors (9%)/ ($u) =/, j =0,...,r, are linearly independent, and hence
bj(u, p) =:b;j(p) does not depend on u.
For given u € S!, we can choose e> = u and then obtain, for m € {0, ..., r},
r
( )F(Bu,p)(_elv ey TEL,€2, .00, 62) :bm(p)
m — e ——
m r—m

Now we have all the ingredients to finish the proof in the same way as [
Lemma 4] was proved. (]

6. Proof of Theorem

To prove Theorem 3, we assume that I" : P* x B(X") — T? is a mapping that
has the following properties:

(a) T'(P,-) is a TP-valued measure for each P € P",

(b) T is translation invariant and SO(n) covariant, and

(c) T is locally defined.

We reduce the proof of Theorem 3 to the classification of a simpler type of
tensor-valued mappings. Let k € {0,...,n — 1}, and let L € G(n, k). Let A €
By(L) and B € B(S""!). Let P C L be a polytope with A C P. Then A x (BN
L+) c Nor P, and since T is locally defined, I'(P, A x (BN L)) =:¢(A, B)
does not depend on P. Since each coordinate of ¢(-, B) with respect to some
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basis is a locally finite Borel measure that is invariant under translations of L into
itself, it follows that ¢(A, B) = HX(A)Ax(L, B) with a tensor Ag(L, B). This
defines a mapping

Ak :G(n, k) x BS"™!) — TP,
From the properties of I' it follows that this mapping has the following proper-
ties:
(@) Ar(L,-) is a TP-valued measure for each L € G(n, k),
(b') Ay is SO(n) covariant in the sense that
Ar(WL,9B)=vAr(L,B) for® e SO(n), (20)

(c)) Ap(L,B)=Ay(L,BNLL) for L € G(n, k) and B € B(S*™1).

Now let P € P", A € B(R"), and B € B(S"™!). Since ['(P, -) is concentrated
on Nor P (see [9. Lemma 3.3], whose proof does not use O(n) covariance) and

n—1
(A x B)yNNor P = U U (ANrelint F) x (BN v(P, F))
k=0 FeFi(P)

is a disjoint union, we have

I'(P,Ax B)=TI(P,(A x B)yNNor P)

n—1
= Z Z I'(P,(ANtrelint F) x (BN v(P, F)))
k=0 FeJF(P)
n—1
=Y Y HY(ANrelint F)A(L(F), BNu(P, F)). (21)
k=0 FeJF;(P)

This is the reason why we want to determine A; (L, B).

To classify these mappings, let k € {0,...,n — 1}, L € G(n,k), and B €
B .

Case 1: k=0.Then Lt =R", and Ay({0}, ) : B(S"~!) — TP is a T?-valued
measure that, by (20), intertwines rotations.

Subcase la: n > 3. Lemma 3(a) gives

2l .
Ao({0}, B)= ) a; QJ/ul’_sz"_l(du) (22)
j=0 5

with real constants a;.
Subcase 1b: n =?2. Lemma 3(b) gives

p
Ao ({0}, B):Zaj/ w uP I (du) (23)
B

j=0

with real constants a;.
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Case 2: k> 2.If 9 € SO(n) fixes Lt pointwise, then ¢ L = L, and it follows
from (20) (together with (¢)) that T := Ay (L, B) satisfies 9T = T. Therefore,
we infer from Lemma 1(a) that

Lp/2]
AL, BY= ) Qnr TP (L, B) (24)
j=0

with tensors 7(P=2)(L, B) e TP~2/(L1Y), j =0, ..., | p/2].
Letye LNS"'andxy,...,x, € LY. Forq €{0,..., | p/2]}, we apply both
sides of (24) to the p-tuple (y, ..., ¥, x1,...,Xp—24) and obtain

Ap(L,B)(y, ..., Y, X1,.-.. Xp_2g)

1
- (;1) TE20(L, B)(x1, . Xp2g)- )

Let & € SO(n) and B € B(Sy1). Lety e LNS"™!, xy,...,xp2; € L, and
jef{0,..., L%J}. Then, using (25), (20), the definition of the operation of ¥ on
tensors, and then again (25), we get

TP=2D 9L, ¥ B)(Ox, ..., VXp_2;)

_ (;)Ak(u, DB)(BYy. ... 0y, 0x1, ... Dxp2))
J
N (;j)[mk(L, B)I(y. ... 0y, 0x1,.... Dxp2))

= <2pj)Ak(L, B)(y,...,y,X1,...,Xp_2j)
=TP2D(L, B)(x1, ..., Xp-2j)- (26)
Let iz : L — R”" be the inclusion map. Later, we have to observe that
A L L I e
Since ¥x; € 9L+ fori e {1,..., p—2j}, we have
[i%, O TP2(L, B)(Ox1, ..., Dxp_2j)
=Wr; TP 2L, B)I@x1. ..., 0xp_2))
= [} TP, B)l(x1, -, Xp2))
=TP2)(L, B)(x1,...,%p-2)).
Thus, we finally get
TP WL,9B)=i%, 9w, TP ) (L, B), 27

where both sides are considered as tensors in T?~2/ (9 L1). (Of course, the effect
of i; ;. and ”Z . on the right side of (27) is trivial if the appropriate domain is
considered in each case.)
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Let 6 € O(L™) (the orthogonal group of L+). We can choose a rotation ¥ €
SO(n) such that the restriction of ¢ to L+ coincides with 6 and ®L = L. Then
(26) (or (27)) implies that

TP=2D(L,0B) =0T P2 (L, B), (28)

were again both sides are considered as tensors in TP=2/(L1).
Because of (28), it follows from Lemma 2 (applied in L) that

Lp/2]—j
i=0 B

with real constants ;p; (L) (recall that B € B(S;1)).

To show that the coefficients «;,;(L) in (29) are independent of L, we fix
a k-dimensional linear subspace Lo and put a;p;(Lo) =: ayip;. For a given k-
dimensional subspace L, there is a rotation ¢ € SO(n) with L = ¢ Ly. From (27)
and (29) we obtain, for B € B(S; 1) and By=9"'B € B(S,2).

TP=2)(L, By =T~ (@ Lo, 9 Bo) =i}, 07}, TP~ (L, By)
0 0

Lp/2)—
ek L i p—2j—2iqm—k—1
=i5,.? ; ipj (L0) Q)4 " H" 1 (du)

Lp/21—-j
i —2j-2i —k—1
= > ipj @y 1.1 /ﬁB uP T )
i=0 0
Lp/2]=j
i=0

Relations (24) and (30) now yield

lp/21 Lp/2]=J . o
ML B =30 0 3 ey @y [ w0 )
=0 i=0 B
Inserting Q; 1 = Q — O, expanding, and regrouping, we see that

Lp/2] Lp/2]
AL, B)= )" > cparQ“Q) / w2 N dw) (3D
a=0 b=a B
with real constants ¢ pkap -
Case 3: k = 1. Again, we assume that B € B(S;1). Instead of (24), we can
only infer from Lemma 1(b) that, after choosing a unit vector vy, spanning L, we
have

p
A(L.B)=)Y vja; TP (L, B) (32)
j=0
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with tensors 7P~/ (L, B) e T?~/(L1), j =0,..., p. Let x1,...,x, € L. For
q €10, ..., p}, we apply both sides of (32) to the p-tuple

(WL, o VL X1, e Xp—g) (33)
q
and obtain
AL, B)(vL, ..., VL, X1, ..., Xp—q)
_ <5>_1T(p_q)(L,B)(xl,...,xp_q). (34)

Again, TP=9 (L, B) is a TP~9(L+)-valued measure on Sy L. It intertwines rota-
tions of LL.
Subcase 3a: n > 4. Then dim L' > 3. Hence, we can apply Lemma 3(a) in L+
and obtain that
[52]

TP-OL, By =Y ,qu,»(L)Q’éLL)/ uP~ 47292 (du). 35)
i—0 B

In the same way as (30) was deduced, we conclude that

L1254 ]
TP~ (L, B)= ) ﬂpqu’;Ll)f uP 17212 (du) (36)
i=0 B
with constants 8,,;. Relations (32) and (36) yield
p L5
AL, B)=) v} Y ﬁpin’Ll/ uP === (dy). (37)
j=0  i=0 B

Since v% = Q1 , we distinguish whether j is even or odd and write (37) as

AL, B) =AY, By + A" (L, B)

with
Lp/2] Lp/2]—a
AP LB =04 Y BpeaiQs / uP 2292 (dy),
a=0 i=0 B
127 ] |25+ ]—b
AL, B) = D0t Y BpaviniQh. (38)
b=0 i=0
x / up—2b—l—2i/Hn—2(du).
B
We can choose a rotation ¥ € SO(n) such that 9v; = —vy and that the restric-

tion of ¥ to L= is a reflection of L into itself. Moreover, we specialize B to B’
such that 9 B' = B'. Then the last equation yields 9 A" (L, B) = —A{" (L, B),
whereas the rotation covariance of A; and of Ago) yields ﬂAgl) (L,B") =
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Agl)(L, B’). Thus, we obtain Ail)(L, B') =0forall B € B(S; 1) with B’ = B’.
Inserting (33), with various ¢, into (38) for B’ (for which it is zero), we deduce
that

Lt 1-b
Bpab+1)i Q) 1 /B/ uP=2b=1-2i9m=2 4,y _

(=}

1=

for b=0,..., LPT_IJ. Here B’ can be any Borel set in S; 1 which is invariant
under some reflection of S; 1. Therefore, we can deduce that

LETH b
> Bpasini Q@ uP P =0
i=0

for all #u € S; 1. As in the proof of Proposition 1, we conclude that all coeffi-
cients Bpp+1); are zero. It follows that A(ll)(L, B) =0 for all B, and therefore
Ay(L, By= A (L, B). Since 0,1 = Q — Oy, we obtain

Lp/2] Lp/2]
AL, BY= )" > cpianQ* 07 f P21 2 (du) (39)

a=0 b=a B

with real constants ¢ 14p.

Subcase 3b: n = 3. The choice of the unit vector v;, € L in Case 3 determines
(together with the given orientation of R?) an orientation of L*. For a given unit
vector u € L+, let w € L+ be the unique unit vector such that (v, u,u) is an
orthonormal basis of R3. In other words, & = v L X u, where x means the vector
product.

Lemma 3(b), applied in Lt yields

P=q
TP~ (L, B) = Zai(L)/ auP I (du)
= B

with constants a; (L). Arguments as used previously in Case 2 show that a; (L) =
a; is independent of L. With this and (32), we get

P P—q
A(L.B)=) 1Y a / (v x w)uP 1" H (du). (40)
g=0 i=0 B

We write
Al ZAEOO) +A§10) +A§01)—|—A§”),

where A'” = APV = 0if p=0, A" =0if p < 1, and otherwise

14 P—q
AL By =Y ol Y a,-/B(vau)"uP—q—"Hl(du)
=0 i=0

g=amod2 i=pmod2
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for a, B € {0, 1}. Using that v% =0, (vp x u)? = [ u?, and Q = Q1 +
Q;1, we get
Lp/2] Lp/2]—j
A(OO)(L B) Z Ql Z b /(Q QL _ M2)m p—2j— ZmH (du)

j=0 m=0
After expanding and regrouping, this can be written as

/21 Lp/2]
AP LB =" > a0 04 / uP =21 (du). (41)

a=0 b=a
In the same way, we obtain the representations
ety 12t
AL B =Y S b0 0h” /u”_Zb_l’Hl(du) ifp>1,
a=0 b=a
p IJ p_
2
AL, B) = Z > cpan 0t Qs /(vau)up_zb_lHl(du) ifp>1,
a=0 b=a B
2211252
11 — _2bh— .
AL, B) = 30 dpar0“0f “UL/B(UL x w)uP "2 du) if p > 2.

a=0 b=a

Arguing as in Subcase 3a, we can show that Ailo)(L, B) + AgOI)(L, B)=0.1t
follows that

L5)L5]
AL, B) =) apa0° 0] / u?~207" (du)

a=0b=a
151-115)-1
+ > > d,,abQ“le_avL/(vL x wuP 2729 (du).  (42)
B

a=0 b=a
Subcase 3c: n =2. By (32),

P
AL, B)=) vim; TP (L, B) (43)
q=0

with T?P=9 (L, B) € TP~4(L'). We can assume that v; =z, where uy, is one
of the two unit normal vectors of L. Then B C {uy, —uyr}, and

TP=D(L, B) = cp—q(L, Byuj "
As before, we have
TP=D L, 9B)=9TP 9 (L,B) ford e SOQ). (44)

First, suppose that B = {u}. Using (44) for the rotation ¢ with du; = —uy, we
see that ¢,y (L, {—ur}) =cp_q(L,{ur}) =: cp—y(L). Thus, for this B, we can
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write (43) in the form

J4
A((L,B) = Zcp_q(L)f 7 uP~1HO(du).
q=0 B
This also holds for B = {—uy}, and since A{(L,{ur,—ur}) = Ai(L,{ur}) +
A1(L,{—uL}),itholds for arbitrary B € B(S; ). Now we can deduce as in Case 2
that ¢,—q (L) := ¢4 is also independent of L. Since #* + u®> = Q, we obtain

Lp/2]
A(L.B)= ) ozaQ"/ uP =240 (du)
a=0 B

12 ]

+ Yy ,BaQ“/Bﬁu”_za_l’HO(du). (45)
a=0

The representations (22), (23), (31), (39), (42), (45) obtained for A; now allow
us to evaluate (21).

Let P € P", A € B(R"), and B € B(X"). We first consider the case n = 3.
Using (22) for k =0, (42) for k =1, and (31) for k = 2, we can write (21) in the
form

I'(P,A x B)

= > H'(ANrelintF)
FeFy(P)

L5]
X Zanj/ uP =21 H? (du)
j=0 B

Nv(P,F)

+ > H'(ANrelintF)
FeF(P)
18] 18]

x {ZZapabQ“QZ(;i) / uP=2H ! (du)

=0 b=a BNv(P,F)
L51-115)-1

+ YY) A 0“0 Ao

a=0 b=a
X f (L(F) X u)u”_2b_27-[l(du)}
BNv(P,F)

151 15)
+ Y HAANrelintF) Y Y " cpnan 00

FeF,(P) a=0b=a

X / uP~ 2P HO (du).
BNv(P,F)
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From (1) and (3) we have

Z ’HO(AﬂrelintF)Qj/ uP=2H? (du)

FeFa(P) BN (P,F)

= const - QJq)Op 2, 0(P, A x B),

> H'(ANrelint F)Q“ QY / uP "2 H! (du)

FeF(P) BNw(P,F)

= const - Q%¢"P PP, A x B),

Z ! (A Nrelint F) Q¢ QL(F)UL(F) / (vpp) X u)up_Zb_ZHI (du)
FeFi(P) v (P, F)

= const - Q¢"P~2b=2b=a(p A x B),

Y HA(ANrelint F)Q“ QY & / uP "2 HO (du)

FeFa(P) BNw(P,F)

= const - Q%27 2P (P A x B).

This shows that I'(P, A x B) is a linear combination of expressions qu&g’s‘j (P,
A x B) and Q’"ao*” (P, A x B) with coefficients independent of P, A, B
and with indices as specified in Theorem 3. Since I'(P, -), Q’"qb,?’s’J (P,-), and
nggo,s,j(P, -) are measures on B(X"), the relations still hold if A x B is re-
placed by a general n € B(X"). This proves Theorem 3 in the case n = 3.

The proof for n > 4 is analogous using (22) for k =0, (39) fork =1, and (31)
for k > 2. Also, the proof for n =2 is analogous, where (23) is used for k = 0 and
(45) for k = 1. This finishes the proof of Theorem
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