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Compactification of Certain Clifford—Klein
Forms of Reductive Homogeneous Spaces

FrRANCOIS GUERITAUD, OLIVIER GUICHARD,
FANNY KASSEL, & ANNA WIENHARD

ABSTRACT. We describe smooth compactifications of certain families
of reductive homogeneous spaces such as group manifolds for clas-
sical Lie groups, or pseudo-Riemannian analogues of real hyperbolic
spaces and their complex and quaternionic counterparts. We deduce
compactifications for Clifford—Klein forms of these homogeneous
spaces, namely for quotients by discrete groups I' acting properly dis-
continuously, in the case that I' is word hyperbolic and acts via an
Anosov representation. In particular, these Clifford—Klein forms are
topologically tame.

1. Introduction

The goal of this note is twofold. First, we describe compactifications of certain

families of reductive homogeneous spaces G/H by embedding G into a larger

group G’ and realizing G/H as a G-orbit in a flag manifold of G’. These homo-

geneous spaces include:

e group manifolds associated with classical Lie groups (Theorems and 2.6;
see also [ D,

e certain affine symmetric spaces or reductive homogeneous spaces G/H given
in Tables 2 and 3 (Propositions 1.5(1) and 5.8(1)),

e pseudo-Riemannian analogues of real hyperbolic spaces and their complex and
quaternionic counterparts (see (1.3) in Section |.4).

Second, we use these compactifications and a construction of domains of disconti-
nuity from [ ] to compactify Clifford—Klein forms of G/H, that is, quotient
manifolds I'\G/H, in the case that I" is a word hyperbolic group whose action
on G/H is given by an Anosov representation p : I' = G < G’. We deduce that
these Clifford—Klein forms are topologically tame.
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Anosov representations (see Section 3.3) were introduced in [ ]. They
provide arich class of quasi-isometric embeddings of word hyperbolic groups into
reductive Lie groups with remarkable properties, generahzmg convex cocompact
representations to higher real rank [ ; ; ; ; ; ;

; ]. Examples include:

(a) The inclusion of convex cocompact subgroups in real semisimple Lie groups
of real rank 1 [ ; I
(b) Representations of surface groups into split real semisimple Lie groups that

belong to the Hitchin component [ ; ; 1;

(c) Maximal representations of surface groups into semisimple Lie groups of
Hermitian type [ ; ; 1

(d) The inclusion of quasi-Fuchsian subgroups in SO(2, d) [ ; 1;

(e) Holonomies of compact, strictly convex RP"*-manifolds [ 1.

1.1. Compactifying Group Manifolds

Any real reductive Lie group G can be seen as an affine symmetric space
(G x G)/Diag(G) under the action of G x G by left and right multiplication.
We call G with this structure a group manifold. We describe a smooth compact-
ification of the group manifold G when G is a classical group. This compactifi-
cation is very elementary, in particular when G is the automorphism group of a
nondegenerate bilinear form. It shares some common features with the so-called
wonderful compactifications of algebraic groups over an algebraically closed field
constructed by De Concini and Procesi [ ] or Luna and Vust [ 1, as well
as with the compactifications constructed by Neretin [ ; ]. After com-
pleting this note, we learned that this compactification had first been discovered
by He [ Thms. 0.3 & 0.4]; we still include our original self-contained de-
scription for the reader’s convenience.

We first consider the case that G is O(p, q), O(m, C), Sp(2n, R), Sp(2n, C),
U(p,q), Sp(p,q), or O*(2m). In other words, G = Autg(b) is the group of
K-linear automorphisms of a nondegenerate R-bilinear form b : V @gr V — K
on a K-vector space V for K =R, C, or the ring H of quaternions; and we
assume that b is K-linear in the second variable and that b is symmetric or an-
tisymmetric (if K = R or C), or Hermitian or anti-Hermitian (if K = C or H).
We describe a smooth compactification of G = Autk (b) by embedding it into the
compact space of maximal (b & —b)-isotropic K-subspaces of (V & V,b & —b).
Let n € N be the real rank of G = Autg(b), and N = dimg (V) > 2n the real
rank of Autg (b @ —b). (In other words, n is the dimension over K of a maximal
b-isotropic subspace in V.) For any 0 <i < n, let F;(b) = F;(—b) be the space
of i-dimensional b-isotropic subspaces of V; it is a smooth manifold with a tran-
sitive action of G. We use similar notation for (V @& V,b & —b) with0 <i < N.
For any subspace W of V @ V, we set

(W)= (W N (V@ 1{0), WN ({0} @ V)). (1.1)
This defines a map 7 : Fy (b & —b) — (U;_y Fi (b)) x (Uj_o Fi(—Db)).



Compactification of Certain Clifford—Klein Forms 51

Table 1 The compactification X of Theorem

G n N X as a Riemannian symmetric space

O(p,q) min(p,q) p+gq (O(p+4q) x O(p +q))/Diag(O(p + q))
U(p, q) min(p,q) p+gq (U(p+q) xU(p+q))/Diag(U(p + q))
Sp(p, q) min(p,q) p+q (Sp(p+q) xSp(p +q))/Diag(Sp(p + q))

Sp(2n, R) n 2n U@2n)/0(2n)
Sp(2n, C) n 2n Sp(2n)/U(2n)
O(m, C) L7] m 0@2m)/U(m)
O0*(2m) 7] m U@2m)/ Sp(m)

THEOREM 1.1. Let G = Autg(b) be as before. The space X = Fn(b & —b) of
maximal (b ® —b)-isotropic K-subspaces of V @ V is a smooth compactification
of the group manifold (G x G)/Diag(G), with the following properties:

(1) X is a real analytic manifold (in fact, complex analytic if K = C and b is sym-
metric or antisymmetric). Under the action of a maximal compact subgroup
of Autg (b ® —b), it identifies with a Riemannian symmetric space of compact
type, given explicitly in Table 1.

(2) The (G x G)-orbits in X are the submanifolds U; := 7 N Fi (b)) x Fi(=b))
for 0 <i <n, of dimension dimp({4;) = dimr(G) — i2 dimg (K). The closure
of Uy in X is U5, U;.

(3) For 0 <i < n, the map m defines a fibration of U; over F;(b) x F;(—b)
with fibers isomorphic to (H; x H;)/Diag(H;), where H; = Autg (by,) is the
automorphism group of the bilinear form by, induced by b on ViJ"’ / Vi for
some V; € F;(b).

In particular, Uy is the unique open (G x G)-orbit, and it identifies with

(G x G)/Diag(G).

REMARK 1.2. For G = O(p, ¢g), U(p, q), or Sp(p, q), the compactification X
identifies with the group manifold (G, x G.)/Diag(G.) where G, is the com-
pact real form of a complexification of G. For G = O(n, 1), the embedding of G
into G. = O(n + 1) lifts the embedding of Hy L Hg = O(n, 1)/0(n) into Sg =
O(n + 1)/0(n) with image the complement of the equatorial sphere S’{{_l.

Similar compactifications are constructed for general linear groups GLg (V) and
special linear groups SLk (V) in Theorem

1.2. Compactifying Clifford—Klein Forms of Group Manifolds

Let G = Autk (b) be as before. For any discrete group I' and any representation
p : I' —> G with discrete image and finite kernel, the action of I" on G via left mul-
tiplication by p is properly discontinuous. The quotient p (I"')\G is an orbifold, in
general noncompact. Suppose that I" is word hyperbolic and p is P;(b)-Anosov
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(see Section 3 for definitions), where P;(b) is the stabilizer in G of a b-isotropic
line. Considering a suitable subset of the compactification X of G described in
Theorem 1.1, we construct a compactification of p(I")\ G which is an orbifold, or
a smooth manifold if I" is torsion-free.

THEOREM 1.3. Let T be a word hyperbolic group and p : T' — G = Autg(b) a
P1(b)-Anosov representation with boundary map & : 9" — F1(b). For any 0 <
i <n,let IC’ be the subset of F;(b) consisting of subspaces W containing &(n)
for some n e oo, and let Z/lS be the complement in U; ofrr_l(lC’ x Fi(=b)),
where 7 is the map defined by (1.1). Then p(T") x {e} C Autg(b) x AutK(b) acts
properly discontinuously and cocompactly on the open subset

n
Q:= U Z/{is
i=0
of Fn(b @ —Db). The quotient orbifold (p(I') x {e})\2 is a compactification of

Pp(IMNG = (p(T") x {eh\(G x G)/Diag(G).

If T is torsion-free, then this compactification is a smooth manifold.

Theorem is in fact a special case of Theorem below, which gives a pro-
cedure to compactify quotients of G = Autk(b) by a word hyperbolic group I
acting via any P;(b @ —b)-Anosov representation

p: T —> Autg(b) x Autg(b) C Autg (b ® —b);

the group I is thus allowed to act simultaneously by left and right multiplication
instead of just left multiplication. We refer to Remark in the case that Autg (b)
has real rank 1.

REMARK 1.4. Let G be an arbitrary real reductive Lie group, and P a parabolic
subgroup. Composing a P-Anosov representation p : ' — G with an appropriate
linear representation 7 : G — Autg (b) (see Proposition ), we obtain a Py (b)-
Anosov representation t o p : I' — Autg (b). Theorem can then be applied to
give a compactification of p(I")\G; see Corollary 4.5 for a precise statement.

1.3. Compactifying Other Families of Homogeneous Spaces and Their
Clifford—Klein Forms

The idea of embedding a group G into a larger group G’ so that a homogeneous
space G/H can be realized explicitly as a G-orbit in an appropriate flag variety
G’/ P’ can be applied in other cases as well. We prove the following.

PRrROPOSITION 1.5. Let (G, H, P, G’, P’) be as in Table 2.

(1) There exists an open G-orbit U in G’/ P’ that is diffeomorphic to G| H; the
closure U of U in G’/ P’ provides a compactification of G/H.
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Table 2 Reductive groups H C G C G’ and parabolic subgroups P
of G and P’ of G’ to which Proposition 1.5 applies. We denote by £
or £/ an isotropic line and by W or W’ a maximal isotropic subspace
(over R, C, or H), relative to the form b preserved by G or G’. Here
m, p, g are any integers with m > 0; we require p > g + 1 in case (i),
p > ¢ in cases (ii) and (iii), and ¢ > 0 in cases (iv) and (v)

G H P G’ P'

i  O(p,g+1D O(p.q)  Stabg(W) O(p+1,q+1) Stabg(¢)
(i) U(p,g+1) U(p,q)  Stabg(W) U(p+1,g+1) Stabg (£)
(iii)) Sp(p.,g+1)  Sp(p.q)  Stabg(W) Sp(p+1,q+1) Stabg (£')
(iv)  O(2p,2q) U(p, q) Stabg(£)  OQ2p+2q,C)  Stabg (W)
(vy U@2p,29) Sp(p, q) Stabg(¢) Sp(p+g,p+q) Stabg (W')
(vi)  Sp2m,R) U(p,m — p) Stabg(¥) Sp(2m, C) Stabg (W)

(2) For any word hyperbolic group T and any P-Anosov representation
o0 : T — G, the cocompact domain of discontinuity Q C G'/P’ for p(I')
constructed in [ ] (see Proposition ) contains U; the quotient
(DN NU) provides a compactification of p(")\G/H.

The open G-orbit U diffeomorphic to G/H is given explicitly in Section 5.
Example (i), example (iv) for ¢ = 1, and example (vi) for p = 0 were previ-
ously described in [ Prop. 13.1, Thm. 13.3, and §12].
In examples (iv), (v), and (vi), the space G/H is an affine symmetric space,
which is Riemannian in example (vi) for p = 0 or m. In examples (i), (ii), and
(iii), the space G/H = Autg (b?911) / Autg (bP-?) identifies with the quadric

AR = {x e KPIT | bR (v, x) = 1},
where K =R, C, or H, and bﬁ’q is the quadratic form on K?*¢ given by
b? (x,x) :==F1x1 4+ XpXp — X pp1Xprl — - — XpagXprq.  (1.2)
Thus, G/ H fibers over the affine symmetric space
H2Y = Autg (027" / (Autg (bR 7) x Autg (b))

with compact fibers. This affine symmetric space is Riemannian for g = 0.
In Proposition 5.8, we treat two other families of reductive homogeneous
spaces which are not affine symmetric spaces, using the following remark.

REMARK 1.6. The cocompact domains of discontinuity 2 C G'/P’ of Proposi-
tion 1.5(2) lift to cocompact domains of discontinuity in G’/ P” for any parabolic
subgroup P” of G’ contained in P’; in particular, they lift to cocompact domains
of discontinuity in G’/ P, . where P/. is a minimal parabolic subgroup of G'.
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The compactifications of the quotients p(I")\U/ of Proposition 1.5(2) induce com-
pactifications of the quotients p(I")\U’ for any G-orbit U’ in G’/ P” lifting the
G-orbit U C G’/ P’ diffeomorphic to G/H.

1.4. Compactifying Pseudo-Riemannian Analogues of Hyperbolic Manifolds
For K=R, C, or H and p > g > 0, the space

HE? = Autg (b7 /(Autg (b77) x Autg (b*"))
has a natural realization in a projective space as
HE? = P({x € KPHH 527 (x, x) < 0}) c PKPHIH),

The space H{;’q is an analogue of the real hyperbolic space Hg: it is pseudo-
Riemannian of signature (p,g) and has constant negative sectional curvature.
Similarly, HZ? and Hj;? are analogues of the complex and quaternionic hyper-
bolic spaces.

The space H{;’q has a natural compactification, namely

HE? = P ({x € KPHH o7 (x, x) <0)). (1.3)

This is a manifold with boundary, which is the union of ]HII[’(’ ? (open G-orbit) and
FibR ™) (closed G-orbit).

Let P = P,y (b2%™") be the stabilizer in Autg (b%*") of a maximal b2
isotropic subspace of K” +4+1 g0 that (G, P) is as in examples (i), (ii), or (iii) of
Table 2. Building on Proposition 1.5, we prove the following:

THEOREM 1.7. For K=R, C,orHand p > q >0, let G = AutK(bI[;’qH) and
P = Pq+1(b112’q+1). Let T be a word hyperbolic group, and p : ' — G a P-
Anosov representation.
(1) The action of T on Hﬁ’q via p is properly discontinuous, except possibly if
K=Rand p=q +1.
L . . q+1
(2) Assume the action is properly discontinuous. Let & : 000" — Fyy1 (bf; at )
be the boundary map of p, and K¢ the subset of BHI’é’q =F (bﬁ’qH) con-
sisting of lines £ contained in £(n) for some n € d51". Then I' acts properly
discontinuously and cocompactly, via p, on Hﬁ’q N K. In particular, if T’

is torsion-free, then p(F)\(HIp(’q N K¢) is a smooth manifold with boundary
compactifying ,O(I‘)\Hﬁ’q.

REMARK 1.8. For K =R and p =g + 1, the fact that p is Pﬁl(bﬁ’qH)-Anosov
does not imply that the action of I on Hlp(’q is properly discontinuous: see Exam-
ple 5.4. In the case that K= R and p = ¢ + 1 is odd, the action of I" on Hlfé’q can
actually never be properly discontinuous unless I is virtually cyclic, by [ ].
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1.5. Tameness

We establish the topological tameness of the Clifford—Klein forms p(I')\G/H of
Sections 1.2, 1.3, and |.4. Recall that a manifold is said to be fopologically tame
if it is homeomorphic to the interior of a compact manifold with boundary. Here
is an immediate consequence of Theorem

COROLLARY 1.9. For K=R, C,orHand p> g >0, let G = AutK(bI’g‘f“)
and P = Py (bﬁ’qﬂ). For any torsion-free word hyperbolic group T and any
P-Anosov representation p : I' — G, if the quotient ,O(F)\Hﬁ’q is a manifold
(which is always the case except possibly if K=R and p = q + 1, see Theo-
rem 1.7), then this manifold is topologically tame.

In order to prove topological tameness in more general cases, we establish the
following useful fact.

LEMMA 1.10. Let G C G’ be two real reductive algebraic groups, and T a torsion-
free discrete subgroup of G. Let X be a G'-homogeneous space, and Q an open
subset of X on which T acts properly discontinuously and cocompactly. For any
G-orbit U C 2, the quotient '\U is a topologically tame manifold.

Proposition 1.5 and Lemma immediately imply the following by taking I/ to
be a G-orbit in G’/ P’ that identifies with G/H .

COROLLARY 1.11. Let T be a torsion-free word hyperbolic group, and let H C
G D P beasinTable 2. For any P-Anosov representation p : I' — G, the quotient
p(IT)\G/H is a topologically tame manifold.

Using Theorem and Lemma , we also prove the following:

THEOREM 1.12. Let I be a torsion-free word hyperbolic group, G a real reductive
algebraic group, and P a proper parabolic subgroup of G. For any P-Anosov
representation p : I' — G, the quotient p(I')\G is a topologically tame manifold.

REMARK 1.13. Let K be a maximal compact subgroup of G. Compactifications
of the Riemannian locally symmetric spaces p (I")\G/K for P-Anosov represen-
tations p : I' = G have recently been constructed in [KL.] and [ ]. They also
induce compactifications of p(I")\G.

1.6. Organization of the Paper

In Section 2 we establish Theorem and its analogue for GLk(V) (Theo-
rem 2.6). In Section 3 we recall the notion of Anosov representation, the construc-
tion of domains of discontinuity from [ ], and a few facts from [ ]

on Anosov representations into Autg (b) x Autk (b). This allows us, in Section 4,
to establish Theorem and some generalization (Theorem 4.1). In Section 5 we
prove Proposition 1.5 and Theorem 1.7. Finally, Section 6 is devoted to topologi-
cal tameness, with a proof of Lemma and Theorem
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2. Compactification of Group Manifolds

In this section we provide a short proof of Theorem and of its analogue for
general linear groups GLg (V) with K=R, C, or H (Theorem 2.6).

2.1. The Case G = Autg (b)

Let us prove Theorem [.1. We use the notation of Section |.1. In particular,

n n
7 Fn(b @ —b) — (Uf,-(b)) x <Ufi(—b))
i=0 i=0
is the map defined by (1.1). The group
Autg (b) x Autg (b) = Autg (b) x Autg(—b)
naturally embeds into Autg (b @ —b). For 0 <i <n, the set
Uy =~ (Fi(b) x Fi(=b))
is clearly invariant under Autg (b) x Autg (—b).
LEMMA 2.1. The space X = Fn(b & —b) of maximal (b & —b)-isotropic K-
subspaces of V @ V is the union of the sets U; for 0 <i <n.
Proof. 1t suffices to prove that, for any W € Fn (b ® —b),
dimg (W N ({0} @ V)) = dimg (W N (V & {0})). 2.1
We have
dimg(W N ({0} @ V)) = dimg(W) 4 dimg ({0} & V) — dimg(W + ({0} @ V))
=dimg(V & V) — dimg(W + ({0} ® V))
= dimg (W + (0} ® V)™,

where (W + ({0} @ V)T denotes the orthogonal complement of W + ({0} @ V)
in V @ V with respect to b & —b. But

W+{0y@V)T=w-n{oye V)t =wtnw oo},

and hence dimg(WN ({0} @ V)) = dimg (W N (Ve {0})). Since W is maximal
isotropic for b @ —b, we have W = W+, and so (2.1) holds. O

Forany 0 <i <n, let
7 iUy —> Fi(b) x Fi(=b)
be the map induced by m. By construction, m; is (Autg(b) x Autg(b))-
equivariant.
Let us describe the fiber of 7; above (V;, V;) for some given V; € F;(b). We
denote by by, the R-bilinear form induced by 5 on ViJ"’ Vi o~ KImk(V)=2i ¢
b is symmetric, antisymmetric, Hermitian, or anti-Hermitian, then so is by,. For

instance, if b is symmetric over R with signature (p, g), then by, is symmetric
with signature (p —i,q —i).
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LEMMA 2.2. For any V; € F;(b), the fiber w7 (V;, Vi) C Fn(b ® —b) is the
set of maximal (b ® —b)-isotropic K-subspaces of Vl-J'b @ Vij‘b that contain
Vi @ V; and project to maximal isotropic subspaces of (ViLb /Vi) & (ViL” /Vi)
transverse to both factors (ViLb/Vi) @ {0} and {0} ® (ViLh/Vi). Seen as an
(Autg (by;) x Autg (by;))-space, ni_l(‘/i, Vi) is isomorphic to

(Autg (by;) x Autg (by,))/ Diag(Autg (by;)).

In particular, U; is nonempty. Taking i = 0, we obtain that Uy, seen as an
(Autg (b) x Autk (b))-space, is isomorphic to

(Autg (b) x Autk (b))/Diag(Autk (b)).

Proof of Lemma 2.2. By definition, any W € ni_l(‘/i, V;) satisfies
wnve{0h=V,e{0} and WnN{0}oV)={0}oV,

hence W contains V; @ V; and W C ViJ"’ ® ViJ"’ since W is (b @& —b)-iso-
tropic. Thus, nf] (V;, Vi) is the set of maximal (b @ —b)-isotropic subspaces of
ViL” @ ViLb that contain V; @ V; and correspond to maximal isotropic subspaces
of (ViL” /Vi) & (VZ.L” / Vi) transverse to both factors. In particular, rri_l Vi, Vi)
identifies with its image in Fy _5; (by; ® —by;) and is endowed with an action of
Autg (by;) x Autg (by,).

We first check that this action of Autg (by,) x Autk(by;) is transitive. Let Wé

be the image in (Vilb/V,-) ® (ViLb/Vi) of
(W) veVit Vit eV,

The image W’ in (V,.J‘b/ Vi) @ (V[.J‘b/ V;) of any element of Hi_l(Vi, V;) meets the
second factor Vl.J"’ / V; trivially, hence is the graph of some linear endomorphism
h of ViJ‘b/Vi. This / belongs to Autk (by;) since W’ is (by, & —by, )-isotropic.
Thus, W' = (e, h) - W, lies in the (Autk (by;) x Autk (by;))-orbit of W, proving
transitivity.

Let us check that the stabilizer of Wé in Autg (by;) x Autg (by,) is the diagonal
Diag(Autk (by,)). For any (g1, 82) € Aut (by,) x Autg (bv, ).

(81,82) - Wi =1{(21(v), 820)) | v €V, / Vi) = {(v, gag7 ' () [v € V; 0/ Vi),
and so (g1, g2) - W = W, if and only if g1 = g>. 0

LEmMA 2.3. For any 0 <i < n, the map m; is surjective, and the action of
Autg (b) x Autg (b) on U; is transitive.

Proof. The map m; is (Autg(b) x Autg(b))-equivariant, and the action of
Autg (b) x Autg (b) on F; (b) x F;(—b) is transitive; hence, 7; is surjective. To see
that the action of Autg(b) x Autg(b) on Ul; is transitive, it suffices to check that
for any V; € F;(b), the action of the stabilizer of (V;, V;) in Autg(b) x Autg(b)
is transitive on the fiber nfl (Vi, Vi). This follows from Lemma 2.2. O
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In particular, the fiber of m; above any point of F;(b) x JF;(b) is the image,
by some element of Autg(b) x Autg(b), of the fiber ni_l(Vi, V;) described in
Lemma

LEMMA 2.4. For any 0 <i < n, the dimension of the manifold U; is
dimg ;) = dimg (Autg (b)) — i> dimg (K).

Proof. Consider two elements V;, V/ € F;(b) such that V,.J"’ NV/={0}. Let
T = VviJ_h N Vi/J_h ~ VZJ_;,/Vl

The parabolic subgroups P; = Stabauy ) (Vi) and P/ = Stabauy ) (V) are con-
jugate in Autg (). Let (e1, ..., ey) be a basis adapted to b and to the decompo-
sition of V as a direct sum of V;, T, and Vl.’, that is,

Vi = spang ey, ..., €;),
T = SpanK(ei+1 R eN*i)a
‘/i/ = SpanK(eN—i+1 LR EN),
and b(ex, en—i+¢) =S¢ forallk, £ € {1,...,i} (where . . is the Kronecker sym-
bol). In this basis, the Lie algebra of Autk (b) is given by block matrices as
A B C BQ='F°,D=Q'H°,
Autg (b) = D E Flegly(K)|C=—¢'C°,G=-¢'G, ¢,
G H I I=—-"A° EQ=—-Q'E°
where ¢ = 1 if b is symmetric or Hermitian, ¢ = —1 if b is antisymmetric or

anti-Hermitian, o is the identity if b is symmetric or antisymmetric, o is the con-
jugation (in C or H) if b is Hermitian or anti-Hermitian, and Q is the matrix of
the bilinear form b|7 (so that ‘0 = £Q). The Lie algebras p; of P; and p; of P/
are given by

A B C A 0 O
p; = 0 E F | eAuig®) and pi={|D E 0] e2Autg(b)
0 0 I G H I

Their sum is thus equal to 2Autg(b) and p; N p; ~ glg (Vi) x Autg (b|r). This
implies
2dimg(p;) = dimg(p;) + dimg(p})
= dimg (p; + p;) + dimg (p; N p;)
= dimg (Autg (b)) + dimg (GLk (V;)) + dimg (Autk (b|7))
= dimg (Autg (b)) + i dimg (K) + dimg (Autg (by;)).
Using Lemma 2.2, we obtain
dimg (U;) = 2dimg (F; (b)) + dimg (Autk (by;))
= 2dimg (Autg (b)) — 2dimg (P;) + dimg (Autg (by;))
= dimg (Autg (b)) — i% dimg (K). O

By Lemma we have dimg ({4;) > dimgr(Y{;) forall 0 <i < j <n.
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LEMMA 2.5. For any 0 <i <n, the closure S; of U; in Fn (b ® —b) is the union
of the submanifolds U; fori < j <n.

Proof. The inclusion S; C | j=i Uj follows from the upper semicontinuity of the
function W + dimg(W N (V @ {0})) on Fxn (b @ —b). In order to prove the re-
verse inclusion, it is sufficient to show that ;1| C S;: we can then conclude by
descending induction on i. Let us establish this last inclusion.

Let V;, Vl/ ,and T be as in the proof of Lemma 2.4, and let e, f € T satisfy
b(e,e)=b(f, f)=0and b(e, f)=1.Let S=T N{e, f}J-”, let bg be the restric-
tionof bto S, and let R € Fn_2;—2(bs ® —bs) be transverse to the factors S @ {0}
and {0} @ S. We denote elements of V @ V as pairs (v, v') with v,v" € V.

The vectors (e, e) and (f, f) span a (b & —b)-isotropic plane P. The direct
sum of V; & Vi’, of R, and of P is a subspace W € Fy (b & —b) that belongs to
U; since its intersection with V @ {0} is equal to V; & {0}.

For any A € R*, the linear map g, : V — V defined by

g.(e) = Le,
(=111

g (v)=v forve {e, f}J-b

belongs to Autk (b); furthermore, the element (g;, id) fixes pointwise V; @ Vl.’ and
R, and sends (e, e) to (Ae, e) and (f, f) to (X_lf, f). The limit W’ of (g;, id) - W
as A — 400 is thus spanned by V; & Vi’, by R, by (e, 0), and by (0, f), and it
belongs to S;. The intersection W/ N (V @ {0}) is spanned by V; @ {0} and (e, 0),
hence W’ belongs to U; 1. The (Autg(b) x Autg(bh))-orbit of W’ is therefore
equal to U; 1 and is contained in S;. This completes the proof. U

By the Iwasawa decomposition any maximal compact subgroup of Autg (b @ —b)
acts transitively on the flag variety Fn (b @ —b). By computing the stabilizer
of a point in each case, we see that Fn (b & —b) identifies with a Riemannian
symmetric space of the compact type as in Table |. This completes the proof of
Theorem

2.2. The Case G = GLk(V)

We now establish an analogue of Theorem when G = GLk(V) is the full
group of invertible K-linear transformations of V. Here we use the notation F; (V)
to denote the Grassmannian of i-dimensional K-subspaces of V, and N to denote
dimg (V). Then (1.1) defines a map

N N
T FN(V @ V) — (UE(V)> x (Uf,-(V))
i=0

i=0
THEOREM 2.6. Let V be an N-dimensional vector space over K =R, C, or
H, and G = GLk (V). The Grassmannian X = Fy(V & V) of N-dimensional

K-subspaces of V ® V is a smooth compactification of the group manifold
(G x G)/ Diag(G) with the following properties:
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(1) X is a real analytic manifold (in fact, complex analytic if K = C). Under the
action of a maximal compact subgroup of GLg(V @ V), it identifies with a
Riemannian symmetric space of the compact type, namely
o OQ2N)/(O(N) x O(N)) if K=R,

e UQ2N)/(U(N) x UN)) if K=C,
o Sp(2N)/(Sp(N) x Sp(N)) if K = H.

(2) The (G x G)-orbits in X are the submanifolds U; ; := 7 N Fi (V) x Fi(V))
fori, j>=0withi+ j <N, there are (N + 1)(N + 2)/2 of them. They have
dimension dimg ({4;, ;) = dimg (G) — i2— j2=N?—i%— j2. The closure of
U,‘,Q,’ in X is UkZi,le Uk,g.

(3) For 0 <i+ j <N, the map  defines a fibration m; ; of U; j over F;(V) x
F (V) with fibers given by Lemma below.

In particular, Uy o is the unique open (G x G)-orbit in X, and it identifies with

(G x G)/Diag(G).

Any (SLk(V) x SLk(V))-orbit O C Uy.o identifies with

(SLk (V) x SLk(V))/Diag(SLk (V));
the closure of O in X is the union of O and of the U; ; fori, j > 1 withi+ j < N.

ReEMARK 2.7. For K= C and N =2, the (SL,(C) x SL,(C))-equivariant com-
pactification of SL,(C) given by Theorem 2.6 was previously described by Guil-
lot [ ], who showed that this is the only (SL2(C) x SL;(C))-equivariant
compactification of SL,(C) as a complex manifold. It identifies with the com-
pactification of Sp(2, C) from Theorem

The proof of Theorem is similar to that of Theorem 1.1: the group GLk (V) x
GLk (V) naturally embeds into GLg(V @ V). Fori, j > 0 withi + j < N, the set
U j =1 Y Fi(V) x Fj(V)) C Fy(V @ V)
is invariant under GLk (V) x GLk(V), and X = Fy(V @ V) is the union of these
sets U;, j. Here it is clear that I4; ; is nonempty for all i, j. Let

JTi)j :Ui,j — ]:,(V) X ]:j(V)

be the map induced by m. By construction, m; ; is (GLg(V) x GLk(V))-
equivariant, hence surjective (because the action of GLg (V) on F; (V) and F; (V)
is transitive). As before, it suffices to determine the fiber of 7; ; above one partic-
ular point of F; (V) x F;(V). Let (e1, ..., ey) be a basis of V. We set

Vi :=spang(eq, ..., €;),

V! :=spang(ejt1,...,en),

Vj = spang(en—j+1,...,€N), (2.2)
Vji = spa/nK(el/, coeN—j),

ViJ =Vin Vj = spang (€j4+1,...,€N—j),

so that V is the direct sum of V; and V/ and also of ij and V;. By assumption,
i+ j < N,hence V;NV; = {0}. The quotient V/V; identifies with V/, which is the
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direct sum of V/ ; and V;. Similarly, the quotient V/V; identifies with ij, which
is the direct sum of V; and Vl’J We see (V;, V;) as an element of F; (V) x F; (V).

LEMMA 2.8. The fiber 7'(7 Vi, V) CFN(V @ V) is the set of N-dimensional K-
subspaces of V@V that contam Vi @ V; and project to (N —i — j)-dimensional
K-subspaces of (V/V;) @ (V/V;) transverse to both factors (V/V;) ® {0} and
{0}@ (V/Vj). Asa (GLk(V/V;) x GLk(V/V;))-space, ni_l(Vi, V}) is isomor-
phic to the quotient of
GLk(V/V;) x GLk(V/V;) ~ GLk (V/) x GLK(V]{)
by the subgroup consisting of the pairs of block matrices
Ae GLK(V’ ). Ce GLk(V)),

<</3 g)(g 2)) DEGLK(V)BeHomK(V], Dite @3)

E € Homg (V;, Vl/])

Proof. The first statement is clear. For the second statement, we easily check that
nifjl(‘/i, V;) is the (GLK(Vl/) X GLK(VJT))-orbit of

Wo:= ({0} ® V) + (Vi ® (0) + {(v,v) v e V] ;)
and that the stabilizer of Wy in GLg (V) x GLK(V;) is (2.3). O

In particular, Up o is a (GLKk (V) x GLk(V))-space isomorphic to
(GLk (V) x GLk(V))/ Diag(GLk (V).

Similarly to Lemma , for any i,j > 0 with i + j < N, the action of
GLk (V) x GLkg(V) on U ; is transitive. Note that dimg (F;(V)) = i(N —i).
From Lemma we compute dimK(nfj] Vi,Vj))=N Z_(G+ J)N, and so

dimg (U, j) = dimg (F; (V) + dimg (F;(V)) + dlmK(n_ Vi, Vi)
=N2—i?2— >
In particular, dimg (4;, ;) > dimg (U ¢) for all (i, j) # (k, £) withi <k and j < £.
By the upper semicontinuity of the functions W +— dimg (W N (V & {0})) and
W = dimg (W N ({0} & V)), the closure S; ; of U4; j in Fn(V @ V) is the union
of the submanifolds U , for k > i and £ > j.

By the Iwasawa decomposition, any maximal compact subgroup of
GLk(V @ V) acts transitively on the flag variety Fy(V & V). By computing
the stabilizer of a point we see that Fy(V @ V) identifies with a Riemannian
symmetric space of the compact type as in Theorem 2.6(1).

We now determine the closure in X of the (SLkx (V) x SLk(V))-orbit O of

Wo:={(v,v) |veV}elppo.

For this, we use a Cartan decomposition SLx(V) = K (expa ™)K where K is
a maximal compact subgroup of G and, in some basis (ey,...,ey) of V, the
set expa’ consists of the diagonal (N x N)-matrices of determinant 1 whose
entries are positive and in nonincreasing order; see Example 3.1. Consider a
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sequence (gm, g,,) € (SLk(V) x SLx(V)N. For any m € N, we may write
g g = kmank!, where k,,, k!, € K and a,, = diag(Aym, ..., AN.m) €€Xpat;
then

(8m» &) - Wo = {(k’;1 v, kpam V) v e V} = {(l’c’;lanj1 v, ky V)| VeE V}.

Up to passing to a subsequence, by the compactness of K, we may assume that
the sequences (k;;)meN and (k),)meN converge to some k, kK’ € K, respectively. If
(@m)men is bounded, then all accumulation points of ((g,, &) - Wo)meN belong
to O. Otherwise, up to passing again to a subsequence, we may assume that, for
any 1 <¢ < N, we have A, — A¢ Where, for some 7, j > 1,

Ae =400 forl </{<i,
A €(0,400) fori <l <N—j,
re=0 for N —j < £.

Asin (2.2), let
Vi :==spang(eq, ..., €;),
VI’J = spang (€j41, ..., eN—j),
V] = spanK(eN—j-i-lv ...,eN),

and let a be the endomorphism of Vl’ i given by the matrix diag(A;j41,..., An—})
in the basis (¢;11, ..., ex—;). Then (g, g,,) - Wo tends to

({0} ®k - Vi)+{(k’71 v, ka-v) |veV;} + (V@0 el ;.

For i, j > 1, the action of SLg(V) x SLkg(V) on U; ; is transitive, and so the
closure of O in X is the union of O and of the I/; ; for i, j > 1.
This completes the proof of Theorem

3. Reminders on Anosov Representations and Their Domains of
Discontinuity

In this section we recall the definition of an Anosov representation into a reductive
Lie group (see [ ; ; 1) and the construction of domains of
discontinuity given in [ ]. We first introduce some notation.

3.1. Notation

Let G be a real reductive Lie group with Lie algebra g. We assume G to be non-
compact, equal to a finite union of connected components (for the real topology)
of G(R) for some algebraic group G. Recall that g = 3(g) + g5, where 3(g) is the
Lie algebra of the center of G, and g, the Lie algebra of the derived subgroup
of G, which is semisimple. Let K be a maximal compact subgroup of G with
Lie algebra €. Let a = (a N 3(g)) + (a N gs) be a maximal abelian subspace in the
(—1)-eigenspace of a Cartan involution of g whose 1-eigenspace is £; we call a a
Cartan subspace of g. The real rank of G is by definition the dimension of a. Let



Compactification of Certain Clifford—Klein Forms 63

Y be the set of restricted roots of a in g, that is, the set of nonzero linear forms
o € a* for which

ge :={z€glad(a)(z) = {a,a)z Va € a}

is nonzero. Choose a system of simple roots A C X, that is, any element of X is
expressed uniquely as a linear combination of elements of A with coefficients all
of the same sign. Let

at:={Yeal{on,Y)>0VacA)

be the closed positive Weyl chamber of a associated with A. The Weyl group
of a in g is the group W = Nk (a)/Zg (a), where Nk (a) (resp. Zg(a)) is the
normalizer (resp. centralizer) of a in K. There is a unique element wg € W such
that wo - @™ = —a™; the involution of a defined by Y = —wq - Y is called the
opposition involution. The corresponding dual linear map preserves A; we shall
denote it by

u* N a*

3.1)

o+— a* = —oow.

Recall that the Cartan decomposition G = K (expa’)K holds: any g € G may
be written g = k(exp u(g))k’ for some k,k’ € K and a unique u(g) € a* (see
[ Ch. IX, Thm. 1.1]). This defines a map

w:G—at, (3.2)

called the Cartan projection, inducing a homeomorphism K\G/K ~a". We re-
fer to [ §2.3] for more details.

ExampLE 3.1. For K =R (resp. C, resp. H), the real Lie group G = SL;(K)
admits the Cartan decomposition G = K (exp at) K where K = O(d) (resp. U(d),
resp. Sp(d)), and a C gl,;(K) is the set of traceless real diagonal matrices of size
d x d. For K =R or C, the diagonal entries of u(g) are the logarithms of the
singular values of g € G (i.e. of the square roots of the eigenvalues of ‘gg, where
g is the complex conjugate of g) in nonincreasing order.

Let = C X be the set of positive roots with respect to A, that is, restricted roots
that are nonnegative linear combinations of elements of A. For any nonempty
subset 6 of A, we denote by Py the normalizer in G of the Lie algebra ug =

69016 S+ span(A~6) G- EXpllCltly,

Lie(P)=g0® P o® P o

aext aeXtNspan(AN0)

In particular, Py = G, and P, is a minimal parabolic subgroup of G.' Any para-
bolic subgroup of G is conjugate to Py for some 6 C A.

IThis is the same convention as in [ 1. In[ 1, however, 6 and A \ 0 are switched.



64 F. GUErITAUD, O. GUICHARD, F. KASSEL, & A. WIENHARD

3.2. Proper Actions and Sharp Actions

Fix a W-invariant Euclidean norm || - || on a. For any x € a and any subset S C a,
we denote by

disty (x, ) = inf ||x — s
seS

the corresponding distance from x to S. The following properness criterion of
Benoist and Kobayashi shows that the Cartan projection u of (3.2) can be used to
understand properly discontinuous actions on homogeneous spaces of G.

Fact 3.2 ([ ; ]). Let I" be a discrete subgroup of G, and H a closed
subgroup of G. The action of I' on G/H is properly discontinuous if and only if

lim distq(u(y), u(H)) = +o0.
y—00

This condition means that lim,,_, 4 o distq (1 (v), w(H)) = 400 for any sequence
(¥n)nen of pairwise distinct elements of T".

A quantitative way of understanding proper actions is given by the notion of
sharpness, which was introduced by Kassel and Kobayashi [ 1.

DEerINITION 3.3. Let I' < G be a discrete subgroup, and let H < G be a closed
subgroup. The action of I on G/H is sharp it there exist ¢, C > 0 such that, for
any y €I,

dista (e (y), w(H)) = cllu()ll — C.

Besides its geometric content, this notion is also relevant to the spectral theory of

the Laplacian on pseudo-Riemannian locally symmetric spaces: see [ ].
The following estimates are useful when manipulating the Cartan projection
(seee.g. [ Lem. 2.3]): for any g, g1, g2 € G,

lie(g1822) — (@I < (el + (g and  [u(e DIl =lln(@l. (3.3)

3.3. Anosov Representations

The following definition of Anosov representations is not the original one from
[ ; ], but an equivalent one taken from [ Thm. 1.3] (see also

[ D.

DErFINITION 3.4. Let I' be a word hyperbolic group with boundary at infinity
0ool". Let 8 C A be a nonempty subset of the simple restricted roots. A represen-
tation p : ' — G is Py-Anosov if there exists a pair of continuous p-equivariant
boundary maps

ET 90— G/Py and £ :0soI — G/ Py
that are dynamics-preserving for p and transverse, and if for any « € 6,

(o, i (p(¥))) = +o00. (3.4)

lim
]/*)OO
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By dynamics-preserving we mean that for any y € I of infinite order with attract-
ing fixed point 7, € dooT, the point £+ () (resp. £~ (1)) is an attracting fixed
point for the action of p(y) on G/ Py (resp. G/ Py+). By transverse we mean that
pairs of distinct points in dooI" are sent to transverse pairs in G/ Py x G/ Py, that
is, to pairs belonging to the unique open G-orbit in G/ Py x G/ Py~ (for the di-
agonal action of G). Condition (3.4) means that lim,_ 4o (o, (0 (y,))) for any
sequence (¥, )neN of pairwise distinct elements of T.
The maps £, £~ are unique and entirely determined by p.

REMARK 3.5. We will often use the definition when 6 = 6*, in which case G/ Py =
G/ Py« and €T = £~ by the aforementioned uniqueness. This common map £+ =
&~ is then denoted by & and called the boundary map of p.

By [ ; ], any Py-Anosov representation is a quasi-isometric embed-
ding; in particular, it has discrete image and finite kernel. The set of Pg-Anosov
representations is open in Hom(I', G). Any Py-Anosov representation is Py-
Anosov for any 6’ C 6 [ Lem. 3.18]; thus, the strongest form of Anosov is
with respect to the minimal parabolic subgroup Pa.

We shall use the following fact from [ Thm. 1.3 and Cor. 1.9], which
also follows from [ ].

LEMMA 3.6. If p: ' — G is Py-Anosov, then the following strengthening of (3.4)
is satisfied: there exist c, C > 0 such that, for any o« € 0 and any y € ',

distq (i (y), Ker(a)) = cllu(p ()l — C.

In particular, " acts sharply, via p, on G/H for any closed subgroup H of G with
w(H) C Jyep Ker(a).

3.4. Uniform Domination

Let A : G — @' be the Lyapunov projection of G, that is, the projection induced
by the Jordan decomposition: any g € G can be written uniquely as the commut-
ing product g = gng.g, of a hyperbolic, an elliptic, and a unipotent element (see
e.g. [ Thm. 2.19.24]), and exp(A(g)) is the unique element of exp(ﬁ"’) in
the conjugacy class of g,. For any g € G,

1
A(g)= lim —pu(g"). (3.5)
n—-4+oon

For any simple restricted root o € A, let w, € a* be the fundamental weight as-
sociated with «: by definition, for any € A,

(wa, B)
(o, 0) p

where (-, -) is a W-invariant inner product on a* and é. . is the Kronecker symbol.
We shall use the following terminology from [ ].

2
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DEerINITION 3.7. Let @ € A be a simple restricted root of G. A representation
oL : ' — G uniformly wy-dominates a representation pg : I' — G if there exists
¢ < 1 such that, forany y €I,

(0o, M(PR(Y))) = c{@a, A(pL(¥))).

REMARK 3.8. Uniform wy-domination implies uniform wg+-domination. Indeed,
for any g € G, we have (wq+, (8)) = (@}, 1(8)) = {was A(g ™).

3.5. Anosov Representations into Autg (b) and Autg (b & —b)

Let G = Autk (b) where b is a nondegenerate R-bilinear form on a K-vector space
V as in Section

In all cases except when K = R and b is a symmetric bilinear form of signature
(n, n), the restricted root system is of type B,, C,, or BC,. (See [ Ch. X,
Thm. 3.28] for definitions of the types.) We can choose the system of simple
restricted roots A = {«;(b) | | <i <n} so that, for any 1 <i < n, the parabolic
subgroup P;(b) := Py, )} is the stabilizer of an i-dimensional b-isotropic K-
subspace of V. The space F;(b) of i-dimensional b-isotropic K-subspaces of V
then identifies with G/ P; (b). We have «; (b) = «;(b)* forall 1 <i <n.

In the case that K =R and b is a symmetric bilinear form of signature (n, n),
the restricted root system is of type D,. We can still choose the system of sim-
ple restricted roots A = {o;(b) | 1 <i < n} so that, for any 1 <i <n — 2,
the parabolic subgroup P;(b) := Py, )} is the stabilizer of an i-dimensional b-
isotropic subspace of V. We have «;(b) = ;(b)* for all 1 <i <n — 2. When
n is even, oy_1(b) = a,—1(b)* and «,(b) = «,(b)*, whereas when n is odd,
a,—1(b) = a,(b)*. The parabolic subgroups P,_1(b) := Py, ,)) and P, (b) :=
Pyo, )y are both stabilizers of n-dimensional b-isotropic subspaces of V, and
they are conjugate by some element g € Autg(b) . Autg(b)g. The stabilizer of
an (n — 1)-dimensional b-isotropic subspace is conjugate to P,_1(b) N P, (b) =
Ploy_1(b),0, (b))

We shall use the following result.

Lemma 3.9 ([ Thm. 7.3]). For pr, pr € Hom(T", Autg (b)), the repre-
sentation pr, @ pg : I’ — Autg (b)) x Autg(—b) — Autg(b® —b) is P (b P —b)-
Anosov if and only if one of the two representations py, or pg is P1(b)-Anosov and
uniformly wg, (p)-dominates the other.

Since the boundary map of an Anosov representation is dynamics-preserving,
Lemma 3.9 immediately implies the following:

COROLLARY 3.10. If pr @ pg : ' — Autg(b) x Autg(—b) — Autg(b @ —b) is
P1(b ® —b)-Anosov, then its boundary map
& : 00 — F1(b® —b)

is, up to switching py, and pg, the composition of the boundary map &j, : dsoI” —
F1(b) of pr with the natural embedding F1(b) — F1(b & —b).
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We will always be able to reduce to P;(b)-Anosov representations into Autg (b)
using the following result.

ProrosiTION 3.11 ([ Props. 3.5 & 7.8, Fact 2.34, and §7.3]). Let K=

R, C, or the ring H of quaternions. For any real reductive Lie group G and any

nonempty subset 0 C A of the simple restricted roots, there exist a nondegenerate

R-bilinear form b on a K-vector space V and an irreducible linear representation

T : G — Autg (b) with the following properties:

(1) an arbitrary representation p : I' — G is Py-Anosov if and only if the com-
position T o p : T — Autg (b) is P1(b)-Anosov;

(2) if a representation py, : I' — G uniformly wy-dominates another representa-
tion pg:I' — G forall o € 0, then T o py : I' — Autg(b) uniformly we, p)-
dominates t o pg : I' — Autg (D).

The existence of b and 7 satisfying (1) was first proved in [ §4] for K=R.
In fact, the irreducible representations 7 satisfying (1) and (2) are exactly those
for which the highest restricted weight x of t satisfies

{ae Al(a, x) >0}=0U0"

and for which the weight space corresponding to x is a line; there are infinitely
many such 7.

ExaMmpLE 3.12. For G = GL4(R) and 6 = {¢; — &>}, we can take T to be the
adjoint representation Ad : G — GLR(g) and b to be the R-bilinear form (u, v) —
Tr(uv) on g, where g is seen as the space of real matrices of size d x d.

3.6. Domains of Discontinuity

We shall use the following result.

ProposiTION 3.13 ([ Thm. 8.6]). Let I' be a word hyperbolic group.

(1) For any Pi(b)-Anosov representation p : I' — Autg (b) with boundary map
& 0oo' = F1(b), the group T acts properly discontinuously and cocom-
pactly, via p, on the complement Q2 in F,,(b) of

Ke:= | {(WeF®) | Em) C W}C Falh).
NE€Iso

(2) Suppose we are not in the case that K = R and b is a symmetric bilinear form
of signature (n,n). For any P,(b)-Anosov representation p : I' — Autg(b)
with boundary map & : 051" — F;,(b), the group T acts properly discontinu-
ously and cocompactly, via p, on the complement Q2 in F1(b) of

Ke:= |J tte ) 1L cem) c Fi).
NE€Mso

Contrary to what is stated in [ Thm. 8.6], the case of O(n, n) (i.e. of a re-
stricted root system of type D,,) has to be excluded in point (2) of the proposition.
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4. Properly Discontinuous Actions on Group Manifolds

Let G = Autk (b) where b is a nondegenerate R-bilinear form on a K-vector space
V asin Section |.1. By Theorem 1.1 the (G x G)-orbits in the space Fn (b ® —b)
of maximal (b @ —b)-isotropic K-subspaces of V are the

Ui ==~ (Fi (b) x Fi(—b))

for 0 <i <n, where

w: Fyn(b®—b) — (UE(b)) x <Ufi(—b)>
i=0 i=0

is the map defined by (1.1). The following generalization of Theorem is an
immediate consequence of Theorem 1.1, Corollary , and Proposition (1.

THEOREM 4.1. Let T" be a torsion-free word hyperbolic group, and let
oL, pr : I' = G = Autg (D) be two representations. Suppose that pr is P1(b)-
Anosov and uniformly wy, ) -dominates pg (Definition 3.7). Then I acts properly
discontinuously, via py, @ pr, on (G x G)/Diag(G).

Let & : 00T — F1(b) be the boundary map of pr. For any 0 <i <n, let
ICéL be the subset of F; (b) consisting of subspaces W containing &1 (n) for some

N € dool, and let UI-SL be the complement in U; ofyr_1 (ngL x F;(—b)). Then T
acts properly discontinuously and cocompactly, via py, @ pgr, on the open subset

Q:= OUZ.SL
i=0

of Fn (b & —b), and the quotient orbifold (pr @ pr)(I')\Q is a compactification
of

(oL ® prR)ID\(G x G)/ Diag(G).
If T is torsion-free, then this compactification is a smooth manifold.

Recall from Lemma that the condition that one of the representations p; or
PR is P1(b)-Anosov and uniformly wy, ()-dominates the other is equivalent to the
condition that

0 =pL®pr:T — G x G =Autg(b) x Autg(—b) —> Autg (b ® —b)
is P1(b & —b)-Anosov [ Thm. 7.3].

Proof of Theorem 4.1. Let & : 0oI" — F1(b @& —b) be the boundary map of the
P1(b ® —b)-Anosov representation p = p;, @ pg. By Corollary , this map
is the composition of &; with the natural embedding Fi(b) — F1(b & —b).
By Proposition (1) the group I' acts properly discontinuously and cocom-
pactly, via p, on the open set Q2. Note that 2 contains Uy, hence the action
of I on Uy via p is properly discontinuous. By Theorem the set Up is an
open and dense (G x G)-orbit in Fy (b @ —b), isomorphic to (G x G)/Diag(G).
Therefore, I' acts properly discontinuously via p on (G x G)/Diag(G), and
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p(M)\Up =~ p(IM\(G x G)/Diag(G) is open and dense in the compact orbifold
p(I")\ 2. This orbifold is a manifold if T" is torsion-free. O

REMARK 4.2. In the case that Autk (b) has real rank 1, all properly discontinuous

actions via a quasi-isometric embedding p;, @ pg : I’ = Autg(b) x Autk (b) fall

into the setting of Theorem by [ Thm. 7.3]. For Autg (b) = 0(2, 1),

we obtain compactifications of anti-de Sitter 3-manifolds and, for Autg(b) =

0O(3, 1), compactifications of holomorphic Riemannian complex 3-manifolds of

constant nonzero curvature. We refer to [ ; ; ; ; ;
; ; ; ; ] for examples of such pairs (o, pr).

REMARK 4.3. Suppose G = Autg (b) = Sp(2, C) = SL,(C). When the representa-
tion pg : I' — G is constant, with image {e}, the compactification of Theorem

is naturally endowed with a holomorphic action of G; by [ ] all other holo-
morphic equivariant compactifications are bimeromorphically equivalent to this
one. For pg : ' = G =~ SL,(C) not necessarily constant but close enough to
the constant representation, a compactification similar to Theorem has re-
cently been worked out by Mayra Méndez in her ongoing Ph.D. thesis, building
on|[ 1.

COROLLARY 4.4 ([ Thm. 7.3, (1) = (6)]). Let I be a word hyperbolic
group, G an arbitrary real reductive Lie group, and pr, pg : T’ — G two rep-
resentations. Let oo € A be a simple restricted root of G. If py is P{)-Anosov
and uniformly wy-dominates pg, then the action of T on (G x G)/Diag(G) via
(oL, pr) : T — G x G is properly discontinuous.

Recall that any Py-Anosov representation is Piq}-Anosov for all o € 6 (see Sec-
tion 3.3).

Proof of Corollary 4.4. By Proposition there exist a nondegenerate bilinear
form b on a real vector space V and a linear representation 7 : G — Autr(b)
such that T o py : I' — Autr(d) is P1(b)-Anosov and uniformly wg, (»)-dominates
T o pg. By Theorem the action of I" on

(Autr (b) x Autg(b))/ Diag(Autg (b))

via T o pp D T o pg is properly discontinuous. Since (7(G) x 7(G))/ Diag(t(G))
embeds into (Autgr (b) x Autgr(b))/Diag(Autgr (b)) as the (7(G) x t(G))-orbit of
(e, e), the action of I" on (7 (G) x 7(G))/Diag(t(G)) viat o pr D T o pp is also
properly discontinuous. Thus, the action of I' on (G x G)/Diag(G) via (oL, pr)
is properly discontinuous. (]

As above, the condition that one of the representations T o py, or T o pg is P1(b)-
Anosov and uniformly wq, (»)-dominates the other is equivalent to the condition
that

tTopr ®topg: [ — Autg(b) x Autg(—b) —> Autg (b & —b)
is P1(b & —b)-Anosov.
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COROLLARY 4.5. Let I" be a word hyperbolic group, G an arbitrary real reductive
Lie group, and pr, pr : T’ — G two representations of I'. Let b be a nondegener-
ate R-bilinear form on a K-vector space V as above, for K=R, C, or H, and let
T : G — Autg (b) be a linear representation of G such that Tt o pr : I' — Autg (b)
is P1(b)-Anosov and uniformly wg, ()-dominates t o pg (see Proposition ).
Let Q be the cocompact domain of discontinuity of (t o pr @ T o pr)(I') in
Fn (b & —b) provided by Proposition (1). A compactification of

(topL @1 o0pr)(D\((G) x 7(G))/ Diag(z(G))

is given by its closure in (t o pg, & T o pr)(I')\Q. If the kernel of T is compact,
then this provides a compactification of (pr, pr)(I')\(G x G)/Diag(G).

In the special case where pr : ' — {e} C G is the constant representation, the
action of I" on (G x G)/Diag(G) via pr @ pg is the action of I on G via left
multiplication by py, and Corollary yields, when t has compact kernel, a
compactification of p; (I'\G =~ (oL (I') x {e)\(G x G)/Diag(G).

We refer to Theorem for the tameness of (pr, pr)(I)\(G x G)/Diag(G)
for general pr, pr.

5. Properly Discontinuous Actions on Other Homogeneous Spaces

This section is devoted to the proof of Proposition 1.5 and Theorem

5.1. Notation

For K=R, C, or H and p, g € N, we denote by K”*¢ the vector space K’*4
endowed with the R-bilinear form by of (1.2), so that Autg (bg'?) = O(p. q).
U(p, q), or Sp(p, q). We use the notation P; (bllé’q) of Section for parabolic
subgroups. For m € N and K =R or C, we denote by

wIZ(m S0 Y) P X1 YmAl — X1 Y1+ XmYom — Xom Ym

the standard symplectic form on K>, so that Autg (a)%(m) = Sp(2m, K) and
Autg (a)lz{" ) C Autc (w%’").

Recall that a Hermitian form 4 on a C-vector space V is completely determined
by its real part b: for any v, v’ € V,

h(v,v)=b,v) — «/—_1b(v, «/—_11/).

If the signature of & is (p, q), then the signature of b is (2p, 2¢g). Similarly, an
H-Hermitian form &g on a right H-vector space V is completely determined by
its complex part h: for any v,v' € V,

ha(v,v) =h@,v) —h@,v'j)j.

Thus, an H-Hermitian form is completely determined by its real part. If the sig-
nature of iy is (p, q), then the signature of % is (2p, 2¢q), and the signature of the
real part b of h and Ay is (4p, 4q).
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5.2. Compactifying Pseudo-Riemannian Analogues of (Locally) Hyperbolic
Spaces

We first prove Proposition in cases (i), (ii), and (iii) of Table 2, and Theo-
rem |.7.Let K=R, C, or Hand p, g € N. As in Sections and .4, the quadric

H2 = fx e KPIT oI (x, ) = —1)

identifies with the homogeneous space G/H where G = AutK(bI’;’qH) and
H = AutK(blp(’q), the embedding H < G being given by the splitting K741 =
K?4 @ K1, Let Z be the center of G, that is, the set of multiples of the identity
Aid for 1 € K satisfying A1 = 1, so that Autg(bR'?) x Autk(bg') = H x Z.
The quadric ]I:HIp(’q fibers, with compact fiber, over the affine symmetric space
HE? = G/(H x Z), which can be realized as

HZY = P({x e KP4+ [ p27 (x, x) < 0}) C PP,

The splitting KP+1-4+1 = K0 @ KP-9*! induces an embedding ¢ : G — G’ =
AutK(bI[;H’qH) and a projection pr : KP+1.4+1 _ KP-4+1 Proposition 1.5(1) in
cases (i), (i1), and (iii) of Table 2 is contained in the following elementary remarks.

LEmMA 5.1. For K=R, C,orHand p > g >0, let G = AutK(bI’;’qH) and

H = Autg (b 7).

(1) The space Fi (bl[éﬂ’q—H) is a smooth compactification of ]I:]II[E"] =G/H.Itis
the union of two G-orbits: an open one U isomorphic to ]I:]II';’q and a closed
one, namely F| (bl‘?q+1 ).

(2) The space ]HITK’q =Pk ({x € KPtatl b{;’q—H (x,x) <0}) is a compactifica-
tion of]HIII;’q = G/(H x Z) as a manifold with boundary. It is the union of two
G-orbits: an open one, namely H2?, and a closed one, namely F1 (bll;’q+l ).

(3) The map

Fiog M — PP

£ +— pr({)

is well defined, proper, and G -equivariant. Its image is HY' | and its fibers are
exactly the Z-orbits in JF| (bl[yl’qﬂ). In restriction to H:]Iﬁ’q, it is the natural

P.q+
bK

T . .y 1 . . . .
projection Hﬁ’q — Hﬁ’q, and in restriction to F( ), it is the identity.

Proof. The group G = AutK(bI';’qH) acts transitively on the closed submani-
fold F; (bﬁ’qH) of the smooth compact manifold F; (bf?_l’q“), which has posi-
tive codimension. The complement I/ = F (bﬁ“’qﬂ) < F (bﬁ’qﬂ) is open and
dense in F| (bﬁ“’qﬂ) and identifies with ]I:]II’;"] since G acts transitively on 2/, and
the stabilizer in G of [1:0:---:0: 1] e C P(KPT14T) is H = Autg (b?).
Thus, F; (bﬁ“’qH) is a smooth compactification of ]I:]II’;"’. This proves (1). Point
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(2) easily follows from the definition. In (3), the map is well defined since the

restriction of the form bl’?l’qﬂ to the kernel of pr is positive definite. The other
claims in (3) are checked by a direct calculation. O
Proposition 1.5(2) in cases (i), (ii), and (iii) of Table 2, and Theorem 1.7, are

contained in the following result, which will be proved in Section

THEOREM 5.2. For K=R, C,orHand p > g >0, set G = AutK(bI’;’qH) and
G’ = Autg (bI’;H’qH). Let p:T'— G bea Pyyy (bllé’qﬂ)-Anosov representation
with boundary map & : 0ooI" — Fy11 (bllé’qﬂ). Set

Ke= | tee ROE™ 1L cem),
NE€dso

and let
131 :—Fl(bllz’q"'l) [N }'l(bllz-‘rl,q-i-l) and iq—H :-Fq—&-l(b]?q-i_l) N ]:q+l(b§+l,q+l)

be the natural inclusions.
(1) The composition to p: T — G’ is Pq+1(bﬁ+l’q+l)—Anosov with boundary
map &' =i441 0 &, except possibly if K=Rand p=q + 1.

1,g+1
bll?_ at )-Anosov

(2) If K=Rand p = q+1, then the composition to p is Pyy1(
if and only if the action of T via p on Hllz’q = Hl';’p s properly discontinu-
ous; in this case, the boundary map of to p is &' =igq10&.

(3) Assume that to p: T — G’ is Pyq1 (bl’;H’qH)-Anosov. Then the cocompact
domain of discontinuity of Proposition @) foriopis

Q=Fibg " N in(Ke);

it contains the dense G-orbit U of F1 (bI’;'H’qH) isomorphic to ]ﬁlﬁ’q from
Lemma 5.1(1). In particular, the action of I" on ]ﬁllp(’q via L o p is properly
discontinuous, and, if I is torsion-free, then p(I')\2 is a smooth compactifi-
cation ofp(F)\IﬁIIl;’q. Let

Cs == F1 (bR < K.

The action of T via p on Hﬁ’q UCe C Hﬁ’q is properly discontinuous and
cocompact. The action of T via p on HI’é’q is in fact sharp (Definition 3.3).

Suppose K =R and g = 0. Then Lemma 5.1(1) describes the usual compact-
ification of the disjoint union of two copies of the real hyperbolic space Hﬁ,
obtained by embedding them as two open hemispheres into the visual bound-
ary 8H£+1 = .Fl(bl’iﬂ’l) ~ S of Hﬁ“. A representation p : I' — O(p, 1) is
Py (bﬁ’l)-Anosov if and only if it is convex cocompact, in which case Theo-
rem 5.2(3) states that I" acts properly discontinuously, via p, on the complement in
8]1-]111;—|r1 of the limit set K¢ of p in 8]HI£. When p(I') € SO(p, 1), Theorem 5.2(3)
describes the compactification of two copies of the convex cocompact hyperbolic
manifold p (F)\Hl’; obtained by gluing them along their common boundary.
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For K=R and g = 1 (Lorentzian case), Theorem 5.2(1) describes the usual
compactification of the double cover of the anti-de Sitter space AdS”T!, obtained
by embedding it into the Einstein universe Ein?*!.

In general, the compactification F; (bﬁ“’qﬂ) of H:]Iﬁq of Lemma 5.1(1) is
homeomorphic to

(Sg xS /{zeK|zz=1}.

REMARK 5.3. Identifying R?**2 with C"*! gives a U(n, 1)-equivariant iden-
tification of ]I:]I%{”2 with H'(':l Examples of Pz(bf{" 2) Anosov representations
p: ' - O(2n,2) include the composition of any convex cocompact represen-
tation p; : I' — U(n, 1) with the natural inclusion of U(n, 1) into O(2n, 2); the
manifold ,o(r‘)\]ﬁlf{”2 then identifies with p; (F)\ﬂ"’l, and the compactifications
of these two manifolds given by Theorem 5.2(3) coincide. The same holds if we
replace

(H%{LZ’ ]ﬁ[%vl’ 0(21’1, 2), U(n’ l)’ P2(b12{l'2))
with (', O4n,4), Sp(n, 1), Pa(b™))
or with (]1@1%",2,Hﬁ1’U(2n, 2), Sp(n, 1), P2(b(2:n,2)).

The following examples show that, in the case K= R and p = g + 1, the fact
that p: T - G = AutK(bl[;’qH) is Pyy1 (bf;‘qﬂ)-Anosov does not imply that the
action of " on IR? via p is properly discontinuous.

ExaMpLE 5.4. Let K=R and p = ¢ + 1 = 2. The identity component G¢ of
G = 0(2,2) identifies with PSL(R) x PSL(R), and H" is a covering of order
two of (PSL;(R) x PSL,(R))/Diag(PSL,(R)). A representation p : ' — Gy is
&) (b2’2) Anosov if and only if the projection of p to the first (or second, depend-
ing on the numbering of the simple roots) PSL,(R) factor is convex cocompact.
However, the action of I via p is properly discontinuous on H Uif and only if
the projection of p to one PSL,(R) factor is convex cocompact and uniformly
dominates the other by [ Thm. 7.3] (see Remark 4.2).

ExampLE 5.5. Let K=R and p = ¢ + 1 > 2. Any Hitchin representation
p:T"— O(p, p) of a closed surface group I' or any Schottky representation
p: ' — O(p, p) of a nonabelian free group I' is P, (bﬁ‘p )-Anosov. However,
for odd p, the action of such groups I" on ]ﬁlﬁ’p ! via p is never properly discon-
tinuous [ 1.

5.3. Proof of Theorem

We first prove (1). Consider a Cartan subspace a’ for G’ = AutK(bﬁH’qH) that
contains a Cartan subspace a for G = AutK(bI';’qH). IfK=Rand p>gq+1,
then G and G’ both have restricted root systems of type By, and hence the

restriction of aq+1(b§+l’q+l) to a is aqH(bI’;’qH). (Recall that a1 (b) is the
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simple restricted root such that P, , | ()} is the stabilizer of a (g + 1)-dimensional
isotropic space; see Section 3.9.) If K= C or H and if p > ¢ + 1, then G and G’
both have restricted root systems of type (BC)y+1, and hence the restriction of
g1 Ty 10 ais a1 (bR I K=C or Hand if p=g + 1, then G
has a restricted root system of type C,1 and G’ of type (BC),+1, and hence the
restriction of g4 1 (bﬁ“’qH) to ais %aqH (bﬁ‘qu] ). In all three cases, it follows
from Definition thatif p: ' - G = AutK(bﬁ’qH) isa Py (b{;’qﬂ)-Anosov
representation with boundary map & : 9" — Fy41 (bﬁ’qH), then the composed
representation ¢ o p is Py (bI’;Jrl’qH)-Anosov with boundary map &’ =i, 0£.
This proves (1).

We now assume that K=R and p =¢ + 1, and prove (2). The group G has
a restricted root system of type D, and G’ of type B, hence the restriction of

a,,(b{;“*f’) to ais 5 (o, (bR") — ap—1(bR")). The boundary map
€100 > Fp(bR")

of the P, (bg")-Anosov representation p : I' — AutR(b£+l’p ) induces, by com-
position with i : F), (bﬁ’p )= Fp (b11;+1,p ), acontinuous, (to p)-equivariant, trans-
verse boundary map &’ : 95" — ]-"p(bﬁﬂ’p). Note that H’ﬁ’pﬁl =G/(H x Z)
where H x Z = Autr(b5”~") x Autr(by ") satisfies

(H x Z) =a* NKer (ap(bh"7)).

Iftop:T' - G'is P, (bﬁ“’p)—Anosov, then the action of I on Hﬁ’p_l is sharp
by Lemma 3.6; in particular, it is properly discontinuous. Conversely, suppose that
the action of I" on Hﬁ’p s properly discontinuous. The properness criterion of
Benoist and Kobayashi (Fact 3.2) implies

1,
[(eep ™), ()] =, +oo.
Using Lemma 5.6, we deduce that, for any y € I' of infinite order,
L,
(op (bR ™), Mo p(1))) >0,

and s0 ¢ o p(y) has a unique attracting fixed point in F), (bﬁ“’p ), see [

Prop. 3.3(c)]. Since p(y) € Autr(bg”), this attracting fixed point lies in
Fp (bﬂ’p ) and is thus the image by & of the attracting fixed point of y in doI". We
conclude that &’ is dynamics-preserving. Therefore, the composed representation

Lopis P, (bﬁ“’p )-Anosov with boundary map &’ =iy o &. This concludes the
proof of (2).

We finally prove (3). Suppose that to p : I' — G’ is Pq+1(b1’2+l’q+l)-Anosov.
By (1) and (2), the boundary map &’ : 3o — fp(bﬁ+1’q+l) of t o p is the
composition of the boundary map £ : dscI" — Fy4 (blp(’qﬂ) of p with the nat-
ural inclusion ig4 : ]-'q+1(b1’2’q+1) N ]-'q+1(b§+l’q+l). By Proposition ),
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the group I' acts properly discontinuously and cocompactly, via t o p, on Q =
Fi (bl';+l’q+1) \ K¢ where

Lg+1 . .
Ke= |J e Ag ") 1€ CigriEm)} = i1 (Ke).
NEIso
This set 2 contains the dense G-orbit U of F (bﬁ“’qﬂ) isomorphic to Hg’q
described in Lemma 5.1(1). Since the surjective map F (bl[yl’qﬂ) — H%’q of
Lemma 5.1(3) is proper and G-equivariant, the group I" acts properly discontin-
uously and cocompactly, via p, on the image of € in Hy?, which is HE'? U C;.
Recall that HE'? = G/(H x Z). We have u(H x Z) C Ker(aq+1(bl’2’q+l)), and

so Lemma shows that the properly discontinuous action of I on Hﬁ’q is in
fact sharp. This completes the proof of Theorem

LEMMA 5.6. Let g € Autr(b”) satisfy

(@p—1(bR"), M) = (ap(bR"), 1(2)) > 0. (5.1
Then the sequence ((ap(bﬁ'p) —apq (bﬁ'p), (g™ neN is bounded.

Proof. To make computations easier, we replace bﬁ’p with the equivalent sym-
metric bilinear form b given, for all x, y € R2?, by

p
b(x,y)= inyp—H' + Xptidi-
i=1
With this bilinear form, the Lie algebra of O(p, p) is

B C
o(p,p)={<D _,B) ‘B,C,DeMp(R),C+fC=D+fD:0},

A Cartan subspace of o(p, p) is
a = {diag(A1, ceAp = AL  =A) AL A e R}.
The corresponding set of roots is ¥ = {£¢; +¢; |1 <i < j < p}, where ¢; € a*
is given by ¢;(diag(Ay,..., —Ap)) = A;. A system of simple roots is given by
A={ai(b),...,ap)}, where oj(b) =¢; —gjp1for 1 <i < p—1and a,(b) =
£p—1+ &p. The corresponding set of positive roots is
St={e+ej|1<i<j=<p}

Using the notation of Section 3.1, we take u : O(p, p) — @' to be the Cartan
decomposition associated with the Cartan decomposition O(p, p) = K (exp ahHK
where K = O(p) x O(p).

Let g = gegugn be the Jordan decomposition of g. Using the Jacobson—
Morozov theorem [ Thm. 7.4] and (3.3), we may assume that g, = 1, that
gn € @™, and that gu € expua. Assuming this, let us check that

(op (") —ap_1 ("), n(g") =0
for all n € N.
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Let x :=log(gn) = A(g) € at and y :=log(gy) € ua. Assumption (5.1) on
g implies (¢,,x) =0 and (g1,x) > --- > {gp_1,x) > 0. In particular, we have
(i +€j,x) >0 and (g —€p,x) >0 forall 1 <i < j < p. Since g5 and g,
commute, so do x and y, and hence

ve @D ue,

1<i<j<p-—-1

We deduce that g = g5 g, belongs to the connected subgroup of O(p, p) whose
Lie algebra is

{(g _?B> ‘ BeM, |(R)C M,,(R)} ,

where M), _1(R) is embedded in the upper left corner of M, (R). This subgroup
is isomorphic to GL;;'_1 (R) and admits a Cartan decomposition

GLj;_ (R =(KnN GL;_I (R))(expat N GL;_ L(R))(KNGL,—1(R))
compatible with that of O(p, p), from which we see that
(€ps u(GL;_l(R)» = {0}.

In particular, (o, (bR'") — ap—1(bR"), n(g") = (2ep, u(g")) =0 for all n € N.
a

5.4. Proof of Proposition

Cases (i), (ii), and (iii) of Table 2 are covered by Lemma and Theorem
We now treat the remaining cases. Let (K, L, N, bk) be:

e incase (iv), K=R,L=C, N =2p +2g, and bg = by"** on KV;

e incase (v), K=C,L=H, N =2p +2¢, and bg = bg""*! on KV

e incase (vi), K=R,L=C, N =2m, and bk = " on K.

In all three cases, the group G of Table 2 is Autg (bK). Consider j € L \. K such
that j2 = —1 and let o : K — K be the conjugation by j, namely z° = —jzj for

all z € K. (In cases (iv) and (vi) we have o = idR, and in case (v) we have z° = Z7.)
Let by, be the bilinear form on LY = KV + K" j given by

brL(v+v'j, w+w'j) =bg (v, w) — bg V', w)” + b (v, w)” + br(v, w")j.

The group G’ of Table 2 is Auty, (by), and the natural injection Autg (bg) —
Auty, (by,) defines the injection ¢t : G — G'.

As in Section 3.9, we denote by Pj(bk) the stabilizer of an isotropic line in
(K, bk) and by F1(bk) = G/ P1(bk) the set of isotropic lines. We use similar
notation Py (by,) and F (by) for G'. There is a natural (-equivariant embedding i :
F1(bk) — F1(bL). Let T" be a word hyperbolic group, and p : I' — G a P1(bK)-
Anosov representation with boundary map & : dooI" — F1(bk). It easily follows
from Definition (see also [ Prop. 3.5]) that the composition ¢ o p :
I' = G’ is P;(bL,)-Anosov with boundary map & =i o & : 95" — Fj(by,). For
any 7 € 90T, the L-line £’ () intersects K¥ C L nontrivially (the intersection is
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Table 3 Cases to which Proposition 5.8 applies. Here m, p, g are any
positive integers. We denote by £ an isotropic line (over R) and by W’
a maximal isotropic subspace (over H) relative to the form b preserved
by G or G'. We also denote by (W” C W’) a partial flag of isotropic
subspaces with W/ maximal and dimg (W’) = 2dimg(W")

G H P G’ P’ )24

(vii) O(4p,4q) Sp(2p.2q) Stabg(€) Sp(2p +2q,2p +2q) Stabg/(W') Stabg/ (W’ C W')
(viii) Sp@dm,R) O*(2m) Stabg(£) O*(8m) Stabg (W) Stabgr (W C W)

&(n)). Therefore, the cocompact domain of discontinuity €2 of Proposition (@]
contains
V={(WeFyb) | WNK" = {0},

which is a G-invariant, open, and dense subset of F (by,). In particular, the action
of I on V via t o p is properly discontinuous, and I'\€2 is a compactification of
'\ V. The fact that V contains an open G-orbit { isomorphic to G/H is contained
in the following more precise statement. It concludes the proof of Proposition

LEMMA 5.7. In cases (iv) and (v) of Table 2 the action of G on V is transitive. In
case (Vi) the set V is the disjoint union of (m + 1) open G-orbits isomorphic to
G/U(p, m — p) for p ranging through {0, ..., m}.

Proof. Let W e U. Since W N K" = {0}, there is an R-linear map J : K¥ — KV
such that

W={v+J()j|veK"}. (5.2)
The fact that W is an L-subspace is equivalent to J being o-antilinear (i.e.
J(wr) = J(v)A%) and J? = —idgw~. The fact that W is by -isotropic is equiva-
lent to

bk(J (v), J(w)) =bk (v, w)? and bk (v, J(w)) =—bk(J (v), w)?

for all v, w in KV . Furthermore, for g € G, the linear map corresponding to g - W
1

isgJg™.

Conversely, a linear map J with the properties stated defines an element W
of U by formula (5.2). In cases (iv) and (v) it is easy to see that there is only
one conjugacy class of such J, whereas in case (vi) there are (m + 1) conjugacy
classes corresponding to the different signatures of the symmetric form (v, w)

R (v, J(w)). O

5.5. Compactifying More Families of (Locally) Homogeneous Spaces

We now use Remark to compactify other reductive homogeneous spaces that
are not affine symmetric spaces, together with their Clifford—Klein forms.

PROPOSITION 5.8. Let (G, H, P,G’, P’, P") be as in Table
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(1) There exists an open G-orbit U in G'/P" that is diffeomorphic to G/ H; the
closure U of U in G’/ P" provides a compactification of G/H.

(2) For any word hyperbolic group T' and any P-Anosov representation
o : T — G, the cocompact domain of discontinuity Q C G'/P’ for p(I')
constructed in | ] (see Proposition (1)) lifts to a cocompact domain
of discontinuity 2 C G’/ P” that contains U;, the quotient p(T)\(2 NU) pro-
vides a compactification of p(I')\G/H.

Proof of Proposition in case (vii) of Table 3. Let us write
H=R+Ri +Rj+Rk

where i = jZ=—1and ij = —ji = k. We identify H?*7 with R*?*%7 and see
H = Auty (bﬁ’q) as the subgroup of G = Autg (b4Rp ’4q) commuting with the right
multiplications by i and by j, which we denote respectively by I, J € G. The
tensor product R*”14¢ @p H can be realized as the set of “formal” sums

RY71H @p H = {v) + v2i + v3/ + vak | v1, v, v3, vg € R¥PTHY,
Consider the real bilinear form b on R*?*4¢ @g H given by
b(vn, vip) = b’ (1, v)) — b’ (02, V) + b’ (v3, V) — b’ ™ (v4, v))

for any vy = v1 4 v2i 4+ v3j +v4k and vy = v} +v5i +v5j +vyk in R*+t4 @p H,
and let by be the H-Hermitian form on R*”T%¢ @g H with real form b. Then
G’ =Sp(2p +2q,2p +2q) identifies with Auty(bg), and the natural embedding
of G = AutR(b;‘{p ‘4q) into G’ induces a natural embedding of F (bf{p ’4(1) into
F1(bn).

Let Fp1g.2p+24 (bn) be the space of partial flags (W” C W’) of R¥+4% @g H
with W' € Frpi24(bu) and dimg(W’) = 2dimg(W"”). (Note that the inclu-
sion W’ C W imposes by|wrxwr = 0 ie. W’ € F,i4(bn).) The space
Fptq2p+2¢(bu) identifies with G’/P” and fibers G’-equivariantly over
Fapy2¢(bu) = G'/ P’ with compact fiber. Consider the element (W C W) of
Fptq.2p+24(bR) given by

Wy == {v+ (Iv)i + (Jv)j + (Kv)k | v € RT3,
W( = {v+ (Iv)i + (JV')j + (Kv)k | v, v € R¥P T4},

Its stabilizer in G = AutR(b4Rp M) is the set of elements g commuting with
I and J, namely H = Autg(bjy?). Thus, the G-orbit U of (W] C W() in
Fptq.2p+24(bu) identifies with G/H, and its closure U in Fpiq2p+24(bH) =
G/ P” provides a compactification of G/H.

Let I be a word hyperbolic group, and p: ' — G a P, (b;‘{p “4)_Anosov rep-
resentation with boundary map & : d,c" — Fj (bf{p ’4q). It easily follows from
Definition (see also [ Prop. 3.5]) that the composed representation
o' :T — G < G’ is P(bg)-Anosov and that its boundary map &’ : 9, —
F1(bg) is the composition of & with the natural inclusion F (b;p Ay < F (by).
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By Proposition (1) the group I' acts properly discontinuously and cocom-
pactly, via p’, on € the complement in F> 12, (bn) of

Ke= |J (W' € Faprogbu) |E'(n) C W'},
NE€Dso

Since Fpig4,2p+24(bn) fibers G’-equivariantly over Fop+24(bp) with compact
fiber, " also acts properly discontinuously and cocompactly, via p’, on the preim-
age Q of Qin F p+q.2p+2q (bH). We check that 2 contains the G-invariant open
set
U = {(W' CW) € Fpigaprag(bu) | W NRPTH = {0},

which itself contains (W) C W) and hence U/. Thus, I" acts properly discontinu-
ously on G/H via p, and the quotient p’(I")\ (2 Nf) provides a compactification
of p(IM\G/H. O

Case (viii) of Table 3 is similar to case (vii): just replace the real quadratic form
b4Rp 44 on R4P+44 with the symplectic form a)4Rm on R*" and b with the symplec-
tic form w" (vi, v}) — W (v2, v5) + wg" (v3, v5) — Wi (v4, v)) on R¥" ®@g H.

The subgroup of G = AutR(a)4Rm) commuting with I and J is H = O*(2m).

6. Topological Tameness

Lemma is a particular case of the following general principle.

PROPOSITION 6.1. Let X be a real semialgebraic set, and " a torsion-free discrete
group acting on X by real algebraic homeomorphisms. Suppose that I acts prop-
erly discontinuously and cocompactly on some open subset Q of X. Let U be a
I'-invariant real semialgebraic subset of X contained in Q2 (e.g. an orbit of a real
algebraic group containing T and acting algebraically on X ). Then the closure U
of U in X is real semialgebraic, and T\(U N Q) is compact and has a triangula-
tion such that I'\(0U N Q) is a finite union of simplices. If U is a manifold, then
I'\U is topologically tame.

Here we use the notation D for the interior of a subset D of X and 8D = D ~ D
for its boundary.

6.1. Real Semialgebraic Subsets

Before proving Proposition 6.1, we first review a few basic definitions on real
semialgebraic sets and maps.

Recall that a real semialgebraic subset of RY is a subset defined by polynomial
equalities and inequalities. More precisely, the class S € P(RY) of real semial-
gebraic subsets is the smallest class stable by finite union, finite intersection, and
complement and containing the sets { P = 0} and { P > 0} for every polynomial P.

A map f: X — Y between real semialgebraic subsets is called semialgebraic
if its graph is a real semialgebraic subset of X x Y. Algebraic maps are always
semialgebraic. If f is a semialgebraic function, then so are | f|, +/[f], and so
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on. If f/ is another semialgebraic function, then max(f, f’) is semialgebraic; in
particular, £ =max(f,0) and f~ = max(— f, 0) are always semialgebraic. The
inverse of a semialgebraic homeomorphism is semialgebraic.

The closure of a real semialgebraic subset is also real semialgebraic (see e.g.
[ Cor. 2.5]). The image of a real semialgebraic subset by a semialgebraic
map is a real semialgebraic subset [ Cor. 2.4(2)].

DEeFINITION 6.2. A locally real semialgebraic set is a topological space X
that admits an open covering % and, for every U € %/, a continuous map
¢u : U — RN such that

e ¢y is a homeomorphism onto its image ¢y (U), which is a real semialgebraic
subset of RNV,

e forany U,V € %, the subset ¢y (U NV) C RMV s real semialgebraic;

e forany U,V € %, the map ¢y o ¢‘71 py(UNV)—> RM s semialgebraic.

Any real semialgebraic subset is a locally real semialgebraic set. The notion of a
semialgebraic map naturally extends to the setting of locally real semialgebraic
sets.

REMARK 6.3. Up to taking a refinement of % and composing ¢y by an affine
transformation of RNV, we may assume that, for every U € %, the set ¢ (U) C
RM s contained in the Euclidean ball By of radius 1 centered at 0 € RN and
that ¢y extends to the closure U of U in X with ¢y : U — RV injective and
¢y (@U) C dBy.

6.2. Compact Locally Real Semialgebraic Sets

Proposition 6.1 relies on the following observation.

PROPOSITION 6.4. If a locally real semialgebraic set X is compact, then it is in
fact real semialgebraic, that is, there exist an integer N € N, a real semialgebraic
subset S C RV, and a semialgebraic homeomorphism ¢ : X — S.

Proof. Let % be an open covering, and let ¢y : U — RNV for U € % be contin-
uous maps defining the locally real semialgebraic structure of X. We may assume
that they are as in Remark 6.3. Since X is compact, we may furthermore assume
that 7 is finite.

Forany U € % , the function fy (u) =1 — ||¢y (u)||gny is semialgebraic on U
and zero on 0U. The map

Yy :U — R x RN
u —> (fu @), fu)py w))

is continuous, injective, and semialgebraic. Extending it by zero outside U, we
obtain a continuous semialgebraic map ¥y : X — RM/+1,

The direct sum of the Yy for U € % is a continuous, injective, and semial-
gebraic map ¢ : X — RV Since X is compact, ¢ is a homeomorphism onto its
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image. This image is the finite union of the real semialgebraic subsets ¢ (U) C RV
and hence is real semialgebraic. (]

Proof of Proposition 6.1. Since the closure of a real semialgebraic subset is real
semialgebraic, I{ is real semialgebraic, and 9 = U ~. U is real semialgebraic.

The quotients I'\(Z/ N ) and I'\ (314 N ) have a natural structure of locally
real semialgebraic sets. Since they are compact, they are real semialgebraic by
Proposition 6.4. Thus, the triangulation theorem for real semialgebraic pairs (see
[ Thm. 3.12]) gives the sought-for triangulation.

This triangulation allows us to build a tubular neighborhood of I'\ (3l N 2)
such that I"\{/ is homeomorphic to the complement of this tubular neighborhood.
Thus, if U is a manifold, then I"\{/ is homeomorphic to the interior of a compact
manifold with boundary. (]

6.3. Tameness of Group Manifolds

From Theorem and Lemma (which is a special case of Proposition 6.1)
we deduce the following. Theorem corresponds to the particular case where
PR 18 constant.

THEOREM 6.5. Let I be a torsion-free word hyperbolic group, G a real reductive
algebraic group, and pr, pr : ' — G two representations. Let o € A be a simple
restricted root of G. If pr is Piy)-Anosov and uniformly w,-dominates pgr, then
(oL, PR)(D\(G x G)/Diag(G) is a topologically tame manifold.

For G = SO(p, 1) with p > 2, this was first proved in [ Thm. 1.8 &
Prop. 7.2]. In that case, tameness actually still holds when py, is allowed to be
geometrically finite instead of convex cocompact.

Recall that any Py-Anosov representation is Pyq)-Anosov for all o € 6 (see
Section 3.3).

Proof of Theorem 6.5. By Proposition there exist a nondegenerate bilinear
form b on a real vector space V and a linear representation v : G — Autgr(b)
such that T o py : I' — Autr(d) is P1(b)-Anosov and uniformly wy, (»)-dominates
T o pg. Let ©2 be the cocompact domain of discontinuity of (t o p; @ T o pg)(I')
in Fy(b & —b) given by Proposition (1). By Theorem it contains
the open (Autr(b) x Autr(b))-orbit Uy of Theorem that identifies with
(Autgr (b) x Autr(b))/ Diag(Autgr(b)). Let u be a point in Uy with stabilizer equal
to Diag(Autr (b)). Applying Lemma to the (t @ 7)(G)-orbit U of u in Uy, we
see that (o pr @10 pr)(I)\(7(G) x T(G))/Diag(r(G)) is a topologically tame
manifold. If 7 has finite kernel, then (o7 @ pgr)(I')\(G x G)/ G is a topologically
tame manifold as well.

However, in general, T might not have finite kernel. To address this issue, we
force injectivity by introducing another representation as follows. Let 7’ : G —
GLR(V’) be any injective linear representation of G where V' is a real vector
space of dimension N’ € N. The Grassmannian Fy/(V’' @ V') is compact, and
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hence the action of I" on Q x Fy/ (V' @ V') via
(topL®topgr) x (t'opL &1 0pR)

is properly discontinuous and cocompact. By Theorem there is an open
(GLR(V') x GLR(V"))-orbit U in Fy:(V' @ V') that identifies with

(GLr(V') x GLr(V"))/ Diag(GLR(V")).

Let u’ be a point in U, with stabilizer Diag(GLRr (V")) in GLr(V') x GLRr(V").
By injectivity of t’, the stabilizer of (u,u’) in G x G for the action of G x G
on Fy(b @ —b) x Fy(V' @ V') via (t & 1) x (t/ & ) is Diag(G). Ap-
plying Lemma to the (t ® 1) x (r' ® 1) (G)-orbit U of (u,u’) and to
Q x Fn/ (V' @ V') instead of 2, we obtain that (or, pgr)(T)\(G x G)/Diag(G)
is a topologically tame manifold. U
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