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A Topological Characterization of the Underlying
Spaces of Complete R-Trees

PauL FABEL

ABSTRACT. We prove that a topological space (P, t) admits a com-
patible metric d such that (P, d) is a complete R-tree if and only if
P is a topological R-tree (i.e. metrizable, locally path-connected, and
uniquely arcwise connected) and also locally interval compact. The
latter notion means that each point x € P has a closed neighborhood
U such that U N« is compact for each closed half interval @ C P. For
topological R-trees, the property “locally interval compact” is strictly
stronger than topological completeness.

1. Introduction

An R-tree (P, d) is a uniquely arcwise connected metric space such that for each
pair of points {x,y} C P, the arc ([x,y],d) C P from x to y is isometric to
the Euclidean segment [0, d(x, y)]. R-trees have received considerable attention
as objects of study in their own right, and R-trees also play a prominent role
in geometric group theory, notably in the study of group actions on spaces of
nonposmve curvature [1; 2; 3; 4; 5; 65 7; 8; 9; 105 115 12; 145

; 225 23; 245 25; 26; 29; 30].

However, the following fundamental question has apparently escaped collec-
tive inquiry: Which topological spaces (P, t) underly the complete R-trees?

To answer this question, observe that open metric balls in the metric R-tree
(P, d) are path connected and hence (P, ) is metrizable, uniquely arcwise con-
nected, and locally path connected, that is, R-trees are fopological R-trees. Thanks
to a result of John Mayer and Lex Oversteegen [27], the converse is also true:
each topological R-tree (P, 7) is the underlying space of some R-tree (P, d).
(A preprint of the author contains an alternate shorter proof [13].)

For the metric R-tree (P, d) to be complete, it is of course necessary that (P, 1)
is topologically complete, but somewhat surprisingly, this is not sufficient. Exam-
ple 1, the planar subspace ([0, 1] x {0})U (UZOZI{%} x [0, %)), shows it is false that
a topologically complete topological R-tree (P, 7) is necessarily the underlying
space of some complete R-tree (P, d).

As mentioned in the abstract, to strengthen topological completeness and en-
sure that the topological R-tree (P, 7) is the underlying space of a complete met-
ric R-tree, it is precisely adequate to demand that (P, t) has the following extra

property:
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DEFINITION 1. The space (P, 7) is locally interval compact if for each x € P,
there exists an open set U C P such that x € U and o N U is compact for all
closed subspaces @ C P such that « is homeomorphic to [0, 1).

We also establish that a metric R-tree (P, d) is locally interval compact if and
only if (P, d) is open in its metric completion, and in turn such spaces precisely
underly complete R-trees. With the exception of the reference to [27], this paper
is self contained, and the main result is the following.

THEOREM 1. Suppose (P, t) is a topological space. The following are equiva-
lent:

(1) There exists a compatible metric d such that (P, d) is a complete R-tree.

(2) There exists a compatible metric d such that (P, d) is an R-tree and such that
(P, d) is an open subspace of its metric completion (P, d).

(3) P is metrizable, locally path connected, uniquely arcwise connected, and lo-
cally interval compact.

2. Preliminaries, Examples, Remarks, and Lemmas

An arc is a single point or a space homeomorphic to [0, 1]. A p-based topological
R-tree (P, 1, p, <,”) is a metrizable, uniquely arcwise connected, locally path
connected space with p € P and [x, y] C P denoting the unique arc from x to y.
The space P enjoys both the associative binary operation ~ such that [p, x"y] =
[p.x]1N[p, y] and the partial order < such that y < x iff y € [p, x]. Notationally,
we may suppress < and " if it is understood that p is the basepoint, and  can be
replaced by d or D if P is equipped with the particular metric d or D. A metric
space (P, d) is complete if each Cauchy sequence has a limit, and we remind the
reader that every metric space can be embedded as a dense subspace of a complete
metric space [28], uniquely up to isometry.

EXAMPLE 1. Let P denote the planar subspace ([0, 1] x {0}) U (Ufjozl{%} X
[0, %)). Note that P is not the underlying space of a complete R-tree since the
half open intervals {%} x [0, %) would be forced to have infinite geometric length,
violating the topological fact that x,, — 0 if x,, € {%} x [0, %). Note that P is a
G subspace of the plane (the intersection of countably many open planar sets),
and hence P is topologically complete.

The following fact follows easily from the algebraic properties of (P, ", <).

LEMMA 1. Suppose (P, p,t <,”) is a p-based topological R-tree and [p,z] N
[x,y]=0.Thenx"z=y"z.

Proof. Note thata"b <bsincea"b € [p,blanda <b=>a"b=a since [p,a]N
[p,bl=[p,al=[p,a"b]. Note {x"z,x"y} C [p,x] and x "z < x"y (since oth-
erwise we obtain the contradiction x"z € [p,z] N [x "y, x] C [p, z] N [x, ¥]). By
a symmetric argument we conclude y“z < y“x. Thus, {x"z,y "z} C [p,x"yl.
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Note that y"z € [p, x] N [p, z] and thus y"z < x"z. By a symmetric argument,
x"z<y'z,andthus x"z=y"z. O

The following lemma is also a consequence of the fact that the metric completion
of an R-tree is an R-tree [19; 8].

LEMMA 2. Suppose (P,d, p, <,”) is an incomplete p-based R-tree with metric
completion (P,d, p, <,”). Suppose y € P = (P,d) \ P. There exists an order-
preserving isometric embedding h : [0,d(x,y)) — (P, d) such that h(0) = p and
y =1limy_4(x,y) h(t). In particular, since the compactum h([0, d(x, y)]) is closed
in the metric space (P,d), h([0,d(x,y)) = P Nh([0,d(x, y)]) is a closed sub-

space of P.

Proof. Obtain a sequence z,, € P with d(z,,y) — 0. Foreach N € {1,2,3, ...},
obtain My > N such that [p,zy] N [zZm,zn] = @ if My < m < n. Define
YN =zn zm, and note that by Lemma | yy = zn"zm 20 = 28" 2m if My <
m < n. Note that y, — y and by construction there exists a subsequence yx, <
Yk ----Leth :[0,d(x, ) = Uge [P, yn,] C P be the natural isometry mapping
[d(p, yx,).d(p, Yk, )] onto [yx,, Yk,,, ] C P. By construction, 4 is continuously
extendable at d(p, y). U

The following lemma establishes that locally interval compact R-trees are open
subspaces of their metric completions.

LeEMMA 3. Suppose that (P,d, p) is a p-based incomplete R-tree and 0P =
(P,d, p)\ P is not a closed subspace of the metric completion (P, d, p). Then P
is not locally interval compact.

Proof. Obtain x € P N3 P. Suppose & > 0. Obtain y € d P such that d(x, y) < &.
Obtain by Lemma 2 an isometric embedding [0, d(p, y)] — P such that 0 p,
d(p,y)— y,and [0, d(x, y)) is order isometric to a closed subspace o C P. Let
8§ =e& —d(x,y). Obtain z € ¢ with d(z, y) < 4. Note that if z < w and w € «,
then d(w,x) =d(w,z) +d(z,x) < (¢ —d(x,y)) +d(x,y) <e. Thus, [z,y) is
a closed subspace of P, [z, y) is homeomorphic to [0, 1), [z, y) C B(x,¢), and
[z, y) is not compact. U

RemMaARrk 1. If (P,d, p) is a p-based R tree and o« C P is homeomorphic to [0, 1),
then (w, d) is isometric to a unique finite Euclidean half open interval [0, R) for
some R > 0 or the infinite ray [0, 00). If « is closed in P and (¢, d) is isometric
to the finite interval [0, R), then the preimage of the sequence R — % shows that
(P,d, p) is incomplete.

The following easy lemma is used in the proof of Lemma 6.

LEMMA 4. Suppose that (X, D) is a metric space and A C X and 2% denotes the
collection of compact subsets of X with the Hausdorff distance. Define L : 2% —
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[0,00) as L(C) = inf qyecxa D(c,a). Then L is continuous. If (P,d, p, <,”)
is an R-tree, then X is continuous if A - P — 2F is defined as (x) = [p, x].

Proof. By definition the Hausdorff distance H(C, B) [28] between compacta
{B, C} C X satisfies 0 < H(B, C) < ¢ iff for each b € B, there exists ¢ € C with
D(b, ¢) < ¢ and for each ¢ € C, there exists b € B with D(b,c) <¢.If b € B and
c € C with D(b, c) < g, then |[L(C) — L(B)| < ¢, and in particular L is continu-
ous. If {x, y} C P withd(x,y) < ¢, then H([p, x],[p,y]) =d(x,y) <e¢, and in
particular A is continuous. (|

The following lemma and its proof also appear in another preprint of the author

[13].

LEMMA 5. Suppose that (P, p,t,<,”) is a p-based topological R-tree. Suppose
that the continuous function | : P — [0, 00) satisfies x <y = l(x) < [(y). Define
d:PxP—[0,00)asd(x,y)=1(x)+1(y) —2l(x"y). Then d is a metric on the
set P, inclusion k : (P, 1) — (P, d) is a continuous bijection, each arc k[x, y] C
(P, d) is isometric to the Euclidean segment [0, d(x, y)], and d(x, x"x,,) — 0=
x"xp,; — xin (P, 7).

Proof. Note that d(x,x) =0since x"x=xand y#x=>x"y<xorx"y<y
and hence d(x,y) > 0. d(x,y) = d(y,x) since x"y = y“x. Note that 0 <
2(I(y) — I(x"y)) since x"y < y. Note that d(x,z) < d(x,y) + d(y,z) iff
=2l(x"7) <2l(y) —2l(x"y) —2l(x"z) iff 0 < 2(I(y) — I(x"y)). The latter holds
since x "y < y. Thus, d is a metric on the set P.

If x,, — x in (P, 7), then x " x,, — x in (P, 7). Thus, since [ is continuous at
x,1(x)—=1(xp) = 0and [(x) —I(x"x,,) — 0. Hence, ({ (x) —I1(x"x)) + L (x,) —
1) + (I (x) = 1(x"xm)) = d(x, xpm) — 0.

Note that if {w, z} C (P, t) then w < z iff w = z" w, and hence by definition,
d(w, z) =1(z) — l(w). Thus, if {x, y} C (P, 7), then the natural homeomorphism
B,y klx"y,x]1— [0,1(x) —I(x"y)] (defined as &y y(z) =1(z) —I(x"y)) is an
isometry onto the Euclidean segment since w < u <z = d(z, w) =1(2) —l(w) =
(@) —Ilw)+ (wm) —l(w)) =d(z,u) + d(u, z). Pasting at 0 (h",jc union the
reverse of h;l)) yields the natural isometry [[(x"y) — [(x),l(y) — I(x"y)] —
Kklx, yl.

Suppose d(x, x " x,) — 0. Then {x " x,,} is a sequence in the (metrizable) com-
pactarc [p, x] C (P, 7). Since « is continuous at y, if y € [p, x] C (P, t) is a sub-
sequential limit of {x "x,,}, then y = x(y) = x. Hence, x"x,, - x in (P, 7). O

The standard fact that a space U is topologically complete if U is an open sub-
space of some complete metric space (X, d) is often established [28] via a closed
embedding ¢ : U — X x R with u — (u, m). For several reasons, this proof
does not work “off the shelf” when trying to obtain a complete R-tree metric
for a connected open subspace P C Q of a complete R-tree (Q, D). Instead, we
build a strictly increasing length function / : P — [0, co) such that /(x,) — oo if
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Xp, — 0P, apply Lemma 5, and verify completeness of the metric and continuity
of the inverse mapping.

LEMMA 6. Suppose that (Q, D) is a complete metric space, suppose that the
subspace P C Q is open, nonempty, and dense, and suppose tthat he metric space
(P, D, p,<,”)isa p-based R-tree. There exists a topologically compatible metric

d on P such that (P,d, p) is a complete R-tree.

Proof. Let 0P = Q \ P. Define L: P — [0,00) as L(x) =inf{D(y,z) | y €
[p,x] and z € dP}. Note that L > 0 since [p, x] is compact and 9 P is closed.
Note that y < x = L(y) > L(x) since [p, y] C [p, x]. Define [ : P — [0, c0) as
lx)=D(p,x)+ ﬁ Note that [ is continuous since D is continuous and by Re-
mark 4 L is continuous. Observe that {x, y} C Pandx <y = D(p,x) < D(p,y)
(since (P, D) is an R-tree) and ﬁ < ﬁ since L(y) > L(x), and hence
I(x) < 1(y). Thus, applying Lemma 5, the metric d(x, y) =1(x) +1(y) —2[(x"y)
ensures that the inclusion « : (P, D) — (P,d) is a continuous bijection, and
k[x,y] C (P,d) is isometric to the Euclidean segment [0, d(x, y)]. By defini-
tion, D(x,y) =d(x,y) —Il(x) —I(y) <d(x,y). Hence, k is a homeomorphism.
Thus, (P, d) is uniquely arcwise connected, and hence (P, d) is an R-tree.
Observe that for real numbers, if 0 < ¢ < 5, then 1 < % — % iff st <s —1t.

To obtain a contradiction, suppose that (P, d) is incomplete. Let (P, d) de-
note the metric completion of (P, d). By Lemma 2 obtain y € (P, d) \ P, and an
isometric embedding % : [0,d(p, y)] — (P,d), so that h(0) = p, h(d(p,y)) =y
and &[0, d(p, y)) is an order-preserving embedding into P. Let y,, = h(%).
Note that {y,,} is Cauchy in (P, d) and hence {y,} is Cauchy in (P, D) since
D <d.

Note that forallm > 1and k> 1,0 < L(y;n) < D(Vm, Ym+k) since [p, ym] C
[P, Ym+k]. Thus, since {y,,} is Cauchy in (P, D), the sequence L(y,,) — 0. Hence
(applying the continuity of X : Rx R — R and — : R x R — R (familiar multipli-
cation and substraction of real numbers)), for each M > 1, we obtain Ny; > M so
that L(yp) x L(yn) < L(yp) — L(yp). Thus,if n > Ny > M, then ypr = yur ™ yu,
and hence d()’m yM) = D(Yn, yM) + (L(;n) - L(;’M)) = (L(;n) - L(}I’M)) > 1» con-
tradicting the fact that {y,, } is Cauchy in (P, d). U

3. Proof of Theorem

For 3 = 2, suppose that (P, 7) is a locally interval complete topological R-tree.
Obtain by [27] a topologically compatible metric d such that (P, d) is an R-tree.
If (P,d) = (P, d), then note that (P, d) isopenin (P, d).If (P,d) # (P, d), then
Lemma 3 ensures that P is open in (P, d). For 2 = 1, suppose that (P, d) is an R-
tree, open in its metric completion (P, d). Apply Lemma 6. For 1 = 3, suppose
that (P, d) is a complete R-tree. Note that, by definition, (P, d) is metrizable
and uniquely arcwise connected, and (P, d) is locally path connected since open
metric balls are path-connected. Recall Remark | and observe that the bounded
open metric balls of radius 1 establish that (P, d) is locally interval compact.
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