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Common Boundary Values of Holomorphic Functions
for Two-Sided Complex Structures

FLORIAN BERTRAND, XIANGHONG GONG, &
JEAN-PIERRE RoOSAY

ABSTRACT. Let 1, 2 be two disjoint open sets in R2" whose bound-
aries share a smooth real hypersurface M as a relatively open sub-
set. Assume that €2; is equipped with a complex structure J ! that is
smooth up to M. Suppose that at each point x € M there is a vector
v € Ty M such that J!v and J2v are in the same connected component
of TyR?" \ Tx M. If f is holomorphic with respect to both structures
in the open sets and continuous on 1 U M U Q,, then f must be
smooth on the union Q| U M. Although the result, as stated, is far
more meaningful for integrable structures, our methods make it much
more natural to deal with the general almost complex structures with-
out the integrability condition. The result is therefore proved in the
framework of almost complex structures.

1. Introduction

In this paper, we study the regularity of boundary values of two functions that are
holomorphic with respect to two complex structures defined on two domains sepa-
rated by a real hypersurface. We are interested in the situation where the two func-
tions have the same continuous boundary values on the hypersurface. Notice that
the regularity becomes an interior property when the two structures are the restric-
tion of the same complex structure, which is well established by the Newlander—
Nirenberg theorem; our results are concerned with a pair of distinct structures.
To highlight the relevance of our problem to yet another classical regularity prob-
lem, we recall the edge-of-the-wedge theorem, which deals with two holomorphic
functions on two wedges in C” that have the same appropriate boundary values
on the edge. Under suitable assumptions on the wedges, the theorem concludes
that both functions are actually the restriction of the same holomorphic function
defined on a domain containing the edge. The edge-of-the-wedge theorem, origi-
nally due to Bogolyubov, has been extended in great generality by many authors.
For instance, see Rudin [20] and references therein, Morimoto [15], Pincuk [ 18],
Bedford [2], Straube [23], Rosay [19], Forstneric¢ [8], and Eastwood and Graham
[7]. Despite some similarity between the classical edge-of-the-wedge theorem and
our results, the study of the regularity in this paper apparently gives rise to a new
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type of boundary regularity problem even in one complex variable. Our meth-
ods are effective to study the case of not necessarily integrable almost complex
structures, and they allow us to deal with a pair of systems of nonhomogeneous
equations.

Our main result is the following theorem.

THEOREM 1.1. Let Q1, Q2 be disjoint open subsets of R** such that their bound-
aries 9Q', Q2 share a C* smooth real hypersurface M. Suppose that M is
relatively open in each 3Q°. For £ = 1,2, let J* be an almost complex structure
of class C* on Q¢ U M. Suppose that at each point p € M, there is a vector v
tangent to M at p such that J ;v and J gv belong to the same connected compo-
nent of TI,RQ" \T,M. Let f be a continuous function on Q1 U M U 3. Suppose
that (ax_,. + iJfaxj)f and (83,j +iJt Byj)f, originally defined on $2¢, extend to
functions of class C*° on QUM for £ =1,2 and 1 < j <n. Then f is of class
C®onQ UM.

We will actually prove a more precise version of Theorem | .1 under finite smooth-
ness assumptions made on the hypersurface, the structures, and the set of the
derivatives of f in the theorem. We emphasize that we make no convexity as-
sumption on M with respect to either of the almost complex structures. There-
fore, it is not clear if the smoothness of the function restricted to the hypersurface
can be achieved via classical one-sided techniques such as of Bishop discs, and,
although it leads to a loss of regularity, the use of the Fourier transform appears
to be essential in our approach to the boundary value problem.

As mentioned earlier, the interior regularity of f for integrable almost com-
plex structures is ensured by the well-known Newlander—Nirenberg theorem [16]
(see also Nijenhuis and Woolf [17] and Webster [26]). There are results on the
Newlander—Nirenberg theorem for pseudoconvex domains with boundary by Cat-
lin [5] and Hanges and Jacobowitz [10]. See earlier work of Hill [1 1] on failure
of a Newlander—Nirenberg-type theorem with boundary.

Let us observe how the common boundary values arise from the Cauchy—Green
operator for 8 in C. Let X = 8 + a(z)d, with |a(z)| < 1 and a being a C*®
function on the closure of a bounded domain 2 with smooth boundary in C. To
seek new coordinates z + f(z) to transform dz + ad, into a multiple of 9z, we
consider the equation

df+a@d, f+b()=0, ze€Q, (1.1

where b is C*° on the closure of 2. To solve it, one considers the integro-differen-
tial equation

f@+T@d, f)2)+Th(z)=0, zeQ. (1.2)

Here T = Tgq is the Cauchy—Green operator

1
rr@ = [ 2 dean



Two-Sided Complex Structures 295

with £ = Re¢ and n = Im¢. Equation (1.2) is equivalent to (1.1) and an extra

equation
/&dgzo, 7€ Q. (1.3)
l—2

When f € C(92), the jump formula implies that (1.3) is equivalent to f being the
boundary values of a function that is holomorphic on ' = C \ , continuous on
€, and vanishing at 0o. See Lemmas 6.3 and 6.6 for details. To find a solution f
that is C° on  for equation (1.1), we would like to invert the operator I + T'ad,
in C* space for each finite k. In complex dimension one, we also obtain a sharp
version of Theorem under finite smoothness assumptions; see Theorem

As an application of Theorem 6.2, we will prove the following.

THEOREM 1.2. Let 0 <« < 1, and let @ C C be a bounded domain with C'*¢
boundary. Let a,b € C*(Q). Assume that |aly < 1. Then (1.2) admits a unique
solution f € C'7*(Q). Assume further that a, b € C*T%(Q) and 3Q € CKH1+¢ for
an integer k > 0. Then f € CK*11(Q). Moreover, the linear map 1+ Tad, from
CKH14+2(Q) into itself has a bounded inverse.

Theorem 1.2 yields a method to solve equation (1.2) for the boundary regularity of
the solutions. We will prove a version of the above theorem when equation (1.2)
depends smoothly on a parameter. As a consequence, we will obtain a C* version
of the Riemann mapping theorem for complex structures and simply connected
bounded domains with smooth boundaries in the complex plane that depend (C*°)
smoothly on a parameter.

Finally, we would like to explain the condition in Theorem 1.1 that J!v, J2v
be in the same connected component of 7, R \ T, M. In one complex variable,
this condition is equivalent to J!, J? defining the same orientation for 7, R? when
x € M. This condition is also necessary as illustrated by the following counterex-
ample. Let J! be the standard complex structure defined by d;, on the upper
half-plane Q7. Let J? be the complex structure defined by d;, on the lower half-
plane Q7. Let M be defined by Im z; = 0, which is the boundary of both Q* and
Q7. Let f be a holomorphic function on Imz; > 0O that extends continuously to
QtUM.On Q™ ,let f(z1) = f(Z1). We can find f that does not extend as a C!
function on Q1 U M. However, for any integer n > 1, the validity of the assertion
on the smoothness of f has no obvious connection with the orientations defined
by J!, J2. When n = 2, it is easy to extend the above counterexample to both
cases where J !, J? define the same orientation or opposite orientations by adding
d;, or dz, to the one-dimensional structures.

The paper is organized as follows.

In Section 2 we recall some basic facts about the solution operator T for 3
equations on bounded domains in the complex plane. We will briefly address the
invertibility of I + T'ad when a has compact support in a domain 2. The invert-
ibility for this special case is used in Section 3 to study the interior regularity of
J-holomorphic curves depending on a parameter.
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In Section 3 we give a detailed proof of the existence and regularity of J-
holomorphic curves that depend on a parameter. The result is due to Nijenhuis
and Woolf [17] for the finite smoothness case. We take the opportunity to modify
their proof to treat the C* case in the z-variable, which is not in [17]. However,
the authors do not know if the regularity result holds for C* class in the parameter
variable, which is another case left open in [17].

Section 4 contains some elementary estimates for Cauchy integrals for do-
mains depending on a parameter.

In Section 5 we prove our main theorem by establishing a more precise finite
smoothness version of Theorem 1.1. The main step of the proof is to establish
the smoothness of f on the common boundary M. It is for this step that we need
the assumptions on both structures. Our basic technique is the Fourier transform
applied on families of lines, or straightened curves, in M. We will show that the
Fourier transform of f on these lines will decay uniformly within the families as if
f has the desired regularity. To apply the two almost complex structures, we will
use the flexibility that we can attach two families of approximate J-holomorphic
curves, one for each almost complex structure, to the same family of the lines
in M. After we establish the regularity of f on M, we will obtain the regularity
of f from one side of M by using families of genuine J-holomorphic curves.
The regularity in all variables will be obtained after we establish uniform bounds
on the derivatives of f on families of J-holomorphic curves attached to M. We
should mention that the methods of establishing the smoothness of a function via
uniform boundedness of its derivatives on families of curves have appeared in
other works (for instance, see Tumanov [24], Coupet, Gaussier, and Sukhov [6]).

In Section 6 we treat the one complex variable case by establishing some sharp
regularity results. We will conclude the paper with some open problems.

2. Inverting I + T Ad,

In this section, we recall estimates on the Cauchy—Green operator 7 and 9,7 . We
will discuss the inversion of I + 7' A9, in spaces of higher-order derivatives when
A has a small C* norm. When A has compact support, we can invert I + T A9,
and 14 T A9, by direct estimates. This is obtained in this section. In Section 6 we
will finish the proof that I + T A9, is indeed invertible when A is a suitable scalar
function, that is, Theorem is valid. In fact, we will prove a parameter version
for derivatives of any order by using our main theorem and a method from [17].

We will systematically use the functions that depend on parameters as fol-
lows. To prove Theorem 1.1, we need to build up smoothness of a function via its
smoothness on a web of curves and on uniform bounds of its derivatives on these
curves. We will need two families of curves; one consists of real curves in M, and
another consists of J-holomorphic curves intersecting M transversally. We will
need to study the Cauchy—Green operator 7' on domains in J-holomorphic curves
depending on parameters. The regularity of J-holomorphic curves depending on
parameters is given in Proposition 3.7. The estimates on operators 7 on domains
depending on parameters are in Lemma
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Throughout the paper, when a parameter set P is involved in Q2 x P, Q is a
bounded open set in a Euclidean space, and P is the closure of a bounded open
set in a Euclidean space. We assume that two points a, b in the interior of Q x P
can be connected by a smooth curve in the interior of length at most C|b — a].

We now recall spaces of functions with parameter defined in [17]. Let C* ()
denote the set of functions f such that all partial derivatives of order k are contin-
uous functions on € that extend continuously to Q. The usual norm on C¥t%(Q)
is denoted by |- |+ Forintegers k, j > 0 and 0 < o < 1, we define Ckta.j (Q, P)
to be the set of functions f defined on Q x P such that for all integer 0 < ¢ < j,
the map ¢ — 8f f (-, t) is continuous from P into ck () and such that

) ¢
I f lk+e,j = max sup|d; f (-, 1)|k+a < 00.
0=l<j1ep

Here af denotes the partial derivatives of order £ in parameter variables ¢. Define
(e.¢]
@ Py=\CH@.P), @ P):=C (@ P).
k=1
To simplify notation, the parameter set P will not be indicated sometimes.
Let  be a bounded domain in C. The d solution operator 7 and § = 3, T are

119 _ ! /f(;“)
Tf(z):= QZ_CdEdn, Sf(z):= T[p.v. sy

T
It is well known that 9z T is the identity on L”(€2) when p > 2. Assume now that
0<a <1.When f €C*(Q) and 92 € C' ™, one has

dedn. (2.1)

1 [ fO-f@ f@ dg
S =—— | —/————d&dn— . 2.2
@ / (z—¢)? S i ¢~z 22
If f has compact support in 2, or if f € C¥**(Q) and 9Q € C*+1+¢, then
ITflk+140 < Ckt1+al flk+as [Sflk+a < Chprgal flitar  (2.3)

See Bers [3] and Vekua [25, p. 56]. The above estimates for domains with param-
eter will be derived in Section 4. Recall that

9;Sf =S80, f, 0zSf =0, f, 24

where the first identity needs f to have compact support in 2.
For f € Ckt*J (Q, P), define Tf (z,t) and Sf (z, 1) by (2.1) and (2.2) by fixing
the parameter .

LEMMA 2.1. Let k, j > 0 be two integers, and let 0 < o < 1. Let Q C C be a
bounded domain with 3Q € Ckt11®_ Then

T: Gl (@, Py — C1%I(@Q, P),  ITflkt14a < Cisiall fllksa.)»

N et i (2.5)
§: (@, Py — CHT*I (@, P), ISf ke, j < Ckritall fllkta, i

for some positive constant Cyy14q-
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Proof. By (2.2) we get S(Ckt®J) c CkJ. We can verify that 3,5 = S3; on C*/

for j > 1. Thus, S(CkteJ) c Ck+eed by (2.3).
The Cauchy kernel is integrable. So 7 (C%/ (Q, P)) c €%/ (Q, P). Also, 8, T =
T9; on CO%J for J = 1. The rest of assertions follows from 0,7 = S and ;7 =1.
O

By an abuse of notation, we define 3, f =9, f.

LEMMA 2.2. Let k, j > 0 be two integers, and let 0 < a < 1. Let Q be a bounded
domain in C. Let A € CkteJ (Q, P) be an m x m matrix. There exists g, > 0,
depending only on a, such that the following hold.

() IfaQ e C'* and |Aly0 < &4, then
1+ TAd, 1+ TAD, : [C'T%/(Q, P)I" — [C'FT*I (Q, P)I™

have bounded inverses.
(ii) If A(-, t) have compact support in Q for allt € P and |A|q,0 < €q, then

14 TAd,, 1+ TAD, : [CKHH*i (@, P)I" — [CKHIH*i(q, P)I™

have bounded inverses.

Proof. We want to show that the inverse of I + T A9, is given by

o
L=1+ Z(—I)Z(TABZ)e.
=1
Since (TAE)Z)Z =TA(SA)! d;, we need to show that the norms of (SA) 1 for
various derivatives tend to zero sufficiently fast. When S operates on functions
with compact support, it commutes with d;, d;, 3z somewhat. However, differen-
tiating the operator product (SA)¢ requires counting terms efficiently as ¢ tends

to oco.
(i) Fix 0 < 6 < 1/2. Note that

I £ llkterj < Chjll f lktar,j 18 lktar, -
By (2.1) we have |[SAlla,0 < Cl||Alla,0. Thus,
1(SA) a0 < (CallAlla,0)’ < 6°
if || A]l«.0 is sufficiently small. Then
ITASA ', fll140.0 < Ca® N Allaoll £ ll14a0-

This shows that for f € C17%0 the series YR (=DETA(SA)E, f converges
to Lf € C1+.0 Moreover, ILf 14+2.0 < Cll fl14+a.0- It is straightforward that
LI+ TA9,) and (I 4+ T A9;)L are the identity on C1+0 This verifies @) for
j = 0. The case of j > 0 will follow from the argument in (ii) by using 9,7 = T 0,
and 0;S = So;.
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(ii) We need to show that ||(SA)£||k+o,, j converges when A has compact
support in 2. Denote by Cy¢,; a positive constant depending only on k, j, and
|Allk+e,j- By (2.4) and 9, S = S0, we can write

9SA=S0A,

where S is either S or I, and 0, 9 are of form d;, 0z, or d;. Denote by kK a
derivative in z and 7 of order |K |. Then 3(SA)¢ equals a sum of terms of the form

Sm|(8K'A)'"SW(BK‘A)E)KHI, |K1| +~--+|Ke+1| =1.

Here Sy, is either S or I; in particular, ||Sy; lk+«,j < Ck+ta,;j for all m;. The sum
has at most £ + 1 terms. Thus, 8K8,1 (SA)¢ is a sum of at most (£ + 1)/ KIHHI terms
of the form

S (K191 A) - S, (0K 0] A) S, 0K 1 9] (2.6)
Assume that |[K| <k, || <j,and £ >k + j. With Cy, > 1,

. L
1858/ ((SA) Pllao < (€ + D! CLA + 1 Allkra )TN ANlG g 1 lkta

< €+ D Cryg Il fll ke, 107

This shows that [ (SA) [lk1e.j < Chq. e+ Dk+igt—k=J Hence,

ITASA) D s 1+a,j < Chaa,j (€ + DO,

We conclude that ||(I+ T Ad) ™ [lk+14a,j < 00.

The proof for I+ T Ad, is obtained by minor changes. Indeed, denoting by
Cf = f the complex conjugation, we write (T Ad,)¢ = TAC(SAC)*~19.. We
have 0,C = Cdz and 9;C = C9,, and since we may assume that ¢ are real
variables, we also have 9,C = Cd;. Thus, 3X3/(SAC)" is a sum of at most
(€ + DK terms of the form

S, (01811 A)C - S, (K¢ 8] AYC oK1 gl
Substitute the above for (2.6). The remaining argument follows easily. O

We need a simple version of Borel theorem with parameter.

LEMMA 2.3. Let N be a positive integer or 0o. Let 0 < j < 0o be an integer, and
0 <« < 1. Let g be positive numbers for 1 <k < N, and let ey =0 for N < 00.
Let f; € CN=1=IIHej (R P) for 0 < |I| < N with I = (i1, ..., im). Assume that
all fi(-,t) have support contained in a compact subset K of the unit ball B".
There exists Ef € CN=1T%J(R" x R™, P) such that 8yIEf(x, 0,1) = f1(x,1).
Moreover, Ef (-, t) have compact support in the unit ball of R" x R™ and

IEf lkte) < eks1+Cnkk D I filk-inbes: O<k<N.  (27)
[11<k
Here Cy ., x depends also on ¢, ..., & and the upper bound of || fillk—|1|+«, j

for |I| <k.
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Proof. We extend f one dimension at a time. Start with m = 1. We consider an
extension of the form

l
Ef(e.y.0= ) 2rge(r.0g(6; ' y). 2.8)
¢<N

where g is a smooth function of compact support in (—1, 1), and g(y) =1 for
|y] < 1/2. We will also choose §; that decreases to 0 so rapidly that Ef is in
CN=1+e.j and (2.7) hol(}s. Here-ylgg(x, y, 1) is a substitute of y¢ fy(x,t) such
that yfge(x,y, 1) is in CN =17/ We also need the correct £th y-derivative of
ytge(x, y, 1) due to the presence of yzlgg/ (x,y,t) for ' <¢.

Denote by By the open ball in R" centered at the origin with radius 0 <6 <
% dist(K, dB"). Let ¢ be a sznooth fgnction on R" with support in By satisfying
fR,, ¢ (y)dy = 1. With a; € CN~1747 to be determined, consider

ge(x,y, 1) = /Rn ar(x — yz, )¢ (2) dz.

Fix ¢. We first consider £ <k < N. For |I| =k and y # 0, we have
o gy, =) Cipdilytoh / ar(x —yz, D) dz  (2.9)
i+hl=k
with i} < €. Write I = I3 + I4 with |[3| =k — £ and |I4| = £ — i;. We have
gee,y, =) / tar(x — yz. O¢1,L(2) dz
ILI=I13]

for some ¢;; with support in Bf. When y # 0, changing variables and taking
derivative 8%, we get

1 - X —2Z
g(x, v, 1) = Z f—y]4|+naLaz(Z,t)¢l3I4L( 5 )dz.

|LI=|13]

Changing variables again, we get
ylalg,(x,y.n="3" f O ar(x — yz, 0111 (2) dz.
IL|=13]

The right-hand side and its derivatives in ¢ of order at most j are clearly contin-
uous functions. Then, by (2.9), be(x, y, 1) := y'ge(x, y, 1) are of class Ck+*J for
I < k. This shows that b, € CNV 1427 for all ¢. By the product rule, at y =0,

dbe(x,y,0) =Lag(x,n),  bp(x,y,n=0, £ <L

Starting with ay = fyp, we find a; € CN-1-t+a.j inductively such that
8§ Ze/gtz by (x,y,t) equals £! fo(x,1) at y =0. We also have

Ibellea,j < Ce.kllaella, ;-
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Without loss of generality, we > may assume that g decreases We choose small §,
with 0 < §; < 1/m such that be(x, v, 1) = ylge(x, g, y) satisfies

1Dell et j <2 e

Let Ef be defined by (2.8). Estimate (2.7) is then immediate, and Ef is in
CN—1+e.J and satisfies 82Ef(x y,t) = fe(x, 1) for£ < N.

Form > 1,set y=(y, ym) and ¥ = (y1,..., ym_1). Suppose that we have
found extensions fg e CN-1-t+a,j (R" x R™"~1, P) such that 8}1,/ fg = freaty =
Oforall |[I'| < N — £ and

3 /
I fell—ttaj < €hprx +Cok Y. Wfrelimiri—e+aj. k<N, (2.10)
[1'|<k—¢

where e,’(’ & > 0 will be determined later. Moreover, assume that f[(~, t) have
support in a compact subset K’ of the unit ball of R**"~! where K’ depends
only on K. Using the one-dimensional result again, we get Ef € CN-He (R x
R™, P) with compact support in the unit ball of R"*"_ Furthermore, 85” Ef = f
aty, =0, and

1Efllkte <ehsrx +Chx D Ifell—tiaj. k<N.
0<t<k

Choose e, +1.x > 0 small enough to ensure that combining the above inequality
with ( ) yields (2.7). U

The above proof for the nonparameter case is in [12, pp. 16 and 18]. When f
is defined on y, <0 with 8)’;1 f = fx on y, =0, the above extension Ef can be
replaced by f on y, < 0. The same conclusions on Ef hold. Seeley [22] has a
linear extension E : Coo(ﬁi) — C®(R") such that E : Ck (ﬁ:_) — CK(R™) have
bounds depending only on k.

3. J-Holomorphic Curves and Derivatives on Curves

This section is mainly devoted to the study of J-holomorphic curves with pa-
rameter. The result is essentially in the work of Nijenhuis and Woolf [17]. See
also Ivashkovich and Rosay [14] for another regularity proof and the existence of
J-holomorphic curves with prescribed jets. The proof below relies only on some
basic facts about the Cauchy—Green operator and the inversion of I + TAE dis-
cussed in Section 2. We also study how to obtain the smoothness of a function
from its smoothness on a web of curves and uniform bounds of its derivatives on
the curves (see Proposition 3.9). This result will be one of main ingredients in the
proof of Theorem 1.1. Our results are local. Throughout the paper, a real hyper-
surface M will be a relatively open subset of the boundary of a domain  C R
or a closed subset without boundary in the domain.

DEFINITION 3.1. Let £ > 0 be an integer, and let 0 < o < 1. An almost complex
structure J of class CK+* on € is a C*T® mapping from T'Q onto itself such that
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each J, is an R-linear mapping from TPRZ” onto itself with J 1% = —id. An almost
complex structure J of class C¥+ on Q U M is the restriction to Q U M of some

C**+* almost complex structure defined on some open neighborhood of Q U M in
R,

Note that for each p € Q2 (resp. QU M), there are Ckte real vector fields v T
defined near p such that
Xi=vi+iJv, ..., Xp=v,+iJy, 3.1

and their complex conjugates are pointwise C-linearly independent. Conversely,
if Xq,...,X, are Ck*+ vector fields such that the n vector fields and their com-
plex conjugates are pointwise C-linearly independent, there exists a unique C¥*+
almost complex structure J satisfying (3.1). The operator norm || Al of a lin-
earmap A : T,Q2 — T, is defined as max{|Av|: |v| =1} with |a0,; + b0y| =
(X0, lael*> + 1be|*)'/? being the Euclidean norm on 7, <.

DEFINITION 3.2. We say that a diffeomorphism ¢ transforms Xy, ..., X, into
X1, ..., X, if dp(Xy) are locally in the span of X1, ..., X,.

A linear complex structure J on R?" is given by
Xe= Y (busdz, +aesds,), £=1,....n, (3.2)
1<s<n

where constant matrices A := (ags) and B := (byy) satisfy
B A
'z E‘ 70.

The map z = wB + WA transforms dw,, ..., 0y, into X1, ..., X,, and hence Jy;
into J given by

B B (0 1 _ (Re(B+A) Im(A—B)
J=KJuK J”_<—I o)’ K_<Im(A+B) Re(B—A))' 3.3)

Thus, under a local change of coordinates by shrinking €2 or 2 U M, an almost
complex structure J is locally given by

Xog=0z + Z aps(2)0,,, £=1,...,n, G4

1<s<n

where the operator norm of A = (ay;) satisfies |A(z)|| < 1 on Q (resp. Q U M).
Conversely, notice that the condition ||A|| < 1 ensures that n vector fields of the
form (3.4) define an almost complex structure.

In the next lemma, we give a quantitative condition and a geometric condi-
tion, each ensuring the assumption made on the two almost complex structures in
Theorem

LEMMA 3.3. Let J', J? be two linear complex structures on R, Let M be a
hyperplane in R If || J? — JY|| < 2 or if ToM N J'ToM # ToM N J*To M, then
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there exists v € ToM such that J'v, J?v are in the same connected component of
ToR*" \ TyM.

Proof. Denote by To(M,JY) = ToM N J(fToM the J¢-holomorphic tangent
space at the origin for £ = 1,2. Let w1, wy be the two connected components
of ToR** \ ToM. Note that J¢ sends one of two connected components of
ToM \ To(M, J %) into w; and the other into w,. Thus, the assertion is trivial
if To(M, JY) # To(M, J%). Assume that they are identical. By choosing an or-
thonormal basis for TyR?" we may assume that 7o (M, J 1) = {x, = y» = 0}. Since
M contains x, =y, =0, then M is defined by ax, + by, = 0 with a?+b*=1.
After a change of orthonormal coordinates, M and To(M, J 1) are defined by
y, =0 and x, = y, = 0, respectively. We still have ||J2 — J!| < 2 since or-
thogonal transformations preserve the operator norm. Now write

0y Oy’ a 0y a

Jé X — B@ X , J( Xn — CZ X + DZ Xn ,
0y 0y a 0y a
y y Yn y Yn

where By, Cy¢, Dy are real matrices, x' = (x1,...,x,_1) and y' = (y1, ..., yn—1)-
In particular, D = —1. We want to show that the coefficients of dy, in J¢d,, have
the same sign. Otherwise, we can write

al by a —by

D]= l+a% ) D2= 1+a% ) bl>09b2>0'
—T —daji T —aj

Since || D — Dq|| < 2, we have by + by < 2 and b]_l + 192_1 < 2, which is a

contradiction. O

It is easy to see that when n = 1, the condition that J!v and J?v are on the same
side of M for some v € ToM is equivalent to that J 1y 2 define the same orienta-
tion of R2. In higher dimensions, whether J 1. J2 define the same orientation or
not is not related to the validity of assertions in Theorem

ExAMPLE 3.4. Lemma 3.3 and Theorem 1.1 fail easily for the triplet
{JSl‘a _JSla {yl = O}}'

Note that J;; and — Jy; define the same orientation if and only if n is even. On the
other hand, Theorem is valid for

Usts I X (=372 iy = 0}).
Here J2X denotes the standard complex structure on R%. A less trivial example
is given by the following. Let 0 <t < 7, and let J' be defined by
X| = (costdy, +sintdy,) +idy,, X5 = (—sintdy, + costdy,) +idy,.

The conclusions in Lemma and Theorem fail for {J°, J7, {y, = 0}} with
|79 — J7 || = 2. Under new orthonormal coordinates w; = (x2 + iyl)/\/i wy =
(—x1 +iy2)/~/2, J! is given by

(1 +sint)dy, — costdy, — (1 —sint)dy, — cOStdy,,

costdy, + (1 +sint)dg, + costdy, — (1 —sint)dy,.
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The above can be put into the form (3.4) with

0 ___cost
A[ — ( cost 1+sint> X
1+sint 0

Note that ||A?|| < 1. However, the authors do not know if Theorem or Lem-
ma holds for two structures J!, J? of the form (3.4) with corresponding
|AY|| <1 for £ =1, 2. Note that such an almost complex structure preserves the
standard orientation of C".

DEFINITION 3.5. Let J be an almost complex structure defined by vector fields
X1,..., X, of class CKT® on Q with k>0 and 0 <« < 1.

(i) AC! map u : D — Qs called a J-holomorphic curve if du(az) is in the span
of X1, ..., X, namely if

du(d7) =V (&) - Xu(£)) =Vi(0) - X1u(0)) +--- + Va(0) - X (u(2)).

(i) Letk>1.AC' map u: D' — Qs called an approximate J-holomorphic
curve of order k attached to the curve u(x, 0) if

du(d) = V(@) - X@@) + F@) - Xw@), |FQl=o(Imz[*h. (3.5)

As emphasized earlier, we may assume that J is locally given by vector fields of
the form (3.4). Therefore locally, a J-holomorphic curve u : D — € satisfies the
following equations:

dpue= Yy adcus, I=1,....n,
1<s<n
which can be written as a row vector
dpu = deuA(u). (3.6)

Note that one cannot prescribe the boundary for a J-holomorphic disc. How-
ever, we can prescribe the boundary of the approximate J-holomorphic disc de-
fined above. This fact will be used in the proof of Theorem 1.1. Also, notice that
if f is a function on €2 and u is an approximate J-holomorphic curve, the above
equation (3.5) implies that

F(f@(©) = V(&) - (X)) + F Q) - (X Hu()).
When u is J-holomorphic, this identity becomes
F(f (&) = (X (Z)) - dcu.
The next two results deal with the existence of the two types of curves in

Definition

LEMMA 3.6. Let k > 0 be an integer or k = 00, and let 0 <« < 1. Let J be an
almost complex structure of class C<t%(Q) defined by vector fields

Xe= Y byds, + Y and,. C=1,...n.

1<s<n I<s<n
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Set A := (ays) and B := (bys). Let k' > 0 and 0 < j < 0o be such that j +
k' <k, and let 0 <r < 1. Let K be a compact subset of Q and assume that
uo: (—=1,1) x P — K is a map of class C¥ 1% (=1, 1), P). Then there exists
amap u: [—r,r] x [=8,8] x P —  of class C¥ 14 ([—r, r] x [=$, 8], P)
satisfying the following:
(i) We have u(x,0,t) =uo(x,t) and
du(dp) =V (¢, 1) - X, 1)+ F(&. 1) X(u(&, 1), (3.7)
IF@0l=o0(yl"), a=0; |[FEnI=0(y""), 0<a<l, (3.8
where { =x +1iy.
(i) Letejii1 >0.0n[—r,r] x [=8,8] x P the norms ofu, V, and F satisfy
el jp1qa,j + 1V )l e, j
i j+2 .
< Cryymax(luol jsiva o luoll) i1y ) +ejrens J <k +1.

Moreover, Ci(1 + |luoll1,0)8 > 1 and C;.‘,Jrj depends on K, @, |J|j4 1o and
info| 2 4.
Proof. We suppress the parameter ¢ in all expressions. We first determine a unique
set of coefficients a/(x) for 1 < Jj' < k' + 2 such that, as a power series in y,
u(x,y) =up(x) + Zj’zl aj/(x)yj/ satisfies (3.7)—(3.8). It is convenient to con-
sider u as the real map (x, y) — (Reu, Imu) still denoted by u and to rewrite the
equations as

du(dy) = J W) du@:)) + Fi(x,y) - &, Fi(x,y) = o(y[*). (3.9
Here 0 = (9, ..., Ouy,) is evaluated at u(Z, ). In the matrix form, let J be the
matrix defined by (3.3). Then we need to solve

dyu=deul ) + Fa(x.y).  |Fa(x. )l =o(yl").
We solve the equation formally, which determines a;/(x) uniquely for 1 < j’ <
k' +2, and then apply Lemma 2.3. This givesamap u : ([—r,r] x[—1, 1)) x P —
R" of class CK+1+%J satisfying the stated norm estimate in (ii). By |u(x, y) —
u(x,0)] < Cg(lluoll1,0 + eyl and the compactness of K, we find § > 0 such
that u maps [—r, 7] x [—§, ] x P into 2. We have obtained (3.9). Thus,
2du(83) =du(dy) +idu(dy) =du(dy) +iJ(u)(du(dy)) +iFi(x,y) - Ox.

Hote that du(0y) +iJ (u)(du(dy)) = Vi(2) - X (u(z)). Write 9 in terms of X, and
X ¢ by using the inverse of (£ 4 ) where A and B are given by (3.2). We get (3.7)
and (3.8). Finally, we can estimate the norms of V and F via Vi, F1, F, and the

inverse of (£ 4 ). O
In Section 2, we have defined Ck+enj and Il - llk+e, ;- Following [17], we define,
for j<k<oocand0<a <1,
k+a,j Q. P):— Sk—L+a,l QP R
ki@ py= [ € @ P) ulita = maX ulli-eroe-

0<t<j
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We also define

o
i@, P):=()CcH Q. P).
k=1
One can see that (Ck+*J (Q, P), |- lk+«, ;) is a Banach space. By the assumptions
on 2 and P we have

ckrek(@, Py > CF (@ x P).

In particular, if f € Ckt*/NC" and u € Ck+*7(Q, P), then fou € C¥T%I1(Q, P)
whenever the composition is well defined. In general,' for p(x,t) = (@(x,1),1)
with ¢ being a map from Q x P into Q' of class C¥t%/ N C!, we have

- - 1+k+j
100 @lita,j < CU+1011.0 + 16kt ) T Vktar,j-

Let D be the unit disc in C, D, the disc of radius r > 0, and D} =D, N{Imz >
0}. The following result gives coordinate maps in J-holomorphic curves. To esti-
mate the Cauchy—Green operator 7 on domains in J-holomorphic curves, we will
also need to reparameterize the J-holomorphic half-discs, which are obtained by
cutting a J-holomorphic disc by the real hypersurface M. The reparameterization,
which is not necessarily J-holomorphic, is given by a mapping R(-, ¢) that sends
ﬁ:r onto the half-discs. The existence and regularity of J-holomorphic curves for
finite smoothness case is proved by Nijenhuis and Woolf [17, pp. 459-460]. They
also stated a version of J-holomorphic curves with parameter passing through the
same point [17. p. 461]. Since the following precise result is needed for our main
results, we prove it in detail. We will also deal with C* structures.

PrROPOSITION 3.7. Let k > 1 be an integer ork = 0o, and let 0 <o < 1. Let j <k
be an integer. Let J be an almost complex structure of class Ck+* defined on Q by
vector fields X1, ..., X,. Let M C Q be a C*T'% real hypersurface containing
the origin 0. Lete : M — C" be a ck map such thate - X =e1 X1+ -+ e, Xy,
is not tangent to M at each point of M. Then there exist two C/ diffeomorphisms
u and R from D} onto their images in Q satisfying the following:

(i) Foreacht € ]D);’_l, u(-,t) is J-holomorphic and embeds D, onto D(t).
(i1) u(0,t) € M, and D(t) intersects M transversally along a curve y(t). Also,
u(0) =0 and du(0, t)(az) =(e- X)(0,1)).
(iii) R(-,1), with R(0) =0, sends D;F, (—r,r), D, into Q* N D(t), M N D(1),
D(t), respectively.
(iv) Moreover, u and R are in Ck+1+%J (D,, D',

Proof. Since the result is purely local, we may assume that
Xe=dz,+ ) a(@)d,, €=1,....n,
1<s<n

where A := (ayy) satisfies A(0) =0 and ||A(z)|| < 1 on Q2. Applying a unitary
change of coordinates, we may assume that TyM = {y, = 0}. By a C¥*!1+* change
of coordinates which is tangent to the identity, we may assume that M isin y, = 0.
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By dilation, we may assume that € contains [} and that on it we have [|A(2)|| <
1/4 and |A| 4114 < 1/Cs. Here C, will be determined later, and

j i=max{0, j — 1} <k.
Finally, by a dilation in the unit disc D we achieve [lellc; ) < 1/4.

Step 1. Existence of a solution u in class CJ' 1),

At the origin, X;(0) = dz,. Letey, ..., e,—1 be the standard basis of L x {0}
and set P := ﬁ’{/_an). It follows from the assumption made on e - X that
€l,...,ey_1,e(t,0) are C-linearly independent.

Recall that foru : D x P — 2, u(-, t) is a J holomorphic disc for all r € P if
and only if u satisfies the equation

dgu = BeuAw). (3.10)
Denote by B; the closed unit ball of the Banach space B := [C/ T2/ (D, )]

equipped with the norm | - | /114, 7. By an abuse of notation we will drop the
exponent n in the rest of the proof. Consider, for u € B,

1
V@) (¢, 1) = Z(t, 0) +¢e(r,0) + [P (u) — PrOw)](C, 1), (3.11)

where ®(u) := TD(ag_uA(u)) and P1®u)(¢,t) = Pw)(0,1) + 9, P(u)(0,1).
One can verify that W(u)(0,1) = %(t, 0) and 9, W (u)(0, t) = e(t, 0). Therefore,
if u = W(u), then u(-,¢) is a J-holomorphic disc satisfying u(0,7) € M and
du(0, t)(az) = (e - X)(t,0). According to Lemma 2.1, ® maps B; into 5. More-
over, P1®(u) is of class ¢/ intandisa polynomial in ¢. In particular, P; P (u)
and W (u) are in B. Moreover, since |A| /414y < 1/Cx on Dy x P, the map W is
a contraction from 3 into itself. Indeed, we have

1
A(uz)—A(u1)=/0 {(u2 —u1) - (B A)(ur + s (uz2 —uy))
+ (u2 —uy) - g Aur + s(uz —uy))}ds,
@ (u2) = P j414a,jr < Clocur Aua) — deur A)|jr1a. (3.12)

42
<C'(1+ |(M1:u2)|j"-:-1+a,j’)

X |Alj 14l —utljyiya, jr-

Notice that here we need A to be in C/'*1*¢ instead of C/'** and we have j' 41 =
kif j/ =k — 1. We also have
|P1®(u2) — P1®ui)ljrsiqe,jy < ClPW2) — @)l jrri4a,j-

Recall that after dilation, |A]j 14+o < 1/Cy. It follows that ®(u) and P (P (u))
have small norms on B;. Thus, W is a contraction map on B into itself, and
therefore it has a fixed point u € Bj.

Step 2. Regularity of u in class Cltek for finite k.

This step is the most subtle step of the proof and certainly less classical than
the others. We follow the arguments in [17]. This type of arguments has also been
used in the Dirichlet and Neumann problems on planar domains with parameter
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[4], including the C*° case. Here we need to restrict to spaces of finite derivatives
asin [17].

In this step, we assume that k is finite and j = k = j + 1. We have proved
that u € By ¢ CKt@*=1(D, P). In order to prove that u € CkH1+%k we first
need to show that 8,]‘ uel 140D, p), namely that u is k times differentiable
in the f-variable, that ¢ 8tku is a continuous map from P to C'(D), and that
1051 (-, 1)]1 ¢ is uniformly bounded. We will then show that u € C2***~1, which
will be achieved in the next step by shrinking D.

Recall that u satisfies W(u) = u where W is defined by ( ). Rewrite u =
W(u) as

u=h+ow)— Pidw),
Ow) =T@O;uAW), PO, 1)=Dw)0,1)+ 7 Pw)(O,1),

where T = T, h is holomorphic in ¢ and of class C¥int, and hence h € Ckt1+ek,
By differentiating k — 1 times the previous equation in the 7-variable, we obtain

v=TA;(u)v— PiTA;(u)v+ B_1(u). (3.13)
Here v := 0" "'u e C'*¢0(D, P) and
A1(u)v =9, vA(u) whenk=1;
A1 (u)v =9 vAW) + 3 u(d, A(w)v + dzAm)v) whenk >2;
PITA1(u)v:=(TA1(u)v)(0,1) + 9 (T A1 (u)v)(0, -),

k—IW\T—7
Ep-1(u):= ) ( . )Bcafuat’“l‘g(A(u)),
1<t<k-2

Bi—1(u) == 3 'h 4 T(Ex—1(u)) — PiT (Ex—1())(0, -).

Notice that By_1(u) does not depend on v and By_1(u) € Clal ; Ex_1 =0 when
k=1,2. Also, A1 (u) is a differential operator whose coefficients are in C%! when
k> 1 and in C'**0 when k = 1. Fix ¢ in the interior of P and V € R¥"~2\ {0}.
Consider t' =t + AV € P where A € R*. We first need to prove that (v(-,1") —
v(-, t))/A converges as A — 0. We claim that [(v(-, t') —v(-, 1)) /A|1+¢ is bounded
for XA in a neighborhood of 0. Let
1@, 1) =T A, ), 1) = TA U, D), 1).
Let us first consider the case k = 1. In this case v = u. We decompose
1(t', 1) =T{@u(-,t') — deu(-, 1) Au(-, 1)
+ ;u (-, ) (Au(-, 1) — Au(-, 1))}

Using A(u(-,t")) — Au(-, 1)) = fslzo j—s{A(su(-, "y + (1 —s)u(-,1))}ds, we ob-
tain

JA@(-, 1) = A@u(, )l < ClA|1alu(, 1) = u(-, ).
Thus,
A D14e < clAlgald T @G 1) —u ) ita (3.14)
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for some positive constant c¢. Here, we have used the fact that |u(-,?)|14+q 1S
bounded in 7 due to u € C't%0. From the definition of P{T A;(u)v we obtain
from ( )

AHPIT A @, 1) = PIT AL @, O} liva < ¢ATTE, D14e-

We also have A "{B1 (-, ") — B1(-, )} 14« < C|h|24«. Since | A1« can be cho-
sen arbitrarily small, it follows that |(u(-, ") —u(-, 1)) /A|1+¢ is bounded for A in a
neighborhood of 0. Thus, there exist a sequence A, — 0 and a map w(., t) of class
C'*% such that |w(-, 1)|1 4 is uniformly bounded and such that for #, ;=7 41, V,
we have |(u(-, 1) — (1)) /Ay = W Dl — 0, [Beul-, 1) — du(-,1)/Ay -
dgw(, )|z — 0, and [(Qzu (-, 1) — dzu(-, 1)) /Ay — Fzw (-, )|ge — 0 (see 7.1e
in [17]). Since T : L*®° (D) — L°° (D) is bounded, it follows that w(-, r) satisfies
the following equation:

w=(I—P)T{d; wAu)+ d;u(d,Aw)w + dzAu)w)} + Dyh. (3.15)
Here Dy denotes the derivative in the direction V in the parameter space. Now, if
w'(+, 1) € C1*¥ is another solution of (3.15), then

lw(, 1) —w' ¢, Dlita < ClAl1a(ulf o + #1100 W 1) =W ¢ D)1 4a-

Recall that |#|j 44,1 < 1. Thus, w = w’. Therefore, the solution w is unique, which
proves that (u(-, ") —u(-, 1)) /A converges to w(-,t) = Dyu(-,t)in|-|; as A — 0.
Next, we want to show that the map ¢ — w(-, t) is continuous from P into C L
Let 1, be a sequence in P converging to 7. Since w(, t,) is a sequence of bounded
maps in C!7% (D), it admits a subsequence, still denoted by w(-, #,), that converges
in|-|c toamap w e C!* Tt follows that i satisfies equation ( ) with w
replaced by w. By the uniqueness of the solution of (3.15) we obtain w(-, t) = w,
and thus |w(-, #,) — w(-,#)|; = 0 as |t, — t| — 0. This proves that w = Dyu €
¢!+, P).

Consider now the case k > 2, which produces some extra terms. The above
arguments can be repeated easily. Now (Dy)*~lu is different from u. Set wy :=
eudy A(u), wy := d;udzA(u). We decompose I (t', t) in the following way:

1, 0) =T{@B:v(, 1)) = 3 v(-, D) Au(-, 1))
+ 3 vC, (A, 1) — A, 1))}
+ T{w1C, 1) —wi (DG, 1) + (1) = vl D)wi -, 1)}
+ T{(wa (-, ") = wa (-, ))VC, 1) + @, 1) = 0C, D))wa (-, 1)}

Since k > 2, we have |we(:, 1)|¢ < ClA|244|t|14a,0. Recall that |ulo4q,1 < 1. We
can get

lwe G-, 1) —we, Do < ClALsaluC, 1) — uC, Dl14a < ClAl4a M Ul24a1-
‘We obtain
T D14e < ClAL4 AT G 1) =0, ) 14a + Clitlaga,1- (3.16)
Again, from the definition of P17 Aj(u)v we obtain from ( )
2 HPITA (-, 1) — PIT A @), DY 14a < €I E )] 14a
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We also have [A~{Br_1(-, 1) = Bio1(, D} i4a < CUlhlkt1tak + [tlitraki—1)-
Since |A|24¢ can be chosen arbitrarily small, it follows that as before there ex-
ist a sequence A, — 0 and a map w(-, 1) of class C'* such that |w(-, )| 4q
is uniformly bounded and such that for ¢, :=¢ 4+ A, V, the sequence (v(-,t,) —
v(-,1))/Ay — w(-, 1), together its first-order derivatives, converges to zero as

Ay — 0. Also,
w=(I— P)T {9 wA(u) + 3, v8 Au) + (9 ud, Aw))v + de ud, Aw)w}
+ (= P)T (3 (9 udzA))V + 9 u(@7A )W) + 8 Be—1(u).
This equation is similar to ( ) since |A(u)|y < C|A|y and
10,48, Ao < Clulita,0lAl1+alul{ < ClAl11a|

can be chosen arbitrarily small. By repeating the rest of arguments from the case
k =1 we can verify that (Dy)*u € C't*9(D, P).

Step 3. Regularity of u in CKt14%k for finite k or in C>J.

Recall by Step 2 that we need to show that u € Crrek=1 when Jj =k is finite.
We have also proved that u € ¢/ T1+J" (D, P) N 1tk (D, P). We will only be
able to improve the regularity in interior of ID. To achieve Step 3 and to demon-
strate the differences between Steps 1 and 2, we will show a stronger result. As-
sume that the almost complex structure is of class C**t® with k > j (this includes
the case j = k treated in Step 2 for finite k). Assume that for all £ < j, 8fu is
continuous on I x P and that distributional derivatives o, Btzu(-, t) have bounded
L?(D) norms on P for p > 2. Moreover, suppose that u(-, t) is J-holomorphic
on . Then u € CKT1+A.J(D,, P) for r < 1 and B = min(a, 1 — 2/p). The proof
is achieved by induction on the order of the derivative in the ¢ -variable.

According to ( ), the first-order derivatives of Bfu(-, t) have bounded
L?(D) norms on P. By Morrey’s inequalities, u € éﬁ’j(Dr, P) for any r < 1
(see Lemma 7.16 and Theorem 7.17 in [9, pp. 162-163]). Fix ¢y € D and set
A == A(u(Co, 1)), u = u + uAo, and us (¢, 1) := u(Gs, 1) With & 1= go + pg.
Here 0 < u < %(1 — |¢ol) will be determined later. According to ( ), we get
on D

Optts = DU Ax(L, 1), Ax(0,1) =0, (3.17)
AL, 1) = [Au(Co + 1L, 1) — Aglll — AgAT ™" (3.18)

We emphasize that A.(¢, 1) is considered as a matrix function in ¢ and ¢, but
not in u,. Let x be a smooth real function with compact support in Dy 4. Let
v 1= yu,. Multiply (3.17) by x and rewrite it as

Opv — DV A(L, 1) = Dp it — O XU Ax (L 1). (3.19)

Let x be a smooth real function with compact support in D such that y =1 on
D14 and |x |1 < 5. Replacing A, by x Ay, we may assume that A, (-, ) has com-
pact support in D. Using (3.18), we get, for ¢, ¢’ € D,

|AL(C, )] < ClA®(, 1))|puP,
|AL(Z', 1) — Au(C, D] < CIA@(, 1) grP I’ — ¢|P.
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Therefore,
I Axllg0 < ClAoulgon? <ep.

Here ¢g is the constant in Lemma 2.2, and u is sufficiently small. Apply T' = Tp
to ( ). Since v has compact support, we have

v— T(Bg_vA*) = T(Bzxu* — 0 xusAy) = w. (3.20)

The transpose of the solution v is equal to (I — TALd;)~'w’. Since u, is in
CPJ(D, P), A, and w are in C'*#-/ (D, P). By Lemma 2.2, v is in C' -/ (D, P).
Hence, u Cl+B.J (ﬁ,, P) for any 0 < r < 1. Assume that we have achieved
ueCPrD,, P)forany0<r <1and € <k+1— j. Since A, has compact
supportinD, A, € CA“ﬁ’k(ﬁ, P).By |Axla.0 < &q, ( ), and Lemma we get
v e CtH1+A.J (D, P). This shows that u € C¥t1+A./(D,, P) for any r < 1.

Step 4. Construction of R.

We assume that QT and M are subsets defined by y, > 0 and y, = 0, re-
spectively. Let e(¢,0) = (a, b’ + ib”). Since e(z,0) - 07 is not tangent to M,
b +ib" #0.Recall that u = ¥ (u). By (3.11), D(¢) N M is defined by

b +b'n=F(&, 1),
FE,n,t)=Im{Pi1®uE +in,t)) — P +in, 1)} (3.21)

Without loss of generality, we may assume that b’ > |b”|. We already know that
F e Ck+1HeJ(D,, P). We may also achieve |3, F| < b'/2 by assuming |A| 4o <
1/C,. By the implicit function theorem, ( ) has a solution n = h (&, t) for |£]| <
r/cand t € P. Now

(h, 3h) = (b' — 8, F(&,1,0) " (3 F —b", & F)
implies that 3‘h € CKF1Te= forall ¢ < j. On D, . x P, define

R, 1) :=u+i(n+h(E, 0),1).

It follows that R(-, t) sends ]D):“/C into DT (¢). Replace R(¢,t) by R(¢/c,t). The

remaining assertions can be verified easily. O

We point out that Proposition fails if the almost complex structure is merely
Holderian. Indeed, Ivashkovich, Pinchuk, and Rosay [13] define an almost com-
plex structure of class C 172 0n Q=D x D /10 C R* together with a family of
pseudoholomorphic discs u(-,t) : D — Q of class C'*1/2 such that u(z,0) =
(2¢,0) and such that for r # 0, u(0,¢) = (0,1) and [9;u(0, )| < A for some
A < 2. In particular, the map t — u(-,f) € C! is not continuous at 0, and so
u g ClH1/2.0,

It is well known that via the Fourier transform, the boundedness of derivatives
of a function on all lines parallel to coordinates axes yields some smoothness of
the function in all variables (see Rudin [21, p. 203]). To limit the loss of deriva-
tives, we will use the Fourier transform only on curves. This requires us to bound
derivatives of a function on a larger family of curves.
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Let y be a curve of class C¥ in R”, and let f be a function of class C¥ on R”.
We have

o fr ) = (@) D Py (@)
+ Y 0Ty e Hy@)., 622

1<|I|<k
where Q. 1 are polynomials, %) denotes derivatives of order < k, and
V-0 =010y, + -+ V0x,.

For the convenience of the reader, we prove the following elementary result.

LEMMA 3.8. Let k be a positive integer, and let € > 0.

(i) There exist N vectors vj = (1, v’j) € R" such that |v}| < ¢ and

A =cii(w -0+ Hernn DY, I =k (3.23)
(i) If v, ..., vy satisfy ( ), there exists § > 0 such that if lu — v| < 8, then
3 =011 -+ + Qv uy -, 1=k (3.24)

Here Qy j are rational functions with Q; ;j(v) = cy, j. Moreover, N depends only
onk,n.

Proof. (i) Equivalently, we need to verify ( )—( ) when 9 is replaced by
& e R". It holds for n = 1. Assume that it holds when » is replaced by n — 1. For
S,’f, we take distinct nonzero constants Ap, ..., Ax. Then é,]j is in the linear span
of £, (&1 + MEDK, ..., (E1 + MK Let & P (&1, ..., £4—1) be a monomial of
degree k > j. Then by the induction assumption

EIPEL .. &) =&l a8 T e ve - )],
where v; = (1, v}/, 0) with |v;’| < &/2. Then &/ (v, - £)¥F are in the linear span
of (vg - &)X, (e - & +MEDK, ..., (vo - & + Ax&y)*. Note that A ; can be arbitrarily
small. Thus, (i) is verified.
(i) For |I| = k, we have the following expansions:

gl = Z crj(vj-&F, gl = Z crj(uj-&)F+ Z Orrw—wsl.

1<j<N I<j<N |1'|=k

Clearly, é 1.17(0) = 0. Moving the last sum to the left-hand side and inverting
1— Q]y[/ yleld ( ) O

It is elementary that the smoothness of a function on all lines does not yield the
smoothness of the function. However, if the norms of derivatives on lines are
uniformly bounded, we can achieve the smoothness of the function. For the proof
of Theorem 1.1, we need to use derivatives of functions on families of curves.
This is the content of the following proposition (see [24] for a similar statement).
Sett' =(tr,...,t,) and t = (11, 1).
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PropPOSITION 3.9. Let k, N be positive integers. For j=1,...,N, let R; be
C' diffeomorphisms from i C R" onto an open subset Q@ C R". Assume that
Ri(-,1) € C* and that R;(0) =0. Suppose that, at 0 € L,

al = Z cr.j (@, R;0) - 1<l <k (3.25)
1<j=<N

Let f € CO(2). Then the following hold:
(1) Let f be of class C* near 0 € Q. Then, for x = R ~(tj) near 0,

rm =30 30 Crej@r RGN, T T R (M)

1<t<m1<j<N

x afjf(R,»(tf)), (3.26)

where Qj ¢ j are rational functions without pole at (B(m Z'H)R 0),.
B(m HI)RN(O)) and 1 <m = |I| < k. Moreover, ( ) holds on a domain
1) lff € C*(w) and 0 € dw C B} where ¢ is sufficiently small.

(ii) Suppose that R; are affine, that is, Rj(t) — R;(y) = R (t — y) wherever they
are defined. Suppose that the L{° norms of one-dimensional distributions
0 (f o R;)(-,t") are bounded in t' for all m < k. Then, near 0, 'l f are
Lipschitz functions for all | 1] < k.

(iii) Let R; be of class C**1 near 0 e R", and let n < p < 0o. Suppose that the
L{: norms of one-dimensional distributions 8{1" (fo R, t") are bounded in
t' for all m < k. Then, near 0, f is of class ck—n/p,

Proof. (i) follows from ( ) and ( ), by hypothesis ( ).
(ii) Applying dilation and replacing f by yx f, we may assume that f has com-
pact support in A”. Set x.(x) := & " x (¢~ 'x) for a smooth function x with sup-

portin A" and [ x dx =1.Set fo(x) := [ f(¥)xe(x —y)dy and f; j := fs o R;.
Changing variables via R, we get

fe,j () = / F(Rj () = Rj(3))xe(R;(y)) det R (y) dy.

Using Rj(t) — Rj(y) = R;(t —y), we get | f; ; (-, ") |x < C for C independent of
gand . In ( ), we substitute f, for f. Therefore, 3/ f, are bounded near 0.
We can find a sequence f; such that as ¢; tends to 0, ol fe; converges uniformly
for |I| < k, and the Lipschitz norms of ' Je; are bounded. Since f, converges
uniformly to f as & — 07, it follows that 3*~! f € Lip,,..

(iii) For such a function f, we define a distribution 7’; f by

Tjf(¢):=(— l)k/ fo R d(R;(1)dr,

where ¢ is a test function supported in A7 with ¢ small. It is clear that defined
near 0, 7; f is a distribution of order (<) k. Integrating by parts in the #;-variable
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yields
1T, f ()] < C/R L IOELS 0 RGOy 90 Ry o)l g i’

=< le 1 I|<I>C>RJ'(-J/)||L;11 dt' < Collg o RjliLe = C3ll¢llLe-
R~

Here the first and the second last inequalities are obtained from the Holder in-
equality and from supp¢ C A%. Hence, near 0, T; f € L? for p > 1. Next, we
find a differential operator P;;(d) of order k such that P;;(d)f = T; f. To this
end, we use a smooth function g to obtain

Tjg(qﬁ):fa,kl [gORj(t)](P(Rj(t))dt:f(¢ﬁj,k(3)g)ORj(t)dt

= /[det((Rj_l)’)ﬁ/,k(a)gMdx =: (P x(0)8) ().
Since R € C**1 it is easy to see that
Pj(d) =det(R;Y) Pja@) = Y ajxsd’, ajrrec!l,
[11<k

The last assertion implies that P; () has order k. The definition of T f and
the identity P;(0)g = T;g imply that as distributions defined near 0, we have

Pix(®)f =T;f.

Note that
D @ik (03] =Y Crdet((R7H ()@, R (/) 8], C1 #0.
[11=k |1=k

Here t/ = Rj_l(x). Combining with ( ), we get, for g € Ckand 1 <|I| <k,

dlg= 3" 3 brjePu@s. brjeeCh
1<¢<m 1<j<N
The last assertion, combined with ord P ¢(d) < ¢, aj 1 € Ml and Pie(@d)f €
L?, implies that near 0, 3’ f are in L” for 1 < |I| < k. Therefore, f € Wi”, and

loc °

f € C*"/P by the Sobolev embedding theorem (see [12. p. 123]). O

4. Cauchy-Green Operator on Domains with Parameter

The following result is certainly classical; see [25, Section 8.1, pp. 56-61]. For
the convenience of the reader, we present details for a parameter version. Recall
that P is the closure of a bounded open set in a Euclidean space and that two
points a, b in the interior of P can be connected by a smooth curve in the interior
of length at most C|b — a|.

LEMMA 4.1. Let T be a complex-valued function on D xP of class Ck+1+°"0(ﬁ+,
P). Suppose that for 7,7 e DV and t € P,

T, 1) —t(z,0)| > |7 —z|/C. 4.1
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(i) Let f be a continuous function on [—1, 1] x P. For z € DV, define

1
Coft)m — [ L&D
2mi J_1 t(s,t) —1(z, 1)
Then |8§Cof(z, 1| < Crlflre /| Imz|*tY, where Cy depends only on ITlk.0-
(i) Let f be a function of class Ck+“'0([—1, 1], P). Then Co f extends continu-
ously to (DT U (=1, 1)) x P. Moreover, Cy f € Ck"'“’o(ﬁj_, P) foranyr <1
and satisfies |Co f |k+a,0 < C| f lk+a,0-
(iii) Let f be a function of class ck+e0D* | p). For z e DY, define

1 t
Sof(z,1) = —— lim TED e gy,
T e=>0JiceDt: |re.n—t@olse} (T 1) —1(2, 1))

Tof (e, 1) = —i/ _JECD e,

w Jp+ T, t) —1(z, 1)

Then Sof € Ck+°"0(ﬁj_, P) and Ty f € Ck+1+°"0(ﬁj, P) for any r < 1.
Moreover, |So f lk+a,0 + 170 f lk+1+0,0 < C1 f lita,0-

Proof. (i) Note that (4.1) implies that |[t(z,¢) — 7(s,#)| > Imz/C for —1 <s <1
and z € D, The proof is straightforward by taking the derivatives in z, 7 directly
onto the kernel.

(i) Let z = x + iy. Let x be a smooth function with compact support in
(—1, 1). Replacing f(x,t) with x (x) f(x,t)/0xT(x, t), it suffices to get the norm
estimate on D x P for

_ b f@.n
Cor@n =5 /W T(¢. 1) —1(z,1) 4.1

L f(;at)_f(x5t)

:27{[ aD+ ‘[(é-’t)__c(z’t) dT(;,t)‘l‘Sf(x,t) (42)

Here the differentiation and integration are in ¢, and ¢ = 1 if (-, ¢) preserves the
orientation of D*; otherwise, ¢ = —1. From (4.1) and T € C9(D*, P) we know
that ¢ is independent of ¢. Let C; f denote the second integral in (4.2). Let 9/
denote the jth derivative in x, y. In what follows, the norms | - |j 14,0 for f, T
are on D, and norms | - | j+a,0 for Co f are on ID)j‘ with r < 1. These norms will
be denoted by the same notation | - | j 4. Since ¢ is fixed, we suppress it in all
expressions. All constants are independent of 7.

That Cyp f extends continuously to D" x P follows from the continuity of f
and
f©) = f)
() —T(2)
Take (4.2) as the definition of Cy. Differentiating it gives

_07(2) f@)—fx)
0/ =" ap+ (T(¢) —7(2))?

—1
=Clflalx =51

dr(¢). 4.3)
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Using [7(s) — 7(2)[ = (Is —x[ +[y])/C, we get

Clflaols —x|*

pt |y12+1s —x? ds = Gl FlalyI*™

[0Cof(2)| = IrI1/

B

By a Hardy-Littlewood-type lemma we obtain |Co f|¢.0 < C|f|«,0. For higher

derivatives of Cy f, we differentiate (4.2) in the z-variable and transport deriva-
tives to f via integration by parts. We get, for |I| =k,

MCofy= Y 5@ 857z Mdr(g). 4.4)

IK|=|1| ap+ T(¢) —1(2)

Here frx(s) are polynomials in Bt (s) 1, 8ff(s), af“r(s) with £ < k. As
before, we have the continuity of

e J1x (&) dr(;)—L/ J1k (&) — f1k (x)
27i Jypr 1) — T(2) i Jopr T(6) —T(@)
By differentiating the integral in (4.4) one more time, we get a formula analogous
to (4.3). As in the case k = 0, we can verify that the C* norms of 3¥Cq f (-, 1) on
ﬁj are bounded.

(iii) We first show that So f € C*O(D ", P). Let —2i d& A dy = A(¢, 1) dT (¢,
t)Adt(¢,t). Let x be a smooth function with compact support in ]D):r, U(=r',r",
where 0 < r <r’ < 1. By replacing f(¢,t) by x () f(¢,t)A(L, t) we may reduce
to the case where f (-, t) is supported in ﬁ,/ with r < r’ < 1. We may also replace

dt (&) +efik (x).

. . . . . = =+ .
the domain of integration by a smooth domain D with DY C D C D,. Again, we
suppress the parameter ¢ in all expressions and write

_ (f(©) = f@)dt() AdT(C)
oI@=5 b Q) —1()?

1@ dt(7) @)

27i Jap T(@) —7(2)’
On dD, write dt(¢) = ap(¢) dt(¢). By (ii) we know that the last integral in (4.5)
isin C“’O(ﬁj, P). Denote the first integral in (4.5) by g(z)/(2mi). That g extends
continuously follows from the continuity of f and | f(¢) — f(2)|/IT(¢) —1(2) |2 <
Cl¢ — z|%72. Write

(f(z1) = f(z2))dT(§) AdT(5)
p (T(¢) —t(z2))(T(¢) —(z1)

(f () — f(z2)(t(z2) — 7(21))
p (T(¢) = 1(22)?(z(§) — (21))
(f () = fz))(t(z2) — 7(21))
p (T(0) = t(21)%(z () — (22))
The last two integrals can be estimated by a standard argument for Holder esti-
mates, bounded in absolute value by Cy || f |lo.01z2 — z1|*. The first integral can be

8(z2) — g(z1) =

dt(¢) AdT(Z)

dT(¢) AdT ().
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rewritten as the product of f(z1) — f(z2) and Z, where

— 1 /{dT(C)AdTC)_dT(é)AdTC)}
S @ —t@) Jpl @) —t(z2) T(§) —t(z1)
5rip @) —TGD) 1 / { 1@dr@)  T@©dT©) }
=12mie + — .
T(z1) —t(z2)  t(21) —t(z2) Jap L T(0) —1(22)  T(5) —7(21)

A derivative of [, T(0)dT(¢)/(t(¢) — 1(2)) is 8.7(2) [;,dT()/(T() —T(2)),
which is bounded by (ii). By the mean-value theorem, the last term in Z is
bounded. This shows that Sp f € C“’O(ﬁj, P).

For higher-order derivatives, we transport derivatives to f. Define f,(t(z)) :=
f(@) and w(t) ;= t(-,1)(D). Let Cx := Coo(1)» Tx := Tiy(r), and Sy := Sy ().
Rewrite (4.5) as g« (1) = £Sx f«. By integrating by parts we obtain

1/ Bgf*(cr)d 1 fi(o)
—dao
w(t)

2mi o—T 2wi Jowy o — T

On dw (1), we write dT = a(t, 1) dt with a € C¥7*9(3 D, P). Taking derivatives,
we get

&rs*f*:arfw arS*f*ZS*arf*_afC*af*~
Using the last formula & times, we get

O0) Sufu = Su0 fu — Y 057 Crad] .
0<j<k

We return to the z-variable. Let a(z, t) :=a(t(z,1),1). Let BZK be a derivative in
z, 7z of order |K| =k. Let 3/ denote derivatives of orders < j. Then

0K Sof () =p'@P1)- @L S, fi, 80 f) 0 T

= Y P20 (8.0W £, 0% Cu(ad) 1), 00 fi) o T
0<j<k
= Y g} Soqid® £.0% D Co(agia? H.oP ). @4.6)
0<j<k
Here the integral operator Sy is over the domain D, and Cy is over d D. Further-
more, p; are vectors of polynomials, and qjl.’ o qlz, q;’ are matrices of polynomi-
als in (dett’)~! and Bz(j )z It follows from the assertion for k = 0 and (ii) that
Sof € C+e 0T p).
Note that 9, T, = Sx and 0+ T, = L. Thus, it follows from (ii), the product rule,
and the chain rule as used in (4.6) that Ty f € Ck“*""o(ﬁj, P). O

5. Proof of the Main Theorem

Let A:=[—1,1]and A, :=[—r,7]. Let A}, A%”’l, and A%” be the correspond-
ing cubes in the x-subspace, hyperplane y, = 0, and R?", respectively.
In this section, we state and prove a more precise version of Theorem
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THEOREM 5.1. Let k > 3 be an integer. Let 21, Q20, M, o be as in Theorem

with M € CkH1%+¢ For ¢ = 1,2, let J® be an almost complex structure of class
CKH(Qp U M) on Q¢ U M. Suppose that at each point p € M, there is a tangent
vector v, € Ty M such that J; Up, ngp are in the same connected component of

TpRZ" \TpM. Let f be a continuous function on 1 U M U 2 such that (3x; +
iJlaxj)f and (Byj + iJZBy‘/.)f, defined on Q, extend to functions in ck (QeUM)
fort=1,2and1 < j <n.Then f € C*"2(QUM)NC2F(Q)) forany g < 1.

Notice that no integrability condition is assumed. A byproduct of our proof is an
interior regularity of f with f € C#(Q) for any B < 1 when k = 2; of course, the
assumptions on f, J2, M, and 2 are not needed in order to obtain the regularity
of f on ;. The result might not be sharp. Indeed, when the structures are inte-
grable and k > 1, the Newlander—Nirenberg theorem [26] yields f € Ck#(Q)
forany g < 1.

Proof of Theorem 5.1. We first describe the main ingredients of the proof.

Step 1. Let QT = Q1 and Q™ = Q5. We first assume the interior regularity that
fis C' on QT UQ~. We will show that the Fourier transforms of f on lines L in
M decay in the £-variable. To use the differential equations for f, lines L need to
be transversal to the complex tangent vectors of M of both structures. Two almost
complex structures yield decay of the Fourier transform at opposite rays. This is
the only place we need both structures. According to Proposition 3.9, this gives
the smoothness of f on M.

Step 2. In order to obtain the smoothness of f on each side of M (up to the
boundary) via the one-sided almost complex structure, we attach a family of pseu-
doholomorphic discs to M by using Proposition 3.7. Such a disc will have regular-
ity as good as the structure provides. This is achieved by extending the structure
to a neighborhood of M. Using Lemma 4.1, we prove that the regularity of f on
M yields uniform bounds of pointwise derivatives of f along the discs up to their
boundaries in M.

Step 3. After obtaining the smoothness of f on families of discs in QT UM, we
obtain the interior regularity of f, including the C! regularity, by Proposition
Using Proposition again, we conclude the smoothness of f on Q1 U M.

We now carry out details. We need a preparation for Step 1.

Step 0. Match approximate J-holomorphic half-discs in M.

We fix a finite integer k£ > 3. We may assume that M = A=l 50, Qt=D"nN
{yn > 0}, and @~ =D" N {y, < 0}. By assumptions, there is a vector vy € ToM
such that the vectors Jol V0, J02v0 are transversal to ToM and are in Q7. Thus, the
line segments tJOl V0, tJ02v0 (0 <t <1) are transversal to M and are contained
in Q7, by shrinking vy if necessary. Here we have identified R with TpRZ" by
sending v to the tangent vector of p + tv; consequently, J 5 acts on R?" linearly.

Let £ > 0 be sufficiently small such thatif p € M and v € T, M satisfy |p| < ¢
and |v — vo| < ¢ then J;v and Jl%v are still in the same component of TPRZ’1 \

T, M. By transversality, p + tl]lv and p + tij are in Q1 for 0 <z < 1. Define
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the line segment
L=LWw,p)={p+tv: 2<t<2}CM.

Let ey, ..., ex—1 be the standard basis of R*"~!. We find an affine coordinate
map ¢ on R?" such that ¢(p) =0, ¢(p +v) =e,, and ¢ (p + v;) =e;. We may
also assume that the sup norms of the derivatives of ¢ and ¢! have an upper
bound independent of p and v. In what follows, all constants are independent
of p and v. Proposition (i1) will be used for this family of ¢ (with p = 0)
depending on the parameter v with v to be chosen for various cases.

We want to apply Lemma to L(v, p). Here v and p are considered as
parameters, and we suppress them in all expressions. For the above L(p, v), we
attach an approximate J-holomorphic curve u! of class C¥t1%¢ such that

du' (32)=V'(@) - X'w' @) + F' () - X' (' (2)),
IF'@ < Cly*e, (xr,y) e Q:=(=1,1) x (0,2). (5.1)
We have an analogous > and 2~ U M. We also require
u'(x,0)=p+xv=u’(x,0) on[—1,1].

We know that u!(x, 0) is contained in M C Q' NQ for x| < 1. When p =0
and v = vo, we have du'(0)(3,) = vo. Moreover, du'(0)(3y) = Jg du'(0)(3;) =
JO1 vo is contained in Q7, —J02v0 is contained in 27, and both are transversal
to M. Thus,

u'x,y)eQt, (x,y)€0; X, )eEQ, (xy)e—-0. (52

The above holds for v = vp and p = 0. Since the derivatives of u are continuous
in p and v, the above holds for | p| < ¢ and |v — vg| < €. And for a constant C > 1
independent of p and v, we have

dist®(x, y), M) > |y|/C, (x,y)e(=D"0. (5.3)

Step 1. Uniform bound of Fourier transform of f on transversal lines L in M.

In Steps 1 and 2 we will assume that f is C' on Q* U Q™. We will verify this
interior regularity in the final step (Step 4). Of course, the final step does not rely
on the assumption that f € C! as we will emphasize later.

Fix k. Recall from Step O that M is contained in R?"~1 Let Vg, &€ be as in
Step 0. By Lemma 3.8 there exist N vectors v; in R?"~! such that

@, 0y) = Y erjwi- @ o))", 1< <k, (5.4)
I=j=N
Here |v; — vo| < &. Recall that the line segment L is {p +tv;: —1 <t <1} with
p € M such that |p| < . Fix such a segment L and denote its tangent vector v;
by v.
Note that when ¢ is sufficiently small, L has length > |vg|/2. Let xo be a cutoff
function on M with compact support in Alzlfg /@m0 M. Then yo|r has compact
support. We will show that the Fourier transform of xo f on L satisfies

A+ ENHP 3o FIL(E)| < Cp (5.5)



320 F. BERTRAND, X. GONG, & J.-P. Rosay

for any 8 > 0, where Cg will be independent of p, vy, ..., vy. We will verify (5.5)
for & = —|&|v, using X}f = g} on QT with gjl. e CK(QT U M). For & = |£|v, we
use X7 f = g7 on Q~ with g7 € CK(Q™ U M).

We now use approximate J-holomorphic curves u!, u? defined in Step 0.
We drop the superscript in u!, g}, a]].k, etc. Applying Lemma 2.3, we extend
xoou(x,0) to x € C*°(Q) that has compact support in each (—1, 1) x {y}. More-
over, |3=x (x, y)| < C|y|*T. For brevity, denote f o u and gjouby f and g;.
Combining with (5.1), we geton Q

Ay fx,y)=ide fx,y) =2iV(x,y)-gu(x,y)) —2iF(x,y) - X(u) f,

dyx(x,y) =idxx(x,y) + E(x, y).
Moreover, (|E| + |F|)(x,y) < Cly|kt?, and V, E, F are in Ck**(Q). Also, g is
in CK(Q).

In what follows, as required by (5.5), the constants do not depend on L, p, v;.
By (5.2), u(x, y) isin Q7 for |x| < 1,0 < y < &. Define, for y > 0,

AE, y) = /R(xf)(x,y)e—i(my)s dx.

(5.6)

Notice that .
XTTLE) = A(E,0) = A&, n) — fo D&, ) dy.
By (5.6) we obtain

Iyr (€, y) = fRiax[(Xf)(x,y)e—i(x+iy>s]dx
_2i/(g(u)~VX)(x’y)e—i(xﬂ'y)g dx
R
+/(f(u)E)(x,y)e*i<x+iy)s dx
R

—Zi/ XF(x,y) - (X f)u(x, y))e "EHME gy,
R

By integration by parts the first integral is zero. Since g(u(x, y)), V(x,y) € Cck,
and y& <0, the second one, via using integration by parts k times, is bounded by
C(1 + |€])~%. The third one is bounded by C|E (x, y)| < Cy**.

We now estimate the last integral. This amounts to controlling the blow-up
of derivatives of f at u(x,y), for which we apply Proposition to a domain
of fixed size. By (5.3), Q" contains ]D)’;/C(u(x, ). Let w = ¥ (w) :=u(x,y) +
yw/C with w € C". So ¢! transforms J, X, into J, Xe = C~'ydy~'X,. On
D", we have

Xe= ) (besoydg +ass 0 ¥dy,).

1<s<n

Let A" := (ags o ) and B’ =: (bgg 0 ). It is easy to see that on D", inf| &, 47 | >

AT B
1/C and |(A’, B))|x+« < C for some constant independent of v and p. Fix
1 <m <2n and let (1, ..., Wa,) be the standard coordinates of R**. Applying
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Proposition to {X i}, we geta J -holomorphic curve i : D, — D" satisfying
#(0) = 0 and di(0)(3;) = Ay — i foa%. Here r > 0 is a constant independent
of y, and |3/#i| < C for j < k + 1. Then the disc #(¢) := ¢ o 1(C¢/y) is J-
holomorphic. We have % : Dy, /. — QT =y (Q1), #(0) = u(x, y), and

du(0)(3;) = dyy, — i Jii0) Oy,

m m*

So dﬁ(O)(BZ) = Oy, + i Ji(0) 0w, - A direct computation shows that the first- and
second-order derivatives of u are bounded by C and C/y, respectively. It follows
that dzl(az) =V (¢)- X(u(¢)) and the first-order derivative of V (&, n) is bounded
by C/n.Let g; := X f. We obtain
O (f (&) =gu(?)) - V).
By the Cauchy—Green identity we have
_ 1 (@(54)) 1 (@(5:)) - V(&)
s =g [ THERge L[ SEED T g gy,
T jgd=y/e §x = ¢ T igl<yfe ¢

At ¢ =0, the first-order derivatives of the first integral are bounded by C/y. Write
g(ii(2)) - V(¢) as h1(¢) + hy(¢). Here C! norms of &y, hy are bounded by C/y,
h1(¢)=0on|¢| <y/(4c),and ho(¢) =0on [¢]| > y/(2c). The first-order deriva-
tives of the integral involving A are bounded by C at ¢ = 0. After applying a

translation ¢" = ¢, — ¢, the integral involving k¢ has bounded derivatives at z =0
too. We obtain

21(@uy (@O0))] = 13z(f (@))(0) + d-(f (@) (0)| < C/y.
Thus,
19y A (€, )| < COF T 4 (141875,
We also have, for n& <0,
A&, )| < Ce™ < Cping| L.

We may assume that £ < —1. For 0 < «’ < «, choose n = 1/(C|£|'~%) with & > 0
sufficiently small. Finally, A(§,0) = A(§, n) — fon dyA(&, y) dy satisfies

—1e16N—L c k+o —k 1
IME. 0 < CLCTEN ™ + o ™ + CA+ D™ s

< Cor(1 4[4 (5.7)
for £ < 0. Reasoning with X%f = g% for y, <0 and u?, we get (5.7) for £ >0

and hence for —o0 < & < o0.
By the Fourier inversion formula,

1 R
X (p+xv)=— / A(E, )€™ dE,
T JR 5.8)
k-1 1 k=1 ikx ©:
% (xf(p+xv))=2—/>»($,0)(z€) o5 de.
T JR



322 F. BERTRAND, X. GONG, & J.-P. Rosay

Using (5.7), we obtain x f (p+xv) € C¥~ 1. Let 0 < o” < o’ < «. Note that |e/*2 —
€1 <2|xy—x1|*" for all real numbers x1, x». By (5.7) and (5.8) again, we obtain

lxa — x11%" €1

105 (P +x20) = 0T () (p+x10)| < Cor | o dE.
* * CIr (gD
We have |(xf(p + -v)|k—1+a” < Cq». Therefore,
[x0fILlk=14a < Car,
where L is any line which is tangent to one of vy, ..., vy and which passes

through p € M near the origin. For such a line L, we can find an affine dif-
feomorphism R with R(0) =0 € M, sending A?"~1into M, such that R(-, r) are
lines parallel to L for r € D"~!. By Proposition (i1) and hypothesis (5.4) we
get 32 (x0.f) € Lip(M).

Step 2. Uniform bound of derivatives of f on transversal J-holomorphic
curves.

By Lemma there exist N vectors v; € R*" with |v i1 < 1 such that

0,0 = Y e - @), 1<k (5.9)
I<j=<N

By perturbing v; we may assume that J,(v; - (dx, dy)) are not tangent to M at
p = 0 and hence in a neighborhood of 0 in M.

We are given n vector fields X1, ..., X,, defined on Q% U M. Recall that M is
contained in y, = 0 and Q7 is contained in y, > 0. Applying the Borel theorem
(Lemma 2.3) via restriction and then extension, we may assume that X1, ..., X,
define an almost complex structure on a neighborhood of M. We emphasize that
even if we start with an integrable almost complex structure, the resulting almost
complex structure may not be integrable. We now apply Proposition 3.7 with the

parameter set P = ﬁ:’o_l. We find diffeomorphisms u;, R; of class Cktltak
which map Dy, x ID);’O_1 into 2, such that

du;(0,1)(0s) =v; - (0x, dy). (5.10)
Moreover, D; ,(t) :=uj(D,, 1) = Rj(wj (), t) satisfies

Dr/cl - wj,r(t) CDe¢yp.
Also, Rj(0) =0, u;(0) =0, and
—2iduj(-,1)(37) = Jo(v; - (0x, dy)) —i(vj - (3x, y)).

We choose r < 7 sufficiently small so that various compositions in u;, R;
are well defined. Also, a)j:r(t) ::fuj,r(t) N {y > 0} satisfies R; (w}fr(t), 1) =
Djﬁr(t) =D, (t) N Q*. Write (D;fr(t), ) = u;l(Djfr (1)). According to the
Cauchy—Green formula, we have

(7 i FfwijC.0n) —
f(uj(z,t))zif~ Md{ L/ T A adE.
D}, (1) D0

2mi -7z  2mi -7z
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Set (Z,1) _u oR (z,t) = (7j(z,1),1). By du](a )= V() X(u;()) and
Xif=gj WegetB—f(u])_V g(u;) and

PN ARG
ef(Rj(z,1) = i -/;eawjf,(o TCD 5@ dti(g,1)
1 g(R; (&, 1) - V(z;(L, 1)

i Jot o T =T / g
Here ¢ = 1if 7;(-, ¢) is orientation-preserving and otherwise ¢ = —1. Notice that
¢ is independent of . Recall that R;(-,t) sends [—r/c,r/c] into 8D;ﬁr HNM.
Ck+1+°‘k, it is easy to see that V(t;(¢, 1)) are in Ck+0, Applying
Lemma (ii), 8 (f(R )) are continuous on A,/C* x [0,7/c,) x D

Since u €
(e ! and on
it, |f(R.,')|k_2_H3,0 < Cg for any B < 1, where ]D)r Jes is the parameter space.

Step 3. Smoothness of f via families of J-holomorphic curves.

In this step, we will first remove the assumption stated at the beginning of
Step 1 that f is C! on ;. We also address the comment made after Theorem
on the interior regularity of f.Let J = J¢ € Ck** and Q = Q,.

Let v; satisfy (5.9). According to Proposition 3.7, we find a CKT1H+ek dif-
feomorphism u; defined in neighborhood of 0 € € such that ¢ — u;(¢,1) is
J-holomorphic for fixed t € Dg’l and u;(0) =0, du;(0)(3:) = v;. Drop the
subscript j in u;. Then u~! defines a C* coordinate system in a neighbor-
hood of the origin, and u~! transforms J into J. It follows that D, x {t}
are J- -holomorphic curves for |t| < ¢ and ¢ small enough. Thus, we can take
X, = a(e, t)8— + b(¢, t)BC with a, b € Cktek and ¢ being the parameter. Now
f fou satlsﬁes le 81 € Ck. Here le &1 holds in the sense of distri-
butions. We want to show that when restricted to D, x {t}, X 1 f = g1 still holds
as distributions. To verify it, we fix a test function ¢ on D, and take a sequence
of test functions ¢, in C"~! such that fC" 1 ¢y =1 and suppo, C {t} + D]/v .
Note that the formal adjoint X * does not contain derivatives in the 7-variable and
satisfies

f 166 = f PRI 0dy) = / FouXr@).
Cn Cn C’l

Since all functions in the integrands are continuous, as v tends to oo, we obtain
/ g1, = / FEDXT(@).
C C

Thus, we have proved that in the sense of distributions X, f =g eCkcck1+p
for any B < 1. The coefficients of X, are in CkTak, Reasoning as at the end of
Step 2, by using Lemma 4.1 (i) and (iii), we obtain f ou; € C¥*#-0 forany g < 1.
(Note that this part of Step 2 does not use the assumption that f € C'.) Now
foujeC 10 with k — 1> 1, u; e C¥, and Proposition 3.9 (iii) implies that
f e Ck=248 for all B < 1. In particular, we get f € Clon QUQ, for k >3,
which is used in Steps 1 and 2.
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We now finish the proof of the theorem. By the end of Step 2, we know that
when r is sufficiently small, 8;7’2( foR;(+in,t)) are continuous on D) N {n >
0}. Assume that k > 2. We also know that the C¥ diffeomorphisms R;, u; sat-
isfy u; 0)=R;j(0)=0e M, Rj(wj,(),t) =u;D,, 1), and R;j(wj () N{n=>
0L t)=u;D,, )N Q. Thus, (Bgfz(f ouj))o ujfl are continuous on D" N ot
Since du j (0, 1)(dg) = v; - (dx, dy), in view of (5.9), we can apply Proposition
to the family of diffeomorphisms u;(§ + in, t) by treating (5, t) as parameters.
Since f € Ck=2(Q1), using Proposition (i), we express 3! f on QT N Af" via

functions (ag (fouj)o u; Tfor1 < |I] <k — 2. The latter are continuous on

Q" ND". We have proved that 3/ f (x) extends continuously to ' N A2" for all
|I| <k —2and k > 2. Therefore, f € Ck~2(Qt U M) by M € C*~2. The proof of
Theorem 5.1 is complete. U

6. One-Dimensional Riemann Mapping for Structures
with Parameter

In this section, we will study the regularity of inhomogeneous Beltrami equation
on a planar domain for complex structures that depend on a parameter. The reg-
ularity of lower-order derivatives of the solutions of such equations have been
studied by Ahlfors and Bers [1]. We will emphasize the regularity of solutions
in Ck+1tenj spaces up to the boundary. Throughout this section, €2 is a bounded
open set in C. We start with the existence of isothermal coordinates with param-
eter. Recall that a diffeomorphism ¢ is said to transform a vector field X into X
if locally de(X) = wX. Denote by Chtoj (22U y, P) the set of functions that are
in Ck+eJ (K, P) for any compact subset K of £ Uy where y is an embedded
curve. Set CKT¢i(Q U y, P) := Mo<e<; Ck=t+et(Q Uy, P) for k > j. Recall
that C*/ (R, P) = ("2, CH/ (R, P) and set C>*>®(Q, P) := ap= C®I(Q, P).

PROPOSITION 6.1. Let k, j be integers or 0o such that j <k, and let 0 <« < 1.
Let Q be a domain in C, and P be an open set in an Euclidean space. Let a €
ék+“'j(Q, P) (resp.Ckt*i(Q, P)) satisfying |a|p~ < 1.Ifx € Q, then there exist
a neighborhood U of x and a map ¢ € ék+1+“’j(U, P) (resp. CkHitei(y, py)
such that ¢(-,t) are diffeomorphisms that map U onto their images and 9z +
a(z, )0, into odz.

Proof. Fix x =0 € Q. Let ¢(z,t) =z — a(0,t)z. Then z — ¢(z,t) is invertible
and transforms 0z + a(z, t)9d, into 9z + a(z, t)d, with a(0,r) = 0. The problem
is local. By dilation, we may assume that € contains D. Let x be a smooth
function on DD that has compact support and equals 1 on Dy,;. Applying a di-
lation and replacing a by yxa = b, we achieve |b|y 0 < &4 on D for the &y in
Lemma 2.2. Set f := —(I + Thd,)"'Th. On D, we have f € Ckt1*+eJ and
[fl10 < Cold+ Tbaz)_1|1+a,0|b|a,0. With the dilation for a, | f]1,0 can be ar-
bitrarily small. Therefore, z — z + f(z,?) are indeed diffeomorphisms. Since
z+ f(z,t) is annihilated by dz + ad_, it transforms 9z + a(z, t)d; into oz. O
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It is important that the above classical result (for the nonparameter case) allows us
to interpret dz f + ad, f = g when a is merely C%. Let w = ¢(z) be a local C!*+*
diffeomorphism such that dp(0z 4+ ad;) = w(w)dy. Then 9z f + ad; f = g in the
w-coordinates if 35 (f o ¢~ !) = g 0 ! (w)/u(w) in the sense of distributions.
Recall that in the proof of Theorem 1.1, there is a loss of derivatives. We now turn
to a sharp version for planar domains. In fact, we will prove a parameter version.

THEOREM 6.2. Let k, k', j be integers or oo such that j <k',and let 0 <o < 1.
Let y be an embedded curve in C of class CKt11 (resp. CKH119) Let Q1, Q,
be disjoint open subsets of C such that both 921, 0S22 contain y as a relatively
open subset. Assume that ag € CK+%J (Q, Uy, P) (resp. C¥+*J(Q, Uy, P)) and
satisfies |aglpo <1 on (QeUy) X P. Let f € CAO’j(Ql Uy U, P)and by €
Ck+ed(Q, Uy, P) (resp. CK+%J(Q, Uy, P)) be such that

3Ef +Clgazf =by onQ,l=1,2.
Then f € CKH1+%J(Q, Uy, P) (resp. CK 1420 (Q, Uy, P)).

Proof. As in the proof of Theorem in Section 5, we may assume that y is
the x-axis and 2 = ]D;“, 2, =D, . In the following, all functions ay, by, etc.
are defined on 2y for some r > 0, and we will take smaller values for r for a few
times. Applying Lemma 2.3, we first find a function ¢y € C¥t17J with ¢y (-, 1) €
C2(2 U ) such that ¢¢(x,0,1) = x and d=¢¢ + agd.dpe = O(|y|Ft). Then ¢y
sends 0z +ay 9, into e (dz+aed;). Replace f, ag by foqb;] , dg on . Therefore,
we may assume that a;(z, 1) = O(|y|¥*%). Now, define a := ay on . It follows
that a is of class ék+“*j(91 Uy Uy, P). Set X := 07+ a(z, t)o;.
Next, we find g¢ € CkT1+%J/ on Q, such that

Xge —be=0(yI"™),  ge(x,0)=0.

Replace f by f — g¢ on Q. Therefore, we may assume that by (z, t) = O(|y|Fte).
Define b := by on ;. Then b is of class CKT%J (Q; Uy U Qs, P).

By Proposition 6.1 there are diffeomorphisms v (-, t) with ¥ € ChkHlta i, |
P), which send X into puds with u € C¥t%J(D,, P). Then d:(f o ¥~ 1) =
boy/u. Let h:= Tp, (b o v ~!/u) where r is sufficiently small. Then 4 €
Cktlte) Now f o ¥~! — h is holomorphic away from v (y), continuous up
to the C' curve ¥ (y). Take a small disc D,, independent of ¢ and centered at
p € ¥ (-, t0)(y). By the Cauchy formula, we express f (-, t) on D, via the Cauchy
transform on 9D, when ¢ is in a small neighborhood of #y. From f € C%J and
the compactness of P we conclude that f € Chtlta.j (D2, P). Recall that f is
replaced by f o ¢, '. Therefore, the original f is in CkHltei(Q, Uy, P). O

LEMMA 6.3. Let Q@ C C be a bounded domain with 952 € C'. Suppose that v €
CY(2) and b are continuous functions on Q2. Then v satisfies

V+Thb=0 6.1)
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if and only if it satisfies
Zzv+b=0, (6.2)
1 v($)

Z% 3Q§'—Z

Cv d¢ =0. (6.3)
Here three identities are on 2. Moreover, (0.3) holds on S if and only if v is the
boundary value of a function that is holomorphic on C\ 2, continuous on C\ L,
and vanishing at 0.

Proof. Applying 9z to (6.1) gives us (6.2). On Q, Cv = v — T dzv. Applying T 97
to (6.1) and using (6.1) again, we get v — T d;v = 0. Conversely, if v satisfies
(6.2), then v + Th = v — T dzv = Cv. The latter is zero by (6.3). Thus, v satisfies
(6.1).

It is a standard fact that when 2 is a bounded domain with C! boundary and v
is continuous on 92, Cv(z — tn(z)) — Cv(z + tn(z)) converges to v(z) uniformly
on 32 as t — 0. Here n is the unit outer normal vector of 3. Then (6.3) implies
that Cv is continuous on C \ 2 and agrees with v on d2. That Cv vanishes at co
is trivial. The converse follows from the Cauchy formula. ]

Now, we prove a version of Theorem |.2 with parameter.

THEOREM 6.4. Let k, j be integers, and let 0 < o < 1. Let Q2 be a bounded domain
in C with Q2 € CKt1%%_ Let a € Ckt*J(Q, P), b € CKt112%J (Q, P) be (scalar)
functions satisfying |lallo,0 < 1. Then

v(-, 1) + Tala(-, 1)dv(, 1) =b(-, 1) (6.4)
has a unique solution v(-,t) with v € ék+a+l’j(§, P). Moreover,
1+ Tad, : C-H1Fei(Q, p) — k114 (Q, P)
has a bounded inverse.
Proof. Let us first show the existence of solution v € CP0 for some 0 < B < 1.
We want to differentiate (6.4) in z in order to transform the equation into a cor-
responding equation by using 9,7 = S. Recall that 9;7T is the identity on L? (£2)

when p > 2 and €2 is bounded. Therefore, the set of solutions v to (6.4) with
w(z,t) = 0;v(-, t) € LP(R2) is completely determined by the set of solutions w to

w(z, 1) + Sa(, Hw(-, 1)) (z) =0:b(z, 1), w1 eLP(Q), p>2.

In fact, if w(z, t) is a solution to the above equation, then

v(z, 1) =b(z,1) = T(a(:, Hw(, 1))(2) (6.5)
is a solution to (6.4). We also recall that
I1SfllLe) <epllfllLrs), (6.6)

where the best constant ¢, depends on €2 only, and ¢, tends to 1 as p — 2 (see
[25. p. 81]). We also recall that for 2 < p < oo, there exists a positive constant C),
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such that
ITfllp = CpllfllLre). (6.7)
where B =1—2/p (see [25, Theorem 1.19]). We fix 2 < p < oo such that
ISallLr) <1/2, (6.8)

and we set 8 =1 — 2/p. By the contraction mapping theorem, for each ¢, there
exists a unique w(-, #) in L?(£2) such that on €2,

w(z, 1) + S, Hw(- 1)) (2) = b(z. 1). (6.9)
Moreover, the unique solution satisfies
lw, Dllzr@) < 216¢, Dllzr - (6.10)

By (6.5) and (6.7) we have
lv(-,D)llg < Clibllo- (6.11)

Let us also show that v(z, t) is cqntinuous. Weset w(z,t', 1) =w(z, ") —w(z, 1),
a(z,t',t) = a(z,t') — a(z, 1), b(z,t',t) = b(z,t') — b(z,1), and ¥(z, 1, 1) =
v(z,t") — v(z, t). Then we have

IZ)(Z, t/7 t) + S(a('7 t/)i)(’ t’v t))(Z) = E(Z’ t/a t) - S(Zl(v t/a I)U)(, t))(Z)
According to (6.6) and (6.8), we obtain

(.t Dllr) < Cpllat. 1", 0llo + 16¢. 1", )llo)- (6.12)
Using (6.7), we get
I8¢, 2", 0)llo < Chllac,t', Hllolld:b(, ) e
+ ChllalloolliC. 1", DllLr@) + 16C. 2" D]lo.
This shows that v € C#0. By Theorem 6.2 we obtain v € Ck+1+e.0,

Since the solution to (6.9) is unique, as mentioned earlier, the solution to (6.4)
is also unique. Therefore, I + Tad. : CkH1+*0(Q Py — Ck+1+2.0(Q. P) is con-
tinuous, injective, and onto. The last assertion in the proposition for j = 0 follows
from the open mapping theorem applied to the Banach space C¥+1+*.0(Q, P).

We now apply induction on j. Here we need to use a method from [ 7], which
we have used in Step 2 of the proof of Proposition 3.7. In fact, the proof is valid
without any essential changes. We briefly point out the arguments. Let Dy denote
the derivative in direction V in the parameter space. For j = 1, the difference
quotient 8, v(-, 1) = w

G D) +T(a, 1)3:8,v(, 1) = 8,b(-, 1) — T(8ra(-, 1) v(-, 1')).
Here t, ¢’ are in the interior of P,and ¢’ =t +AV. Asin ( ), we can verify that
[8xv(. Dllg = CUISDC, D10+ 1T Bral-, )0 v(-, 1)) 1,0)-
For fixed ¢ and small A, by the intermediate value theorem we obtain

80 C. Dllg = CUIbN1L1 + llallitlv]io,0)-

satisfies
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Then we can show that §, v(-, ) converges to w(-, t) and that w (-, t) is the unique
solution to

w(, 1)+ T(a(, o0, 1) =Dyb(-,1) = T((Dya(-,1))d.v(-, 1)).

Here Dy b(-, t) denotes the directional derivative in vector V for the ¢ variables.
As before, we can verity that w(z, t) is continuous in z, . Thus, w = Dyv €
CK+1+2.0 by Theorem 6.2. We now have

Dyv(z,1) + T(a(-,1)3;Dyv(-,1))(z) = Dyb(-,1) = T((Dya(-, )3 v(-, 1))(2),

and we can verify that (Dy)?v(z,t) € Ch+1+a0, Inductively, this shows that v is
in CkT1+%J (Q, P). By the open mapping theorem again, the last assertion of the
theorem is true. O

In [4], the Riemann mapping with parameter is proved for simply connected
domains in C. We now extend the result to complex structures. The reader is
referred to [4] for some elementary properties of Chtlte.j (2,10, 17), where
CkH1+@.i(Q, [0, 1]) is denoted by BFt1+eJ (G, [0, 1]).

THEOREM 6.5. Let k, j be integers or infinity such that 0 < j <k, and let
O<a<1.Let P=[0,1]. Let T(-,¢) : D — Q' be embeddings for all t € P that
satisfy T € CkH14i (D, P). Let J' be a family of complex structures on Q' such
that the pull-back of J' by T'(-,t) defines a family of complex structures on D
of class C¥T%I (D, P). There exists a family of mappings R(-,t) from Q' onto
D such that (z,t) = R(I'(z, 1), 1) is a mapping of class C<t1t%I (D, P) and the
push-forward of J' via R(-,t) is the standard complex structure on D for each
teP.

Proof. To localize the problem in the parameter space, we mark three points a’,
b, ¢' on 3! such that ¢ — (a’, b*, b') is of class C/. Let R(-, ) be the Riemann
mapping sending a’, b', ¢’ to a, b, ¢ on the unit circle. We want to show that
R (-, t) has the desired regularity for # near a given point fp € P.

We first want to find a family of mappings S(-, ¢) from Q' onto D' such that
the push-forward of J’ agrees with the standard complex structure. To see this,
we extend J? to a larger simply connected domain €’ that contains the closure
of Q'. By the uniformization theorem there exists a diffeomorphism S(-, #o) of
class CKH14e that maps % onto the unit disc or C such that S(-, f)J% is the
standard complex structure. By Kellogg’s theorem we can find the Riemann map-
ping sending S(-, 7o) (£2") onto the unit disk and match three marked points. For
t close to fy, we can find a family of diffeomorphisms of class Ckt1+e  defined
near D, that fixes S(-, 19) ($20) pointwise and maps S(-, 79) (2") onto the unit disc.
Therefore, for regularity near #, we have simplified the problem to the case where
J0 is Jg; and Q are the unit disk. Then J’ are defined by vector fields

oz +a(z,1)o;
with a(-, #p) = 0. Let f(-,t) := u be the solution to
u+ Tp(a(-, 1)ou) = —Tpa(-, t).
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Since a is of class Ck+%/, |a|o,o can be made small enough on I x P by choosing
a small neighborhood P of #. In particular, |a|oo < 1, and Theorem shows
that f is of class CKT1+%J/ Moreover, using

1/2
lalas2.0 < clalgglalyg

for some positive constant ¢, we obtain | f|14/2,0 < Clala/2,0 < 1. Therefore
F(-,1): 2+ z + f(z,1) is a family of diffeomorphisms from D onto D' and
such that F (-, 1), J" are the standard complex structure. By the Riemann mapping
with parameter [4] we conclude that there exists a family of Riemann mappings
Ro(-,t) from D' onto the unit disc such that (z,t) — Ro(F(z,t),t) is of class
Ck+1+ei(D, P). Let M(-, 1) be the linear fractional transformation sending

@,b', &) = (Ro(F(a',1),1), Ro(F(b', 1), 1), Ro(F(c',1),1))

to (a, b, ¢). Since the mapping ¢ (a’ b', &) is of class C/, it is easy to verify
that M is of class CKT17%J on D x P. Then R(-,1) = M(Ry(-, 1), 1) is of class
cktl+eion D x P. O

From the proof of Lemma 6.3 we also have the following for vector-valued func-
tions.

LEMMA 6.6. Let 2 C C be a bounded domain with 92 € Cl. Let v and b be
vectors of n continuous functions on Q. Suppose that v € C' ().

(i) Let A be an n x n matrix of continuous functions defined on Q. Then v satis-

fies

v+TMb+ Adv)=0 (6.13)
if and only if v satisfies (60.3) and
Zzv+b+ Ad,v=0. (6.14)

(i1) Assume further that v(RQ) is contained in an open subset D of C". Let A €
CY(D) be an n x n matrix. Then v satisfies

v+T(h+ A()d,v) =0 (6.15)
if and only if v satisfies (60.3) and
370 +b+ A()d,v =0. (6.16)

Here, equations (6.3) and ( )—( ) hold on Q.
We now use the proof of Theorem 6.2 to study a problem in different directions.

PROPOSITION 6.7. Let k be an integer, and let 0 < o < 1. Let y be an embedded
curve in C of class CKF1%7%  Let Q1, Q5 be disjoint two open subsets of C such that
both 021, 082, contain y as a relatively open subset. Assume that a; € Chte (U
y) satisfies |ag|p~ < 1 on Q2 Uy. Let E be an embedded C' curve in D such that
D\ E is open in C and has exactly two connected components wi, wy. Assume
that u is a continuous map from D into Q1 U y U Qg such that u : wey — 2 are
J-holomorphic with respect to 3 + agd,. Then E is a curve of class Ckt1+e,
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Proof. The proof is a slight modification of the proof of Theorem 6.2. The prob-
lem is local. Fix zg € E and let p = u(zo). We may assume that near p, y is con-
tained in the real axis and 21, €27 are contained in the lower and upper half planes.
Applying a local change of coordinates ¢, which is of class CX*17% on Q, U y
and fixes y pointwise, we may assume that ay = 0(|y|k+"‘). Define a := ay on
Q¢Uy.Then X := d-+ad. is of class C*T® on 2 Uy US2. Near p € y, we apply
a diffeomorphism ¢ of class CKT17¢ that transforms X into d-. Let g = ¢ ogrou
on wy U E, which is holomorphic away from E. Since g is continuous and E is
an embedded C! curve, then g is holomorphic at zg. It is easy to verify that g is
biholomorphic near zo. Consequently, E is of class Ck*1%¢ near z. (]

However, the above result fails in higher dimensions.

EXAMPLE 6.8. Let E be an embedded C' curve connecting i, —i and dividing
D into two components w1, wz. Let A be a C* function on D that is positive
on w; and negative on wy. The existence of such a function is trivial, by taking
it vanishing to infinity order along E. We use the standard complex structure on
DxC={Imw < A(2)}U{Imw = A(z)}U{Imw > A(z)}. Let u(z) := (z,0). Then
u : wg — 2 are holomorphic, y = {Imw = A(z)} is C°, u(D) =D x {0}, but E
needs not to be C*°.

We would like to mention that our main result fails for harmonic functions. For
instance, we take a continuous function f on [—1, 1] and then extend continu-
ously to 3. Extend f harmonically by solving two Dirichlet problems on D+
and D™. Then f is not C* on D' in general. One sees a similar result for
the Neumann problem. Let €2 be a bounded domain in C with 92 € C*°. Sup-
pose that f is continuous on 9€2 and dt¢ is the arc-length element on 9€2. Then
We(z) = % fasz f(@®)log|y(t) —z| dt is harmonic on C\ 02 and continuous on C.
However,

1
oWy = £+~ /a POy (5) =y )t

1
IniwyWy=f(s) = — /asz f(@)ds arg(y (s) —y (1)) dt.

Here n(s) is the unit outer normal vector of d€2. In particular, if f is not smooth,
then Wy cannot be smooth simultaneously on Q and C\ Q. It is interesting that
if Wy e C'(C), then f and W must be zero.

We conclude the paper by mentioning two open problems. Recall that Theo-
rem 0.2 is essential to the proof of Theorem |.2. Both theorems deal with the case
where f is a function. If f is vector-valued, we have the following open problem.

PROBLEM A. Let m > 2 be an integer, and let 0 < o < 1. Let Q2 be a bounded
domain in C with C*° boundary. Let a € C®(Q) be an m x m matrix with a
sufficiently small C* norm on Q. Does 1+ Tqad, [Ckte (@)1 — [kt ()™
have a bounded inverse for all positive integers k?



Two-Sided Complex Structures 331

The following boundary regularity problem arises from the proof of Proposi-
tion on J-holomorphic curves.

PROBLEM B. Let Q be a bounded domain in C with C*° boundary. Let D be a
domain in C" withn > 1. Let A be an n x n matrix of C* functions on D. Suppose
that the operator norm || A(w)|| is less than 1 for each w € D. Let u : Q2 — D be
a C' map such that

u+ To((0u)Au)) € C*(Q). (6.17)
IsueC®(Q)?
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