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On the Representation of Quadratic Forms
by Quadratic Forms

RAINER DIETMANN & MICHAEL HARVEY

1. Introduction

The study of representing an integral quadratic form by another integral quadratic
form has a long history in number theory. In this paper we use matrix notation for
quadratic forms, so let A = (A;;) and B = (B;;) be symmetric positive definite
integer matrices of dimensions n and m, respectively. We are interested in finding
n x m integer matrices X such that

XTAX = B, (1)

thereby generalizing the classical problem of representing a positive integer as a
sum of squares. Although the local-global principle is known to hold for rational
solutions X of the Diophantine problem (1), existence of solutions over R (which
is here automatic by positive definiteness) and all local rings Z,, is not enough to
ensure the existence of an infeger solution X. It is therefore natural to look for
additional conditions for ensuring that the local-global principle holds also over Z.
The usual approach is to fix m, n, and A and then try to represent “large enough” B
for dimension m as large as possible in terms of n. In this context, Hsia, Kitaoka,
and Kneser [9] have shown the local-global principle to hold whenevern > 2m+3
and min B > ¢, for some constant c; depending only on A and n, where (as usual)
min B denotes the first successive minimum of B; that is,
min B = min X Bx.
xeZ"\{0}

Ellenberg and Venkatesh [7] used ergodic theory to show that the condition on n
can be greatly improved to n > m + 5 under the additional assumption that the
discriminant of B is square-free. This latter condition has been refined by Schulze-
Pillot [15].

The methods just described do not yield any quantitative information about
integer solutions to (1). Let N(A, B) denote the number of integer matrices X
satisfying (1), and note that this quantity is finite because A is positive definite.
Siegel [17] gave an exact formula for a weighted version of N(A, B). Let 2 be a
set of representatives of all equivalence classes of forms in the genus of A. For
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such a representative A’ € 2, let o(A’) denote the number of automorphs of A" and
let W(2A) =" .o 1/0(A"). Then Siegel showed that

Y vea N(A', B)Jo(A') too(A B[], 0p(A,B) if m<n—1,

W) | tawA BT, 0p(AB) if m=n—1,
where (i) these factors depend only on the genera of A and B, (ii) the term
too(A, B) = (det A) ™"/ (det B) "= D2 m@n=mibi T 1 2)
L'Gj/2)

n—m<j<n
corresponds to the density of real solutions to (1), and (iii) for any prime p we have
a,(A,B) = (p~")ym = mmtD 24X mod p' : XTAX = B (mod p')}  (3)

for all sufficiently large integers ¢. In particular, if the genus of A contains only
one equivalence class then this gives an exact formula for N(A, B); however, if the
genus of A contains more than one class then we obtain only an upper bound on
N(A, B). Our focus in this paper is on deriving not an exact but rather an asymp-
totic formula for N(A, B), yet one that is valid for all forms A. In this context,
by “asymptotic” we mean asymptotic in terms of the successive minima of B.
Without changing N(A, B) and by replacing B with an equivalent form if neces-
sary, we may assume that B is Minkowski-reduced. In particular,

O<minB=Bj <Byp=<--<Buy, |Bjl<B; (1<i<j=<m).

For 1 <i < m, define y; to be the positive real number satisfying

By = B], “)
and define
G |
y = Z —. 5)
i-1 Vi

Note that y; <1 (1 <i <m).

THEOREM 1.1.  Suppose thatn > 2y +m(m — 1))(% + 1). Then there exists
a é > 0 such that
N(A, B) = aso(A, B) [ (A, B) + O((det B) "~ 1/27%), (6)
P

where oo (A, B), a, (A, B) are defined as before and the implied O-constant does
not depend on B.

For n > 2m + 3 it was shown by Kitaoka [ 1, Props. 5 and 9] that
1< [, B) <1 Q)

p

whenever equation (1) is soluble over each Z,, where the implicit constants are
independent of B. Recalling (2), we find that the main term in (6) is of greater order
of magnitude than the error term and gives a true asymptotic formula—provided
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that det B is large enough in terms of m, n, and A. Since y is bounded for fixed m
and n, the latter condition is equivalent to By > ¢, for some constant ¢, depend-
ing only on m, n, and A.

Let us now briefly connect our result to others in the literature. If m = 1then, as
mentioned previously, equation (1) reduces to the classical problem of represent-
ing a positive integer by a positive definite quadratic form. One attains such an
asymptotic formula for N(A, B) as long as n > 3 (see [0; 8]). For general m > 1,
Raghavan [14] used the theory of Siegel modular forms to establish an asymptotic
formula whenever n > 2m + 3 under the assumption

By = min B > c3(det B)'/™ (8)

for some fixed constant c;. We note that there exists some constant c4, depend-
ing only on m, such that By} < c4(det B) I/m Hence Raghavan’s result requires the
successive minima of B to be of similar order, which essentially translates into the
condition y = 1 in our setting. Our result does not require this condition, but it
may require a much larger number n of variables when Bj; is much smaller than
det B. Form = 2 and n > 7, Kitaoka [11] showed that the condition Bj; > c5 for
some constant c¢s (depending only on n and A) suffices, thus avoiding any further
assumptions and in this way paralleling what is known for m = 1. No such result
is known yet for m > 2; see Schulze-Pillot [ 16] for more background information
on this topic.

Whereas most previous approaches to this problem have used modular forms,
our strategy is to treat equation (1) as a system of R := m(m + 1)/2 quadratic
equations and then to apply the circle method; see [5] and [2] for circle method
approaches to related higher-degree problems. The main difficulty is adapting the
method to work in a box with uneven side lengths, and this is exactly where the
dependence on y comes in. We obtain a version of Weyl’s inequality in Section 2
upon following the method of Birch [1] as well as an argument of Parsell [13,
Lemma 4.1]. We then use that inequality to estimate the minor arcs in Section 3
before handling the major arcs in Section 4. Once this has been accomplished, we
need to establish the main term in Theorem 1.1 by examining the singular series
and the singular integral in Sections 5 and 6, respectively.

NOTATION. As usual, ¢ will denote a small positive number that may change in
value from one statement to the next. All implied constants may depend on A, m,
n,and e. We apply the usual notation that e(z) = e>™“ and ¢,(z) = ¢*™</9. We use
|| x|| to denote the distance of the nearest integer to areal number x. We also set [x| =
max|<;<n|x;| for the maximum norm for any vector x € R”, and we write (a, b) for
the greatest common divisor of two integers a and . Summations over vectors X
are usually to be understood as summation over x € Z", and multidimensional inte-
grations are usually to be understood as occurring in R-dimensional space. We
sometimes use conditions of the form ¢ < L for a certain quantity L—in partic-
ular, in summations and integrals. These conditions are to be understood in the
following way: There exists a suitable constant C, depending at most on A, m, n,
and &, such that the condition ¢ <« L can be replaced by g < CL.
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2. Weyl-Type Inequalities

By letting X = (x; - - - X,;), with column vectors X; = (x;1,...,X;,) € Z" for each
i €{l,...,m}, we may write (1) as the following system of R := m(m + 1)/2
equations:

XIAx; = B; (1 <i<j<m).
Since A is positive definite, these equations clearly imply that

Ix;| < B)> (1<i<m)

for an implicit constant depending only on A; and since B is positive definite,
there exists a real solution of these equations within that range. So for sufficiently
large C depending only on A, define
P, := C""B))? ©)
for each i € {1, ..., m} and note that, by (4), we have
O0<Pi<--<Py Pi=P"' (I<i<m). (10)

For convenience, we shall also define

Observe that
M="P" (1<i<m) (11)

by (5) and (10).
For real ¢ = (ajj)i<i<j<m and b = (Bjj)1<i<j<m, We define the exponen-

tial sum
S(ee,b) := Z Z e( Z a,-j(xlTij—B;j))

[xi|=P1 [Xm|< P I<i<j<m
and let S(«) := S(a,0). By our choice of C and P;, we then have
N(A, B) :/ S(ee,b) dox. (12)
[0,HR

Our aim is to show that, if n is large enough, then S(e) is “small” unless each
a;; is well approximated by a rational number with small denominator. The next
lemma achieves this for the diagonal coefficients «;;.

LEmMMA 2.1. Let 0 < 6 < 1. Suppose that S(a) > T1"¥ for some positive real
number k. Foreachi €{l,...,m}, if

2ky;
n> % (13)

then there exists an integer q;; > 1 satisfying

gi < P! and |qiai| < PP
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Proof. Fixi e{l,...,m}. Then

IS@l< Y o Y s Y T, (14)

[x11=P1 [Xi—1|< Pi—1 [Xit1|=< Pig1 [Xm |< Pm
where
m
Ti(o) =Ti(a; X1y e ooy Xi— 1, Xjp s - o5 X)) i= Z e(z aijxlT»ij) (15)
Ixil<P; N j=1

and, for ease of notation, we let o;; = «j; if i > j. By squaring and differencing,
it is clear that if we put z = X; — Xx; then

m
TP = Y Y el Y ay&l —x))Ax; + a;i(X]AR; — X[ Ax;)
[X;|<Pi |%;|<P; Jj=1

J#

- Z Z e Z a2 Ax; + a;i(z"Az + 2x" Az) | . (16)
|z|<2P; |x;|<P;: j=1
|z+x;|< P; J#i

In particular,

T’ < Y | Y eCaix"Az)

|2]<2P; | IX|<P;:
|z+x|< P;

< Y [[mintPi 20 (Amzi+ - + Awnza) |7
|z|<2P; u=1

uniformly in Xq, ..., X;—1, Xj 41 - «» X
Let

N(a;;, P;) :==#{zcZ" : |z| < P; and
||2aii(Aulzl + e+ Aunzn)” = Pi_l (1 =u= n)}

Then, by standard techniques (see e.g. the proof of [4, Lemma 13.2]), for any
& > 0 we have
ITi(@)* < N(aii, Pr) P,

For any real number 6 with 0 < 6 < 1, define
M (o, PY) :=#{z€Z" : |z| < P! and
I2ei(Anzi+ -+ Awz)ll < P2 (L <u <n).
Then, by a standard argument using [4, Lemma 12.6], we have
M (aii, Py > PM7"N(ay, Pr)
as in the proof of [4, Lemma 13.3]. Therefore,

ITi(e) > < PP M (aii, P)
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and hence, by (14), we conclude that
S(@) < TP M ey, PY)'
Suppose that S(a) 3> 1" % for some positive real number k. Then
M < S(e) < P77 M (s, P2
and thus, using (11), we obtain
M(aii, PP) > H—ZkPin07s
_ Pi—2kyiy+n9—8.
Our assumption (13) implies that this exponent is strictly positive for small

enough ¢, so it follows that M («;, Pl.e) > 2. Hence there exists some z € Z" such
that z # 0 and

1zl < P/, 12ei(Anzi+ -+ Auwz)l < P2 (L <u <n).
Now, since z is nonzero and our matrix A is nonsingular, we have
Apzi+ -+ Az, #0
for some u € {1, ...,n}. For this u, define g; = 2|A,nz1+- -+ Aunzal # 0. Then
I < g < P/ and [lgioill < P72 m

We deal with the remaining «;; (i # j) in the following lemma, whose proof is
along the lines of that for [13, Lemma 4.1].

LEMMA 2.2. Let § be a real number satisfying 0 < § < 1/y, and suppose that
S(et) > TI" % for some positive real number k. For fixed i, j satisfying 1 < i <
Jj < m, suppose
n > 2ky;y. (17
Then there exists an integer q;; > 1 such that
qi < TP and gyoll < TP (P P~

Proof. Fix i,j €{l,...,m}suchthatl <i < j < m. By an application of the
Cauchy-Schwarz inequality, we have

IS <@mpPH" > DT (18)
[x:|< Py |x;|<P;
(I<t<m,t#i, j)

where T;(a) is as defined in (15). Now (16) gives

Y@l = > > | Y e(ayh’Ax))

|x;|< Pj |yI<Pi [h[<2P;:"|xj|<P;
ly+h|<P;

< Y0 Y [[mintP e (Auhi + -+ Aunha) 7'}
ly|<P;i |h|<2P;: u=l
ly+h[<P;

< )" Y [ [min{Py, ley(Auhi + - + Awh) 7'} (19)
|h|<2P; u=1
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Let
lu = Aulhl +---+ Aunhn
for each u € {1,...,n}, and set
A :=2nP; 1max | Al
Note that
P; K LK P

Then, since A is a nonsingular matrix, we have

> [ [min(Py llesj(Auhy + -+ + Aunha) |7

[h|<2P; u=1
n

: -1

< Y [ mintP;, gzl ™)
|z|<A u=1

n

: -1

=<me&ww|ﬁ

[z]=A

Combining (18) and (19) yields

WWF«WWWW<H+ZHMHWMWO

I<z<A

1 1 q \'
> p" -4 — log2P;q)"

< <’ +<q+Pj+Pin>(g q>>
upon applying [18, Lemma 2.2], provided that |o;; — a/q| < g~? for coprime
integers a,q with g > 1.

Let § be a positive real number with 0 < § < 1/y. Then we can use (5), (10),
and (11) to show that
_2k/n—8 I+y;/vi—2kyjy/n—8v;y
PP 2= = P 4 LS|

by virtue of the inequality y; > y; and (17). By Dirichlet’s theorem, there exist
coprime integers g;; and a satisfying

1<y < PRI and gy ey —al < (P Py) ' TIP,

Therefore,

/2 1 1 qu n/2
S(OC) << l—anrs(Pin +<_+_+ i ) )
a P PP
Now
Hl’l+£1_)j_”/2 << I—In—k

provided that P; > TI?*/"*¢_ For sufficiently small &, this follows from (17)
because .
2k/n+e __ vjy/nre
I1 =P
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by (11). Analogously, we get
H”+€P~_n/2 < l—[n—k.
Since g;; < P;P;TI72%/"=3 it follows that
n/2
qij iy
Hn+s Hn
(Pi Pj) <

provided ¢ > 0 is small enough compared with 8. Therefore,

n+e
+ l—[n—k'

Sle) < — 7
ij

If g;; > T1?/"*% then S(a) < I1"* for sufficiently small & > 0, which contra-
dicts the hypothesis of the lemma. Hence ¢;; < 124/, O

Combining Lemmas 2.1 and 2.2 gives the following Weyl-type inequality for our
exponential sum S(a).

LEMMA 2.3. Let 0 <6 < 1andk > 0. Assume that

2k
ns> Y (20)

Then either (1) we have
S(e) < "+
or (ii) there exist integers q and a;; (1 < i < j < m) that are coprime (i.e.,
(g,a) = (g,an,an, ..., amm) = 1) such that
lfq & n6(1+m(m—l)/2y),
lgaij — ay| < IOTERO=DEOpPYT (1 <i<j<m). (@2

Proof. Suppose that (i) does not hold. Since (20) implies (13) and (17) for all
i,je{l,...,m}, we may apply Lemmas 2.1 and 2.2 to show that there exist inte-
gers g;; and b;; (1 <i < j < m) satisfying
(gij, bij) =1,
qi < P/, |giictii — bii| < Pie—z’
gy < T80 giay — by) < TP PP~ (1 <i < j <m)
whenever 0 < § < 1/y. The condition (20) implies that

2k 0
n 14
provided we choose § to be a sufficiently small positive real number.

Define g to be the least common multiple of the g;; (1 <i < j < m), and set
ajj := gqbjj/q;;. Then g and the a;; are coprime: Let p be a prime dividing ¢, and
let p” be the maximum power of p dividing at least one of the g;;. By definition
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of g, we have r > 1. It follows that, if p” || g;;, then p does notdivide g/g;;. Since
(gij, bij) =1, neither does p divide b;;, whence p does not divide a;;. Moreover,

m
qa<[Jar [] a«<m?Ctrmom=brm,

r=1 1<s<t<m
f < (I—IPFI)QH(-)m(m—I)/Zy (1<i<m),
123
f & MO mem=D/2=D (| < = j < ).
ij
Therefore,
q q -
lgoeii — aji| = f|61ii0lii — bl K ;Pie :
113 11
< H9(1+m(m*1)/2V)Pi_2 (1 S l S }/n)7
q q _
lqor; — aij| = —lgije; = bij| < —N77 (PP~
ij qij
&« mFmm=02np Pyt (1 <i < j < m);
hence the bound (21) holds for all , j € {1, ...,m} such thati < j. O

3. Minor Arcs

We are now in a position to set up the scene for an application of the circle method:
splitting the e into two subsets, where either S(e) is small or each «;; is well
approximated.

For coprime integers ¢, a := a;; (1 <i < j < m),and A > 0, define the
major arc

Ma (A) i={aec[0, DR g —a;| K TAPP) (1 <i<j<m) (22)
Next, define the major arcs 91(A) as the union of the 9, ,(A) over all coprime
integers g,asuchthat] < ¢ < M%and1 <a;; <q (1 <i < j <m). We denote

the minor arcs by m(A) := [0, 1)® \ 9(A).
We may split the integral in (12) to see that

N(A, B) =/ S(a,b) da —i—/ S(a,b)do. (23)
M(A) m(A)

We shall use the following corollary of Lemma 2.3 to show that the latter integral
does not contribute to the main term of the asymptotic formula for N(A, B).
LEMMA 3.1. Lete >0and 0 < A < 2)/+n217)(/m—l) be real numbers. Then cither:
(i) the bound S(at) < 1"~ "A/Crmn=1te polds: or

(i) aeM(A).

Proof. The claim follows from taking k = n6/2y — ¢ in Lemma 2.3 for 6 =

% and then noting that (20) is therefore satisfied. O
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LeEmMA 3.2. Suppose thatn > 2y +m(m — 1))(R + 1). Then, for any 0 <
A < ’,’;—:[Il, we have

/ S(ot,b) doa < Hn—m—l—S
m(A)
for some § > 0.

Proof. We follow the method of Davenport and Birch (see e.g. [1, Sec. 4]). Let

8 > 0 be a real number satisfying
n 26

— — (R+1 —, 24

= - D=3 24)

whose existence is guaranteed by the condition on n. We shall define a sequence
Ay, Ay, ..., Ar such that
m—+1

O<A=Ag< A< <A = ——
0 1 = R

and

1)
A — A e 25
1+1 I<R+1 (25)

foreach O <t < T — 1. Note that
m(A) = m(A7) U RAD)\MAr_)) U--- U (OMAD\IN(Ap)). (26)

By Lemma 3.1, for any ¢ > 0 we have

f |S<a,b)|doc=f 1S(@)] dec
m(Ar) m(A7)

< l—[nanT/(Zerm(mfl))Jrs
< l—In—AT(R+1+28/A)+s

< l—lnfm71725+6
by (24) and the inequality A < Ayz. Therefore,
/ |S(0£)|dot < Hn—m—l—5
m(Ar)

provided ¢ is small enough.
For0 <t < T — 1, we have MM(A,41) \ M(A;) C M(A,+1) and hence the
measure of NM(A,4;) \ M(A,) is bounded by

Yo > 1 @'m*n@py™

q<KIAr+1 a(modg) 1<i<j<m

< Z Z q—RHRA,+11—[—(m+l)

q<TTA+1 a(mod q)
< HA,_H(R-H)—m—l'

We may therefore use Lemma 3.1 and (25) to show that, for sufficiently small
>0,
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1S, b)| dot = / 1S(@)| da
M(A LD\ IM(A;)

< l—[n—nA,/l"-FAH](R-‘rl)—m—H—s

/W(Am)\im(Ar)

< l—[nfmflfA,(n/Ff(R+1))+8+s

where for ease of notation we have put I' = 2y +m(m — 1). Now A < A, and
(24) yield

/ |S(a)| de < T1"~m 172,
M(A+D\M(A,)

Given (26), this completes the proof after noting that 7 < 1. O

4. Major Arcs

In dealing with the major arcs, we shall find it more convenient to enlarge the
sets My 4(A) slightly. So let 93?; 4(A) denote the set in (22) but instead with the
inequality
lgej — ay|l K qNIA(PP)™ (1 <i<j<m),
and let M'(A) denote the corresponding union.
It follows from (23) and Lemma 3.2 that, provided

Qy +mm—1)R+1) and 0<A <1
n > m(m — an < < —,
V R+1
we have
N(A,B) = / S(a,b)da + O(I1" 7178 (27)
M’ (A)

for some § > 0.

LeEmMA 4.1.  Suppose that 0 < A < 2/3y. Then, for sufficiently large P, the
major arcs SDT;’q(A) are disjoint. Similarly, if 0 < A < 1/y then, for sufficiently
large Py, the M, 4(A) are disjoint.

Proof. Suppose there exists an « lying in the intersection of two different sets of
the form Sﬁz’w(A). Then, for some i, j with 1 <i < j < m, there exist integers
aij,aj;,q,q' with a;jq" # aj;q that satisfy
q.q' < T4,
lgai; — aij| < qITA (PP,
|q/aij — al-/j| < q,HA(Pin)il.
We can therefore use (10), (11), and y; = 1 to show that
1 <laijq" —a;q] = |q'(aij — qoij) + q(q ' @i; — aj;)]
< q'lqaij — aij| +qlq'e;; — ajj|
<M e

3yA—1/yi—1/y;
:PIV Vi /V,.
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This expression contradicts our assumption on A when one considers that
1/yi +1/y; = 2. The proof of the second statement is completely analogous. [J

Whenever a € W;,q(A), foreach 1 <i < j < m we may write
_ 4y A -1
o = ” + Bij, 1Bl K IZ(PiP)™, (28)

for suitable integers a;; and 1 < ¢ < 1%, Define

Sagd):= Y - > eq< > ai,i(z,TAzj—Bij)),

z1mod g Z,; mod ¢ I<i<j<m

and let S, , := Sa 4(0). Also, define

I(P,B) := / e(
[—1,1]mn

I(B) = 1((1,...,1), B).
LEMMA 4.2, Suppose that (28) holds for a € ?m;’q(A). Then

Z Pin,B,'jV;rAVj) dV]"'de
I<i<j<m

and let

S(a,b) = qm"n"sa,q(b)I(P,ﬁ)e<— > ﬂ,,«B,-j) + o 4ph.

I<i<j=m

Proof. By (28) we have

S(o,b)
— Z e Z eq( Z aij(X’lI-‘AXj — B,‘j))€< Z ﬂij(XTAXj — Bz]))
IXi[<P1 [Xwl<Pu  N<i<jsm Isizjsm

Letting x; = z; + qy; (1 <i < m), we obtain

S(ee,b) = Z eq< Z a,-j(z,TAz,—B,»j)>

z,..., Z,, (mod q) I<i<j<m

x e( Y By((zi +qy)"Az; +qy)) — Bij)),
Yi,..os Ym I<i<j<m
where the sum over yy,...,y, € Z" is such that |z; + qy;| < P; for1 <i < m.

It follows from Iwaniec and Kowalski [10, Lemma 4.1] and a simple induction
argument that the sum

Z €< Z Bij(zi + qy)'A(z; + qyj))
Yoo ¥m  N<i<jsm
may be replaced by the integral
/yl ..... YmERN: e( Z Bij(zi + qy) Az, + qyj)) dy---dynm (29)
[zi+qyil<Pi

I<i<j<m
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with error
< 0 N By +qy) Az, + qy)) LI L
max e ij(Zi i ' j .
lls.sim 0Ys: isT J qy JTay; qm C]mn_lpl
<t<n <i<j<m

Forany 1 <s <m and 1 <t < n, after substituting u; = z; + qy; we find that

a
oy Y Bizi+ay)'Az; + qy;))
Szi<jsm
0 T
=43, Y. ByuiAu,

Szizjzm
= q<2,3ssAux + Z BisAu; + Z ,ijAuj>,
I<i<s s<j<m

whence (28) and [u;| < P; (1 <i < m) yield

9
e( > IBij(Zi+CIYi)TA(Zj+‘IYj))

Oyt l<i<j<m
< q( D 1BuslPi+ Y |ﬂsj|Pj)
1<i<s s<j<m
<L TP

therefore, the difference between the sum and the integral is equal to

Hn+A
()<qmnlp1 > :

Making the change of variables v; = Pfl(z,' +qy;) (1 <i < m)in (29), we
see that

/y1 """" yﬂleRn:e< Z ,Bij(Zi+6IYi)TA(Zj“f‘CIYj))dyl-..de
|1zi+qyi|<P; I<i<j<m

=q ""1(P,B).

The lemma now follows easily after using the trivial bound |S, ,(b)| < ¢™" and
noting that ¢ < IT2. O

For Q > 1, we now define

S(Q:b):= Y g™ Y Say(b) (30)
q<kQ amod g
(a,q)=1
and
3(Q; ) = / I(n)e<— > m,-c,,-)dn 31
<@ Isi<j<m

forc = (cij)lSiSjSm GRR.
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LEMMA 4.3. Let 0 < A < 1/y (2R + 3). Then there exists a § > 0 such that
N(A,B) = I"""~!&(I*; b)J(IT*; ©) + O(IT" "7,
where c;j = (PiP_,')_lBij forl<i<j<m.

Proof. By our assumption on A together with (27) and Lemma 4.1, for some § > 0
we have

N(A,B) = / S((X,b) do + O(Hn—m—l_5)
M'(A)

Z Z S(a,b)da + O(I1"~"~179y,

q<I1A amodg Sﬂla’q(A)
(a,q)=1

We shall use Lemma 4.2 to approximate S(e,b) on E)LR; 4(A). The error term,
when integrated over 91'(A), is bounded by a value

< / HVL+2AP—1 dﬂ
Z Z |Bij |<TTA(P; Pj)~! l

q<<1'[A amod g
(a,9)=1

& Z Z Hn+2A+RA—(m+1)P1—1

g<I1A amodg
(a,q)=1

< Hn—m—l+A(2R+3)P71
1

< I—InfmflfB’

for some 8" > 0 this claim follows from (11), the equality y; = 1, and our assump-
tion on A. This bound O( I"I”"”_l“y) contributes to the error term in the lemma.
The main term gives

N(A,B) = H”S(HA;b)/I(P,ﬂ)e<—
B

Z :BijBij) dp,

I<i<j<m
where the integral is over | B;;| < T (P;P;))™' (1 <i < j < m). Now substitut-
ing n;; = P; P;B;; completes the proof of the lemma. U

Let
S&(b) := &(oo; b)

be the singular series and let
J(c) := TJ(o0; ©)
be the singular integral, with ¢ as in Lemma 4.3.

LEMMA 4.4,  Assume thatn > 2y +m(m —1))(R+1). Then &S(b) is absolutely
convergent. Moreover, for some § > 0, we have

|S(b) — S(M*; b)| « M2+

uniformly in b.
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Proof. Let (g,a) = 1. We may use Lemma 3.1 (with Py =.-- =P, =q,y =m,
and o;; = a;;/q for1 <i < j < m) to see that either
|Sa,q(b)| <« qmn—ilA/(m+l)+s (32)

or (a;j/q)1<i<j<m € M(A) forany 0 < A < (m + 1)/2. According to the latter,
there exist coprime integers ¢’ and (alfj)lfif j<m that satisfy

q' <q", lg'ay—qall < g (1<i<j<m).
Since (¢, a) = 1, these conditions are clearly impossible to satisfy if A < 1/m and
s0 (32) must hold. Setting A = 1/m — ¢ for any ¢ > 0 gives

|Sa,q(B)] < g™ "2k, (33)
Therefore,
Zq—mn Z |Sa,q(b)| << ZqR—ﬂ/2R+8 << Zq—l—]/2R+£ << l,
q=1 amodgq q=1 g=1

(a,q)=1
this follows because n > 2y +m(m — 1))(R+ 1)+ 1> 2R(R + 1) 4+ 1, which
shows that G (b) is absolutely convergent.
For the second part of the lemma, let § > 0 be as in (24). Then we use (33) to
obtain

[S(b) — S b)| « Y ghm/2hee

g>TIA

& Z qun/l'#s
g>nA

<« Z g 2a1re
g>TA

< 2,
where again I’ =2y + m(m — 1). -
LEMMA 4.5. We have
I(n) < min{1, max|n;; |~/ 2R ey,

Proof. The first bound is trivial, so we may assume that max|n;;| > 1.
Let P > 1 be a parameter, and define

By following the proof of Lemma 4.2 with ¢ = 1 and a = 0, we get

S'(ar) = Pmn/ e(P2 Z OlijV,TAvj) dvy---dv,
[71’1]"‘1”

I<i<j<m

+ 0( Z |Ol,‘j|Pmn+l+Pmn_l>.

I<i<j<m
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It is a simple corollary to Lemma 3.1 (see e.g. the corollary to [|, Lemma 4.3])
that, for max|a;;| < P!, we have

S'(@) < P™T(P? max]|a;;|) 2R, (34)

For if max|o;;| < P2 then the bound is trivial; otherwise, write max|o;;| =
P~2tmA for a suitable A > 0. Since max|e;;| < P! and since y = m in our
situation, it follows that A < 1/y. Thus, by Lemma 4.1, the major arcs are dis-
joint and so « is at the boundary of 1(A); hence, for any ¢ > 0, we have a ¢
IM(A — ¢). By Lemma 3.1, then,

S/(OC) < Pmn(l—(A—s)/2R+£) & Pmn+£(P2max{|aij|})—n(A—5)/2AR,
which confirms the bound (34). Therefore, whenever max|e;;| < P!, we have

P’””/ e<P2 Z (X,:iV;FAVj>dV1~~de
[_1,1]”’”

I<i<j<m
< (P2 > |a,-j|+1>Pm"—1+Pm'l+£(P2max|a,-j|)—"/2R.
I<i<j<m

Substituting n;; = onc,-j and noting that the left-hand side of the preceding
inequality is just P"™"I(x), we obtain

I(n) < (max|ng| + 1P~ + P*(max|n; ) ™",

For given 5, we may set P = max|n;|'"™/?R > 1; in this way, o;; is defined as
a;j = n;;P~% which implies that max|e;;| < P~'. Hence the bound just given
yields

1(p) < max|;;| ="+, O

LEmMMA 4.6. Assume thatn > 2y +m(m — 1))(R + 1). Then J(c) converges
absolutely and, for any Q > 1,

13(c) — 3(Q,0)| €« Q¢

uniformly in c.

Proof. Let N := max|n;;|. Then, for any 1 <« Q; < Q and for suitable positive
constants ¢¢ and c7,

13(02.0) — 3(Q1.¢)] = / I(n)e(— 3 m_,-ci_j>dn

c6Q1<N=<c710> l<i<j<m
<</ Inin{l’IV—R—I—I/2R+£}d77
c6Q1=<N=c70>
by Lemma 4.5 and the inequality

n>Qy+mim—-1)R+1)+1=>2R(R+1)+1.

Therefore, applying Fubini’s theorem, and noting that Q; >> 1, we obtain
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i 1-1/2R
13(Q2,0) = 3(Q1,0] K [ N72V2Rve gN @1
c6Q1

Both parts of the lemma now follow. O

Next we make use of our assumption that B is Minkowski reduced. As is well
known, this assumption implies that

det B < [ [ Bi < det B,
i=1
where the implied O-constant depends only on the dimension m of B. Combining
Lemmas 4.3, 4.4, and 4.6 and noting that S(b) <« 1 and J(c¢) < 1 (see Sections 5
and 6 as well as (7) and (2)), we thus obtain the following result.

LEmMMA 4.7. Assume that n > 2y +m(m — 1))(R + 1). Then there exists a
& > 0 such that

N(A, B) = """ '&(b)J(c) + O((det B)" "~ V/27%),

where c;j = (P,-Pj)’lB,-j forl1<i<j<m.

5. Singular Series

The singular series G(b) corresponds to p-adic solutions to the system of equa-
tions, and we shall show that it factors as a product over all primes of «, (A, B).

LEmMMA 5.1.  Suppose thatn > 2y + m(m — 1))(R + 1). Then
&(b) = [ [e,(A. B).
P

Proof. Since G(b) is absolutely convergent by Lemma 4.4, a standard argument
(seee.g. [, Sec. 7]) then gives

Sm=[]>. X p """ Sap(b)

p r=0 amodp”
(a,p)=1

=[],
p

say. Now, for each prime p, we have

N
Gy(b) = lim " >~ p~™S, ,r(b)

N—o00

r=0 amod p”

(a,p)=1

— lim (pr)mnfR
N—o0

x #{X1,...,X,, (mod p") : x]Ax; = B;; (mod pV) (1 <i < j <m)}

= th (p~Ny"=Rat{X (mod pV) : XTAX = B (mod p")}.
— 00
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By [12, Lemma 5.6.1], there exists an integer ¢ > 0 such that
(p~Mym=R(X (mod pV) : XTAX = B (mod p")}

remains constant for all N > ¢. This is the , (A, B) defined in (3), so we have
S,(b) = ay(A, B). O

6. Singular Integral

The proof of Theorem 1.1 will be complete once we show that TT"~"~1J(¢) =
Qo (A, B) as defined in equation (2).

Let U ¢ R™™+D/2 pe a real neighborhood of B, and let V. C R™ be the set
of real n x m matrices X such that XTAX lies inside U. Then it is known [3,
Chap. B.3] that a (A, B) is equal to the limit of vol(V')/vol(U) as the neighbor-
hood U shrinks to B. Therefore, taking the neighborhood

l_[ [B,‘j — SPin,B,‘j + SPin]
I<i<j<m
for ¢ > 0, we may deduce that

. 1
doo(A, B) = lim T ie)k /hifx:;;zf,l«wj)s dx- - dX,. (35)

For ¢ = (¢ij)i<i<j<m With ¢;; = (P[Pj)‘lBij, let V(c) denote the real variety
defined by
XjAX; —c;; =0 (1<i<j<m).

LEMMA 6.1. The variety V(c) is nonempty and nonsingular.

Proof. By our choice of the P; in (9), there exist real vectors yy, ..., ¥, such that
YAy, =By, (1<i<j<m).

Therefore, taking x; = Pfly,- foreachi € {1,...,m} gives a real point on V(c).
Now consider the Jacobian matrix of this variety. This is an R x mn matrix, and
suppose there exist real vectors Xy, ..., X,, where this Jacobian has rank strictly
less than R. The rows of the Jacobian would then be linearly dependent, in which
case—after considering the n columns corresponding to some suitable vector x;—
we can deduce the existence of real numbers Ay, ..., A,,, not all zero, such that

Af2xx; + Y ax | =0.

j=1
J#i

Because A is nonsingular, we must have

2)»,'X,' + Z )»ij =0.

j=1
J#i
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Hence the matrix X whose columns are the vectors xi, ..., X,, does not have full
rank. It follows that XTAX does not have full rank for any vectors X, ...,X,,
where the Jacobian does not have full rank. Recall that the matrix B has full rank;
the matrix C = (¢;j)1<i, j<m can be written as C = DBD, where D denotes the
diagonal matrix having entries P, Lo P! on the diagonal. Therefore, C also
has full rank, from which it follows that there cannot be a solution to XTAX = C
where X does not have full rank. As a result, the variety V(c) is nonsingular. [

Combining Lemma 4.7, Lemma 5.1, equation (35), and the following lemma serves
to conclude the proof of Theorem 1.1.

LEMMA 6.2. We have

1

—m—1r .

5@ = im o o oF / XX~ By (P, e AX1 - dXon-
I<i<j<m

Proof. We shall denote the variety V(c) by
G,jx)=0 (I=<i=<j=<m)
for x = (xq,...,X;;) € R™. By Lemma 6.1, this variety is nonempty and non-
singular. Hence the variety has positive (mn — R)-dimensional measure, and the
Jacobian matrix
<8G,-, j(x)>
— )i
axst lilsiini,lnlmn

has rank R at all real points. Since A is positive definite, for any ¢ > 0 it follows
that the set V(c, ¢) of real x satisfying
G, j(x) <¢e (1=<i=<j=m)

is closed, bounded, and therefore compact. Moreover, by continuity, for small
enough ¢ the Jacobian is still nonsingular at any point of this set because this is
true for V(c). We can thus divide V (¢, €) into a finite number of measurable parti-

tions; on each partition (say, &), there exists some R-tuple Xy, ..., Xgr, With1 <
St,...,5g <mand1 <t,...,tg < n such that, for
0G; i(x)
S = det(ah—j 1<i<j<m>
Xsitx 1<k<R

we have |§| > 1 for all points in &. In particular, for all 1 < k < R for at least one
pair i, j we have

3Gi ily,zZ
’ﬂ > 1 (36)

X1,

throughout &, with an implied constant that is independent of ¢. Since the number
of possibilities for choosing the s; and the #; is both finite and independent of &,
we can assume that the number of partitions is also independent of ¢.

‘We shall write a typical vector X = (Xi,...,X,,) € £ as (y, z), where

y = (xslfl IR ’x;YRlR)



888 RAINER DIETMANN & MICHAEL HARVEY

and z denotes the remaining variables. Suppose that (y(, z) is a point in £ that
lies on the variety V(c). Then

G j(y,2) — G j(yV,2)| <e (1<i<j<m).

(O]

By (36) and the mean value theorem, it then follows that |xg,,, — x4,

eachl <k < R.
Now, by Taylor’s theorem, we may write

Gi j(y.2) — G; j(y",2)

| < e for

R o 1)
Z 3G, ;j(y ", 2)
= (xsktk - xi:;k) aj
k=1

given that the second partial derivatives of the G; ; are all constant. Therefore,

upon inverting these R linear equations, we see that the conditions |G, ;(x)| < ¢

(1 <i < j <m) imply that y lies in a region of volume (2¢)%§~! + O(e®+1).
As a result,

+0(E») (1<i<j<m)

x‘vk tr

L /d d / 9 L o)
X dX,, = — £).
e)k Je vieone 6

After we sum over all partitions & and take the limit as ¢ — 0, the right-hand side
of this expression is equal to J(c¢) by the argument in [!, Sec. 6]. The left-hand
side becomes

1
lim —— [ic. dx, - --dx
i, e J e O
1

== —n 1 — ..

G i
after a change of variables. This completes the proof of the lemma and hence of
Theorem 1.1. U
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