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A Characterization of Besov-type Spaces
and Applications to Hankel-type Operators

Daniel Blasi & Jordi Pau

Introduction

Let D be the unit disc of the complex plane. Given a real number β, let

dAβ(z) = (1 + β)(1 − |z|2)β dA(z),

where dA is the normalized area measure on D. For β > −1 and 0 < p < ∞, the
Bergman space A

p

β consists of all analytic functions in Lp(dAβ) := Lp(D, dAβ)

with norm

‖f ‖p

Ap
β

=
∫

D

|f(z)|p dAβ(z).

For 1 < p < ∞ and α ≤ 1/2, let Bp(α) be the Besov-type space of those analytic
functions on the unit disc D for which

‖f ‖p
α,p = |f(0)|p +

∫
D

|f ′(z)|p dAp,α(z) < ∞,

where
dAp,α(z) = (1 − |z|2)p−2+1−2α dA(z).

The space L
p
α is the space of smooth functions u : D → C for which

‖u‖p
α,p = |u(0)|p +

∫
D

|∇u(z)|p dAp,α(z)

is finite. It is clear that Bp(α) is the subspace of all analytic functions in L
p
α. Note

that the dual space of Bp(α) is isomorphic to Bq(α), where q is the conjugate ex-
ponent of p, under the pairing

〈f , g〉α = f(0)g(0) +
∫

D

f ′(z)g ′(z)(1 − |z|2)1−2α dA(z),

defined for f ∈ Bp(α) and g ∈ Bq(α). Note that, by Hölder’s inequality, if f ∈
Bp(α) then f ′ ∈A1

1−2α. So, using the reproducing formula for the Bergman space
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and then integrating along the line segment joining 0 and z, we get the following
reproducing formula for a function f in Bp(α) (see [8] for the case p = 2).

f(z) = f(0) +
∫

D

f ′(w)K(z,w)(1 − |w|2)1−2α dA(w), (1)

where

K(z,w) = 1 − (1 − w̄z)2−2α

w̄(1 − w̄z)2−2α
.

Then the operator Pα given by

Pαu(z) = u(0) +
∫

D

∂u

∂w
(w)K(z,w)(1 − |w|2)1−2α dA(w)

defines a projection from L
p
α to Bp(α). Let P denote the set of all polynomials on

D. Clearly P is dense in Bp(α). For a function f ∈ L
p
α we can define the (small)

Hankel-type operator hα
f with symbol f on P by

hα
f (g) = Pα(fḡ).

When we say that hα
f is bounded, we mean that there is a positive constant C

such that
‖hα

f (g)‖α,p ≤ C‖g‖α,p

whenever g ∈ P.

The purpose of this paper is to generalize the results given in [8] for the space
Dα := B2(α) to all p with 1 < p < ∞. We begin with a characterization of Bp(α)

spaces that does not use derivatives by proving that an analytic function f is in
Bp(α) if and only if the double integral∫

D

∫
D

|f(z) − f(w)|p
|1 − w̄z|3+σ+τ+2α

(1 − |z|2)σ(1 − |w|2)τ dA(z) dA(w)

is finite. Here σ, τ > −1 with min(σ, τ) + 2α > −1. As in [8], we give some ap-
plications of the previous result. The first one is that (α,p)-Carleson measures
are stable under transformation by some integral operators. Another application
is the fact that the Hankel-type operator hα

f is bounded if and only if the symbol
f belongs to Wp,α , the space of all analytic functions g such that |g ′(z)|p dAp,α is
an (α,p)-Carleson measure.

The paper is organized as follows. In Section 1 we give the preliminaries needed
for the rest of the paper. In Section 2 we prove the characterization ofBp(α) spaces,
a result that is applied in Section 3 to study (α,p)-Carleson measures. In Sec-
tion 4 we study the Hankel-type operators hα

f , and a decomposition-type theorem
is given in Section 5.

Throughout the paper, we use the symbol C to denote a positive constant that
can change at different occurrences but will not depend on the function or the
measure that we deal with. We use the notation a � b to indicate that there is a
constant C > 0 with a ≤ Cb, and we use the symbol ≈ to mean “comparable to”.
Also, when 2α < p, we use the notation A

p
p,α for the Bergman space A

p

p−1−2α.
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1. Background and Preliminaries

The following standard lemma can be found in [10, Sec. 4.2].

Lemma A. Let z∈ D, t > −1, and c > 0. Then∫
D

(1 − |w|2)t
|1 − w̄z|2+t+c

dA(w) ≈ (1 − |z|2)−c.

The following useful inequality is from [5, Lemma 2.5]. A proof of this result can
be found in [9].

Lemma B. Let s > −1, r, t > 0, and r + t − s > 2. If t < s + 2 < r, then∫
D

(1 − |w|2)s
|1 − w̄z|r |1 − w̄ζ|t dA(w) ≤ C

(1 − |z|2)2+s−r

|1 − ζ̄z|t .

The following result is from [4, Thm. 1.9].

Lemma C. Let s and β be real numbers, and let T be the integral operator de-
fined by

Tg(z) = Tg(z) =
∫

D

(1 − |w|2)s
|1 − w̄z|2+s

g(w) dA(w).

Let 1 ≤ p < ∞. Then T is bounded on Lp(dAβ) if and only if

0 < 1 + β < p(s + 1).

The hyperbolic distance on D is defined by

d(z,w) = log
1 +

∣∣∣ w − z

1 − w̄z

∣∣∣
1 −

∣∣∣ w − z

1 − w̄z

∣∣∣
.

A sequence {zj} in D is called a d-lattice if every point of D is within hyperbolic
distance 5d of some zj and no two points of this sequence are within hyperbolic
distance d/5 of each other. The following result can be found in [6, Thm. 2.2].

Theorem D. Let 1 ≤ p < ∞, β > −1, and 1+ s > (1+β)/p. Then there exists
d0 > 0 such that for any d-lattice {zj} in D, 0 < d < d0, the following statements
hold.

(a) If f ∈A
p

β , then

f(z) =
∞∑

j=0

aj
(1 − |zj |2)2+s−(2+β)/p

(1 − z̄j z)2+s
, (2)

with ∞∑
j=0

|aj |p ≤ C‖f ‖p

Ap
β
.
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(b) Conversely, if {aj} satisfies
∑∞

j=0|aj |p < ∞ then f , defined by (2), converges
in A

p

β with

‖f ‖p

Ap
β

≤ C

∞∑
j=0

|aj |p.

2. A Derivative-free Characterization of Bp(α)

We begin this section with a result that is of independent interest.

Lemma 2.1. Let 1 < p < ∞, and let σ > −1 and b ≥ 0 with b < 2 + σ. Let f
be analytic on D. Then∫

D

|f(z) − f(0)|p (1 − |z|2)σ
|1 − ζ̄z|b dA(z) �

∫
D

|f ′(z)|p (1 − |z|2)p+σ

|1 − ζ̄z|b dA(z). (3)

Proof. The case b = 0 is proved in [4]. So assume that b > 0. Choose ε > 0 with

σ − ε max(1,p − 1) > −1 and b + ε(p − 1) < 2 + σ.

Without loss of generality we may assume that the right-hand side of (3) is finite.
Then, it follows from Hölder’s inequality that f ′ ∈A1

1+σ . Hence the reproducing
formula (1) gives

f(z) − f(0) =
∫

D

1 − (1 − w̄z)2+σ

w̄(1 − w̄z)2+σ
f ′(w)(1 − |w|2)1+σ dA(w).

Since
sup

z,w∈D

∣∣∣∣ (1 − w̄z)2+σ − 1

w̄

∣∣∣∣ ≤ C,

by Hölder’s inequality and Lemma A we have

|f(z) − f(0)|p

�
(∫

D

|f ′(w)|(1 − |w|2)1+σ

|1 − w̄z|2+σ
dA(w)

)p

≤
(∫

D

|f ′(w)|p (1 − |w|2)(1+ε)p+σ−ε

|1 − w̄z|2+σ
dA(w)

)(∫
D

(1 − |w|2)σ−ε

|1 − w̄z|2+σ
dA(w)

)p−1

�
(∫

D

|f ′(w)|p (1 − |w|2)(1+ε)p+σ−ε

|1 − w̄z|2+σ
dA(w)

)
(1 − |z|2)−ε(p−1)

since σ − ε > −1. Now, by Fubini’s theorem and Lemma B we have∫
D

|f(z) − f(0)|p (1 − |z|2)σ
|1 − ζ̄z|b dA(z)

�
∫

D

(∫
D

|f ′(w)|p (1 − |w|2)(1+ε)p+σ−ε

|1 − w̄z|2+σ
dA(w)

)
(1 − |z|2)−ε(p−1)+σ

|1 − ζ̄z|b dA(z)

=
∫

D

|f ′(w)|p(1 − |w|2)(1+ε)p+σ−ε

(∫
D

(1 − |z|2)−ε(p−1)+σ

|1 − w̄z|2+σ |1 − ζ̄z|b dA(z)

)
dA(w)

�
∫

D

(1 − |w|2)p|f ′(w)|p (1 − |w|2)σ
|1 − ζ̄w|b dA(w),

and this finishes the proof.
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The following derivative-free characterization of Bp(α) is a generalization of a re-
sult in [8], where the case p = 2 was proved. Our proof is quite different from
[8], where Hilbert space techniques were used.

Theorem 2.2. Let 1 < p < ∞ and let f be analytic on D. Let σ, τ > −1 and
α ≤ 1/2 such that min(σ, τ) + 2α > −1. Then∫

D

∫
D

|f(z) − f(w)|p
|1 − w̄z|3+σ+τ+2α

(1 − |w|2)σ(1 − |z|2)τ dA(z) dA(w)

is comparable to ∫
D

|f ′(z)|p(1 − |z|2)p−1−2α dA(z).

Proof. We first prove the upper estimate. As in [8] we may assume that σ = τ.

Since

1 − |ϕw(z)|2 = (1 − |w|2)(1 − |z|2)
|1 − w̄z|2 and |ϕ ′

w(z)| = 1 − |ϕw(z)|2
1 − |z|2 ,

a change of variables ζ = ϕw(z) and Lemma 2.1 (we can apply it since σ + 2α >

−1) gives∫
D

∫
D

|f(z) − f(w)|p
|1 − w̄z|3+2σ+2α

(1 − |w|2)σ(1 − |z|2)σ dA(z) dA(w)

=
∫

D

(1 − |w|2)−1−2α
∫

D

|(f � ϕw)(ζ)

− (f � ϕw)(0)|p (1 − |ζ|2)σ
|1 − w̄ζ|1−2α

dA(ζ) dA(w)

≤ C

∫
D

(1 − |w|2)−1−2α
∫

D

|(f � ϕw)
′(ζ)|p (1 − |ζ|2)p+σ

|1 − w̄ζ|1−2α
dA(ζ) dA(w),

and, by the change of variables z = ϕw(ζ) and Fubini’s theorem, this quantity
equals∫

D

(1 − |w|2)σ
∫

D

|f ′(z)|p (1 − |z|2)p+σ

|1 − w̄z|3+2σ+2α
dA(z) dA(w)

=
∫

D

|f ′(z)|p(1 − |z|2)p+σ

(∫
D

(1 − |w|2)σ
|1 − w̄z|3+2σ+2α

dA(w)

)
dA(z)

≤ C

∫
D

|f ′(z)|p(1 − |z|2)p−1−2α dA(z)

after an application of Lemma A, and this proves the upper estimate.
Now, we are going to prove the lower estimate. First note that, using Cauchy’s

integral formula, it is easy to see that

|f ′(0)| �
∫

|w|<1/2
|f(w) − f(0)| dA(w).

Therefore, for 1 < p < ∞ and β > 0, we have
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|f ′(0)|p �
∫

D

|f(w) − f(0)|p dAβ(w).

Replacing f by f � ϕz we get

(1 − |z|2)p|f ′(z)|p �
∫

D

|f � ϕz(w) − f(z)|p dAβ(w). (4)

Choose β = 1 + σ. Then, by (4) and the change of variables w = ϕz(ζ) we get∫
D

(1 − |z|2)p|f ′(z)|p(1 − |z|2)−1−2α dA(z)

�
∫

D

dA(z)

(1 − |z|2)1+2α

∫
D

|f � ϕz(w) − f(z)|p dAβ(w)

=
∫

D

dA(z)

(1 − |z|2)1+2α

∫
D

|f(ζ) − f(z)|p|ϕ ′
z(ζ)|2(1 − |ϕz(ζ)|2)β dA(ζ)

=
∫

D

∫
D

|f(ζ) − f(z)|p
|1 − z̄ζ|3+2σ+2α

(1 − |z|2)σ(1 − |ζ|2)σ

× (1 − |z|2)2−2α(1 − |ζ|2)
|1 − z̄ζ|3−2α

dA(z) dA(ζ)

�
∫

D

∫
D

|f(ζ) − f(z)|p
|1 − z̄ζ|3+2σ+2α

(1 − |z|2)σ(1 − |ζ|2)σ dA(z) dA(ζ),

and this finishes the proof.

3. Carleson Measures for Bp(α)

A positive measure µ on D is an (α,p)-Carleson measure if∫
D

|f |p dµ ≤ C‖f ‖p
α,p

whenever f is in Bp(α). The best constant C, denoted by ‖µ‖p,α , is said to be the
(α,p)-Carleson measure norm of µ.

The (α,p)-Carleson measures are described in [1], but for our purposes we need
only the following simple result.

Lemma 3.1. Let 1 < p < ∞ and α ≤ 1/2. Let µ be an (α,p)-Carleson mea-
sure. Then for each ε > 0,

sup
w∈D

∫
D

(1 − |w|2)ε
|1 − w̄z|1+ε−2α

dµ(z) < ∞.

Proof. Let

gw(z) = (1 − |w|2)ε/p
(1 − w̄z)(1+ε−2α)/p

.
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We have that gw ∈Bp(α) with ‖gw‖p
α,p ≤ C, where C is a positive constant inde-

pendent of w. Therefore∫
D

(1 − |w|2)ε
|1 − w̄z|1+ε−2α

dµ(z) =
∫

D

|gw(z)|p dµ(z) ≤ C‖gw‖p
α,p ≤ C.

Theorem 3.2. Let s > −1 and α ≤ 1/2, and let

Tg(z) =
∫

D

g(w)

|1 − w̄z|2+s
(1 − |w|2)s dA(w).

(i) Let 1 < p < 2, and let ps > −2α(p − 1) if α ≥ 0 and s > −2α if α < 0.
Suppose that

sup
z∈D

(1 − |z|2)|g(z)| < ∞. (5)

If |g(z)|p(1−|z|2)p−1−2α dA(z) is an (α,p)-Carleson measure, then the measure
|Tg(z)|p(1 − |z|2)p−1−2α dA(z) is also an (α,p)-Carleson measure.

(ii) Let p ≥ 2, β > −1, β + 2α > −1, and

ps > 1 + β − p + max(0, −2α).

If |g(z)|p(1 − |z|2)β dA(z) is an (α,p)-Carleson measure, then it follows that
|Tg(z)|p(1 − |z|2)β dA(z) is also an (α,p)-Carleson measure.

Remarks. For p = 2, this result is proved by Rochberg and Wu in [8]. The case
α = 1/2 and β = p−2 is proved in [2] but only for the range ps > 1. Also, when
α ≥ 0, the condition on s can be rewritten as

max(p, q)s > β − (p − 1).

For p ≥ 2, we don’t need condition (5). Also, for 1 < p < 2, the result is ob-
tained only for β = p − 2 + (1− 2α). It would be interesting to extend the result
for β in the same range as in the case p ≥ 2.

Proof of Theorem 3.2. We must show that for all f ∈Bp(α) we have∫
D

|f(z)|p|Tg(z)|p(1 − |z|2)β dA(z) ≤ C‖f ‖p
α,p

for some positive constant C. Put fTg = (fTg − Tfg) + Tfg. By Lemma C and
the fact that |g(z)|p(1 − |z|2)β is an (α,p)-Carleson measure, we have∫

D

|Tfg(z)|p(1 − |z|2)β dA(z) �
∫

D

|f(z)|p|g(z)|p(1 − |z|2)β dA(z)

≤ C‖f ‖p
α,p.

On the other hand, we have

f(z)Tg(z) − Tfg(z) =
∫

D

(f(z) − f(w))g(w)

|1 − w̄z|2+s
(1 − |w|2)s dA(w). (6)

Now we consider separately the cases 1 < p < 2 and p ≥ 2.



408 Daniel Blasi & Jordi Pau

Case 1: 1 < p < 2. In this case β = p − 1 − 2α, and since (1 − |z|2)|g(z)| ≤
C and p < 2 we have

|g(z)| = |g(z)|p−1|g(z)|2−p ≤ C|g(z)|p−1(1 − |z|2)p−2.

This gives

|f(z)Tg(z)−Tfg(z)|p �
(∫

D

|f(z) − f(w)|
|1 − w̄z|2+s

|g(w)|p−1(1−|w|2)p−2+s dA(w)

)p

.

If α = 1/2, then by Hölder’s inequality(∫
D

|f(z) − f(w)|
|1 − w̄z|2+s

|g(w)|p−1(1 − |w|2)p−2+s dA(w)

)p

≤ ‖g‖p(p−1)
Lp(dAβ)

∫
D

|f(z) − f(w)|p
|1 − w̄z|(2+s)p

(1 − |w|2)ps+(p−2) dA(w).

Hence, by (6) and Theorem 2.2 with σ = ps + (p − 2) and τ = p − 2,∫
D

|f(z)Tg(z) − Tfg(z)|p(1 − |z|2)p−1−2α dA(z)

≤ C‖g‖p(p−1)
Lp(dAβ)

∫
D

∫
D

|f(z) − f(w)|p
|1 − w̄z|(2+s)p

(1 − |z|2)σ(1 − |w|2)τ dA(z) dA(w)

≤ C‖g‖p(p−1)
Lp(dAβ)

‖f ‖p
α,p.

If α < 1/2, we apply Hölder’s inequality again, and then Lemma 3.1, to obtain(∫
D

|f(z) − f(w)|
|1 − w̄z|2+s

|g(w)|p−1(1 − |w|2)p−2+s dA(w)

)p

≤
∫

D

|f(z) − f(w)|p
|1 − w̄z|p(1+s)+1

(1 − |w|2)ps−1+2α(p−1) dA(w)

×
(∫

D

|g(w)|p dAp,α(w)

|1 − w̄z|1+2α−2α

)p−1

� (1 − |z|2)−2α(p−1)
∫

D

|f(z) − f(w)|p
|1 − w̄z|p(1+s)+1

(1 − |w|2)ps−1+2α(p−1) dA(w).

Therefore we have∫
D

|f(z)Tg(z) − Tfg(z)|p(1 − |z|2)p−1−2α dA(z)

�
∫

D

∫
D

|f(z) − f(w)|p
|1 − w̄z|p(1+s)+1

(1 − |z|2)σ(1 − |w|2)τ dA(z) dA(w),

where σ = (1 − 2α)(p − 1) − 2α and τ = ps − 1 + 2α(p − 1).
Since α < 1/2 we have σ > −1 and σ + 2α > −1. Also, the conditions on s

ensure that τ > −1 and τ + 2α > −1. Since

3 + σ + τ + 2α = p(1 + s) + 1,

we can apply Theorem 2.2 to obtain∫
D

|f(z)Tg(z) − Tfg(z)|p(1 − |z|2)p−1−2α dA(z) � ‖f ‖p
α,p.
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Case 2: p ≥ 2. Choose ε > 0 such that β > −1 + ε(p − 1) + max(0, −2α)
and

ps > 1 + β − p + ε(p − 2) + max(0, −2α).

Let q be the conjugate exponent of p. By Hölder’s inequality we have

|f(z)Tg(z) − Tfg(z)|p ≤
(∫

D

|g(w)||f(z) − f(w)|
|1 − w̄z|2+s

(1 − |w|2)s dA(w)

)p

≤
(∫

D

|g(w)|q (1 − |w|2)γ
|1 − w̄z|B/(p−1)

dA(w)

)p/q

×
∫

D

|f(z) − f(w)|p
|1 − w̄z|C (1 − |w|2)τ dA(w),

where

γ = β − (1 − ε)(p − 2)

p − 1
, τ = ps − β + (1 − ε)(p − 2),

A = 1 + 2ε, B = 1 + ε − 2α + A(p − 2),

C = (2 + s)p − 1 − ε + 2α − A(p − 2).

Since p ≥ 2, we can apply Hölder’s inequality once again with exponent p/q ≥ 1
and then apply Lemma 3.1 and Lemma A to obtain(∫

D

|g(w)|q (1 − |w|2)γ
|1 − w̄z|B/(p−1)

dA(w)

)p/q

≤
(∫

D

|g(w)|p(1 − |w|2)β
|1 − w̄z|1+ε−2α

dA(w)

)(∫
D

(1 − |w|2)−1+ε

|1 − w̄z|1+2ε
dA(w)

)p−2

� (1 − |z|2)−ε(1 − |z|2)−ε(p−2).

Therefore, if σ = β − ε(p − 1), by Theorem 2.2 we have∫
D

|f(z)Tg(z) − Tfg(z)|p(1 − |z|2)β dA(z)

�
∫

D

∫
D

|f(z) − f(w)|p
|1 − w̄z|C (1 − |z|2)σ(1 − |w|2)τ dA(z) dA(w)

� ‖f ‖p
α,p,

since 3 + σ + τ + 2α = C, and the choice of ε > 0 ensures that σ, τ > −1 and
min(σ, τ) + 2α > −1. This finishes the proof.

4. Hankel-type Operators

Let s > −1 and 1 ≤ p < ∞. Let

Psf(z) =
∫

D

f(w)

(1 − w̄z)2+s
dAs(w).

From [4, Thm. 1.10], we have that Ps : Lp(dAβ) → A
p

β is a bounded projection
(and onto) if and only if β + 1 < (s + 1)p. For a function f ∈ A

p
p,α it is possible

to define a (small) Hankel-type operator hs,f on P by
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hs,f (g) = Ps(fḡ), g ∈ P.

For α < 1, define the space Wp,α to be the space of all analytic functions f on D

for which

‖f ‖Wp,α = sup
‖g‖α,p≤1

(∫
D

|g(z)|p|f ′(z)|p(1 − |z|2)p−1−2α dA(z)

)1/p

< ∞.

Lemma 4.1. Let 1 < p < ∞, α < p/2, and ps > −2α. Suppose that u ∈ A
p
p,α

and that hs,u is bounded from Bp(α) to Lp(dAp,α). Then

sup
a∈D

(1 − |a|2)|u(a)| < ∞.

Proof. Choose n∈ N∪{0} with np ≥ −2α. For each a ∈ D, consider the functions

fa(z) = (1 − |a|2)(p−1+2α+np)/p zn+1

(1 − āz)n+1
,

a(z) = (1 − |a|2)(p+1−2α)/p(1 − |z|2)s−(p−1)+2α

(1 − āz)2+s
.

Since p > 2α and ps > −2α, by Lemma A we have∫
D

|f ′
a(z)|p dAp,α(z) = (n+1)(1−|a|2)p−1+2α+np

∫
D

(1 − |z|2)p−1−2α

|1 − āz|(n+2)p
dA(z) ≈ 1

and, if q is the conjugate exponent of p,∫
D

|ea(z)|q dAp,α(z)

= (1 − |a|2)(p+1−2α)/(p−1)
∫

D

(1 − |z|2)qs−1+2α(q−1)

|1 − āz|(2+s)q
dA(z) ≈ 1.

Therefore, for any a ∈ D, the function fa is in Bp(α) with ‖fa‖α,p ≈ 1 and the
function ea is in Lq(dAp,α) with ‖ea‖Lq(dAp,α) ≈ 1. Since ps > −2α, we have u =
Psu, and then

(1 − |a|2)n+2u(n+1)(a)

= cn(1 − |a|2)n+2
∫

D

z̄n+1u(z)

(1 − z̄a)3+s+n
(1 − |z|2)s dA(z)

= cn(1 − |a|2)n+2
∫

D

z̄n+1u(z)

(1 − z̄a)n+1

(
1

(1 − z̄a)2+s

)
(1 − |z|2)s dA(z)

= cn(1 − |a|2)n+2
∫

D

z̄n+1u(z)

(1 − z̄a)n+1

(∫
D

(1 − |w|2)s dA(w)

(1 − z̄w)2+s(1 − w̄a)2+s

)
dAs(z)

= cn

∫
D

hs,u(fa)(w)ea(w) dAp,α(w).

Hence, by the boundedness of hs,u,

(1 − |a|2)n+2|un+1(a)| ≤ C‖hs,u(fa)‖Lp(dAp,α)‖ea‖Lq(dAp,α)

≤ C‖fa‖α,p‖ea‖Lq(dAp,α) ≤ C.
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Now, using the well-known fact that

sup
a∈D

(1 − |a|2)|u(a)| ≈ |u(0)| +
n∑

k=1

|u(k)(0)| + sup
a∈D

(1 − |a|2)n+2|u(n+1)(a)|,

the proof is complete.

Theorem 4.2. Let 1 < p < ∞ and α ≤ 1/2, and let s with ps > −1 if α = 1/2
and s > max(0,−2α) if α < 1/2. Let u be analytic on D. Then the operator hs,u

is bounded from Bp(α) to Lp(dAp,α) if and only if the measure |u(z)|p dAp,α(z)

is an (α,p)-Carleson measure.

Proof. Suppose first that u is such that |u(z)|p dAp,α is an (α,p)-Carleson mea-
sure, and let g ∈Bp(α). Then uḡ ∈Lp(dAp,α). By Lemma C with β = p−1−2α
we have hs,u(g)∈Lp(dAp,α), and

‖hs,u(g)‖Lp(dAp,α) ≤ C‖uḡ‖Lp(dAp,α) ≤ C‖g‖α,p.

This implies that hs,u is bounded from Bp(α) to Lp(dAp,α).

To prove the converse, let u be analytic on D. We need to show

‖ug‖Lp(dAp,α) ≤ C‖g‖α,p ∀g ∈Bp(α). (7)

By the density of the polynomials in Bp(α), it is enough to prove (7) when g is
in P. Note that ū = hs,u(1) ∈ Lp(dAp,α). Hence u ∈ A

p
p,α , and the conditions on

s imply that u = Psu. Using the idea of the proof of Theorem 3.2, we study the
difference

u(z)g(z) − hs,u(g)(z) =
∫

D

u(w)(g(z) − g(w))

(1 − w̄z)2+s
(1 − |w|2)s dA(w).

Since hs,u is bounded, we only need to show that the Lp(dAp,α) norm of this dif-
ference is dominated by the Bp(α) norm of g. From now, we use the notation B(u)

to mean the quantity supz∈D(1 − |z|2)|u(z)|.
If α = 1/2, then dAp,α(z) = (1 − |z|2)p−2 dA(z). If 1 < p < 2, then by

Hölder’s inequality
∣∣∣∣
∫

D

u(w)(g(z) − g(w))

(1 − w̄z)2+s
(1 − |w|2)s dA(w)

∣∣∣∣
p

≤ CB(u)(2−p)/p

(∫
D

|u(w)|p−1|g(z) − g(w)|
|1 − w̄z|2+s

(1 − |w|2)p−2+s dA(w)

)p

≤ CB(u)(2−p)/p

(∫
D

|u(w)|p(1 − |w|2)p−2 dA(z)

)p−1

×
∫

D

|g(z) − g(w)|p
|1 − w̄z|(2+s)p

(1 − |w|2)p−2+ps dA(w).

Hence, by Theorem 2.2 with σ = p − 2 and τ = ps + p − 2, we have
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‖uḡ − hs,u(g)‖p

Lp(dAp,α)

≤ CB(u)(2−p)/p‖u‖p(p−1)
Lp(dAp,α)

×
∫

D

∫
D

|g(z) − g(w)|p
|1 − w̄z|(2+s)p

(1 − |w|2)ps+p−2 dAp,α(z) dA(w)

≤ CB(u)(2−p)/p‖u‖p(p−1)
Lp(dAp,α)

‖g‖p
α,p.

When α = 1/2 and p ≥ 2 we apply Hölder’s inequality two times and then
Lemma A to see that
∣∣∣∣
∫

D

u(w)(g(z) − g(w))

(1 − w̄z)2+s
(1 − |w|2)s dA(w)

∣∣∣∣
p

≤
(∫

D

|u(w)|q(1 − |w|2)εq(p−2)/p dA(w)

|1 − w̄z|(q/p)(1+2ε)(p−2)

)p/q

×
∫

D

|g(z) − g(w)|p (1 − |w|2)ps−ε(p−2)

|1 − w̄z|p+2+ps−2ε(p−2)
dA(w)

≤ ‖u‖p

Ap
p,α

(∫
D

(1 − |w|2)−1+ε

|1 − w̄z|1+2ε
dA(w)

)p−2

×
∫

D

|g(z) − g(w)|p (1 − |w|2)ps−ε(p−2)

|1 − w̄z|p+2+ps−2ε(p−2)
dA(w)

� ‖u‖p

Ap
p,α

(1 − |z|2)−ε(p−2)
∫

D

|g(z) − g(w)|p (1 − |w|2)ps−ε(p−2)

|1 − w̄z|p+2+ps−2ε(p−2)
dA(w).

Hence, by Theorem 2.2 with σ = (1− ε)(p− 2) and τ = ps − ε(p− 2), we have

‖uḡ − hs,u(g)‖p

Lp(dAp,α)

� ‖u‖p

Ap
p,α

×
∫

D

∫
D

|g(z) − g(w)|p (1 − |w|2)ps−ε(p−2)(1 − |z|2)(1−ε)(p−2)

|1 − w̄z|p+2+ps−2ε(p−2)
dA(w) dA(z)

� ‖u‖p

Ap
p,α

‖g‖p
α,p.

If α < 1/2, then applying again Hölder’s inequality and then Lemma A yields

∣∣∣∣
∫

D

u(w)(g(z) − g(w))

(1 − w̄z)2+s
(1 − |w|2)s dA(w)

∣∣∣∣
p

≤
(∫

D

|u(w)|q
|1 − w̄z|2+s

(1 − |w|2)s+q−1 dA(w)

)p−1

×
∫

D

|g(z) − g(w)|p
|1 − w̄z|2+s

(1 − |w|2)s−1 dA(w) ≤
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≤ CB(u)p
(∫

D

(1 − |w|2)s−1

|1 − w̄z|2+s
dA(w)

)p−1

×
∫

D

|g(z) − g(w)|p
|1 − w̄z|2+s

(1 − |w|2)s−1 dA(w)

≤ CB(u)p(1 − |z|2)−(p−1)
∫

D

|g(z) − g(w)|p
|1 − w̄z|2+s

(1 − |w|2)s−1 dA(w).

Therefore

‖uḡ − hs,u(g)‖p

Lp(dAp,α)

≤ CB(u)p
∫

D

∫
D

|g(z) − g(w)|p
|1 − w̄z|2+s

(1 − |w|2)s−1(1 − |z|2)−2α dA(z) dA(w)

≤ CB(u)p‖g‖p
α,p.

The last inequality is obtained from Theorem 2.2 with σ = s − 1 and τ = −2α.
It follows from Lemma 4.1 that B(u) is finite. Thus the proof is complete.

Corollary 4.3. Let 1 < p < ∞ and α ≤ 1/2. Let f be analytic on D. Then
hα
f is bounded if and only if f ∈Wp,α.

Proof. Let s = 1 − 2α and u = f ′. Then we have

∂

∂z
(hα

f (g))(z) = 0

and

∂

∂z̄
(hα

f (g))(z) = (2 − 2α)
∫

D

f ′(w)g(w)

(1 − w̄z)3−2α
(1 − |w|2)1−2α dA(w) = hs,u(g)(z).

Hence hα
f is bounded if and only if hs,u is bounded from Bp(α) to Lp(dAp,α), and

by Theorem 4.2 this holds if and only if f ∈Wp,α.

5. Atomic Decomposition

Theorem 5.1 (Decomposition theorem). Let 1 < p < ∞ and α ≤ 1/2, and let
s with s > 0 if α < 1/2 and max(p, q)s > −1 if α = 1/2. Then there exists d0 >

0 such that for any d-lattice {zj} in D, 0 < d < d0, the following statements hold.

(a) If f is analytic in D and |f(z)|p dAp,α(z) is an (α,p)-Carleson measure, then

f(z) =
∞∑

j=0

aj
(1 − |zj |2)1+s−(1−2α)/p

(1 − z̄j z)2+s
(8)

with ∥∥∥∥
∞∑

j=0

|aj |pδzj
∥∥∥∥
p,α

≤ C‖|f |p dAp,α‖p,α.
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(b) If {aj} satisfies ∥∥∥∥
∞∑

j=0

|aj |pδzj
∥∥∥∥
p,α

< ∞,

then f , defined by (8), is in A
p
p,α and |f(z)|p dAp,α(z) is an (α,p)-Carleson

measure with

‖|f |p dAp,α‖p,α ≤ C

∥∥∥∥
∞∑

j=0

|aj |pδzj
∥∥∥∥
p,α

.

Proof. Without loss of generality, we may assume that s > max(0, −2α) if α <

1/2. Indeed, for α < 0, it is easy to check that |f |p dAp,α is an (α,p)-Carleson
measure if and only if B(f ) = supz∈D(1− |z|2)|f(z)| < ∞. To see that, suppose
first that |f |p dAp,α is an (α,p)-Carleson measure. Then by Theorem 4.2 we have
that hs,f is bounded, and therefore it follows from Lemma 4.1 that B(f ) is finite.
Conversely, if B(f ) < ∞ and g ∈Bp(α), then by Lemma 2.1 we have∫

D

|g(z)|p|f(z)|p dAp,α(z) ≤ B(f )p
∫

D

|g(z)|p(1 − |z|2)−1−2α dA(z)

≤ CB(f )p
∫

D

|g ′(z)|p dAp,α(z) ≤ CB(f )p‖g‖p
α,p,

and so |f |p dAp,α is an (α,p)-Carleson measure. Pick α ′ < 0 so that s > −2α ′.
Hence |f |p dAp,α is an (α,p)-Carleson measure if and only if |f |p dAp,α ′ is an
(α ′,p)-Carleson measure.

We prove part (b) first. By Theorem 4.2, it is enough to show that the operator
hs,f is bounded from Bp(α) to Lp(dAp,α). The assumption on the sequence {aj}
implies that {aj} is p-summable. Hence, by Theorem D, the sum (8) converges in
A

p
p,α and then f , defined by (8), is in A

p
p,α. Let g ∈Bp(α), and for each z∈ D con-

sider the function hz(ζ) = g(ζ)/(1− z̄ζ)2+s. Fix z∈ D; then it is easy to check that
hz ∈A

p
p,α with ‖hz‖Ap

p,α
� ‖g‖α,p(1 − |z|2)−(1+s). Hence hz = Pshz and we have

hs,f (g)(z) =
∫

D

f(w)
g(w)

(1 − w̄z)2+s
dAs(w)

=
∞∑

j=0

aj(1 − |zj |2)1+s−(1−2α)/pPshz(zj )

=
∞∑

j=0

aj
(1 − |zj |2)1+s−(1−2α)/p

(1 − z̄j z)2+s
g(zj ).

Then, by Theorem D(b) with β = p − 1 − 2α, we have

‖hs,f (g)‖p

Ap
p,α

≤ C

∞∑
j=0

|ajg(zj )|p ≤ C

∥∥∥∥
∞∑

j=0

|aj |pδzj
∥∥∥∥
p,α

‖g‖p
α,p.

So (b) is proved.
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Now we prove part (a). Let g ∈ Bp(α) and let {zj} be a d-lattice in D. By [7,
Lemma 2.2] (see also [8, Lemma B]), there is a disjoint decomposition {Dj} of D(
i.e., D = ⋃

j Dj

)
such that |Dj | ≈ (1 − |zj |2)2, zj ∈Dj , and

|f(z) − (Af )(z)| ≤ C dT|f |(z), (9)

where |Dj | is the area of Dj and

A(f )(z) = C

∞∑
j=0

f(zj )|Dj | (1 − |zj |2)s
(1 − z̄j z)2+s

.

The assumption on f implies that fg ∈ A
p
p,α , and the discrete version of this is

that the sequence
{f(zj )g(zj )(1 − |zj |2)(p+1−2α)/p}

is p-summable (see also [3] or [6]). Using the fact that |fg|p is subharmonic and
the area mean value property, we can see that the measure

∞∑
j=0

∣∣f(zj )(1 − |zj |2)(1−p−2α)/p|Dj |∣∣pδzj

is an (α,p)-Carleson measure and
∥∥∥∥

∞∑
j=0

∣∣f(zj )(1 − |zj |2)(1−p−2α)/p|Dj |∣∣pδzj
∥∥∥∥
p,α

≤ C‖|f |p dAp,α‖p,α. (10)

Then, by part (b), we have that |A(f )(z)|p dAp,α(z) is an (α,p)-Carleson measure.
Since A is an operator in the space

{f ∈Ap
p,α : |f(z)|p dAp,α(z) is an (α,p)-Carleson measure},

we have, by (9),
|(I − A)(f )(z)| ≤ C dT|f |(z).

Then, if we take d small enough, by Theorem 3.2 (with β = p −1− 2α) we have
the operator norm estimate

‖I − A‖ ≤ 1/2. (11)

Note that, in order to apply Theorem 3.2 when 1 < p < 2, we need to check that
B(f ) = supz∈D(1 − |z|2)|f(z)| < ∞. Since |f |p dAp,α is an (α,p)-Carleson
measure, it follows from Theorem 4.2 and Lemma 4.1 that B(f ) is finite.

Hence, by (11), A−1 exists and

‖A−1‖ ≤
∞∑

j=0

‖(I − A)j‖ ≤ 2.

Now we have
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f(z) = (AA−1f )(z)

= C

∞∑
j=0

(A−1f )(zj )|Dj | (1 − |zj |2)s
(1 − z̄j z)2+s

= C

∞∑
j=0

(A−1f )(zj )|Dj |(1 − |zj |2)(1−p−2α)/p (1 − |zj |2)1+s−(1−2α)/p

(1 − z̄j z)2+s
.

By the inequality (10) and the boundeness of A−1, we get∥∥∥∥
∞∑

j=0

∣∣(A−1f )(zj )(1 − |zj |2)(1−p−2α)/p|Dj |∣∣pδzj
∥∥∥∥
p,α

≤ C‖|A−1f |p dAp,α‖p,α ≤ C‖A−1‖ · ‖|f |p dAp,α‖p,α.

Thus the choice of aj = (A−1f )(zj )|Dj |(1− |zj |2)(1−p−2α)/p completes the proof.

Now, as an immediate consequence of Theorem 5.1 we obtain the following de-
composition of Wp,α.

Corollary 5.2. Let 1 < p < ∞ and α ≤ 1/2, and let s with s > 0 if α < 1/2
and max(p, q)s > −1 if α = 1/2. Then there exists d0 > 0 such that for any d-
lattice {zj} in D, 0 < d < d0, the following statements hold.

(a) If f ∈Wp,α , then

f(z) =
∞∑

j=0

aj
(1 − |zj |2)1+s−(1−2α)/p

(1 − z̄j z)1+s
(12)

with ∥∥∥∥
∞∑

j=0

|aj |pδzj
∥∥∥∥
p,α

≤ C‖f ‖p

Wp,α
.

(b) If {aj} satisfies ∥∥∥∥
∞∑

j=0

|aj |pδzj
∥∥∥∥
p,α

< ∞,

then f , defined by (12), converges in Bp(α) with

‖f ‖p

Wp,α
≤ C

∥∥∥∥
∞∑

j=0

|aj |pδzj
∥∥∥∥
p,α

.

Proof. The corollary follows from Theorem 5.1 via term-by-term integration.
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