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Intersections of Tautological Classes on
Blowups of Moduli Spaces of Genus-1 Curves

ALEKSEY ZINGER

1. Introduction

Moduli spaces of stable curves and stable maps play a prominent role in algebraic
geometry, symplectic topology, and string theory. Many geometric results have
been obtained by using the fact that the moduli space 97?07 «(P",d) of degree-d
stable maps from genus-0 curves with £ marked points into P” is a smooth unidi-
mensional orbivariety of the expected dimension. This is not the case for positive-
genus moduli spaces 971& «(P",d). However, if d > 1, then the closure

MY, (P",d) C My 4 (P",d)

of the space 9:71‘1{ «(P",d) of stable maps with smooth domains is an irreducible
orbivariety of the expected dimension. This component of 97117;((19”, d) contains
all the relevant genus-1 information for the purposes of enumerative geometry and,
as shown in [LZ] and [Z1], of the Gromov—Witten theory.

Ford > 3, Em?k(IP’” d) is singular. In [VaZ] the authors construct a desin-
gularization of the space Mmo k(]P’” d)—that is, a smooth orbivariety Mo k(IF”’ d)
and a map -

m: MY (P d) — MY (P, d),

which is biholomorphic onto E)ﬁ(l) «(P",d). Via this desingularization and the clas-
sical localization theorem of [ABb], intersections of naturally arising cohomology
classes on 97(? «(P",d) can be expressed in terms of integrals of certain /-classes
on moduli spaces of genus-0 and genus-1 stable curves and on blowups of moduli
spaces of genus-1 stable curves. The former can be computed using two well-
known recursions: string and dilaton equations (see [H+, Sec. 26.3]). In this paper
we give three recursions for top intersections of ir-classes on blowups of mod-
uli spaces of genus-1 curves; see Theorem 1.1. Two of these recursions generalize
the genus-1 string and dilaton relations. Together with the standard genus-1 initial
condition (i.e., equation (1.2)), the three recursions completely determine the top
intersections of 1r-classes on blowups of moduli spaces of genus-1 curves.
Corollary 1.2 of Theorem 1.1 is used in [Z2] and [Z3] to compute the genus-1
GW-invariants of any Calabi—Yau projective hypersurface, verifying the long-
standing prediction by [BCOV] for a quintic 3-fold as a special case. The full
statement of Theorem 1.1 is used in [Z3] to describe the difference between the

Received May 19, 2006. Revision received June 29, 2007.

535



536 ALEKSEY ZINGER

standard and reduced genus-1 GW-invariants, making it possible to compute the
genus-1 GW-invariants of any complete intersection.

For J a finite nonempty set, let M ; be the moduli space of genus-1 curves
with marked points indexed by the set J. Let

E—>.A7l1,]

be the Hodge line bundle of holomorphic differentials. For each j € J, we de-
note by _
L j MLJ

the universal tangent line bundle for the jth marked point and put
Y = (L)) € H (M, ;5 Q).
If (¢j)jes is a tuple of integers, let
((cp)jesha = <HW L My J>
jed

Let 7 and J be two finite sets that are not both empty. The inductive procedure
of [VaZ, Sec. 2.3], which is reviewed here in Section 2.1, constructs a blowup

JT . Ml’([’J) — Ml’[u]

of ./\711, juy along natural subvarieties and their proper transforms. In addition, it
describes || + 1 line bundles

E,Li — -/\711,(1,1), iel,
and |/ | nowhere vanishing sections
S EF(./Q] (]J);Z%®]E*), iel.

These line bundles are obtained by tw1st1ng I and L;. Since the sections s; do
not vanish, all || + 1 line bundles L; and E* are explicitly isomorphic. They will
be denoted by -

L — Miun

and will be called the universal tangent line bundle. Let
¥ =c1(L*) € H* (M4, Q)

be the corresponding “yr-class” on /\7117(“). If (¢, (cj)jes) is a tuple of integers,
we put

(¢; (epjenqn iy = <KZE . Hﬂ*‘ﬁjcj, /\711,(1,J)>- 1.n
jeJ
If5~|—2jejcj # I+ 1J|,orc¢ <0, o0rc; <0 forsome j € J, then this number
is defined to be zero.

THEOREM 1.1.  Suppose I and J are finite sets such that |I| + |J| > 2, and let
(¢, (¢j)jes) be a tuple of integers. Then we have the following recursions.
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(RD IfI #Wand c; > 0 forall j € J, then
(C; (cpjenqr,ip = (C; (€)jen)qn—1,171+1)-
(R2) Ifcjx =1 for some j* € J, then
(€ (cpjenanun = U+ 1T = DS (¢))jes—i=1) i 101-1-
(R3) Ifcj» =0 for some j* e J, then
(¢; (ep)jenan, i = I — 15 (¢p)jes—=)) an11-1

+ Y (G e = L(c)ies— i a-n-
jel—1j*)

COROLLARY 1.2. If I and J are finite sets and I # (), then
- ~ 1
111 =— IV I =D
(¥ M) 7 (- (=1

‘We recall that |

(Y1, M1) = a 1.2)
Thus, Corollary 1.2 is obtained by applying (R3) | J| times and then (R1) followed
by (R3) |7] — 1 times.

The recursion (R1) of Theorem 1.1 follows easily from the relevant definitions,
which are reviewed in Section 2.1. The reason is that the blowups of M 1,1uJ COI-
responding to the two sides of the relation in (R1) differ by blowups along loci on
which [ jes ¥; vanishes (see the end of Section 2.1).

The ¢ = 0 cases of (R2) and (R3) are precisely the standard genus-1 dilaton
and string recursions, respectively. The relations (R2) and (R3) are proved in Sec-
tion 2.2 by an argument similar to the usual proof of the latter. In particular, we
consider the forgetful morphism

[ Mys — My ua- -
By Proposition 2.1, it lifts to a morphism on the blowups,
fiMian— Ml,(l,Jf{j*});

see the LHS of Figure 1. Each of the blowups is obtained through a sequence of
blowups along smooth subvarieties, but the order of the blowups is not unique. We
prove Proposition 2.1 in Section 3.3 by fixing an order for blowups on M 1L,IU( ={j*)
and then choosing a consistent order for blowups on M 1,7us- We show that f then

~ i S0 o P&
Mgy —— Mgy M Pd) —— MY, (P",d)

Mg ———> My wu-i# M, (P, d) SN My k1 (P",d)

Figure 1 Lifts of forgetful maps
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lifts to a morphism between corresponding stages of the two blowup construc-
tions (see Lemma 3.5). Once the existence of the morphism f is established,
we compare V¥ with f *1r and describe their restrictions to the relevant divisors
(Lemmas 2.2 and 2.3).

If k > 0, there is also a natural forgetful morphism

£y (P"d) —> My (P, d).

The proof of Proposition 2.1 can be modified in a straightforward way to show that
this morphism f lifts to a morphism

Fi M0 (B d) —> MY, (P",d);

see the RHS of Figure 1. This observation implies that the desingularization
MY (P",d) of MY, (P",d) constructed in [VaZ] preserves one of the proper-
ties central to the Gromov-Witten theory.

The author would like to thank the referee for comments and suggestions on the
original version of this paper.

2. Preliminaries

2.1. Blowup Construction
If [ is a finite set, let

A = {(Ip,{lk keK):K#0I= || Lolkl= 2VkeK}. 2.1
ke{P}UK
Here P stands for “principal” (component). If p = _(Ip, {I, : k € K}) is an ele-
ment of A;(]), we denote by M , the subset of M, ; consisting of the stable
curves C such that:

(i) Cis aunion of a smooth torus and |K | projective lines, indexed by K;

(ii) each line is attached directly to the torus;

(iii) for each k € K, the marked points on the line corresponding to k are indexed

by 1 k-

Let M 1,p be the closure of M, , in M 1, 1. Figure 2 illustrates this definition, from
the points of view of symplectic topology and algebraic geometry. In the first dia-
gram, each circle represents a sphere, or P'. In the second diagram, the irreducible
components of C are represented by curves, and the integer next to each compo-
nent shows its genus. It is well known that each space M 1,p 18 a smooth subvariety
of M 1,1-

Ip={i, i2}
K=1{1,2,3)
I ={i3,i4}
I, ={is, is}

I3 ={is, i3, io}

Figure 2 A typical element of M, ,
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We define a partial ordering on the set . A;(/1) U {(I,?)} by setting
p'=Up, {1, :keK'}) <p=Up,{I;:keK)}) (2.2)

if p" # p and if there exists a map ¢: K — K’ such that [, C I}, forall k €
K. This condition means that the elements of M, ,/ can be obtained from the ele-
ments of M; , by moving more points onto the bubble components or combining
the bubble components; see Figure 3.

Figure 3 Examples of partial ordering (2.2)

Let I and J be finite sets such that I is not empty and |/| + |J| > 2. We put
.A](I,J) = {((]pl_l.lp),{[kLIJk ZkEK})EAl(II_I]) i #@VkGK}

We note thatif o € A (I U J) then o € A (1, J) if and only if every bubble compo-
nent of an element of M , carries at least one element of /. The partially ordered
set (A;(1, J), <) has a unique minimal element

omin = (B, {I L J}).

Let < be an ordering on .A;(/, J) extending the partial ordering <. We denote the
corresponding maximal element by on.x. For 0 € A(1, J) we put
- { max{o'€ Ai(1,J) : @' < ¢} if 0 # Omin,
0 if 0 = Omin,
where the maximum is taken with respect to the ordering <.
The starting data for the blowup construction of [VaZ, Sec. 2.3] is given by

/\71(1),(1,]) = My 107, /\71(1),@ =M, Yoe Al J),
Eo=E— M{,,. Loi=Li— M},, Viel

(2.3)

Suppose ¢ € A;(I, J) and we have constructed:

(I1) ablowupm,_;: /\71%1 n = /\71(1)(1 7 of/\7l(1)(1 7 suchthatrrg,lis one-to-one
outside of the preimages of the spaces MO o With o <o-— 1 and

(I12) line bundles L,—;; — MY (, pforiel andE = MY (, 7

For each 0* > o — 1, let Mf,g* be the proper transform of MY . in Mf’&l’n.
Given o € A (1, J) as just described, let

O 1
ot Mi (1) — Mfu J)
be the blowup of ./\715?,1 7) along ./\71Q71 We denote by MQ the corresponding ex-

ceptlonal divisor. For o* > p, let ./\/l1 o C /\/l1 (1.1 be the proper transform of
M
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o= (Upuldp){huJy:keK})eA(IuJ) and iel,
then we put
L { 7y Lo, if i¢lp,
¢ F¥Loo1i ® O(=MF ) if i € lp;

) ¢ (2.4
E, = 7B 1 ® O(MY ).

It is immediate that the requirements (I1) and (12), with ¢ — 1 replaced by p, are
satisfied.
We conclude the blowup construction after |om,x| steps. Let

My =M, Li=Lg,. Yiel, and E=E

Omax, 1 Omax *

By [VaZ, Lemma 2.6], the end result of this blowup construction is well-defined—
that is, independent of the choice of an ordering < extending the partial ordering <.
The reason is that different extensions of the partial order < correspond to different
orders of blowups along disjoint subvarieties. By the inductive assumption (I4) in
[VaZ, Sec. 2.3], there is a natural isomorphism between the line bundles Zi and
E*, Thus, these line bundles are the same. We denote them by L.

REMARK. If 9,0’ € Ai(I, J) are not comparable with respect to < and if o < @/,
then /\/IQQ1 and Mfg, are disjoint subvarieties in /\/l1 (1 ) However, M, and
M, .o need not be disjoint in M 1,1us- For example, if

I = {]72’3»4}7 J = Q’ Oon = (({3»4})»{{]72}})7
03 = ({1,2),{{3,4}}), on3 = (), {{1,2},{3,4}}),

then M, ,,, and M ,,, intersect at ./\711,91234 in M 4, but their proper transforms
in the blowup of M 4 along M ,,, ,, are disjoint.

We are now ready to verify recursion (R1) of Theorem 1.1. If i * € I, then
A ="}, Ju{i*h) € AL, J) and
AL T) = AT = (%), U (i)
={o=UpuJdp, iYLy u{liuJ:keK'h) e A4 U )}
With g as before, we have a natural isomorphism

My, ~ Mg x Mo g0, where = (Ip UJp U {p},{IlxuJy: k€eK'}).

Let
Tt My —> Mo g.i%1u

be the projection map. By definition,

Vilg, =m ¥ Vieh = I1 Vil i, =73 [[vi=m0=0.

jen Jjeh
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since the dimension of Mo, (4. ;+j.s, is |J1] — 1. It follows that
[Tvila, =0 YeeAl,)) = Al —{i*}, J uli*)).
jeJ
Thus, the constructions of 1} = cl(fE) from A = ¢ (Ey) for /\7117(1,{,'*},“{,-*}) and

My, sy differ by varieties along which [, ch'f vanishes, as long as ¢; > 0 for
all j € J. We conclude that

<1/7E Sk Ml,(1,1>> = <1/7E JIENA Ml,(l{i*},fu{i*})>
jeJ jeJ

whenever ¢; > 0 for all j € J, as needed.

2.2. Outline of Proof of Recursions (R2) and (R3) in Theorem 1.1

In this section we state three structural descriptions—Proposition 2.1 and Lem-
mas 2.2 and 2.3—and use them to verify the last two recursions of Theorem 1.1.
Proposition 2.1 and Lemmas 2.2 and 2.3 are proved in Section 3.

Let I be a finite set of which i, j are distinct elements, and let

pij = —{i, j}, {{i, j}}) € AiD).
Then there is a natural decomposition
Ml;@u = Mlxlf{i,j})u{p} X MO,{q,i,j}, 2.5)

where the second component is a one-point space. Let

mp, 7 Mg, —> Mya—i jputp Moig.i iy (2.6)

be the two projection maps. Here P and B stand for “principal” and “bubble”
(components). It is immediate that
)\|/\7(17in =nph; 2.7
AT S A
vl ={ L LT Vel 2.8)
Qi apyy =0 if j'=1,],

When j' = i, j the restriction of 1/;» vanishes because the second component is
zero-dimensional.
If I is a finite set, |I| > 2, and j* € I, then there is a natural forgetful morphism

S Mu — ./\711,1—{/*},

which is obtained by dropping the marked point j* from every element of M ;
and then contracting the unstable components of the resulting curve. It is straight-
forward to check that

A= f*A and 2.9)
Vi =L Mg = [, =T Yiel- (") (@10
(see e.g. [H+, Chap. 25]). Using (2.8), (2.10), and induction on c¢;, we find that
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€j

v = Mgy
=y F Yy N Moy, Viel —{j*), ¢ >0. (21D

If I and J are finite sets, i € I, and j € J, then /\7117@,.1. is a divisor in M, 1.
Thus, in the notation of Section 2.1,

0 0!
Ml,@ij - MLQU ’

Since g;; is a maximal element of (A;(/, J), <), the blowup loci—at the stages of
the construction described in Section 2.1—that follow the blowup along ./\/lg"
are disjoint from MQ” Thus, we can view /\/lg” as a divisor in M, ). We

denote this divisor by MLQU. Ifi, j € J, then MLQ,-,- is also a divisor in M 1.
Hence, its proper transform /\715 o 1N /\7lf,( 1. is adivisor for every o € Ai(1, J).
Let -

Mi gy = M € Mg, gy

ProOPOSITION 2.1.  Suppose I and J are finite sets such that |I| + |J| > 2 and
jreld. If

Mgy — My and m My —ry — Miuu—ge)
are blowups as in Section 2.1, then the forgetful map

fi M — My -
lifts to a morphism

ik -/\711,(1,1) - /\711«1,17{/*})
(see the LHS of Figure 1). Furthermore,
U=F%+Y Mg, 2.12)
iel
LEmMMA 2.2.  With notation as in Proposition 2.1, for all i € I we have
Moy = Mua-iputp), s -1y X Mo,gi,j+) and

pom =wonp: My —> Miu—ipulphu—1i*hs
where _ _
7p: My gy —> M a—tiputp), 7-(*)

is again the projection onto the first component. Furthermore, if ¥ denotes the
universal r-class and if f is as in Proposition 2.1, then

Vgt =0 and (fDlg,,, =7 2.13)
LeEMMA 2.3.  With notation as in Proposition 2.1, for all j € J — {j*} we have
Y ~ e _
T (Mige) = Mg X My aa—gjputpn X Mo,tg,j,j+) and

mpom =mwonp: Mig,. —> M- j*huiphs
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where

wtp: Migy. —> Mua,u—(j,*huiph

is again the projection onto the first component. Furthermore, if ¥ denotes the
universal \-class on My (g, jy and on M 1,7-1j, j*puip)» then

1Z|A711,g,,< = (f*l/})},ql.g”* =5

We now verify recursion (R2) of Theorem 1.1. Since c;= # 0 it follows—Dby the
Jj = j' = j* case of (2.8), the first identity in (2.10), and (2.12)—that

&E . Hn*chj — f*(l/fz l_[ ﬂ*l/fjcj>1/fj(;j*-
jel jeJ—j*
Since c¢j+ = 1, it follows that
(€5 (cpjenyan, iy = S5 (¢))jes—j=)qr,101-1 - (W=, F), (2.14)

where F is a general fiber of the morphism f or (equivalently) of the morphism f.
By the standard dilaton equation,

(W, F) = I + || = 15 (2.15)

this relation can also be seen directly from the definition of ;. The recursion (R2)
follows immediately from (2.14) and (2.15).

We now verify recursion (R3). We can assume that ¢ # 0; otherwise, (R3) re-
duces to the standard genus-1 string equation. Note that if ij,i, € I and i} # i5,
then

Mg, N Mug,, =0 = Mg, . N My, =0. (2.16)
Thus, by (2.12) and (2.13) applied repeatedly,
P =0 (7 X B, ) = P+ D i 0 S, @)
iel iel
On the other hand, by (2.11) and Lemma 2.3,

cj—1

'yl = gl + ity )N M, Yied —(j*) (218)

If ¢; = O then we define the last term in (2.18) to be zero. Similarly to (2.16),
we have

./\71],91-.]-* n ./\711,@]-‘,-* = Q) — Ml,@ij* N Ml,ij* = Qj
Vied —{j*), ielud —{j,j*). (2.19)

Thus, by (2.17), (2.18), and Lemmas 2.2 and 2.3,
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(€5 (cp)jes—t=Yar, 1

= <1} l_[ ”*W‘L‘j’ﬂl,(l,h>

JeJ—={j*}
< ( . H JT w >’M1,(1,1)>
jeJ—
. A\~
+z<n;(w T ) i,
iel jel—{j*}
7w Gl x 1 €’ 1
+ Z < (1# A/ S l_[ T lﬂj, >,M1,Qj,*>
JjeJ—{j*} j'ed={j*j}
=0+Z< H 7 M- }J—{j*})>
iel jeJ—={j*}
-~ C;:r ~
+ ) <1ﬂ ] ﬂ*lﬂj/,M1,<1,<J—u,j*}>u{p}>>
JjeJ—{j*} j'ed={j*Jj}
= |I1(c — 1; (¢j)jes—j*))qr1o-n + Z (¢ =1, (cj)jres—(j% indar1n-ns
jeJ—{j*}
as claimed.

3. Proofs of Main Structural Results

3.1. Proof of Lemma 2.2

Suppose that [ is a finite set of which i, j are distinct elements. It is well known
that the normal bundle Ni; | M o of My 4, in My ; is given by

NJCHJMI’QU =7mpLly ® ”;Lq =mpL,y, 3.1
where 7p and 7y are as in (2.6) and where
L, — Mya—ujpuip and Ly —> Mo g j)

are the universal tangent line bundles for the marked points p and g (see e.g. [P]).
The last equality in (3.1) follows because M (4.;, j; consists of one point.
Suppose in addition that

QE(IP,{]kaGK})G.A](I) and 0 < 0ij- (32)
Then, by the definition of the partial ordering < in (2.2),
{i,j} c I, forsome ke K.

Let u;;(0) € Ai((I — {i, j}) U {p}) be obtained from o by removing the ele-
ment k£ from K and adding an element p to Ip if I; = {i, j} and by replacing {i, j}
in I} with p otherwise:
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i )_{ (Ipu{p), (I : k' e K — {k}}) it I, = {i, j},
PO Up e = D U PN U U K e K —KY) i 1 2 (i ).
(3.3)

It is straightforward to see that
Mgy N Mie = Miuy X Motg,ii) © Mia—iiputp X Mogigy- (34)
LemMmA 3.1.  If I and J are finite sets and if i € I and j € J, then the map
wij lee A1, J) 0 < 0ij} — A = {ihu{p}h,J = {jD (3.5)

is an isomorphism of partially ordered sets.

This lemma follows easily from (2.2) and (3.3). It implies that, given an order < on

Al ={ihufph J —{jD

that extends the partial ordering <, we can choose an order < on A;(/, J) that
extends the partial ordering < such that

01,02 < 0ij> kij(01) < pij(02) = 01 < 02.
We shall refer to the constructions of Section 2.1 for the sets
A = {ihu{ph,J —{j) and A, J])

corresponding to such compatible orders <. We extend the map p;; of (3.5) to
{0} U Ai(1, J) by setting

wij(max{o’ <o :0 <o} if 30" <o s.t. 0 <oy,

0 otherwise.

wij(e) = {

LEMMA 3.2.  Suppose I and J are finite sets withi € I and j € J. If o € A\(I, J)
and 9 < @jj, then (with notation as in Section 2.1 and (2.5)) we have

_ i)
MS o = MG iyt a—1n X Mol

E@|/\7tf_ = 7pEp;), and NMf(, J)MLQU =7pLuy0.p>

where

wij(o) wij(o)
Tp: MHJ(I {ipuip),J XMO CRN} ’leu Huip), J—(jh

is the projection map onto the ﬁrst component.
By (2.5), (2.7), and (3.1), Lemma 3.2 holds for o = 0. Suppose ¢ € A;(I,J), 0 <
0ij, and the three claims hold for ¢ — 1. If ¢ £ g;;, then

”'lj(g) ”'I](Q 1)

1ij(@) = mile = = My imuim s—un = M —ioim.i—un:
]Eu,-_,-(g) =Eu;0-n>
Luij(g),p = Lmj(g—l),p- (3.6)
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On the other hand, since ¢ and g;; are not comparable with respect to <, it follows
that the blowup locus J\7tf7 in MY, (1 sy Is disjoint from /\715;_1]_ (see Section 2.1
and [VaZ, Lemma 2.6]). Thus,

o—1 _ _ _
M, o = M EQ|Mlgg, N EQ_1|MT);’1/’
- - 3.7
g0 01
N—Mfu ”M,,QU —./\/'Mg 1 Ml,g,-j'

L(I,J)
By (3.6), (3.7), and the inductive assumptions, the three claims hold for p.
Suppose that ¢ < @;;. Since all varieties M, .o’ intersect properly in M, lu J
in the sense of [VaZ, Sec. 2.1], so do their proper transforms /\/l W 'in Ml (, -

Furthermore,
MM c My c MY
L, 0ij Lo L, 0ij 1 (1 J)
is the proper transform of

-/\7[1,@,‘/‘ m/\jll,g C Ml,g,'j C Ml,luj-

Since ¢ < ©;j, we have u;j(0 —1) = u;j(0) — 1. Thus, by (3.4) and the inductive
assumptions,

o—1 _ mijle)—1 Y wij(@)— 1 v
Mlg/ M, —leu-m)XMqu}CMl(ju u{p) I =1} XMOqii‘
Since M ! and ./\/l " 1ntersect properly, the proper transform of Ml 01 in
M] .0 (1 e the blowup of M{ (, 7 along MY, ) is the blowup of MY ,_1,_ along

/\/l1 QU /\/l1 o : see [VaZ, Sec. 2.1]. Thus, M ,; is the blowup of
wij(@)— 1 Y
MG ipsipna-n X Mo

— i —1 — . . . .
along M’f ZL(”Q() o X Mao,g,i,j)- By the construction of Section 2.1, this blowup is

i ij (@)
Mita=imotpa-un % Mot
Furthermore, by (2.4) and the inductive assumptions,

wij(o)

L uij(e) X MO,{q,i,j}

]EQ|A_4f = (A Ep1 + M )ng. = Ty Tp B 01 + M

~ — 1ij(0)
=75 (7,0 Buio-1+ My 0) = Tr By

We have thus verified the first two claims of Lemma 3;2. _ .

It remains to determine the normal bundle A e, Mf’ 0; Of M{ gy N Mf, (L)
We note that, by (2.4) and (3.3),
~ iy Mij(0) . .o
Ty@—1Lug@-1p ® OCMi ) i L =10}, 3.8)

LIM/(Q)VP = - )
Thsor-1Lui@-1p if Ie 2 4i, j},
if o is as in (3.2). Furthermore, if I, = {i, j} then
Mio C Mg, = M{,' c M.

Thus, by [VaZ, Sec. 3.1],
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iqe—1 g0 V4
Niear M, ® O=Mi,, N M)

— Vi * i (@) . e s
=y Nige Mi, @ mpOMTT) i Le=(ij). (39)

On the other hand, if I; 2 {z j} then MQ "and MQ o intersect transversally in
M 1 (1 7)» since M, and M, .0;; Intersect transversally in My, 1,;. Therefore,
Nge M, =7 Nger MU, if I 2 i, j). (3.10)

van” b My

The last statement of Lemma 3.2 now follows from the corresponding induc-
tive assumption for o — 1 along with (3.8)—(3.10). This completes the proof of
Lemma 3.2.

We now finish the proof of Lemma 2.2. By the paragraph preceding Proposi-
tion 2.1 and the first statement of Lemma 3.2,

v R w17 it Mij* (Qtj b} A L
Mg = Ml,g s Ml ((I—{ihulp},J - = Mao,ig,i,j%)

= My —iputpns—1on X Mo,iq,i, 41>
since pj;+(0ij+ — 1) is the largest element of

(A =i u{pJ = {j"D. <)
according to Lemma 3.1.

Because g;;+ is a maximal element of (A,(/, J), <), we have

Mg OMI =0 Yoe A J), o> o+

Thus, by (2.4) and the second statement of Lemma 3.2,
Elg,,. = EQ:‘./*—1|/\7!1,Q,,»* + Z MIQ79|A711,QU* = pE 4+ Mgy | 4

l,g,»f*
0= 0ij*

@3.11)

By the third statement of Lemma 3.2,

~ _ _ ~ ~ Q”*,l
MI,QU* }Ml,glj* - NM],(/J)MLQ;/ N—Qf *‘M

1 ,J) ! Qi
= NPLNU*(QU**I),P = _”;E' (3.12)
The first identity in (2.13) now follows from (3.11) and (3.12).

Finally, by the last statement of Proposition 2.1, the first identity in (2.13), (2.16),
and (3.12), it follows that

o - ~ ~ e
f w)|/\7l|,g,j* = ¢|-A';ll‘g,»/* — Z M g ‘/‘7",@‘]* =0—Mi .| i o = Y.

i'el

This concludes the proof of Lemma 2.2.

3.2. Proof of Lemma 2.3

The proof of Lemma 2.3 is analogous to that for Lemma 2.2. If I is a finite set
and j, j* are distinct elements of 7, let
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AL i)
={oeAI) —{oj+} : Mig,. N My, # 0}
={Up {Ix :keK}) e Ai(I) —{0jj+}: {Jj, j*} C I for some k € {P} U K}.
For each ¢ € A (1; jj*) as just described, let n,;=(0) € Ai((I — {j, j*D U {p})

be obtained from p by replacing {j, j*} C I with pifk = P or {j, j*} C I and
by dropping k from K and adding p to Ip otherwise:

((Up = {j, D u{ph v 1 k'€ K}) if Ip D{j,j"}

nji(0) = § Up AUk —{/, /D U{pully : k'e K —{k}}) if L 2 {j,j*},
(Ip U{p}, I : k'€ K — {k}}) it I ={j,j"}.

(3.13)

It is straightforward to see that
Ml,gjj* N /\711,9
= M0 X Mog,j,j+) C Mia—gjj=pupy X Moq,jj+y-  (3.14)

LemmMmaA 3.3, If I and J are finite sets, j, j* € J, and j # j*, then the map
njp s AL )N AU U ) — AL = (1.7"hulp))  G19)

is an isomorphism of partially ordered sets.

This lemma follows easily from (2.2) and (3.13). Note, however, that it is essential
that j, j* € J and thus the third case in (3.13) does not occur if

oe AL )N A U jj).
Lemma 3.3 implies that, given an order < on

that extends the partial ordering <, we can choose an order < on A;(/, J) that
extends the partial ordering < such that

01,020 € Ai(L, J) N A L T; jj*), mjp+(e1) < mjj+(02) = 01 < 02
We shall refer again to the constructions of Section 2.1 for the sets
Al((l’(-]_{],]*})l—l{p}) and AI(I7J)

corresponding to such compatible orders <. We extend the map n;; of (3.15) to
{0} u A, (1, J) by setting

nj(max{o’ < o0 : 0’ € A/t(I U J; jj*)})
n;+(0) = if 30’ <os.t. 0 e A(IUJ;jj*),

0 otherwise.

LeEmMA 3.4. Suppose I and J are finite sets with j, j* € J and j # j* If o €
A1, J), then (with notation as in Section 2.1 and (2.5)) we have
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—1/ 1 0 _ i o
Ty (Migy) = Mg, = M-t nutpy X Motg.iin
EQ|/\71$‘Q_‘* = 75K, (0
where
njj* (o) A o i (0)
e M-t eputen X Motasim — MGG o
is the projection map onto the first component.
By (2.5) and (2.7), Lemma 3.4 holds for o = 0. Suppose o € A;(/,J) and the
three claims hold for o — 1. If o ¢ A (I U J; jj*), then
M (@) njj+(e—1)
nj(@) = mj=(e = 1) = MGG jonuten = ML, i puirh
Eny*(a) =Eyjje0-n- (3.16)

On the other hand, M1 0,» MM, = ¥ and so the blowup locus M "in /\/l1 (, 7
is disjoint from M . Therefore,

—1 -1 \ A ve!
7, <M1,Q_,-,~*> = (Migy), MY, = M{
(3.17)
Bol i, = Eontl e

By (3.16), (3.17), and the inductive assumptions, the three claims of Lemma 3.4
hold for p.

Suppose that o € A;(1 U J; jj*). Since all Varletles M, o 1ntersect properly
in J\/ll 1uJ, 80 do their proper transforms /\/l (Q >p—1)in ./\/l1 (1 7 Srnce
Loy *,1tfollows that/\/lgg and M%) ;- -

tersect transversally. Thus, using the first statement of the lemma with o replaced
by o0 — 1, we obtain

7[9_](-/\711,@” ) = 7'[ 7T 1(M1 0jj* )= ﬁ_l(M1 0} D)= M1 0ji*

Furthermore,

MQ is not contained in the divisor Mg

M Mlg” Ml(l J)

191/
is the proper transform of
Ml,gjj* N MI,Q C ./\711,%* C Ml,]u‘]-
Since ¢ € A;(1 U J; jj*), we have nj;=(0 — 1) = n;=(@) — 1. Thus, by (3.14) and

the inductive assumptions,

_Q*I_ _Vljj*(Q)*l A A m,*(g) 1
Mrg L NM; —Mlnm(g) x Mo,ig,,j*) CMI(I(J F*hulph XMO{MJ}

Since /\/l1 P and M g 1ntersect properly, the proper transform of Mr QN in
M] @) (ie., the blowup of MY, (, ;) along MQ " is the blowup of./\/l1 Ql . along

Ml Qu /\/ll o see [VaZ, Sec. 2.1]. Thus, ./\/ll 0j is the blowup of
njj*(@)— 1
Mlj(,l =), *hulph X MO {q.J,j*}

=i @-1 = . . . :
along M?fjljj(g() o X Mo,q,j,j*)- By the construction of Section 2.1, this blowup is
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i+ (@) v
Ml,(l,(lf{j,j*})u{p}) x Mo, g, j.j*)-
Furthermore, by (2.4) and the inductive assumptions,
_ — (7% Vi —
EQ|MiQH* = (A Eq1 + Ml,g)\MiQﬁ

njj*(0)

1,nj*(0) X MO,{q,j,j*}

~ k% \ A
= T p By 01 + M
G AN M@ g
= P (o) Ty (@1 Lnjj<(e)/ — “P=mj=(0)-

We have thus verified the three claims of Lemma 3.4.
We now finish the proof of Lemma 2.3. By Lemma 3.3, 7+ (Omax) is the largest
element of

(AL (T = {j.j*Hu{ph, <)

Hence, by the first two statements of Lemma 3.4,

—1¢ iq — 1 (i — AfOmax  _ r
T (M]’Qj.f*) - T[Qmax(Ml’Q.fj*) - M o = MI,QJJI*

1,05+
_ _njj*(gmax) \ A .
=M= noten X Mo g
= Mi,a,u-t),i*putph X Mo,g, j,j*)-

By the last statement of Lemma 3.4, we have
E|,/\711’Q”* = Egmax |'/Cl|’£7jj* = n;Eﬂjj* (@max) = JT;IE
Finally, by the last statement of Proposition 2.1 and (2.19),

e A _ 1 - I A
(f 1//)|~A7ll,g/']~ - }Ml,gjj* ZMI’Qi-f*|MI,gj,»* = JTPW 0.

iel
3.3. Proof of Proposition 2.1

In this section we prove Proposition 2.1. In fact, we show that there is a lift of the
forgetful map f of Proposition 2.1 to morphisms between corresponding stages
of the blowup construction of Section 2.1 for M ;,; and for M -+ (see
Lemma 3.5).

First, we define a forgetful map

[T AT — AT = {j* ) = AT = {*Huldud —{j*).0)}
Ifo=UpuJp,{I; Ul :keK}), weput

(Ipu(Jp —={j*D. kU :keK}) if j*eJp,
(Ipudp AU (S = {j*DIu{l U Jp k'€ K — {k}})
flo) = if j*€Ji, Il + k| > 2,
(Ipu{ihudp, (I udp k'€ K — {k}})
if IpyuJiy ={ij*}.
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Figure 4 Images under the forgetful map

These three cases are represented in the LHS of Figure 4. We note that for all
pe A J—{j"},

M= | M
oef~l(p)
Furthermore,

p1,p2 € i1, T —{j*D, p1 # pa. 01 € 7 (p1), 02€ 7 (p2), 01 < 02
= p1 < p2.

Thus, given an order < on A(I, J — {j*}) extending the partial ordering <, we
can choose an order < on A(/, J) extending < such that

o1, 02 € Ai(LJ — {j*}), p1 < p2, 01 € f(p1), 02€ fH(p2) = 01 <02

In the sequel we refer to the blowup constructions of Section 2.1 for ./\711, uJ
and M jys—qj+p corresponding to such compatible orders. Now, for each p €
AL, J = {j*D), let

pt=max f(p)e Ai(I,J), p =minf'(p) —1e{0} LA J]).

If p is not the minimal element of A;(I, J — {j*}), then p~ = (p — ).

LeEMMA 3.5. Suppose I, J, and f are as in Proposition 2.1. Then, for each p €
AL, J = {j*}), f lifts to a morphism

v M
ﬁ" LU, T) L, J={j*D
over the projection maps
vl v . AP v .
Tpt+ - Ml,(u) — My and mp: Ml,u,p{j*}) — My u—gp;
see the LHS of Figure 5. Furthermore,

— — ot
LM o= | M{, %" >p and E, = fE,. (3.18)
osf~1(p")

Proposition 2.1 follows easily from Lemma 3.5 by taking p = pmax, Where ppax
is the maximal element of A;(I, J — {j*}). We note that
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=t I =0 i o vl
Mgy — Migs M — M-y
”/#J( ﬂpl ﬁpf+10---0ﬁp+l ﬁpJv

= f = Vi Jo—1 Pl
My ———> My Mgy — Mgy

Figure 5 Main statement of Lemma 3.5 and inductive step in the proof

loe i, ) 0> ppn) =loc A1, )): flo) =T U = {j*D,0)}

Since M 4. C M 1y is adivisor for every i € I, 50 is

— ot — o
max max
Mime My,

Thus, by the construction of Section 2.1,
W, A 4 Q@max A A p+
Miug = M0, = M, and

—

1,0ij*
iel

Eppe + Y Mfi,j; =f"E+ ) Mig,..

iel iel

:f*

max

where f = Somax-
Lemma 3.5 will be proved by induction on p. It holds for p = 0 €

{0} U A1, J — {j*}) if we define 0 = 0. Suppose that
p=UpUJp {IyuJi:keKY) e A, J—{j"}
and that the lemma holds for
p—1e{0}u AL, J —{j*D.

The elements of f~'(p) C A,(I, J) can be described as follows. The largest ele-
ment is

p"=UpU(JpU{j" DAL U Ji ke K)).
Furthermore, for each k € K and i € Ip:
pr () = (Ip Udp AT U (B U DY U e U e s K € K — (k) € £ (0):
pi(j*) = (Up = (iH U Jp, i, N UL U s K € K}) € £7(p).
It is straightforward to see that
I ) ={pe(G*) ke Ky u{pi(j*) i€ Ip}u{pT).

Furthermore, p7 is the largest element of (f ~!(p), <), and no two elements of the
form pr(j*) and/or p;(j*) are comparable with respect to <. Thus,
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Vi i _ . .
Ml,pk(j*)ﬂMl,P[(j*)_Q Vl,kGIpI_IK, 1 #k
(see Section 2.1). In fact,
Mg N Moy =90 Viskelp UK, i #k

(see the proof of Lemma 2.6 in [VaZ]) On the other hand, J\/l1 it C M1 p
for i € Ip, while ./\/ll ok () and ./\/l1 + intersect at a divisor (divisor inside each of

them) if k € K.
We will show that every point
—1, 5p-1 =
PE fp—ll(Mf,p ) C Mlp,(I,J)
has a neighborhood U such that Jo—1 lifts to a morphism f, from the preimage of

e et wid : 1P : 1P
Uin My J) to M j—j+p- Since My ; ;_(;+)) is the blowup of MY ; ;)

along ./\/l1 i ! this implies that f,_; lifts to a morphlsm
—  + —
fo: MYy — Moy
‘We will consider four cases as follows.
Casel. pe ./\/l1 o) Mf , and thus p ¢ Mlp,m(f*)
C3862 pEMlp+ UkEK ] ,01((]*)
Case2a. p¢ M”
Case 2b. p e M/ i
p¢/\/llp (J*)forallkelpl_ll( — 1.
Case 3. peMlp+ﬁM )andthuspgé./\/l

forallieIp UK —k.

LoiG )foralllelp,

") for some i € Ip and thus

forallielp UK —k.

1, pr (j* Lpi(j*)

Case 1. Since all varieties M .o+ are smooth and intersect properly in ./\711, uJ
in the sense of [VaZ, Sec. 2. 1], all varieties /\/l o with o* > p~ are also smooth
and intersect properly in /\/l1 (1.7)- Thus, we can choose aneighborhood U of p in
/\/l1 (1, 7y» @ neighborhood U of f,_1(p) in ./\/l1 (, 7—{;+))» and coordinates (z,v,1)
on U such that:

(i) U= f1(0);
(ii) U = {(z,v) e CIHVIZIKI=L 5 CKy;
(iii) M7, NU ={(z.v) €U : v = 0};
(iv) U = {(z,v,1) e CHHVIZIKIZL 5 K x C}and f,_1(z,v,1) = (z,v).
These assumptions imply that
Mﬂ

lpk(1*>m[7={(z,v,t)el7 cv=0).

Since /\/l1 (1, 7—{j+) is the blowup of M < , 7—(j+) along M Py ! the preimage of
U in /\/l1 - under the projection map is

={(z,v:0) eU x P(C*) :vet).
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— 4+ -
Since MY, ;) is the blowup of M7 , 5] along M? +y and subvarieties that do

Lpk(j
not contain p, the preimage of U in /\/l1 1. under the projection map is

={(z,v,1; ) eU x P(CX) : v ey},

provided U is sufficiently small. Hence the morphism f,_;: U — U lifts to a
morphism f;: V — V, and this lift is defined by

Sz, v, 85 8) = (z,v; £). (3.19)
Case 2. We can choose a neighborhood U of p in /\71';); 1.7y> @ neighborhood

U of f,—i(p) in /\71{’ ?,1 Iy and coordinates (z, v, t) on U such that conditions

(i)—(iv) are satisfied with M1 e () replaced by /\7lf;)+
Case 2a. The desired conclusion is obtained as in Case 1.

Case 2b. Since M ,,(j+) C M ,+ is of codimension 1,

P
Mlp(/

*) C M] /0+
is also of codimension 1. We can thus choose local coordinates so that
MP

P NU ={(z,v,0el :v=0,1=0}

Since My JEI_ }) is the blowup of Lﬂf . Lj)+along M7 _p’,( j+ and subvarieties that

do not contain p, the preimage of U in Mf’ . }) under the projection map is
V={(z,v,t;¢)eU xP(CK xC): (v,1) el'},
provided U is sufficiently small. It is then immediate that
MOV = (20,05 [0, ) € U x P(CK x C) o = 0},
where Mf ot C /\/l1 . J) is the proper transform of M/ ;+. A neighborhood of
/\/lf’p+ NV is given by
V' ={(z,u,t) e CHHVIZIKI=L s K % C}, (zou,t) <> (zut,t; [u,1]) € V.

Since ./\/ll (1,7 1s the blowup of ./\/l1 . j) along M] 7', the preimage of U in
MLJ(rL sy under the projection map is

W =((zu,t; ) eV x P(C*) tuey U{(z, v, [, B €V 1 a0 # O}/ ~,

(2 u,t; 0) ~ (z,ut, 15 [u, 1]).

Thus, the morphism f,_;: U — Ulifts to a morphism f, : W — V. This lift is
defined by

folz u,t;8) = (z,ut; £) and  f(z,v,t; [a, B]) = (z,v; [a]) (3.20)

on the two charts on W. Observe that if u # 0 then [u] = £ € P(CX). Hence I
agrees on the overlap of the two charts.
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Case 3. Since the varieties M1 o* intersect proper]y in M1 7> it follows that
P~

/\/ll o+ and /\/ll . intersect properly in /\/ll (1. and that ./\/11 ™) N Ml ot
is the proper transform of M, (i) 0 M, y+. Thus, M/ ok N /\/l1 + 1s a di-

visor in M7 , and in Ml +. We can therefore choose a nelghborhood U

Lok (j*
of p in M/ 1.1y @ neighborhood U of f,_1(p) in M7 (, J—{j*)> and coordinates
(z,v, wr, w4) on U such that:

(i) U = f,.1(0);
(i) U = {(z, v, w) e CHFVI=IKI=L s cK={k} » C)s
(i) M{,'NU ={(z,v,w) eV :v =0, w =0}
(iv) U = {(z, v, wi, wy) € CHHVIZIKISL O O T, foo1(2, v, wis wy) =
(z, v, wewy);
v) /\/llpk(j*) NU ={(z,v,w,wy) €U :v =0, wy =0};

(vi) M? p+ﬂU—{(z v, wi, wy) €U 1 v =0, w; = 0}.
As before, the preimage of U in ML (1,7—{,j+y under the projection map is
={(z,v,w; ) eU x P(CK® x C) : (v,w) €¢}.

Since /\/l1 . J) is the blowup of M1 1), along M? +) and subvarieties that do

Lpk(j
not contain p, the preimage of U in /\/l1 . }) under the projection map is

= {(z, v, wi, wis ) €U x PCFW % C) 2 (v, wy) e 4},
provided f] is sufficiently small. It is immediate that
My AV = {(2,0,0,wy; [a, B) € U x P(CK~™ x C) : a0 = 0},
where Mf pI c M/{ (;} , is the proper transform of M{ .. A neighborhood of
Mp ot "NnVis given by
V' = {(z,u, up, wy) € CHHVIZIKI=L s ck=k s € x €},
(zou, up, wy) <> (z,uwy,ug, wes [u, 1) € V.
S{rnce Ml 1. 18 the blowup of J\/ll o J) along j\/l1 i ! the preimage of U in
Ml’( 1,7y under the projection map is
= ({(z,u,up, wy; £) €V x P(CK~H % C) & (u,uy) € €)
U{(z, v, we, wys [, B €V o # 0}) /~,
(z,u,up, wi; £) ~ (z, uw, ug, wy; [u,1]).
Thus f,—i: U — U lifts to a morphism o W — V, and this lift is defined by
folz,u,up, wi; £) = (Z,uwy, upw4; £)  and 321
Jo(z, v, wi, wys [a, B1) = (2, v, wiw; [or, wiB1) '

on the two charts on W. It is immediate that fp 1s well-defined on the overlap of
the two charts.
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REMARK. The first identity in (3.18) should be viewed as incorporating the previ-
ous information concerning the local structure of the projection map. It is straight-
forward to see from the verification (to follow) of the first equality in (3.18) that
this additional information is also preserved by the inductive step.

It remains to verify the two identities in (3.18). Let
. AP o1
Top-10 My y—jey = Mg,y and

JE— _ B _
Tpto: MYy — M{ ) 0€{pTIUS '(p),

be the projection maps. By the construction of the line bundles E,, in Section 2.1,

E,=n;, \E,+M{, and (3.22)
Epr =750 - Epm + Z
oef~l(p)
Bt X M), 32
ecf~\(p

where
qr -1 40 -1 01
MY, =, (M C MY gy and MT € (M)

are the exceptional divisors for the blowups at the steps p and p. Since all divisors
J'rpl1 Q(Mf Q) are distinct, we have

Y - i - 1, p—1

Y T M) = npl,p_( U Mﬁ,) =m0, (M)
ecf~\(p) ocf~l(p)

= 7 (MDY = MG ) = RO (3.24)
The second equality in (3.18) follows from the same equality with p replaced by
p — 1 along with (3.22)—(3.24).

Suppose next that p* > p. Since
Tp,p=1° Jo = Jo—10 Tpt,p-

and since /\71" is the proper transform of Mf pi and ./\/lp is the proper trans-
form of /\/l1 «, it follows that
1., = — +
LMoo | MY,
o*e f71(p*)
by the first equation in (3.18) with p replaced by p — 1. We will next verify the

opposite inclusion.
Suppose

qeM{ .. pef (g, and
p =Tyt - (D) € J;) 1(M1 p*) = U Mﬁ;* C M{(LJ)'

o*ef~1(p*)

If p p—1(q) ¢ J\/l1 P ', then g and f~ (g) lie away from the blowup loci for the
blowups
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iz vid Vi
Ml,(l,Jf{ Ml(lj yy and My g — MYy ).

Therefore,
5N = £t 0-1(9))

c U M- U M,c U M.
o*e f~1(p") oef~l(p) o*e f~1(p*)
as needed. If
Ty, p— 1(q)e/\/l(p oty = =M/, DMI p*,

we consider separately the same four cases for p as in the proof of the first state-
ment of Lemma 3.5.

Case 1. Since /\71'107 and M/~ pe ! intersect properly in /\/l1 (1 J—(j*)> We can
choose local coordinates (z,v,1) near p as before such that, for some K o C K,
o .
(V) M{.NU ={(z,v)eU: ZGM(pp);UECKP}.

This assumption 1mphes that
M, OM] NV ={(z,0: )€V : 2 eM(p i LEP(CFM)), (3.25)
In addition, by (1v) on page 555 and the structure of f,_i,

U Mi,.nT=fMHnT
o*ef~1(p")

(p,p ); v E(CKP*}‘

={(z,v,0)elU :ze M’

Since M! +y and ./\/l1 o+ intersect properly, it follows that

Lpk(j
U ™My, na
o*e f~1(p*)
Using (3.19), we conclude that
Felhlp (M, 0 )= | ML 0

o*e f1(p*)

NV ={(z,0,1;0)eV; ze M7 . £ e P(CK™)}.

L ﬂk(] ) (p, p*)’

1 ﬂk(}*) nv,

as needed.

Case 2a. The argument is exactly the same as in Case 1 but with p;(j*) re-
placed by p™.

Case 2b. We can again choose K,+ C K such that (v) is satisfied. With nota-

tion as in the construction of the map f, in this case,

U Mf, NV ={(zvt)eV: zeM(pp o L' eP(CH x O,
e f~1 ()

U /\7l”+7lﬂ\7/—{( u,)eV' ize ML uecks),
I,Q* - Zs k) ~Z (pp)’
o*ef~1(p*)
— ot 1 ~
U Mianzl (M, .)nW
* —1¢ %
gref=er) = {(z,u,0: ) e W : ze/\/l(pp), ¢ e P(CK)

U{(2,0,0;¢)YeW:ze M? 7 ¢/ e P(CK x C)}.

(p, p*)’
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Using (3.20) and (3.25), we conclude that
Pelhl o) ML M)

_ v —1
= U Mpnrl M7 )0W.
oref~1(p")
Note that the map f,| _, B oni is a P! -fibration and that the map f, | from
Totp -( j>)

Case 1 is a C-fibration.

Case 3. With notation as in the corresponding case in the construction of the
map f, and with a good choice of local coordinates, we have two subcases to con-
sider. There exists a K,« C K — {k} such that:

Case 3a. Mp lﬁU—{(sz)eU ze MP~
Case 3b. M” 1mU_{(zuw)eU zeMP”

v e Ckr);
veCk w=0}.

(ﬂ p *)
(p, p )
Case 3a. In this case,

ML M NV ={(2,0,0; ) €V : ze M{ s LeP(CF" x )} (3.26)

(p, p*)’
and
U MI.nO=fMi0nT

* —1( o*
e f=(e") —{(szk,w+)eU zeM(pp),UG(CK”*}.

It follows that

U Mpnv

1
CTEN (g wwy b €V e ML £ e PECF x ),

U Mfg*_l V' = {(z,u,up,wi) €V’ zeM(pp o ueChy,

o*ef1(p*)

and
U Mi,.nx! (M] . 0M], )NW

o*ef1(p")

LeP(CX x C))
2, € P(CK™ x C)).

={(z,u,0,0;0) e W : zeM(pp),
U{(z,0,0,0; €) e W : z€ M"~
Thus, by (3.21) and (3.26),

(pp)’

=l =P wid
Ml,p* li,p

Pe{ﬁo| —1 7(Mﬂ +ﬁ/le )HVT/} (

1ok (%)
= U M o* N | + 7(M ot OM
o*e f71(p*)
Case 3b. In this case,
M] N M{ NV ={(z,0,0: )€V : z€ M

L Gn) MW (327)

(p oy LE P(CX" x 0)} (3.28)

and



Intersections of Classes on Blowups of Spaces of Genus-1 Curves 559

U Mﬁ;*ﬂﬁ ]fol(/\/llp*)ﬂU Z’O UZﬁ,
o*e f~1(p)

where

;veCq weg =0}, ®=k +.

Zg ={(z,v,wi,wy) €U : zeM(p .

We denote by Z7 "!and E:’f_l the proper transforms of Z{ and Z7 in V and
by Z{ " and z? " the proper transforms of Zf and 27 in W. Then

20 = (20,0, wy L) eV i ze M g e PR x ©)),

(pp )’
20V = (o, 0, wy) eV iz e MO s ue TRy,
and
ZNIerﬂn_l ,(./\71‘);+ ﬂ/ﬁf;k(j*))
={(z,u,0,0;£) € W : zeM(M*), e P(CK" x 0)}
U{(z,0,0,0; £,) € W : zeM(pp o L eP(CR x C)). (3.29)
Similarly:

207 v w0 ) €V i ze MO e P(CF x 0));

(p, p*)’
?:’i Tnv =g

2 (MY 0ME, )
+ - Lp* Lok (j*)

=1{(2,0,0,0; £) e W : ze M" "' £, e P(C* x 0)). (3.30)

(p 0*)*
Since

_ — ~
U M *ﬂn *(M p*lipk(j*))mW
oref ") ot zpt
(Z ﬂZ )ﬂrr ,(M p+ﬂ./\/llpk(j*)),

we conclude from (3.21) and (3.28)—(3.30) that (3.27) holds in this case as well.
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