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On Manin’s Conjecture for Singular
del Pezzo Surfaces of Degree 4, 1

R. DE LA BRETECHE & T. D. BROWNING

1. Introduction

Let Q;, Qs € Z[ xy, ..., x4] be a pair of quadratic forms whose common zero locus
defines a geometrically integral surface X C P4 Then X is a del Pezzo surface
of degree 4. We assume henceforth that the set X(Q) = X N P*(Q) of rational
points on X is nonempty, so that in particular X(Q) is dense in X under the Zariski
topology. Given a point x = [x¢,...,X4] € P#4(Q) with xg, ..., x4 € Z such that
ged(xo,...,x4) = 1, we let H(x) = maxo<;<4|x;|. Then H: P4Q) — R is
the height attached to the anticanonical divisor —Ky on X parametrized by the
choice of norm max<;<4|x;|. A finer notion of density is provided by analyzing
the asymptotic behavior of the quantity

Nyp(B) =#{x eU(Q) : H(x) < B},

as B — oo, for appropriate open subsets U € X. Since every quartic del Pezzo
surface X contains a line, it is natural to estimate Ny y(B) for the open subset
U obtained by deleting the lines from X. The motivation behind this paper is to
consider the asymptotic behavior of Ny, i (B) for singular del Pezzo surfaces of
degree 4.

A classification of quartic del Pezzo surfaces X C P can be found in the work
of Hodge and Pedoe [8, Book IV, Sec. XIII.11], which shows in particular that
there are only finitely many isomorphism classes to consider. Let X denote the
minimal desingularization of X, and let Pic X be the Picard group of X. Then
Manin has stated a very general conjecture [6] that predicts the asymptotic behav-
ior of counting functions associated to suitable Fano varieties. In our setting this
leads us to expect the existence of a positive constant cy, y such that

Ny u(B) = cx, uB(log B)*~'(1+ o(1)), (1.1)

as B — oo, where p denotes the rank of Pic X. The constant cx, n has received a
conjectural interpretation at the hands of Peyre [9], which in turn has been gener-
alized to cover certain other cases by Batyrev and Tschinkel [2] and Salberger [11].
A brief discussion of cx, y will take place in Section 2.

There has been rather little progress towards the Manin conjecture for del Pezzo
surfaces of degree 4. The main successes in this direction are to be found in work
of Batyrev and Tschinkel [1], covering the case of toric varieties, and in the work of
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Chambert-Loir and Tschinkel [5], covering the case of equivariant compactifica-
tions of vector groups. It is our intention to investigate the distribution of rational
points in the special case where X is defined by the pair of equations

X0 X1 —x22 =0,
2=0
XoX4 —Xx1X2 +x3 =0.

Then X C P*is a del Pezzo surface of degree 4 with a unique singular point
[0,0,0,0,1] of type Ds. Furthermore, X contains precisely one line xo = x; =
x3 = 0. It turns out that X is an equivariant compactification of G2, so the work
of Chambert-Loir and Tschinkel [5, Thm. 0.1] ensures that the asymptotic formula
(1.1) holds when U C X is taken to be the open subset formed by deleting the
unique line from X. Nonetheless, there are several reasons why this problem is
still worthy of attention. Firstly, in making an exhaustive study of X it is hoped that
a template will be set down for the treatment of other singular del Pezzo surfaces.
We actually make no explicit use of the fact that X is an equivariant compactifica-
tion of G2, and the techniques developed in this paper have already been applied
to other surfaces [3; 4]. Second, in addition to improving upon Chambert-Loir and
Tschinkel’s asymptotic formula for Ny i (B), the results that we obtain lend them-
selves more readily as a bench test for future refinements of the Manin conjecture,
such as that recently proposed by Swinnerton-Dyer [12].

Let X C P* be the D5 del Pezzo surface just defined, and let U C X be the
corresponding open subset. Our first result concerns the height zeta function

1
Zun(s)= Y —0, (12)
xeU@Q) H(x)

which is defined when Re(s) is sufficiently large. The analytic properties of
Zy 1 (s) are intimately related to the asymptotic behavior of the counting function
Ny, 1 (B). For Re(s) > 0 we define the functions

Ei(s+1)=¢6s+1)¢(5s +1)¢4s + 1)2§(35 +1D)¢@2s + 1), (1.3)
c(14s +3)¢c(13s + 3)3
2(10s +2)2(9s +2)¢(8s +2)3¢(Ts +2)3¢(195 +4)

It is easily seen that E;(s) has a meromorphic continuation to the entire complex
plane with a single pole at s = 1. Similarly it is clear that E,(s) is holomorphic
and bounded on the half-plane Re(s) > 9/10+ ¢ for any ¢ > 0. We are now ready
to state our main result.

Ey(s+1) =

(1.4)

THEOREM 1. Let ¢ > 0. Then there exist a constant 8 € R and functions
G1(s), G,(s) that are holomorphic on the half-plane Re(s) > 5/6 + ¢, such
that for Re(s) > 1,

12/72 + 28

Zun(s) = Ei()E2($)Gi(s) + ———— + Ga(s).
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In particular, (s — 1)°Zy, g (s) has a holomorphic continuation to the half-plane
Re(s) > 9/10. The function G,(s) is bounded for Re(s) > 5/6 + ¢ and satisfies
Gi(1) # 0, and the function G,(s) satisfies

Ga(s) K¢ (14 [Im(s) R

on this domain.

An explicit expression for B can be found in (5.24), and the formulas (6.1)—(6.4)
can be used to deduce an explicit expression for G;. There are several features of
Theorem 1 that are worthy of remark. The first step in the proof of Theorem 1 is
the observation that

Zyn(s) = s/ t !Ny g () dt. (1.5)
1

Thus we find ourselves in the situation of establishing a preliminary estimate for
Ny, 1 (B) in order to deduce the analytic properties of Zy, i (s) presented in The-
orem 1, after which we use this information to deduce an improved estimate for
Ny, 1 (B); see Theorem 2. With this order of events in mind we remark that the
term (12/72)(s — 1)~ appearing in Theorem 1 corresponds to an isolated conic
contained in X. Moreover, whereas the first term E(s) E2(s)G(s) in the expres-
sion for Zy y(s) corresponds to the main term in our preliminary estimate for
Ny, 1 (B) and arises through the approximation of certain arithmetic quantities by
real-valued continuous functions, the term involving 8 has a more arithmetic inter-
pretation. Indeed, it will be seen to arise purely from the error terms produced by
approximating these arithmetic quantities by continuous functions. Finally we ob-
serve that, under the assumption of the Riemann hypothesis, E;(s) is holomorphic
for Re(s) > 17/20 and so Zy, 5 (s) has an analytic continuation to this domain.

We now come to explaining how Theorem 1 can be used to deduce an asymp-
totic formula for Ny, i (B). We shall verify in Section 2 that the following result
is in accordance with the Manin conjecture.

THEOREM 2. Let § € (0,1/12). Then there exists a polynomial P of degree 5 such
that
Ny,u(B) = BP(log B) + O(B'™)

for any B > 1. Moreover the leading coefficient of P is equal to
6
Too 1 6 1
— l—=){1+=+—=),
28800 % ( p) < P pz)
where

1 1/v
Too = / / (min{y/u? + 1,1/v*} — /max{u® — 1,0} ) du dv. (1.6)
0 J-1

The deduction of Theorem 2 from Theorem 1 will take place in Section 7 and
amounts to a routine application of Perron’s formula. Although we choose not to
give the details here, it is in fact possible to take & € (0, 1/11) in the statement of
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Theorem 2 by using more sophisticated estimates for moments of the Riemann
zeta function in the critical strip. By expanding the height zeta function Zy, g (s)
as a power series in (s — 1)~!, one may obtain explicit expressions for the lower
order coefficients of the polynomial P in Theorem 2. It would be interesting to
obtain refinements of Manin’s conjecture that admit conjectural interpretations of
the lower order coefficients.

The principal tool in the proof of Theorem 1 is a passage to the universal tor-
sor above the minimal desingularization X of X. Although originally introduced
to aid in the study of the Hasse principle and weak approximation, universal tor-
sors have recently become endemic in the context of counting rational points of
bounded height. In Section 4 we shall establish a bijection between U(Q) and
integer points on the universal torsor, which in this setting has the natural affine
embedding

v2Y§ Y — Voy;y3 + v3y; =0.

Once we have translated the problem to the universal torsor, Theorem 1 will be
established by using a range of techniques drawn from classical analytic number
theory. In particular, Theorem 1 seems to be the first instance of a height zeta func-
tion that has been calculated via a passage to the universal torsor.

ACKNOWLEDGMENTS. Parts of this paper were written while the authors were at-
tending the “Diophantine Geometry” conference at Gottingen University in June
2004, during which time the authors benefited from useful conversations with sev-
eral participants. While working on this paper, the first author was at the Ecole
Normale Supérieure; the second author was at Oxford University and was sup-
ported by EPSRC Grant no. GR/R93155/01. The hospitality and financial support
of these institutions is gratefully acknowledged. Finally, the authors would like to
thank the anonymous referee for a careful reading of the manuscript.

2. Conformity with the Manin Conjecture

In this section we will show that Theorem 2 agrees with the Manin conjecture.
For this we need to calculate the value of ¢y, i and p in (1.1). We therefore review
some of the geometry of the surface X C P* as defined by the pair of quadratic
forms

01(x) =xox1 —x; and  Qy(X) = xoX4 — X1X2 + X3, 2.1)

where X = (xg,...,Xx4).

Let X denote the minimal desingularization of X, and let i : X — X denote the
corresponding blow-up map. We let E denote the strict transform of the unique
line contained in X and let E,..., E5 denote the exceptional curves of . Then
the divisors Ej, ..., E¢ satisfy the Dynkin diagram

Ej

Es E, E, E, E¢
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and generate the Picard group of X. In particular we have p = 6 in (1.1), which
agrees with Theorem 2.

It remains to discuss the conjectured value of the constant cx g in (1.1). For
this we will follow the presentation of Batyrev and Tschinkel [2, Sec. 3.4]. Let
Aer(X) C Pic(X) ®z R be the cone of effective divisors on X, and let

Ap(X) = {s€Pic"(X) @z R : (s,t) > 0Vt € Aegr(X))

be the corresponding dual cone, where Pic” X denotes the dual lattice to Pic X.
Then, letting dt denote the Lebesgue measure on Pic'(X) ®z R, we define

a(f():/ e et g,
Rgp ()

where — K3 is the anticanonical divisor of X. Thus «(X) measures the volume of
the polytope obtained by intersecting Aveﬁ(f( ) with a certain affine hyperplane.

Next we discuss the Tamagawa measure on the closure X(Q)of X(Q)in X (Ag),
where Ag denotes the adele ring. Write L, (s, Pic X ) for the local factors of
L(s,Pic X ). Furthermore, let ws, denote the archimedean density of points on X
and let w, denote the usual p-adic density of points on X for any prime p. Then
we may define the Tamagawa measure

'L'H(X) = llm((s — l)pL(S Pic X))a)oo 1—[ m (22)

where p denotes the rank of Pic X as before. With these definitions in mind, the
conjectured value of the constant in (1.1) is equal to

ex.n = a(X)B(X) Tty (X), (2.3)

where B(X) = #H'(Gal(Q/Q), Pic X) = 1, since X is rational.

We begin by calculating the value of a(X), for which we will follow the ap-
proach of Peyre and Tschinkel [10, Sec. 5]. We need to determine the cone A ¢ ()~( )
and the anticanonical divisor —K3. To determine these we may use the Dynkin
diagram to write down the following intersection matrix.

E, E, E; E, Es Es

EI -
E,
E;
E,4
Es
Es

SO = = =N
—_0 O O N =
|
S OO N O =
|
SO =N O O =
(=X S el eNe]
-0 o O = O

But then it follows that Aeff()} ) is generated by the divisors Ey, ..., E¢. Fu{ther-
more, on employing the adjunction formula — K - D = 2+ D? for D € Pic X, we
easily deduce that

—K; = 6E, +5E; +3E; + 4E, + 2Es + 4Eq.
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It therefore follows that
0[(5() = Vol{(t1, 12, t3,14,15,1¢) € R;O 161 + 5ty + 3t3 + 4ty + 2t5 + 4t = 1}
= L Vol{(t, 12, 13,14, 15) € R 1 611 4 5ty + 313 + 414 + 215 < 1},
whence in fact
a(X) = 1/345600. 2.4)

It remains to calculate the value of 5 (X) in (2.3).

LEMMA 1. We have ty(X) = 12707, where To is given by (1.6) and

r:H(l—%>6(1+g+i). (2.5)

2
) pop

Proof. Reca11~the definition (2.2) of 7y ()N( ). Our starting point is the observation
that L (s, Pic X) = ¢(s)%. Hence it easily follows that

lim((s — 1)?L(s,Pic X)) = lim((s — ()% =1.

Furthermore, we plainly have

6
L,(1,PicX)™" = (1 - l) (2.6)
p

for any prime p.

We proceed by employing the method of Peyre [9] to calculate the value of the
archimedean density w. It will be convenient to parametrize the points via the
choice of variables x¢, x1, x4, for which we first observe that the Leray form w;, ()N( )
is given by (4x; x3) " 'dxodxdxs since

00, 392
dx2 0x2 _
det(an 8Q2> = —4x,x3.

ax3 dx3

Now in any real solution to the pair of equations Q(x) = Q,(x) = 0, the com-
ponents xo and x; must necessarily share the same sign. Taking into account that
x and —X represent the same point in P4, we therefore see that

Woo = 2/ o(X).
{xeR3: 01(x)=Q2(x)=0, 0<x0,x1,x3, |x4|<1}

We write wo, — to denote the contribution to ws, from the case x; = —,/xox;
and write w 4+ for the contribution from the case x, = ,/xox;. But then it fol-

lows that
1 dXQ dxl dX4
@oot =5 _1/2_3/2 ’
\/xé X7 —x4)

x1(x,

where the triple integral is over all x¢, x1, x4 € R such that

3/2 1/2 3/2 1/2
0 <xo,xlxal <1, 2 = xgxas T+ x0xs > 27 xg2
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The change of variables u = xll/ z/x(])/ % and then v = x(l)/ , therefore yields

/ / / dudvdxy
a)OO,Jr = 6 T
Jud —xy
where the triple integral is now over all u, v, x4 € R such that
O<v<l, 0<uc<l/y, max{—l,u3 — 1/1)6} <x4 < min{l,u3}.
On performing the integration over x4, a straightforward calculation leads to the

equality

1 pljv
Woo,+ = 12/ / (min{\/u3 +1, 1/v3} — /max{u? — 1,0} ) du dv.
o Jo

The calculation of w, — is similar. Following the steps just outlined, one is easily
led to the equality

1 p0
woo,_zlsz min{v/u® +1,1/v°} du dv.
0 J-1

Once taken together, these equations combine to show that wy, = 1274, where
Too 1S given by (1.6).

It remains to calculate the value of @, = lim,_ p 3 N(p”), where we have
written N(p") = #{x (mod p”) : Q1(xX) = Q»(x) = 0 (mod p")}. To begin with,
we write

xo = p*x) and x; = phix]
with p { x{x|. Now we have p” | x3 if and only if ko + k; > r, and there are
at most p'/? square roots of zero modulo p”. When k¢ + k; < r, it follows that

ko + ky must be even and we may write

ko+k1)/2,./
szp( o+k1)/ x5

with p { x5 and
xpx] —xp2 =0 (mod p"kokry,
The number of possible choices for x, x|, x5 is therefore

¢)(pr—k0)¢(pr—(k0+kl)/2)pk0 if ko + kl <T
hp(r,ko, ki) = {

O(pr/?=ko=kiy if ko+k >r.
It remains to determine the number of solutions x3, x4 modulo p” such that
proxgxy — pro/2N2x(x) 4 x3 =0 (mod p"). (2.7)

In order to do so, we distinguish between three basic cases: either ko +k; < r and
ko < 3kj,orkg+ ky < rand kg > 3k, or else kg + k; > r. For the first two of
these cases we must take care to sum only over values of kg, k; such that ko + k;
is even. We shall denote by N;(p") the contribution to N(p") from the ith case
(1 <i <3),sothat

N(p") = Ni(p") + Na(p") + N3(p"). (2.8)
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We begin by calculating the value of Nj(p"). For this we write x3 = p*x
with k3 = min{r/2, [ko/21} = [ko/2]. The number of possibilities for x} is
p’~Tko/21 "each one leading to a congruence of the form

X6X4 _ p3k1/2 ko/2 /x + pZ[k()/Z-\—koxéZ =0 (modpr—k())'

Modulo p”~*0, there is one choice for x4 and so there are p"+*0~Tk0/21 — pr+lko/2]
possibilities for x3 and x4. Summing these contributions over all relevant values
of kg, k; yields

Niip = Y prt ke k) = p¥ T2 (p? 4 4p + DL+ o(1)

ko+ki<r, ko,k1>0
ko=<3ki,2[(ko+k1)

asr — 00.
Next we calculate N,(p"), for which we shall not use the previous calculation
for h,(r, ko, k). On writing x5 = p*3x} with

k3 = min{r/2, |—k0/4 + 3k1/4-|} = |—k()/4+ 3k1/4—|,

we observe that ko/2 + 3k;/2 must be even because p { x{x5. Hence k3 =
ko/4 + 3ky/4 and p t x}. In this way (2.7) becomes

pk0/2 3k1/2x/ X4 _x]x2 +x3 =0 (modp) ko/2— 3k1/2)
thereby implying that x;*> = x|x} (mod p*0/2=3k1/2) " At this point we recall the
auxiliary congruence x> = x( x| (mod p"~*0=k1) that is satisfied by x{,x|x}.

We proceed by fixing values of x) and xj, for which there are precisely
(1 — 1/p)*pr—ko/2=ki/2pr=ks choices. But then x| is fixed modulo pko/2=3k1/2
and so there are p"—*1~(k0/2=3k1/2) pogsibilities for x{. Finally, we deduce from
the remaining two congruences that there are p*' ways of fixing x; and pko ways
of fixing x4. Summing over the relevant values of ko and k then yields

N(p = ) —1/py*p = Fom — 2311 4 o(1))

ko+ki<r, ko, ki ZO
ko>3ky, 4| (ko—k1)

asr — oo.

Finally we calculate the value of N3(p”). In this case we write x, = p
but then a similar calculation ultimately shows that N3(p”) = o( pyasr — oo
On combining our estimates for Ni(p"), No(p”), N3(p") into (2.8), we therefore
deduce that

"2 /

N(p) = 3f<1+ 6,1 )<1+o<1>)

as r — 0o, whence

: —3r r 6 1
w, = lim p N(p):l—i——~|——2
r—0oQ p p

for any prime p. We combine this with (2.6), in the manner indicated by (2.2), in
order to deduce (2.5). O

We end this section by combining (2.4) and Lemma 1 in (2.3) to deduce that the
conjectured value of the constant in (1.1) is
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1
= 28800 "

where 7, is given by (1.6) and t is given by (2.5). This agrees with the value of
the leading coefficient obtained in Theorem 2.

CX,H

3. Congruences

In this section we collect together some of the basic facts concerning congruences
that will be needed in the proof of Theorem 1. We begin by discussing the case
of quadratic congruences. For any integers a,q such that ¢ > 0, we define the
arithmetic function 7(a; g) to be the number of positive integers n < g such that
n? = a (mod ¢). When g is odd it follows that

na; q) = Zlu(d)lc—;),

dlgq

where (%) is the usual Jacobi symbol. On noting that (a; 2”) < 4 for any v € N,
it easily follows that
n(a; q) < 2°@+ (3.1

for any g € N. Here w(q) denotes the number of distinct prime factors of g.
Turning to the case of linear congruences, let ¥ € [0, 1] and let ¥ be any arith-
metic function such that

o0

Z (@ * (@] _

’ 3.2
. 00 (3.2)

d=1

where (f x g)(d) = Ze‘ 4 f(e)g(d/e) is the usual Dirichlet convolution of any
two arithmetic functions f, g. Then, for any coprime integers a, g such thatg > 0
and any ¢ > 1, we deduce that

Y. dm= ) Wxw@ Yy 1

n<t d=1 m<t/d

n=a (modgq) ged(d,q)=1 md=a (mod q)
00 00
t 12 d 12 d
_ Z ( *5)( )—i—O(tKZ I( *dllt)( )|>,
q d=1 d=1
ged(d,q)=1

on using the equality & = (¥ * ) * 1 and the trivial estimate | x| = x + O(x")
for any x > 0. We summarize this estimate in the following result.

LEMMA 2. Let k €[0,1], let © be any arithmetic function such that (3.2) holds,
and let a,q € Z be such that ¢ > 0 and gcd(a,q) = 1. Then

3 z‘/‘(n)zé D %ﬂw(ﬁziw*ﬁ)(dn)
1

n<t d= d=1
q

n=a (?nodq) ged(d,q)=1
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Define the real-valued function ¥ (t) = {¢t} —1/2, where {¢} denotes the fractional
part of € R. Then v is periodic with period 1. When ©#*(n) = 1 for alln e N we
are able to refine Lemma 2 considerably.

LEmMMA 3. Leta,q € Z be such that g > 0, and let t1,t, € R be such that t, > t;.

Then
th—1

#Hti<n<tr:n=a (modq)} = +r(t,t2;a,q),

fHh—a th—a
r(ti,t2; a,q) =w< )—w( )
q q

Proof. Write a = b + gc for some integer 0 < b < g. Then it is clear that

#{t1<n§t2:nzb(m0dq)}:Vz_bJ_vl_bJ’
q q

where

whence
th— 1

#{t) <n <t,:n=a (modq)} — =r(t,t2;b,q).

We complete the proof of Lemma 3 by noting that r(#y,72; b, q) = r(t1,t2; a,q),
since v has period 1. UJ

We shall also need to know something about the average order of the function .
We proceed by demonstrating the following result.

LEMMA 4. Lete > 0,t > 0,and X > 1. Then, for any b,q € Z such that g > 0
and ged(b,q) =1,

t — bx? f X 12
> w( )<<a(qX> <q17+q )

0<x<X q

Proof. Throughout this proof we will write e(f) = ¢*™ and e,(t) = ¢*™"/4. In
order to establish Lemma 4, we expand the function f(k) = ¥ ((t — k)/q) as a
Fourier series. Thus we have

fiy =" all)e,kl)
0<i<gq
for any k € Z, where the coefficients a(l) are given by
1
a(ly=—= > f(Deg(=jD).
0<j<gq

Let ||| denote the distance from « € R to the nearest integer. We proceed by
proving the estimates

q’l, [=0,
g7 'N/qll™", 1 #0.

This is straightforward. To verify the estimate for a(0), we simply note that

a(l) € { (3-3)
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-t 21742

0<j<gq
=_Z<t—J—f1/2> _Z<f—j+Q/2)<<l
0<j<t qt<j<q q q

Similarly, when [ # 0 we have

1 t—j—q/2> 1 (t—j+q/2> .
/) = — E - J A= —il)+ = E L JTA —jl
) q ( q =71 q q a0

t<j<q

— . 1 . 1

= 3 —eq(—]l)—Z > eq(—]l)+z D eg(—jh) €« —— ||l/ ”
0<j<q 0<j=t 1<j<q

as required.
The foregoing argument now yields

t — bx? 2
> w( p ): D al) > ey(lbx?)

O<x<X 0<l<gq 0<x<X
=aO)[X1+Y > alm) Y eymx?.
mlq 1<l'<q/m 0<x<X
ged(l',g/m)=1

But here the inner sum can plainly be estimated using Weyl’s inequality and so

has size
< xo(mCX
& q'/? ml/2

Employing (3.3), we therefore deduce that

Z ¢<t_bx ><<g—+Zm1/2X£ Z g ’X +4'2

0<x<X mlq 1<l'<q/m q”lm/QH
X
<. (qX)%(q + q“)
which completes the proof of Lemma 4. UJ

Lete > O and ¢ > 0. Then, for any b, q € Z such that ¢ > 0 and ged(b,q) =1,
we may deduce from Lemma 4 that

)
Z 1}0<t qu )<<E "2+, (3.4)

0<x<gq

It follows from an application of M&bius inversion that

Z w(t_bx )zzﬂ(n) Z w(t/n—bnx )

0<x<gq nlq 0<x'<gq/n

ged(x,q)=1
CF o gt

nlq 0<x'<q/(mn) q/(mn)
m=ged(n,q/n)
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whence (3.4) yields

t — bx? ged(n, g/n)\'/?
Z w( p ) <, q1/2+e Z(T) <, q1/2+25.

0<x<gq nlq
ged(x,q)=1

This establishes the following result once we re-define the choice of ¢.
LEMMA 5. Let ¢ > O andt > 0. Then, for any b,q € Z such that g > 0 and

ged(b,q) =1,
2
Z 1l/(t—bx ><<£ gl
q

0<x<gq
ged(x,q)=1

4. Preliminary Steps

We begin this section by introducing some notation. For any n > 2 we let Z"*!
denote the set of primitive vectors in Z"*!, where v = (v, ..., v,) € Z"! is said
to be primitive if gcd(vo,...,v,) = 1. Moreover, we let Z"™! (resp. Z"*!) de-
note the set of vectors v € Z"*+! (resp. v € Z"*") such that vy - - - v, # 0. Finally
we emphasize that, throughout this paper, N is always taken to denote the set of
positive integers.

The proof of Theorem 1 rests upon establishing a preliminary asymptotic for-
mula for the counting function Ny, i (B). Recall the definition (2.1) of the quadratic
forms Q;, Q». Our first task in this section is to relate Ny, i (B) to the quantity

N(Q1, Q2; B) = #{x € Z2 : 0 < x0,x1,X3, |x4] < B, Q1(x) = Q2(x) = 0}.

In fact, we shall establish the following result rather easily.

LEMMA 6. Let B > 1. Then
12 23
Nuu(B) =2N(Q1, 02 B) + = B + O(B*).

Proof. 1t is clear that any solution to the pair of equations Q(x) = Q,(x) =0
that satisfies xo = 0 must correspond to a point on the line xg = x, = x3 = 0
contained in X. Noting that x and —x represent the same point in projective space,
we therefore deduce that

1
Nu.u(B) = S#{xe Z° 1 |Ix|| < B, Q1(x) = Q2(x) =0, xo # 0},

where ||X|| = maxo<;<4|x;|. We proceed to consider the contribution from the
vectors x € Z° for which ||x|| < B and
01(x) = 02(x) =0, xyx2x3x4 =0. 4.1

Note first that x; = 0 if and only if x; = 0 in (4.1), since xo # 0. Thus, if
we consider the contribution from those vectors for which x;x, = 0, it follows
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that we must count integers |xo|, |x3|, |x4] < B for which ged(x¢, x3,x4) = 1 and
X0 x4+x§ = 0. Now either x3 = 0, in which casex = (1,0, 0, 0, 0) since x is prim-
itive and x( # 0, or else the primitivity of x implies that x = (a2,0, 0, £ab, —b?)
for coprime nonzero integers a, b. Hence the overall contribution from this case
is clearly 12B/m% 4+ O(B'/?).

Suppose now that x3 = 0 and x;x, # 0 in (4.1). Then we must count the
number of mutually coprime nonzero integers xg, X1, X2, X4, with modulus at most
B, such that xox; = xz2 and xox4 = x1x2. We are interested only in an upper
bound and so it clearly suffices to count nonzero integers x¢, X, x4, with modulus
at most B, such that ged(xg, x1,x4) = 1 and xg xf = x13. But then it follows that
(x0,X1,X4) = (a3, ab? b?) for coprime nonzero integers a, b, whence the overall
contribution is O(B?/3). Finally the case x4 = 0 and x;x, # 0 in (4.1) is handled
in much the same way, now via the parametrization x = +(a* b* a*b?,ab3,0).
This establishes that

1 s 12 23
Ny, (B) = 5#{X€ Z; xll = B, Q1(x) = Q2(x) =0} + FB + O0(B77).

We complete the proof of Lemma 6 by choosing xy > 0 and x3 > 0. This then
forces the inequality x; > 0, whence ||x|| = max{xg, x|, X3, |x4]}. O

We now turn to the task of establishing a bijection between the points counted
by N(Qi, Q»; B) and integral points on the universal torsor above the minimal
desingularization of X. Let x € Z2 be any vector counted by N(Q1, Q2; B). In
particular it follows that x, x1, x3 are positive. We begin by considering solutions
to the equation Q;(x) = 0. Itis easy to see that there is a bijection between the set
of integers x, x1, xo such that xo,x; > 0 and xgx; = x22 and the set of integers
X0, X1, X2 such that

X0 = Z%Zz, X1 = Z%Zz, X2 = 202122
for nonzero integers z¢, z1, 2 such that zy,z, > 0 and
ng(Zo,Zl) =1 (4.2)

We now substitute these values into the equation Q,(x) = 0 in order to obtain

X42022 — 202123 + x5 = 0. (4.3)
It is clear that z( z, divides x%. Hence we write

zo=vovay,> and z3 = vyv3y5’

for vg, v2,v3,y(,y5 € N such that the products vov; and v,v3 are square-free,

with ged(vg, v2) = 1. In particular, the product vyv,v; is clearly square-free. We

easily deduce that vov,v3y(y, must divide x3, whence there exists y; € N such

that x3 = vovav3y(y; y5. Combining the various coprimality conditions arising

from (4.2) and the definitions of vq, v,, and v3, we obtain

[(vovovz) =1 and ged(vovay),z1) =1, (4.4)
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where ((n) denotes the Mobius function. After making the appropriate substitu-
tions into (4.3), we deduce that

v0v3x4y6’2 — v2v3yé’zzl3 + vovzyg’z =0. 4.5)

At this point it is convenient to deduce a further coprimality condition that fol-
lows from the assumption (made at the outset) that gcd(xy, ...,x4) = 1. Recalling

the various changes of variables that we have made so far, it is easily checked that

ged(xo, X1, X2, X3) = v2v3y5 ged(y5, voy(ys). Hence we must have

ged(vavayy, xa) = L. (4.6)
Now it follows from (4.5) that v divides v2v3y§’22f. But then, since v is square-
free, we may conclude from (4.4) that v | y5. Similarly we deduce from (4.4)
and (4.6) that v, | y; and v3 | y5. Hence there exist y,, y5,y5 € Nand y;, y4 €
Z. such that
Yo = V2o, ZI= DI, Yy =UoYh Y5 =U3Y5 X4 = ya

Substituting these terms into (4.5) gives
V20 ya = Voyiyy + v3yy =0. 4.7
Moreover, we may combine (4.4) and (4.6) to get
[ (vovav3)| =1, ged(vovavsyg, y1) = ged(vovavsys, ya) = 1. (4.8)

Finally we write v; = ged(y(, y5, y5). Hence there exist yo, y2, y3 € N such that

Yo = V1Yo, Yy =U1y2, Y3 =U1y3

and we obtain the final equation
V25 Ye = voyiY3 + v3y3 = 0. 4.9)

It remains to collect together the coprimality conditions that have arisen from
this last change of variables. However, we first take a moment to deduce three fur-
ther coprimality conditions:

ged(yo,y2) =1, ged(yo,y3) =1, ged(yz,y3) =1. (4.10)

To do so we simply use the obvious fact that gcd(yg, y2, ¥3) = 1. Suppose that p is
any prime divisor of y, and y3. Then we clearly have p? | v2y§y4 in (4.9), which
is impossible by (4.8) and the fact that gcd(yg, y2, y3) = 1. From this we may es-
tablish the second relation in (4.10). Indeed, if p | Yo, y3 then clearly p? | voy;y3,
which is impossible by (4.8) and the fact that gcd(y,, y3) = 1. One checks the first
relation in (4.10) in a similar fashion. Combining (4.8) with (4.10), we therefore
deduce that

ged(y3, yoy2) = ged(ya, vovivavzys) =1 4.11)
and

[(vovavz)| =1, ged(yi, vovivav3ye) = ged(yo, y2) = 1. (4.12)
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In fact, it will be necessary to reformulate these coprimality conditions some-
what. We claim that, once taken together with (4.9), the relations (4.11) and (4.12)
are equivalent to

ged(ys, voyoy2) = ged(yq, viv2) =1 (4.13)

and
gcd(y1, vovivavsye) =1, (4.14)
l(vovav3)| =1,  ged(vavsyo, y2) = ged(vovs, yo) = L. (4.15)

We first show how (4.9), (4.11), and (4.12) imply (4.9), (4.13), (4.14), and
(4.15). Suppose that p is any prime divisor of vy and y3. Then (4.9) implies that
p | v y(z)y4, which is easily seen to be impossible via (4.11) and (4.12). Thus
ged(ys, vg) = 1. Now suppose that p is a prime divisor of v3 and y,. Then
p | v2y}ya, which is also impossible and so gcd(vs, y2) = 1. The supplemen-
tary conditions gcd(v,, y2) = ged(vovs, yo) = 1 easily follow from the relations
gcd(voya2,v3y3) = ged(vs, y1) = 1 together with (4.9). The converse is estab-
lished along similar lines.

At this point we may summarize our argument as follows. Let 7 C Z7 denote
the set of (v,y) = (vo, V1, V2,03, Y0, ..., V4) € N* x Zi such that yg, y2,y3 > 0,
(4.9), and (4.13)—(4.15) hold. Then, for any x € Z,f counted by N(Q1, O»; B), we
have shown that there exists (v,y) € T such that

46,5 3.4 2
X0 = VU1 V3030 Y2

x1 = v3vivavayly3,
X2 = VgUVIVIYGYIY3,
X3 = U%U?U§U§y0y2y3,
X4 = V4.

Conversely, given any (v,y) € 7, any such point x will be a solution of the equa-
tions Q(x) = Q,(x) = 0withxe Z 2 To see the primitivity of x we first recall
that, once taken together with (4.9), the coprimality relations (4.13)—(4.15) are
equivalent to (4.11) and (4.12). But then it follows that gcd(xg, x1, x2, x3) divides
vivivov3y3. Finally, an application of (4.11) and (4.12) yields

ged(xg, ..., xq4) = ged(ged(xo, X1, X2, X3), x4) < ged(vivivavsys, ya) =1

as claimed.
Define the function W: R® — R. as given by

W(v,y) = max{vgvlv3viydy2, v2vZvavsy?y2, viviviviyoya v, [yal).
We have thus established the following result.
LEMMA 7. Let B > 1. Then
N(Q1, Q2; B) =#{(v,y) € T : ¥(v,y) < B}.



66 R. DE LA BRETECHE & T. D. BROWNING

It will become clear in subsequent sections that equation (4.9) is a crucial ingredi-
ent in our proof of Theorem 1. In fact, (4.9) is an affine embedding of the universal
torsor above the minimal desingularization of X. Thus Derenthal, in work to ap-
pear, has established the isomorphism

Cox(X) = Spec(Q[v,yl/(v2¥§ys — voyiy3 + v3¥3).
where Cox(X) is the Cox ring of X.

5. The Final Count

In this section we estimate N(Q1, Q»; B), which will then be combined with
Lemma 6 to provide an initial estimate for Ny, (B). Before proceeding with this
task, it may be helpful to outline our strategy. In view of (4.9) it is clear that, for
any (v,y) € T, the inequality |y4| < B is equivalent to

—Bvyyg < v3y3 — voyiys < Buayp. (5.1)

We henceforth write ® (v, y) to denote the condition obtained by replacing the term
|y4| by |(v3y§ — voy?yg)/(vzy(%ﬂ in the definition of W(v,y).

The basic idea behind our method is simply to view equation (4.9) as a con-
gruence

v3y§ = voyfyg (mod v2y(2)).

Since we will have gcd(voyfy%, Vo y(z)) = 1 when (v,y) € 7, it follows from (4.9),
(4.13), and (4.14) that there exists a unique positive integer o0 < v, y% such that

ged(0,v2y3) =1, 30% = voy; (modvayd),
and
y3 = 0y1y2 (modv,yyd).

That y3 and y, satisfy the coprimality conditions (4.13) complicates matters slightly
and makes it necessary to carry out a Mobius inversion first.
Next we analyze the inequality ®(v,y) < B. In doing so it will be convenient

to define the quantities
B 1/6
Vi= <—> (5.2)
vUIVIVE Y3
and

Bv 2\1/3 B 1/2 Bv 2\1/2
Y1=( zyzo) ’ Y2=(W) , Y3=< ”0) .63
VY5 VoUiV503Y U3

Moreover, we will need to define the real-valued functions

f—(u,v) = v/max{u’3 — 1,0}, fr(u,v) = rnin{\/u3 +1, 1/v3},

and

Jfu,v) = fi(u,v) = f-(u,v). (54
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In view of the inequality vZviv3viyoy,y3 < B that is implied by ®(v,y) < B,
we plainly have y; < Vf Y3/ v13. A little thought reveals that, once this is combined
with the inequalities in (5.1), the result is

Y3f-(yi/Y1,vi/V1) < y3 < Y3/ (n/Y,vi/V). (5.5)

Using the inequality v%v%vy&y%y% < B and deducing from (5.1) that y; > -7,
we also see that
VY,
i<y = . (5.6)
Vg

Next, it follows from the inequality ®(v,y) < B that

vgviviviygys < B, (5.7)

whence
1<y =N (5.8)

and 1 < v; < V). In particular we must have V| > 1, so we may deduce the further
inequality
BS/6

7/3 13/6_3/2_ 4/3 5/3°
vo/ v2/ v3/ YO/ )’2/

ViYi < V7Y = (5.9)
This will turn out to be useful at the end of Section 5.1.

After taking care of the contribution S from the variables y; and y4 in Sec-
tion 5.1, we will proceed in Section 5.2 by summing S over nonzero integers y,
such that (5.6) holds and over positive integers y, such that (5.8) holds, subject to
certain conditions. We shall denote this contribution by S’. Finally, in Section 5.3,
we obtain an estimate for Ny, y (B) by summing S’ over the remaining values of
Vo, V1, V2, U3, Yo, subject to certain constraints, and then applying Lemma 6. Dur-
ing the course of the ensuing argument, in which we establish estimates for S, S’,
and finally Ny y (B), it will be convenient to handle the overall contribution from
the error term in each estimate as we proceed.

5.1. Summation over the Variables y3 and y,

We begin by summing over the variables y3, y4. Let (v, yo, y1,¥2) € N* x Zi
satisfy (4.14) and (4.15) and be constrained to lie in the region defined by the in-
equalities (5.6), (5.7), and yg, y» > 0. As already indicated, we shall denote the
double summation over y3 and y4 by S. In order to take care of the coprimality
condition gcd(y4, vivy) = 11in (4.13), we apply a Mobius inversion to get

S= Y mks)Si,
kalviva

where the definition of Sy, is as for S but with the extra condition k4 | y4 and with-
out the coprimality condition gcd(y4, viv2) = 1. Hence Sk, is equal to the number
of integers y3 contained in the region (5.5) such that gcd(y3, voyoy2) = 1 and

v3y§ = voyfyg (modk4v2y(2)).
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Now it is straightforward to deduce from (4.9), (4.14), (4.15), and the coprimality
relation ged(ys3, voyoy2) = 1 that

ged(voy;y3. kavayg) = ged(voyiy3. ka)
= ged(voyiy3, viva, v3y3)
= ged(ged(voy3, v1), v3y3) = 1

for any k4 dividing vjv, and y4. Similarly one sees that ged(vs, k4v2y§) =1 for
any such k4. We are therefore interested in summing only over divisors k4 | viv;
for which ged(k4, vovsy1y2) = 1. It actually suffices to sum over all divisors k4 |
vV, for which ged(k4, vov3y,2) = 1, since any divisor of v v, is coprime to y; by
(4.14). Under this understanding it is now clear that there exists a unique positive
integer o, with 0 < k4v2y3 and ged (o, k4v2y3) = 1, such that

V302 = voyr (Modkavayd),  y3=oyiy2 (modkyvay?).

Our investigation has therefore led to the equality

S= Y ke > Ski(0);

Jalon o<kav2yg

cd(k4,vov3y2)=1

ged(ka,vov3y2) vie?=voyi (modk4v2y2)
ged(0, kav2y2)=1

where

Sk4(Q)
=#{y3 €Z, : ged(y3,v0y2) = 1, (5.5) holds, y3 = gy1y> (modksv2y{)}.
Here the coprimality relation ged(yq, y3) = 1 follows from the relations (4.14),
(4.15), and gcd (o, k4v2y(2]) =1
In view of the fact that gcd(k4, vov3y,) = 1, it follows from (4.14) and (4.15)

that gcd(0y1y2, k4v2 y(z)) = linthe definition of Sy, (o). In order to estimate Sy, (0)
we may therefore employ Lemma 2 with « = 0 and the characteristic function

1 if ged(n,vpyr) =1,
x(n) = .
0 otherwise.
Now it is easy to see that
o0
d 1 1
3 (X*d¢: 1‘[<1_;): n(l_;),
d=1 rlvoy2 rlvoy2
god(d,kqvay3)=1 ptkavayo
whence Y f(31/Y )
* y ) v ) )
Sk,(0) = ¢*(voyy) = 4 0200,
kavayg
Here, as throughout, we use the notation
. ¢ (n) 1
$'(m) === =1] 1—; (5.10)

pln
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for any n € N. Note that the number of positive integers 0 < k4v; y% such that
ged(o, kavay3) = 1and

v30” = voy1 (modk4vayg)
is at most n(vov3yy; kavayd) < 20Kkav2yotl < pe@v2y0+1hy (31). We have thus

established the following result.

LEMMA 8. Let (V,v0,y1,y2) € N° x Z, x N satisfy (4.14), (4.15), (5.6), and
(5.7). Then, for any B > 1, we have

Y. Y, v/ V , ,
S = Sf(yl/ 12U1/ I)E(V, yOsyl,yZ) + 0(2w(u0)2)4w(uwz)())),
V2o
where
* /‘L(k4)
V.50, y1,32) = " (woya) Y > IRNERT)

ks

kg lviva

0<k4vay?
ged(ka,vov3y2)=1 0

v30°=voy1 (modkavay?)
ged(g,k4vay2)=1

We close this section by showing that, once it is summed over all (v, yg, y1,y2) €
N3 x Z, x N satisfying (5.6) and (5.7), the error term in Lemma 8 is satisfactory.
For this we will make use of the familiar estimate

Z a®m <, x(log X)L

for any a € N, in addition to estimates that follow from applying partial summa-
tion to it. We thereby obtain the overall contribution

< Z Z 2@Woy2) 4o @iv2y0)

V0, V1,V2,V3,Y0,¥2 —Y1<y1=<ViY1/v;
< § zw(voyz)4w(v1v2yo)
V0, V1,V2,V3,Y0,Y2

< (logB)y* Y 2etongetpyy,

V0,V2,V3,Y0,Y2

ViY;
V]

But now we may employ (5.9) to bound this quantity by

w(oy2)qw(v2y0)
<« B*®(log B)*.

5/6 4
<B (10g B) Z 7/3 13/6 3/2 4/3 5/3
vo,v2,v3,50,y2 Vo VU U3 Yo Yo

We shall see that this is satisfactory.

5.2. Summation over the Variables y, and y,

Our next task is to sum S over all nonzero integers y; that satisfy (4.14) and (5.6)
and over all positive integers y, that satisfy gcd(y2, vov3yo) = 1 and (5.8). We
therefore write



70 R. DE LA BRETECHE & T. D. BROWNING

1 Y1 v
S = _7_ E 9 9 9 9
Z Z f(Y1 Vl) (v, Y0, ¥1,¥2)

2
v2Yo y2<¥2 —Yi<yisViYi/vi
ged(y2,v2v3y0)=1 ged(y1,voviv2v3y0)=1

where X (v, yo, y1, ¥2) is given by (5.11).
Let ¢ > 0. We begin by establishing asymptotic formulas for the two quantities

w(kyq) /
S(Et) = ¢*(voy2) E ra E Spi(os £1),
kalvivz o<kqvpy?
ged(kg,vov3yz)=1 gcd(g,k4v2y§):l

where

i (05 +1)
=#{0 < y; <1 : ged(y1, vov1vav3Y0) = 1, V307 = voy1 (Mod kavayd)l,

i, (05 —1)
=#{—1 < y1 < 0: ged(y1, vov1v2v3y0) = 1, v30° = voy; (Modkav2y()}.

Now it is clear that we have
ged(v30%, kavayd) =1 (5.12)

in the definition of S,QA(Q; +1¢), since gcd(k4,v3) = 1. In particular, it follows
that we may replace the coprimality relation appearing in S; (o; £t) with
ged(y1, vovivz) = 1. After treating this coprimality condition with a Mdbius
inversion, we find that S(£¢) is equal to

¢*(woy) Y uiks) Yooouk) Y S e ED,

ky
kq|viva kilvovivs g§k4v2y§
ged(ka,vov3y2)=1 ged(ki,kqvayo)=1 2
ged(g,kqvayg)=1

where
Sia(0s 1) =#{0 < yy < t/ky : v30” = kyvoyr (mod kv y5)),
Sp (05 —1) = #{—t/k; < y1 < 0:v30” = kvoy; (modkavryd)}.

Here we have used (5.12) to deduce that we must sum only over those values of
ki | vovivs for which ged(ky, kqvayo) = 1.
Let (v, yo) € N satisfy the constraints

[ (vovavs)| = ged(vovs, yo) =1 and vgv?vgvgyé <B (5.13)

that follow from (4.15) and (5.7). We let by < k4v, y(z) be the unique positive in-
teger such that
biklvo = :i:v3 (modk4v2y(2)).

In particular it follows from (5.12) that gcd (b4, k4v2 y(z)) = 1, and we may there-
fore employ Lemma 3 to deduce that

4 2
——— + (x5 b07),

Stk (03 £1) =
ki,k4 0 klk4v2y0
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_ 2 _ 2
r(£1; beo?) = w( b0 ) = w<M> (5.14)

kavayg kavay3
Recall the definition (5.10) of ¢* and observe that ¢*(ab)¢*(ged(a,b)) =
¢*(a)¢*(b) for any a, b € N. We define

@*(VoV1v2y2) ¢*(VoV1V2V3Y0)

where

if (4.15) holds,

DV, 0, y2) = ¢*(ged(vy, v3)) (5.15)
0 otherwise.
Then a straightforward calculation reveals that
S(xt) = (v, y0, y2)t + R(E1) (5.16)
for any nonzero t > 0, where
R(£1)
p(kq)
=¢"woy2) Y, o > wk) )T rGErbiod).
kqlviva 4 kilvovivs o<kqvay?
ged(kg,vov3y2)=1 ged(ky,kaqvayo)=1

ged(o,kavayd)=1

Here r(+1; b1 0?) is given by (5.14), and the positive integers b_, b, are uniquely
determined by fixed choices of ki, k4, vo, V2, v3, Yo as previously outlined.

We may now apply partial summation to estimate S’. It is clear that S’ =
S+ S’ , where S’ denotes the contribution from y; in the interval (—Y;, 0] and
Sjr denotes the contribution from y; in the interval (0, V;Y;/v,]. We begin by es-
timating S’ , for which we first deduce from (5.2) and (5.3) that

v Vs 1/3 szy(% 1/3 Ylf
— = — and Y] = 2 = %,
Vi Y, VoY3 5

say. We may now apply (5.16), in conjunction with partial summation, to deduce

that
3, y0, y2)Y1¥s [ (u,v
s = % <<y0—y§)13/ f(—l)du>—|-R’_,
vay —1 Vl
2=t 0
ged(y2,v2v3y0)=1
where
Y 1 1/3 Y/
v xR
V2Yo Yo<ts 0 Y, v

ged(y2,v2v3y0)=1

__b Z piks) Z w(kr) Z

2 k
v
2Y0 kyfvis 4 kilvovivs o<kavay?
ged(kg,vov3)=1 ged(ky,kavayo)=1

ged(0,kav2y2)=1

) b y2\”* Yy s
Z ¢ (Uo)’2)/o f (—M, (7) )r<—uﬁ;bg )du.

y2=Ys
ged(y2,kavav3y0)=1
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Define the arithmetic function
1!
o'(n) = ]_[(1 + —) .
pln p

We estimate R’ via an application of Lemma 2 witha = 0,¢g = 1, and « = ¢.
This gives

6 .
D woya) = ¢ (kavovavayo)t + 02O,
y2=t T
ged(y2,k4v2v3y0)=1

Indeed, the corresponding Dirichlet series is equal to

wovce) T (1-55) T (1-5:):

p s
ptkavovavsyo plkavav3yo

An application of partial summation therefore yields the estimate

R = o (v, y0)12Y3 + O(Zw(vlvz)+w(voulv3)+w(v1UZU3yo)stys)

B v2yd
_(v, Y,Y
_o-(yo)hls + 0.(B°Y3), (5.17)
V2Ygo
where
18 w(ka) @' (kavovavsyo)
oy =— Y. > k)
b k k4
4|viva kilvovivs
ged(kq,vov3)=1 ged(ky,kavay3)=1
1ol vovZvivaylu
// 2 (—u,t) Z r(——l 22 0 ;bg2> du dt.
0o Jo ) t
0<ksvayj

ged(o, kavayg)=1
Here we have used the trivial inequality 2°"” = O,(n®) for any n € N. An appli-
cation of Lemma 5 clearly reveals that

O_(V, y0) Ko (vzyé)1/2+82w(v1v2)+w(v0v1v3)

for any ¢ > 0. Our estimate (5.17) for R’ isn’t terribly good when Y, is small.
Fortunately, we may invert the order of summation over ¢ and y, and then use
Lemma 5 to deduce the alternative estimate

R = p_(v,y0) Vo Y3 4 Os(zw(vlvz)-&-w(vovlvs) nYs )

B V2§ (vay§)l/2-e
_(v, Y)Y Y,Y
_¢ ( YOz 2 Y3 +O£(Bs 223 ) (5.18)
U2Yo (U2y())1/2

Note here that the main term is dominated by the error term. On combining (5.17)
and (5.18), however, we obtain the estimate
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(v, y0) VoY _ Y
= PV, Y0)%273 v )’02 203 + 0€<BEY3 m1n{1,—§ })
V2o (U2yo)]/2

By arguing in a similar fashion, it is straightforward to deduce that

2V, yo, YY Vi/vi v
s = Z < ( yo)’z)13/0 f(u,vl)du)+R;,

2
y2<Y2 v2Yo !
ged(y2,v2v3y0)=1

Vv, Y . Y-
Rjr = —%'( Yo)Yo1s + O, (BSY3 mln{l,—2 })
VY3 (v2y)'/?

R/

where

Here one finds that

18 w(ka) @' (kavovaviyo)
orv.y) =— Y > uk)
b k4
kq|viva kilvovivs
ged(kg,vov3)=1 ged(ky,kav2y3)=1
el vov2vivsyiu
// Cffwn Y r(%;b%ﬂ) dudr
0o Jo 5 t
o=<kqvayg

ged(0, kav2y2)=1

with @ (V, y0) K¢ (v2yp)!/2He2ewmatoloves),
We may now complete our estimate for S’. Recall the definition (5.4) of the
function f(u,v), and define

1/v
gv) = f(u,v)du. (5.19)

Then g is a bounded differentiable function whose derivative is also bounded on
the interval [0, co0). Moreover, let

(v, y0) = ¢_(v,y0) + ¢+ (¥, y0). (5.20)
Then combining our various estimates allows us to establish the following result.
LEMMA 9. Let (v, yg) € N° satisfy (5.13). Then, for any B > 1, we have
Z (ﬂ(V,)’o,m)Yleg(Ul/Vl)) +¢(V,yo)Y2Y3

2 2
V2 V2Yg

S'=

2=
ged(y2,v2v3y0)=1

. Y,
+ O, (BSY3 mm{l, _— }),
(v2y5)'2
where (v, yo, y2) is given by (5.15), g is given by (5.19), and ¢(v, yo) is given
by (5.20) and satisfies

PV, y0) Kz (vzy(z))1/2+52w(v|v2)+w(vov1v3) (5.21)

forany e > 0.
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We end this section by showing that, once it is summed over all (v, yo) € N° sat-
isfying (5.12), the error term in Lemma 9 is satisfactory. Recalling the definition
(5.13) of Y, and Y3 and then summing over y,, we easily obtain the satisfactory
overall contribution

1/2

2 1/2
1/2+¢ (v2yp) . B

<. B Z o ming 1 —

vo,v1,v2,03,50 Y3 VpliVls Yo

1

5/6+¢ - 5/6+¢

< B Z 4/3 o 3/2 3/2 < B :
v0,V1,V2,V3 UO viv, 03

5.3. Summation over the Remaining Variables

In this section we complete our preliminary estimate for Ny 5 (B). Itis clear from
Lemma 9 that we have two distinct terms to deal with. We begin by deducing from
(5.3) that

Y1Ys B/6p!/6

Vayd  Voviv2v3yoy2

in the statement of Lemma 9, where n = vgv$v3v3ygy3. Define the arithmetic
function 8¢ LY
V’ 9
Amy=pye 3 DRIORIS (5.22)
2
v,¥0,2 V2Yo
vgvSou3udydyi=n

where ¥(v, yo, ¥2) is given by (5.15). Recall the definition (5.19) of the function
g and that of the counting function N(Qi, Q»; B) appearing in the statement of
Lemma 6. Let ¢ > 0. We now establish the existence of a constant 8 € R for
which

1/6
N(Q1,Q2; B)=BY% )" A(n)g((%) ) + BB+ 0.(B”°*%).  (5.23)

n<B
This follows rather easily from Lemma 9. Define the sum
Vv, Y,Y-
T(B) = Z (v, y0)YoY3

2
Vv, Y0 v2Yg
(5.13) holds

for any B > 1. Then, in view of the error terms that we have estimated along the
way in Sections 5.1 and 5.2, it is clearly enough to establish the existence of a
constant 8 € R for which

T(B) = BB + O(B”/°).
On recalling (5.3), we see that
Y,Y; B
vayd  viviedudng

Therefore, if we take ¢ < 1/3 then it follows from (5.21) that
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Z (U0U1U2U3YO)8
52
ot v2vdv)*ulys

4,65 3 4
Vv vav3 Y, >B

5/6 (vov1v2V3Y0)° 5/6
<Le B Z 4/3 5/3 3/2y4/3 <<B

T(B) — BB K. B

— Uo v3v;
with (020 9V, o)
M(VoV2V3)|@(V, Yo
B = Z 2.3.3.2.3 : (5.24)
v,v0 VpViV3V3Y0

ged(vovs, yo)=1

This completes the proof of (5.23). Inserting this estimate into Lemma 6 then
yields the following result.

LEmMA 10. Let ¢ > 0. Then, for any B > 1, we have

1/6
Nu.u(B) =2B"° Z A(n)g((%) ) + (% + 2,3>B + 0,(B%%F¢),

n<B
where g is given by (5.19), A is given by (5.22), and B is given by (5.24).
6. The Height Zeta Function

For Re(s) > 1 we recall the definition of the height zeta function (1.2) and the
identity (1.5). Thus it follows from Lemma 10 that Zy 4 (s) = Zi(s) + Za(s),

where
1/6
Zl(s):Zs/ 15~ 1/6ZA(n)g<( ) )dt,
12/ +2
z0 = 2 G,
and

Ga(s) = s/oot_s_lR(t)dt
1

for some function R(#) such that R(1) <, t>/%¢ for any ¢ > 0. But then it easily
follows that G, (s) is holomorphic on the half-plane Re(s) > 5/6 + ¢ and satisfies
G1(s) < 1+ |Im(s)| on this domain. Finally, an application of the Phragmén—
Lindelof theorem yields the finer upper bound

Ga(s) < (1+ |Im(s)[)00RetD+e

on this domain.
To establish Theorem 1, it therefore remains only to analyze the function Z,(s).
Recall the definition (5.22) of A and define the corresponding Dirichlet series

Fis)=Y A

nS

n=1
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Then it is easily seen that

S\ [ e (1 5
Z](S)ZZSF<S_6>/1 t 1/6g<t17> dt=F( —E)Gl,l(s),

where .

Gi(s) = 12s/ 050 (v) dv. (6.1)
0

Recall the definition (5.19) of g. A simple calculation reveals that G (1) = 127
in the notation of (1.6). Moreover, an application of partial integration yields

125 ! 6s—5 7/
Gia(s) = 655 (g(l) —/ vTg (v)dv>,
- 0

whence it is clear that G (s) is holomorphic and bounded on the half-plane
Re(s) > 5/6 + ¢ for any ¢ > 0.

We proceed by analyzing the Dirichlet series F'(s — 5/6) in more detail. Define
the function

_ F(s —5/6)
Gio(s) = E1)Eas) (6.2)

for Re(s) > 5/6,and lete > 0. Here E|(s) and E,(s) are given by (1.3) and (1.4),
respectively. In order to complete the proof of Theorem 1 with
Gi(s) = G1,1(5)G1,2(5), (6.3)

it remains to establish that G (1) # 0 and that Gy (s) is holomorphic and
bounded for Re(s) > 5/6 + . This we achieve via the following result.

LemMA 11. Let ¢ > 0. Then Gy (s + 1) is holomorphic and bounded on the
half-plane H = {s € C : Re(s) > —1/6 + ¢}.

Proof. On writing
Gials+ D) =[]Gp(s + 1D,
p

it will clearly suffice to show that G,(s +1) =1+ 0,(1 /p'*#) uniformly on A.
We begin the proof of Lemma 11 by observing that

F(s n _) _ Z [11(vov2v3)|P*(VoV1V2 y2) P*(VoV1V2V3Y0)
6 (V,yo’yz)eNﬁ d)*(ng(Ul, U3))vgerlv16s+lvgs+lU§s+1ygs+1y§s+l
ged(vav3yo, y2)=1
ged(vovs, yo)=1
After writing F(s+1/6) =[] » Fp(s+1/6) as a product of local factors, a straight-
forward calculation reveals that F,(s + 1/6) is equal to
1—-1 1—-1 1—1/p)? 25+l 1
I+ 2+1/p + 4+1/p +(6+1/p) < 2p+1 T e )
p>*t =1 p¥ti -1 posti—1\p=t -1 pHti—1

pH A —1/p)? p?ta—1/p)? p¥(—1/p)
(p2s+l _ 1)(p6s+1 _ 1) (p4s+1 _ 1)(p6s+1 _ 1) p6x+1 —1

(6.4)
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for any prime p. Collecting together factors of (p2**! — 1)~' and (p***! — 1)~!
then gives

- NGy, ! 1
p\S 6 )\ pbsti)] T postl + past
1 ] 1 1 1
T p2tl ] oot pis  pbstl

p2
1 1 1 0 1
+ p4x+1 -1 + F + & p]+5

on H. We now record the obvious estimates

1 _ 1 1 0 1
p2s+l -1 p2s+l + p4s+2 + p2+6s >

1 1 1 1 1
phstl— 1 phs+l + pBs+2 + pl2s+3 + 0 pi/3+iee )

and
1

P

which all hold on . Combining these estimates then allows us to deduce that

Y/ SR Y 1 2 !
Fyls + 6 - pos+l ) + pstl + pistl + phtl + pstl

1 1 1 1
+ p8s+2 + p9s+2 + p13s+3 + 05<p1+s>‘

Write Ey ,(s + 1) for the Euler factor of (1.3) and write E ,(s + 1) for the Euler
factor of (1.4). It is now a routine matter to deduce that

Fy(s +1/6) 3 3 1 1 3
Eip(s+1) - pist2 - pBst2 - post2 - plost2 + pl3st3

1 1
+ pHst3 + O<p1+s>

1
~eeinfico(L))

on H, which completes the proof of Lemma 11. O

1
1+ — + L pPPTE 14 o L, pVoe,

As 65+l
p s p6s+

It remains to combine the expression (6.4) for F,(s +1/6) with (1.3) and (6.2) in
order to deduce that

1N/ 6 1
Ex0G1-M) =[] (1 - ;) (1 o ) £0,

2
» 4

Thus we have completed the proof of Theorem 1.
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7. Deduction of Theorem 2

In this section we will deduce Theorem 2 from Theorem 1 and Lemma 10. Let
e > 0and T €[1, B]. Then an application of Perron’s formula yields

12 1 14+e+iT Bs
Ny u(B) — < + 2,3>B = — E(s)E2(s)Gi(s)—ds
270 Jiqemir s

Bll/6+e
—i—OS( T > (7.1)

We apply Cauchy’s residue theorem to the rectangular contour C joining the points
k—iT,k +iT,1+e+iT,and 1 +¢ —iT forany « € [11/12,1). We must calculate
the residue of E (s)E»(s)G1(s)B*/s at s = 1. For Re(s) > 9/10, Theorem 1 im-
plies that the product E,(s)G(s) is holomorphic and bounded. In view of (1.3),

we see that
1 1
Ei(s) = 0
1) = SR80 =1 T ((s - 1)5>

as s — 1. Hence it follows that

Bf E,(1)G (1
Ress:l{El(s)EZ(S)Gl(s)T} = %B@(log B)

for some monic polynomial Q; of degree 5. Recall from (6.3) that G| = G,1G1,».
We have already seen in the previous section that G;(1) = 1277 in the notation
of (1.6) and (2.5). Putting all of this together, we have thus shown that

1 BS
— [ Ei(s)E G — ——B log B
s | B0 5 ds = 255 B0 log )
for some monic polynomial Q, of degree 5. Define the difference
12
E(B N B —* B log B — +28)B
(B) = Nu.u(B) — 50075 BO>(log B) — (”2‘1‘ ﬂ)

Then, given (7.1) and that the product E,(s)G(s) is holomorphic and bounded
for Re(s) > 9/10, we deduce that

Bll/6+5 k+iT 14+e—iT Kk+iT B
E(B) <. +</ +/ +/ )‘Ems)—
T K—iT K—iT lpeiT s

for any « € [11/12,1) and any T € [1, B].
We begin by estimating the contribution from the horizontal contours. Recall
the well-known convexity bound

ds (7.2)

t(o +it) L 1|07,
which is valid for any o € [1/2,1] and |#| > 1. Then it follows that
E\(o +it) L, |t]p0+e (7.3)

for any o € [11/12,1] and |¢| > 1. This estimate allows us to deduce that
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I+e—iT
/x—iT

One may obtain the same estimate for the contribution from the remaining hori-
zontal contour joining « 4+ iT to 14 ¢ + iT.

We now turn to the size of the integral
K+iT T g it
/ ds < BK/ BV, _ peyery, (75)

k—iT -T 1+ 7]

say. For given 0 < U « T, we begin by estimating the contribution to /(7") from
each integral:
/w |Ei(k +i1)]
U 1+ 7]
say. Let ¢ > 0 and k € N. Then we define o} to be the infimum of ¢ such that

s

B I+e¢
Ei(s)—|ds <<5/ BT’ %+ 4o
§ K

BH—STs

L. + BKT7_8K+8. (74)

s

E1(S)T

1 v J(U)
dt — E it)|dt = ——,
< [ B inia =5

T
i/ 1C(o + i) dt = 0.(T?).
T J

It follows from the mean value theorem in [13, Sec. 7.8] that

2U
/ (o +in)|**dr <, U'™® (7.6)
U

for any o € (0%, 1] and any U > 1. We shall apply this estimate in the cases k = 2
and k = 4, for which we combine a result due to Heath-Brown [7] with well-known
estimates for the fourth moment of [£(1/2 + it)| in order to deduce that
1/2 if k=2,
k= .
5/8 if k=4.

Returning to our estimate for J(U), for fixed0 < U <« T andany « € [11/12,1)
we define J(U; ¢) = f;UM(CK — ¢+ 1+ cit)|*dt. Then we may apply Holder’s
inequality to deduce that

JW) = JW; 05w 9w 3 IU ).

Combining (7.6), (7.7), and the fact that « € [11/12, 1), we deduce that J(U) <,
U'*¢ after re-defining . Summing over dyadic intervals for 0 < U <« T then
yields

(7.7)

T\E it
/ Md[ <, TE.
0

1+ |¢]
We obtain the same estimate for the integral over the interval [—7, 0] and so it fol-
lows that I(T) <. T°. We may insert this estimate into (7.5), and then combine
it with (7.4) in (7.2), in order to conclude that

1/6+¢
E(B) <. —r + B“T*

for any T €[1, B]. We thus complete the proof of Theorem 2 by taking T = B.
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