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Detonation Waves in a
Transverse Magnetic Field
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1. Preliminaries

The equations describing the evolution of a combustible gas display a rich va-
riety of nonlinear phenomena, including those encountered in reaction diffusion
equations and in shock wave theory. In particular, there are two distinct mecha-
nisms that can lead to the formation of combustion waves. Deflagration occurs
when an exothermic chemical reaction is initiated in a heat-conducting gas. The
subsequent diffusion of liberated heat into the surrounding medium leads to the
formation of a flame that propagates into the unburned region. The fluid dynamics
of the gas mixture play a negligible role in this regime. Fast combustion, or deto-
nation, occurs in a dramatically different manner. Here, the process is initiated by
a strong fluid dynamical shock layer that propagates into the unburned region. If
the shock is sufficiently strong then the gas will be heated above its ignition tem-
perature, causing the gas to burn in a reaction zone behind the shock. In other
words, detonation waves are compressive, exothermically reacting shock waves
whereas deflagration waves are expansive shock waves. For the exothermic, irre-
versible reactions considered here, strong deflagrations violate the second law of
thermodynamics and are unphysical, and weak detonations are rare. If we permit
an endothermic region then strong deflagrations and weak detonations are possi-
ble and perhaps even probable [7]. So deflagration waves will not be discussed in
this paper. When the shock wave amplitude is minimum, the detonation wave is in
the Chapman—Jouguet regime and plays a special role in magnetofluiddynamics,
as in ordinary fluid dynamics or classical aerodynamics. This regime is realized
when the shock wave occurs as a result of the energy released in a chemical reac-
tion. The effect of this released energy appears in the conservation law of energy,
which is in the related system of conservation law equations (see [2; 5; 6]).

Now we consider a one-step exothermic chemical reaction as Reactant —
Product occurring in the presence of magnetic and electrical fields. The equa-
tions governing the reaction flow are

du 1 2 2
()"l+2MI)E=mu+p+§M(Hy +H) - P,

dv
pos = mv — uH.H, — Py,
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dw
pi—— =mw — puH.H; — P,
dx
dT u? + v +w? Hp + H?
—=m 8i e — — y———-
dx 2 2
+ nH(vH, + wH;) +uP + vP; + wP
4 EyH, — E.Hy — E — (ho — hy)A, (D
_1dH,
o e =E, + puH, — pvH,,
_,dH,
o e —E, + puH, — pwH,,
dy u
D— = —A,
dx m
dA 1 m
— = —uA+ K¢(T)—Y,
dx Du + Ko )u

where x is a space coordinate, u > 0 an electrical constant, (u, v, w) the veloc-
ity vector of the fluid (with u in the direction of flow), ¢; the internal energy, p
the pressure, and T the temperature. The vector (Hy, Hy, H;) is the magnetic field
and (E,, E;) the projection of the electrical field in the (y, z)-plane, where H,,
E,, and E; are nonnegative constants. System (1.1) contains four dissipation co-
efficients; the two coefficients of viscosities A; and w1, the coefficient of thermal
conductivity A, and the coefficient of electrical conductivity . These coefficients
are nonnegative functions of absolute temperature 7. In addition, Y is the mass
fraction of the unburned gas and A and % are the specific enthalpies of the reac-
tant and the product, respectively; A is an auxiliary variable. Moreover, D is the
diffusion rate for the reactant and K the reaction rate coefficient, and both are pos-
itive constants. The characters m, P, P|, P,, and E are constants of integrations.
Also, the function ¢ (T"), known as the “reaction rate function”, is defined by

0 for T < T;,

o= { $1(T) for T =T, 12

where ¢(T) is a smooth positive function and 7; is the “ignition temperature” of
the reaction. A typical example of ¢((7') is the Arrhenius law: ¢{(T) = TVe /T
(for some positive constant y and A). Finally, if the absolute internal energy and
pressure of the unburned and burned gases are denoted by ¢, po and ¢y, p; (re-
spectively), then

g=Yeo+(1—-Y)ey and p=Ypo+ (1A —-Y)p; (1.3)

are the absolute energy and pressure (respectively) of the mixture gas. For the de-
tails and derivations of these equations see [2]. Also note that in the exothermic
case we have

ey >ey, ho>h;, and py> p;. 1.4

In order to take advantage of some results from previous works, we make some
simplifications and changes of variables in (1.1). Since in (1.1) the components E
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and E; of the electric fields are constants, one can always find a frame of refer-
ence in which E, = 0. On the other hand, m is a mass quantity; in fact m = pu,
where p is density and u an electric quantity. One may also assume without loss
of generality that w = m = 1. Thenu = V = 1/p, where V is the specific volume
of the fluid. Now, in (1.1) we replace X, A| + 2uy, u, m, P, 1, oL A, Hy, Hy,
H,v—P,w— Py,¢,E, Ey,u, D, K, Y, Awith (respectively) ¢, ui, V, 1, J, u,
v, k, 8, X2, ¥2,X1,¥1,6,80,1, c, ,3’1, 1—X,1— X + Z. Then (1.1) becomes:

ux; = x; — 8x2,
VX, = —6x1 + Vx, + &,
wV =13 +y) +V —J+ p(V.T.X),
KT = —L(x? = 26x1x + Vx2) — L2 = 28y1y2 + Vyd)
—ex; — VP +JV—E+eV,T.X)
— [ho(V,T) — i (V,T)](1 — X + Z),
uy1 = y1 —dya,
vy, = —8y1 + Vya,
aX =-V(1-X+2),
BVZ = (1 - X)¢(T).

Note that, for « = 8 = 0, this system reduces to (2.1) in [3] and (1.3.1) in [11].

The existence of weak and strong detonation waves has been studied by many au-
thors. Hesaaraki [11] investigated the magnetohydrodynamic problem and proved
the existence of shock waves by topological methods. Gardner [7] considered (1.5)
whené = pu =v=¢e=0and ho(V,T) = hi(V,T), and he proved the existence
of weak and strong detonation waves for one-step chemical reactions. Also, Wag-
ner [24] studied Gardner’s system when /g and /; are constant and &y > hy; he
found necessary and sufficient conditions for the existence of weak and strong det-
onations by applying topological methods. In addition, Gasser and Szmolyan [8]
considered Wagner’s system with ho(V, T') > h|(V, T). They proved the existence
of weak and strong detonations and deflagrations by applying singular perturba-
tion theory. Finally, under general assumptions of thermodynamics, Hessaraki and
Razani [14; 15] proved the existence of weak, strong and CJ detonation waves for
the resulting system in the paper of Gasser and Szmolyan [§].

Here, under general assumptions of thermodynamics, we prove the existence
of weak and strong detonation waves in a transverse magnetic field for a one-step
exothermic reaction. This means the reaction occurs in the presence of magnetic
and electrical fields; that is, we consider (1.5) with § = 0.

The rest of this paper is organized as follows. In Section 2 we investigate the
rest points of the reduced system of (1.5) in the case of a transverse magnetic field,
and we make some observations related to the problem. In Section 3, we study the
stable and unstable manifolds of the resulting system and prove the existence of
weak and strong detonation waves. The uniqueness and nonuniqueness of these
waves are also considered.

(L1.5)
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2. Reductiontod=H, =0

In this section we reduce (1.5) to a system where the reaction occurs in the presence
of magnetic fields. This means that we assume § = H, = 0, so (1.5) is reduced to
the following system:

WXy = xp,

vx, = Vxp + &,

wV =313 +y)+V—J+pV.T.X),

kT = 1] +Vad) = L7 +Vyd) —exy — V24UV

—E+e(V,T,X) = [ho(V,T) — i (V, )] = X + Z), 2.0

Uy1 = yi,

vy, = Vy,,

aX =-VA-X+2),

BVZ = (11— X)¢(T).

The existence of some heteroclinic orbits between two different rest points of
(2.1) proves the existence of detonation waves. At each rest point of (2.1) we must
have x; = y; = y, = 0. Moreover, the subspace x; = y; = y, = 0 is an invari-
ant subspace, and it is obvious that if an orbit of (2.1) intersects the outside part of
the subspace x; = y; = y, = 0 then its w-limit or «-limit sets couldn’t intersect
it. This means that our desired heteroclinic orbits must be lying in this subspace.
Given this, (2.1) becomes

vxy = Vxy 4+ ¢ := Gi(u),
piV =333 +V —J + p(V. T, X) == Ga(u),
kT = —3Vx3 —exy; — V2 4+ JV — E
+e(V,T.X) —q(V,T)1 = X + Z) := G3(u),
aX =-V(1—X+2Z):=Gsu),
BVZ = (1 - X)¢(T) := Gs(u),

where ¢(V,T) = ho(V,T) — hi(V,T) and u = (x,,V, T, X, Z)". Note that the
equalities (1.3) change to

e(V,T,X)= (1= X)eo(V,T) + Xey(V, T),
p(V.T,X) = (1= X)po(V,T) + Xp1(V, T),

2.2)

2.3)

where X denotes the mass fraction of the burned gas. As we mentioned before, if
a = B = 0 then system (2.2) reduces to (1.3.1) in [11], and if v = ¢ = 0 then (2.2)
reduces to (2.1) in [14].

In order to obtain the rest points of (2.2), we must make some assumptions on
the functions p(V, T, X), e(V, T, X), and S(V, T, X) (the entropy of the system).
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Following [1; 5; 11; 12; 13; 14], we consider a general form for thermodynamic
state functions (instead of giving a specific expression) and we assume that the
functions p(V, T, X), e(V, T, X), S(V,T,X) and h;(V,T), i = 0, 1, satisfy the fol-
lowing hypotheses.

H; For0 < X <land T,V > 0, the functions p, e, and S are positive.

H, For fixed X €[0,1] and T > 0, we have p(V,T,X) - +ocasV — 0.

H; For fixed X € [0,1] and given K and Vj there exists a Tp > O such that, if
O0<V<Vyand T > Ty, thene(V, T, X) > Kj.

Hy4 If pis a function of V, T, and X, then py < O, pyy > 0, and pr > 0.

Hs Gibbs’s law of thermodynamics is given by de = TdS — pdV + (ho —h;)dX,
where h; = h;(V,T) fori = 0,1.

H¢ The following identities hold for i = 0,1: e;y = TSy — pi, eir = TSir,s
pir = Siv, hi = e; + piy,and S;7 > 0, where S; = S(V, T, i).

These hypotheses are fairly mild and have clear thermodynamical interpretations

(for more details see [17, pp. 125-132; 22, p. 516; 23; 25]). Also note that the ideal

gas satisfies all the listed conditions. We will use these hypotheses directly or will

take advantage of some results from previous works that are based on them.

From now on we call v, i, «, o, B the viscosity parameters when they appear
as the coefficients of derivatives in (2.2). Also, we assume that these values are
positive functions of V and T.

In order to prove the existence of traveling wave solutions of (2.2), we look for
an orbit of this system that is defined for all # € R and then connect two different
rest points of it. Hence, in the first step we need to determine the rest points of
(2.2). For this, we would have

Gi(u)y=0, 1<i<S5.

From Gs(u) = 0, at arest point we must have X = lor T < T;. Also, Gi(u) =0
will imply that
—¢
Xy — —. 24
2= 24
Casel: X =1. Then G4(u) =0and V > 0imply Z = 0. By considering this,

we arrive at the following criterion for a rest point:

12
Fu(V,T) =~ 4V — J + p(V,T,1) = 0,

2 V2

2 1 (2.5)
Fo(V,T)= —=— — =V 4+ JV — E V,T,1) = 0.
(V,T) 2V 2 + +e( )

Case2: T < T; or ¢(T) = 0. It follows that G5(u) = 0 and hence X can take
some value in [0, 1). If X = m € [0,1) is this value, then G4(u) = 0 yields Z =
m — 1. From G,(u) = G3(u) = 0 we have
2
Fu(V.T) = 355 +V = J + p(V.T.m) =0,

) (2.6)

1
Fua(V,T) = —§V2+JV—E+e(V,T,m):0.

= =

£
\%4
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By hypotheses H, we have py > 0, and so dF,,;/0T > 0; also, S > 0 implies
0F,» /0T = ey = TSt > 0 (from de = —pdV + TdS) for 0 < m < 1. Thus the
equations F,,1(V, T) = 0 and F,,;»(V, T) = 0 determine the graphs of the functions
T,,1(V) and T,,5(V), respectively, in the (V, T')-plane.

The following Lemmas 2.1-2.3 correspond to Lemmas 2.1-2.3 in [12], so their
proofs are omitted. These lemmas give some information about the rest points of
(2.2). See also [11, Sec. 3.2; 14, Sec. 2].

LEmMA 2.1. For 0 <m < 1,we have dT,1(V)/dV = 0 for precisely one value
of V. This is a relative maximum.

LEmMMA 2.2.  For fixed J > 0, there is a number C,, € R such that, for C > C,,,
the system of algebraic equations (2.6) (or (2.5)) admits no solutions. For C =
C,, it admits one solution and for C < C,, it admits two solutions, 0 < m < 1.

Here, we assume that F,,,;(V,T) = 0 and F,,»(V,T) = 0 intersect each other at
two points, say (Viu;, T,;) with j = 0,1, where V,,0 > V,;; for 0 < m < 1. For
m = 1 these two rest points may coincide with each other. Using this notation,
from [13, Cor. 2.1] we have the following two corollaries (see [14] for their proofs).

CoROLLARY 2.1.  The curve {(V,T) : F,;p2(V,T) =0,V,1 <V < V,0} lies in the
region {(V,T) : F,u(V,T) <0} for0 <m < 1.

COROLLARY 2.2. For 0 <m <1, we have S(V,,0, T,n0.m) < S(Viu1, T1, m).
LEMMA 2.3.  The function T,,,(V') is strictly decreasing in the interval [V,,1, Vo .
The graphs of F,,,;(V,T) = 0 and F,,»(V, T) = 0 are depicted in [13, Fig. 2.1].

THEOREM 2.1.  Let V,y; and T,,; (0 <m <1, j = 0,1) be the same as before. If
px=p1—po>0andex =e; —eg <0, thenfor 0 <m < n <1we have

Vo > Vo > Vu > Vou and To < Tho < T
Proof. This follows easily from [13, Cor. 2.1]. UJ

As aresult of this theorem, To < T9. Thus we may assume that the ignition tem-
perature 7; satisfies the inequalities

T()() < Tl < Tl(). (27)

In light of these results, the rest points of (2.2) are:

T
g
uyj = <_W7Vlj’T1j71’0> , J=0,1

! (2.8)

T
e
umj=<_v_svmj’ij’m’m_1)s 0<m<l, ij <T, j=01
-
In this work we assume that the rest points uj9 and uj; exist, though they may
coincide.
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COROLLARY 2.3. If the rest point ujy or uy; exists, then the rest point u,,, exists
for some 0 <m < 1.

3. Existence of Detonations

In this section, we show the existence of weak and strong detonation waves in a
transverse magnetic field. The uniqueness and nonuniqueness of these waves are
also considered. In order to do this we must prove the existence of some hetero-
clinic orbits between rest points of (2.2). The existence proof for heteroclinic
orbits is carried out by some general topological arguments in ordinary differen-
tial equations. This requires that we make some observations related to the nature
of stable and unstable manifolds of (2.2) at the rest points u19 and u;. Toward this
end we shall use the following lemma (which is exactly [13, Lemma 2.4]).

LeEmMMA 3.1. At the rest point uy, St (14 py —82/V3) — S\z, > 0,14+ py > 0,and
1+ py — (€%/V3) > 0. But at the rest point uy1, St(1 + py — %/ V?3) — S\z, < 0.

The linearized system of (2.2) at the rest points u; (j = 0,1) can be written as

i = My —uy;), j=0,1,

where
-y -
2 0 0
v v
L S
23! 23! 23! 23!
TS TS —
My =] o v roextqg —q |
K K K K
\% %
0 0 0 — -
o o
T
o o o _hM
L BV

where g = g(V,T) = ho(V,T) — hi(V,T), the entries of M,; are considered at
the rest point uy;, and we use the identities ey = TSy — p, ey = T'St, and pr =
Sy of hypotheses Hg. If f(A) is the characteristic polynomial of this matrix, then
A TCOAYICS

a af ) ik’

fo) = (AZ - 3.1

where
RV = —[(V = v+ py — w1} (TSy —ick) = TS — x3(TSp k)], (3.2)

Let g(A) = A — A(V/a) — ¢1(T)/aB. Since V > 0 and ¢((T) > 0, it follows
that g(1) has one positive root and one negative root. Let A; < 0 < X, be these
roots. On the other hand, by [11, Thm. 2.2.1] (due to Germain in [9] or [10]), the
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polynomial 2 () at the rest point u;; (j = 0,1) has 3 — j positive roots and j neg-
ative roots; we denote them by A3 < A4 < As. Thus we have proved the following
theorem.

THEOREM 3.2. Let Ay, 1 < k < 5, be the eigenvalues of the matrix My; at the
rest points uyj, j = 0,1. Then: at the rest point ujgp we have .1 < 0 < Ay, A3 >
0, A4 > 0, and A5 > 0; but at the rest point uy; we have Ay < 0, A, > 0, A3 <0,
Ay > 0,and Ls > 0.

Our next theorem concerns the eigenvectors of these eigenvalues.

THEOREM 3.3.  Let (y1, 2, V3, Y4, Vs)| be an eigenvector of the matrix M;; cor-
responding to the negative eigenvalue ;.

(1) At uy, either y1 < 0, y, <0, y3 > 0, y4 > 0, and ys > 0 or the reverse
inequalities hold.
(ii) Atuy, either y1 > 0, y, > 0, y4 > 0, and ys > 0 or the reverse inequalities
hold.
(iii) If (z1,22,23,24,25)" is an eigenvector corresponding to the second negative
eigenvalue L3 at the rest point uy, then either 7; < 0,z < 0, z3 > 0, and
24 = z5 = 0 or the reverse inequalities hold.

Proof. (i) The eigenvalue (y1, Y2, Y3, Y4, ys)” must satisfy the following equa-
tions at the rest points u o and u;:

v _a =0
» 1)1 ny2_ s

1 € 1 1 1
—<——)y1 + [—(1 + pv) — M}yz + —prys+ —pxys =0,
M1 |4 1231 231 H“1

TSy TSy ex +¢ q
— Y2+ (— - )»1>y3 + ya+=ys =0, (3.3)
K K K K
<— - )»1>y4 ——y5=0,
o
_¢1(T)y Cyys =
BV 4 )5
Since A; < 0, from the first equation we obtain sgn y; = sgn y,. Also
14 1%
— = ——
o o
=0,
@(T)
_ Al
BV

so the two last equations of (3.3) will imply that sgn y, = sgn ys.
Now, if we obtain y; from the first equation and substitute in the second equa-
tion of (3.3) and then consider the third equation of (3.1), we have
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1 1
Ays + —prys + —pxys =0,
23! 23

(3.4)

TS TS 1 q
Xy + <—V - M)ys + —(po— p1)Vys — —y5 =0,
K K K K
where
! v+ N Lt py) — i (V — i)
=—— — —= | —Aw - —v
(V= i) pPv V3 1 Pv M1A1 1

and (po — p1)V = ex + ¢q. Solving (3.4) for y, in terms of y, and ys yields

—(V/”_“)( (1 — )(——A + 2 )V>
= h) m P1— Do P 1 P1— Po Y4

1
+ C—I—PT)’s), (3.5)
K

where i ()) is defined in (3.2) and Z(L) = (A — A3)(A — X4)(A — Xs). Since A <
0, it follows that 4(X;) < 0 and thus sgny, = —sgnys = —sgn ys. Using this
and the second equation of (3.4), we obtain

TS T TS
y3 = [TT - )\1] [——Vyz - —(Po —pVys+ ys} (3.6)

this shows that sgn y3 = —sgn y, = sgn y4 = sgn ys.

(ii) Note that A; = <I>1(T)[V +VV2+ 4521(T) ]_1. Since the rest points
and A; are 1ndependent of U1, k, and v and since ,3 = K is the reaction rate co-
efficient, we may assume that u; < 8,k < B, and v K B (see [14] and [22]).
Then, by Lemma 3.1 we may assume that 2(A;) > 0 at the rest point u;;. Thus
(3.5) at the rest point «; implies that sgn y, = sgn y4 = sgn ys.

(iii) Consider (3.3) in terms of A3 instead of A;. The two last equations will

imply:
74 Vv
— — A3 )24 — —2z5=0;
o o 37
)z =0
BV 4 325 .
Since A3 depends on w1, v, and « and is independent of « and g, it follows that
\% Vv
— = ——
o o
=0.
@y(T)
- —A3
BV

Thus z4 = z5 = 0 is the only solution of (3.7). Hence (z;, 22, z3) must be a solu-
tion of the following equations at the rest point uy;:
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Ly £ =0
P 3 %1 vVZz_’

1 e 1 1
_<__>Zl + |:—(l + pv) — )»3i|Zz + —przz =0, (3.8)
123} M1

23 Vv
TS TS
(B
K K

From the first and third equations of (3.8), we have sgnz; = sgnz, and sgnz, =
—sgn zs3. O

In order to prove the existence of structure for weak and strong detonations, we
define the set
D={uek :G @) <0, Go(u) <0, G3(u) > 0,
—-b<1-X4+7Z<0,0<X <1},

where the G;(u), 0 < i < 3, are introduced in (2.2) and where b is defined as

o d(T
b=1+— sup 1(2 )
B Gi<0,G2>0,Gsw=0 V

so b > 1is a constant. Now observe that the rest points u;; = (—&/Vy;, Vij,
Ty, 1,07, Jj = 0,1, are located on dD. Moreover, by Theorem (3.2), the stable
manifold at u;y is 1-dimensional and at uy; is 2-dimensional whenever these rest
points exist and are different. With regard to these two manifolds, we have the
following lemma.

LEMMA 3.4. Let D be as before. Then the stable manifold at uy, intersects D on
a curve, and the stable manifold at uy, intersects D on a 2-dimensional manifold.

Proof. As we have already shown, the linearized system of (2.2) at the rest point
ui; (j =0,1) has the following form:
it = Mij(u = uy) == (GiL(w), ... GsL(w)". (3.9)

Let (y1,y2,---, y5)T be an eigenvector corresponding to A; at the rest point u,
and consider the solution

u(t) = (x2(0),V(), T(1), X(1), Z())" = (y1,..., y5) M +uio
of the linearized system (3.9). Thus, for r € R we have
(G, ... Gs )" = Myo(u — urp) = Mio(y1s.... ys) e
= (- ¥s) e = Gayr s days) et (3.10)
Since A; < 0, Theorem 3.3(i) and (3.10) imply that (G (), ..., Gs.u)T € D,

where
D, ={uekR’:G(u) <0, Ga(u) <0, Gs.(u) > 0,
Gyr(u) > 0, Gsp(u) > 0}.
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This means that the stable manifold of (3.9) at the rest point u19, which is the line
My ={ueR :u—ug=(y,...,ys)s, s € R},

lies in D, for s > 0 and lies in D for s > 0 and small. Thus, the stable manifold
of (2.2) at the rest point 1y intersects D on a curve.

Now consider the rest point u;, the negative eigenvalues A; and A3, and the lin-
ear system (3.9) at this rest point:

i = My(u —un) := (GiL), ..., Gs.w)".

In a similar way, it can be shown that the stable manifold of (3.9) at uy;, which is
2-dimensional (Theorem 3.2), has the form

My ={ueR :u—uy=(y1,y2, Y3 Y4 5) 51+ (21,22, 23,0,0) 52,

s1,52 € R},
where (y1, 2,3, 4, ¥s)! and (z1,22,23,0,0)7 are eigenvectors corresponding
to A; and A3, respectively. Hence, by Theorem 3.3(ii) and (iii), those points of M
with 51,52 > 0 and 51 < §7 lie in the set
Dy ={uelR :G(u) <0, Gor(u) <0, Giyr(u) > 0,3 <i <5).

Therefore, those points of M, with 51,5, > 0, 51 < §2, and 51 + 55 small lie in D.
Thus the stable manifold of (2.2) at u;; intersects D in a 2-dimensional manifold.

Now consider the following system of ordinary differential equations: -
vz = Gi(u),
1V = Ga(u),
kT = G3(u), (3.11)
aX = Ga(u),

BVZ = (1— X)pi(T) := Gs(u),

where the G (), 1 < k < 4, are as before and where ¢(T) is given by (1.2). Note
that the system (3.11) is mathematically well-defined forall V > 0, T > 0, Z €
R, and X € R; moreover, it is the same as (3.2) for0 < X <land T > T;. This
system and Theorems 3.1 and 3.2 of [14] lead us to the proof of the existence of
structure for weak and strong detonation waves.

Here, we restate [14, Thm. 3.1]. Let

dx
Z = f(x)» X = (xl’-x27 . 'a-xn)T’ (312)

be an autonomous system of ordinary differential equations on R”.

THEOREM 3.5.  Suppose the function f in (3.12) is locally Lipschitz in a neighbor-
hood of the closure of a bounded open set D that is homeomorphic to the cylinder
{x eR": Z::ll xi2 <1,0<ux, < 1}, and suppose (3.12) is gradient-like with
respect to a function h in D. Moreover, suppose the following conditions hold.
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Ci The set {x € D : h(x) = c} corresponds to the set [xeRr": Zl':ll x2 <1,
Xp = c} for 0 < ¢ < 1 under the homomorphism.

C, System (3.12) has finitely many rest points located in the set {x € 0D : h(x) =
1}. Moreover, this system has no other rest point in D.

Cj3 The flow goes out of D on {x € 0D : 0 < h(x) < 1}.

Cy4 For X one of the rest points of (3.12), the stable manifold of this system at this
rest point intersects D in a nonempty set.

Then there is a point p € {x € dD : h(x) = 0} such that lim,_. o p.t = X.
Moreover, if the intersection of D and the stable manifold at X is 1-dimensional,
then this point is unique. If this dimension > 1then there exist infinitely many such
points.

LEmMMA 3.6.  Let D be as before. If (v, u1,k,a, ) > 0 then there is a unique or-
bit of (3.11) that lies in D and whose w-limit set is uyy, and this orbit intersects the
set A ={ue D: Gi() <0,Gy(u) <0,Gsz(u) >0, X = 0}. Moreover, there
are infinitely many orbits of (3.11) that lie in D and whose w-limit sets are uy.
Each of these orbits intersects the set A just described. Along all of these orbits,
—x2(t), =V (), T(t), X(t), and Z(t) are increasing.

Proof. First, note that (3.11) is gradient-like with respect to ~(#) = X in D and
is locally Lipschitz in a neighborhood of D. Next we show that (3.11)—together
with D (as D), ujo (and similarly u;;) (as the rest point), and the real-valued func-
tion h(u) = X (as h)—satisfy all the conditions of Theorem 3.5.

In order to see that D is homeomorphic to the cylinder and that condition C,
holds, define

Q:=uekR":Gi(u) <0(1<i<2),
G3(u)=0(=b—-14c<Z<c—-1},

where G;.(u) = G;(x,,V, T, X, c). From the hypotheses we have ez > 0, ey >
0,97 > 0,9y > 0,and ey = TSy — p; and as in the proof of [13, Lemma 2.2.2],
it follows that the set Q N {u : Z = Z,} is homeomorphic to the unit disk. Hence
D is homeomorphic to the cylinder and condition C; holds. The set of rest points
of (3.11) is {u1g, u1}, and this set is located on 8D N {u € R : X = 1}. Therefore,
condition C; holds also. By Lemma 3.4, the stable manifold of (3.11) at the rest
points ujp and uy; intersects D in 1- and 2-dimensional manifolds, respectively.
Thus, condition C4 of Theorem 3.5 holds as well.

Finally, we show that condition C3 is fulfilled. Note that G|(#) < Oand V > 0
imply that x; < 0in D. Now, let ug € {u € 0D : 0 < X < 1}. Then G;(up) =0
foronei (1 <i<3)orl—X+Z=0o0rl— X+ Z = —b. Suppose G;(u) =
0. Differentiating G(«) along the orbits of (3.11) yields

dGi(u) X2 Vv X2
—_— = —Ga(up) + —Gi(uop) = —G1(ug) > 0;
dt [Giup=0 Vi v Giup)=0 VM1

thus the flow goes out of D on G(ug) = 0. Let G, (uo) = 0. Now differentiating
G (u) along the orbits yields
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dG,(u)
dt

G2(up)=0

X 1 Gy(u

= 22G\(uo) + — Ga(uo) + pv 2(t0) + &G3(Mo) + &Gzt(uo) > 0;
v o M K o

thus the flow goes out of D on G,(up) = 0. If we now differentiate G3(u) along

the orbits, we obtain

dG3(u)
dt | Gyup=0
= (Vi — o) ) (-1)65 —V+Jtey—qul—X+ Z)) G2(0)
Y 2 231
+(er —qr(1— X + 2)) KEIC) + (ex + q)G4(”) — 4 &)
K o ,BV

On the other hand, in D we have
1 1
—§x22+J—V+eV=—5x22+J—V+TSV—p:TSV—Gg(u)>O,

Gi(ug)  Gi(ug)?
= - <

qv >0, 1-X+4+Z<0, g>0, (—Vxy—¢) 0,
v v
and
ext+qg=e —ey+ho—h = (po—p)V <0.
Therefore, 993t < 0. Thus the flow goes out of D on G3(ug) = 0.

di 1 G3(ug)=0
Finally, if we differentiate G4(u#) := 1 — X + Z along the orbits then we obtain

dGs(w) _ s+z=Ya-x+2+ =X
. T gy TS
Therefore,
dG 1-X
4) = #(T) >0 and
dt  [\_xiz-0 BV
dGy(u vV 1-X
dCaw) = —b— + ———y(T) <0,
dr |\ _xyz——p o BV
Thus the flow goes out of D on (~;4(u0) =0or (~?4(u0) = —b and so condition

Cj3 of Theorem 3.5 holds, too. Hence, by that theorem there must be an orbit of
(3.11) lying in D, initiating at a point on the surface X = 0, and running to the rest
point ujg as ¢t — +o00. There are likewise infinitely many points in the plane X =
0 such that, if an orbit of (3.11) is started at each of these points, then the w-limit
set of these orbits is the set {u}}. Finally, from (3.11) and our definition of the set
D it follows that, along these orbits, X(¢), Z(t), T(t) are increasing but V(¢) and
x,(t) are decreasing. O

Letu(t), 1 € [t, 00), be one of the orbits given by Lemma 3.6, and let it(1o) € {u €
D, X =0} and lim,_, o, &4(t) = ujg (or uy;). Then we have the following lemma.
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LEMMA 3.7. Let u(t) be as just described. If (, 1,k,,B) > 0 with
B > max(a, v, u1,£),

then the orbit ii(t) meets the hypersurface T = T; for some t € (tg,00) with 0 <
X() <land =1 < Z(f) < 0.

Proof. Let (x5;,V;, T;, X;, Z;) be the unique solution of the equations
Gi(u)=Gr(u) =G3(u) =0, 1—-X+Z=0, T=T,.

Then, from Tyy < T; < T, it follows that0 < X; <1, -1 < Z; <0,V <V; <
Voo, x2; = —¢/V;, and
(ueD:Giu)=G,(u)=G3(u)=0,1—-X+Z=0,0<X < X;}
Cc{ueD:T <T).

Let0 < Xo< X, Zo=Xo—1,Do={uebD:-1<Z7Z<Zy, T > T}, and
0 = minyep,[G4(u) — G3(u) — Go(u) — Gi(u)]. Theno > 0.

Now suppose the orbit u(?), t € [tg, +00), does not meet the set {u € D : T =
T.,,0 < X <1, —1 < Z < 0}. Then, from G3(«) > 0in D and lim,_o T(¢) >
T;, we get T(t) > T; forall t € [tg, +00).

Let ¢, and #; be the solutions of the equations 7 (t) = Zy and Z (t) = —1, re-
spectively. Since 1 — X(¢) + Z(¢) < 0in D and since )~((t0) = (0, it follows that
Z(to) < —1. Now from Z(+00) =0 and Z > 0 in D we gett, > t; > to and
—1< Z(t) < Zyfort € (t1,15). Thus ii(r) € D for t € (11, 15).

Now, along the orbit () in Dy we must have

A X4 T -V -] = [d—z}l[d—x LA _ 4y dxz}
dz dt dt dt dt dt
_ 1% |:G4(14) n G3w)  Ga(w) Gl(u):|
I-X)(T)[ « K M v
Boe,
~ max(a, &, b1, V)’
where 1/¢; = max[(1 — X)¢(T)/V]. Therefore,

]

X(t) + T(t) — V(1) — Za(2)

_ /’Z[Gm) LG Gai) Gl(ﬁ)}dt

- o K 1 v

fzo 514 [G4(ﬁ) Gs(a)  Gy(w) Gl(ﬁ)] a7
o =-X)1(T) | « K U v
Boe(Zo +1)

> - (3.13)
max (e, K, (1, V)
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On the other hand, x, < 0 in D and x;(c0) = —e/Vy;. Also, from G,(u) < 0 in
D we get V < J in D. Thus we have

I3 oe(Zy+1
I+ Ty —T@)+J-Vu+ = M
Vi — max(o, k, 41, V)
But this last inequality is impossible for 8 > max(«x, k, 41, v) (this inequality
makes sense; see [14; 18; 19; 20; 21; 24]). Hence the orbit 1 (¢) meets the set

ueD:T=T;,0<X <1, —-1<Z <0},

and such a7 > t( exists. O

From now on we assume that 8 > max(«, «, (1, v) or that the orbit (z) meets
the hypersurface 7 = 7; at the point u; = ()Zzi,V,-, T;, )~(,-, Zl-), where 0 < )~(,- <1
and —1 < Z; < 0. We call the point i; the ignition point. According to Lemma
3.4, for weak detonation this point is unique, but for strong detonation there is a
curve of ignition points. We are now in a position to state our Main Theorem—on
the existence of structure for detonation waves—but before this we restate [14,
Thm. 3.2] as follows.

THEOREM 3.8. Suppose f in (3.12) is locally Lipschitz in a neighborhood of the
closure of an open bounded set D that is homeomorphic to a semisphere {x € R" :
|x| <1, x, > 0}, and suppose (3.12) is gradient-like with respect to a real-valued
function g in D. Furthermore, let the following conditions hold.

C| Theset {x ¢ D : g(x) = 1 —c} corresponds to the set {x e R" : |x| < 1,x, =
c} for 0 < ¢ < 1 under the homeomorphism.

C/ The set {x € D: g(x) = 0}, which consists of a single point (say, X), is a rest
point of (3.12), and X is the only rest point of (3.12) in D.

C,IfF ={xedD :0 < g(x) <1}, then for p € F\{X} we have p.t ¢ D for
small positive t.

C, Forpe AD\F, p.t € D fort < 0 and small.

Then, for each point p € 3D\ F, we must have lim,_, o, p.t = X.

THEOREM 3.9. Suppose that (2.2) admits the rest points uyy, Uy, and uyo for
some 0 < m < 1, and suppose that (1.4), (2.3), and hypotheses Hi—Hg¢ hold.
Then, for given v, u1,k,a, B > 0 with B > max(v, uy,k,a), there is a unique
orbit of (2.2) running from u,, to uyy for some 0 < m < 1. Similarly, there are
infinitely many orbits of this system that run from u,,q to uy for some 0 <m < 1.

Proof. Intheregion T < T; we have ¢ (T)) = 0, and from the last equation of (2.2)
it follows that Z(¢) is constant along the orbits of this system in this region. Here
we let Z(t) = Z;, where Z; is the last component of ;, the ignition point. On
the hypersurface Z = Z;, (2.2) reduces to the following 4-dimensional system of
ordinary differential equations:
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Vi, = Vxo + € := Fi(u),

wV =1x3+V —J+p(V,T.X) = F),

kT = —1Vx; —exs — V2 +JV —E +e(V, T, X) (3.14)

—q(V,T)(A = X + Z;) := F3(u),

aX = V(1 - X+ Z;) := Fyu),

where u = (x,,V, T, X). Now consider the set
D' ={uelR*: Fi(u) <0, F(u) <0, F3(u) >0,1— X+ Z; <0,
T—V—x24+X<T —Vi— i+ Xi}.

Note that the ignition point i; belongs to dD’. By using Theorem 3.8, we will show
that any orbit of (3.14) initiating at a pointon 4D’ N{u e R* : T —V —xo, + X =
T, — Vi — X»; + X;} approaches the unique rest point of (3.14) given by (2.8)
and located in the region 7 < T; as ¢ tends to —oo. We denote this rest point by

(X2i, \_/,-, 7_",-, )_(,-). In order to do this, we show that the set D’, the unique rest point,
and the function

B =0+ V- VAT -T+X - X,
gu) = %

X =%+ Vi-Vi+ T, - T, + X,
satisfy all the conditions of Theorem 3.8.

By our definition of D’, it follows that D’ is homeomorphic to a semisphere,
that the set {u € D’ : g(u) = c¢} is homeomorphic to a disk for 0 < ¢ < 1,
and that (X5, Vi, T}, X;) is the only rest point of (3.14) in D'. Moreover, (3.14) is
gradient-like with respect to g (1) in D'. Hence, conditions C; and C/, of Theorem
3.8 are fulfilled.

To see that condition C/, is satisfied, we differentiate F;(u),1 < i < 3, and g(u)
along the orbits of (3.14) on dD’:

dF F
1) =X, 2(0) >0 (since x, < 0in D),
dt | g w=o0 M1
dF F F F.
2 (u) — 1(u) +pr 3(u) =0+ py 4(u) -0,
dt | gyun=0 v K o
dF 1 ~\F
—3 =(——XZZ—V+J+€\/—C]V(1—X+ZZ)) 2(“)
dt | gyun=0 2 75
Fi(u Fi(u
BN C L)
v o
~  Fu)
=TSy — W) —qgv(l - X+ Z;))
Fi(u)* F.
—]()+@rﬁme<Q
dg(u)

ZaCﬁmn_&wy+&wy+mw>>Q
gu)=1

dt v 1 K o
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where a = (Xo; — %2i + Vi = Vi + T; — T; + X; — X;)~' > 0. Thus the flow
goes out of D’ on U,-Szl{u : Fi(u) =0} U {u : g(u) = 1}. Moreover, D' N {u :
F4(u) = 0} is invariant with respect to (3.14). Hence condition C5 is satisfied, too.
Therefore, by Theorem 3.8, each orbit of (3.14) initiating at a point on 0D’ N {u :
T—x,—V+X= T[—)?g[ —\Z—i—f(,-}lies in D' fort < 0 and goes to ()22,-,\7[, 7_},)_([)
ast — —oo. Observe that, along these orbits, —x,(¢), —V(t), T(¢) are increasing
and X(7) is nondecreasing.
Now consider the ignition point i; and the unique orbit of (3.14), say

i(r) = (¥2(0).V(0). T (1), X(1). Z;), —o0 <1 <1y,
with ii(t0) = (%2, Vi, Ty, Xi, Z;) and lim,_,_ oo ii(t) = (2, Vi, Ty, X, Z;), which
exists by the foregoing argument. Along this orbit, —x,(¢), —V(¢), T(t), X(¢) are
increasing and Z(t) is constant. This orbit lies in D, the domain used in the proof
of Lemma 3.6. Now define

u(t) = {

u(t) for t>ty,
i(t) for t <t,.

Then u(¢) is a complete orbit of (2.2) lying in D, and it runs from u,,( to either ug
or uy; for some 0 < m < 1. This completes the proof. O
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