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Kahler Submanifolds with Ricci Curvature
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1. Introduction

A complex n-dimensional (n > 2) Kéhler manifold of constant holomorpic sec-
tional curvature ¢ > 0 is called a complex projective space and is denoted by
CP"*P(c). In this paper we want to study some complete Kihler submanifolds in
a complex projective space CP"*7(1) concerned with the Ricci curvatures.

The theory of Kéhler submanifolds was systematically studied by Ogiue [5; 6;
7]; in [6], some pinching problems concerned with the Ricci curvatures were stud-
ied. Specifically, the following theorem was proved.

THEOREM A. Let M be an n-dimensional complete Kdhler submanifold of an
(n+ p)-dimensional complex projective space CP"P(1) of constant holomorphic
sectional curvature 1. If the Ricci curvatures are greater than n/2, then M is to-
tally geodesic.

Now let us consider a generalization of this theorem to the case where the Ricci
curvature is greater than or equal to n/2. Before giving such a classification prob-
lem concerned with the Ricci curvature, we introduce the following theorem (due
to Nakagawa and Takagi [4]) related to the parallel second fundamental form.

THEOREM B. Let M" be a compact Kdhler submanifold immersed in a complex
projective space CP™(1) with parallel second fundamental form. Then M is an
imbedded submanifold congruent to the standard imbedding of one of the follow-
ing submanifolds.

Submanifold Dim Codim Scalar

M, =CP"(1) n 0 n(n+1)

M, = (CP"(%) n %n(n +1) %n(n +1)
M; =CP" (1) x CP*(1) n s(n—s) s+ —s5)2+n
My=0"n>3 n 1 n?
Ms=U(s+2)/UR2) x U(s),s =3 n %s(s—l) 2s5(s +2)
Mg = SO0)/U(5) 10 5 80

M; = Eq¢/Spin(10) x T 16 10 192
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Here Dim, Codim, and Scalar denote (respectively) the complex dimension, the
full complex codimension, and the scalar curvature of M;, i =1,...,7.

Using a holomorphic pinching condition such that H > % Ros [8] asserted the
result of Theorem B after proving that the second fundamental form is parallel.
Moreover, in [4] it can be easily seen that, except for M3 in Theorem B, all the
foregoing results are Einstein (see also Besse [1]).

Now let us consider the totally real bisectional curvature and the Ricci curva-
ture of the third imbedded submanifold M3 = CP"~*(1) x CP*(1) in CP"(1).
This curvature can be calculated as follows (see also Ki and Suh [2]). First, the
totally real bisectional curvature of M3 is given by

Rips =3 if A=aand B=0b,

Rismgg =10 if A=aand B = u,
Riws =% if A=uand B=v,
where A # B and the indices A, B, ...;1,...,.n —s,n—s+1,...,nanda,b,... :
1,...,n—s,u,v,... :n—s+1,...,n.

Next, the Ricci tensor can be given by
Sap = Z Ripce = Z Ripaa + Z Riarr
C a r
1ty if A=band B=c,
=10 if A=band B = u,
Hsw if A=uand B =v.

Asusual,ifn —s 41 # s+ 1 then M3 = CP"°(1) x CP*(1) is not Einstein. But
we need more restrictions for the dimension of M3 whose Ricci curvature is not
less than n/2. In Section 3 we will show that, among the manifolds of type M3, it
should be CP'(1) x CP'(1) and Einstein.

The purpose of this paper is to give a complete classification of complete Kih-
ler submanifolds immersed in C P"*7(1) whose Ricci curvature is greater than or
equal to n/2. In order to do this we will show that complete Kéhler submanifolds
satisfying such a condition have parallel second fundamental form. Then, using
Theorem B, we will prove the following.

MAIN THEOREM. Let M be an immersed Kdhler submanifold of dimension n in
the complex projective space CP"P(1) of constant holomorphic sectional curva-
ture 1. Ifthe Ricci curvatures are greater than or equal ton/2, then M is congruent
to the standard imbedding of one of the following Kdhler—Einstein submanifolds:

CP"(1), CPY(1) x CP'(1), Q", n=>3.

Of course, all manifolds mentioned in this theorem are known to be submanifolds
in CP"*P(1) with its codimension 0, 1, and 1 (respectively).

In Section 2 we recall some basic formulas that will be used in the proof of our
Main Theorem. Also we introduce the second fundamental form and the Ricci
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tensor defined on a Kihler submanifold in a complex projective space CP" (1),
and we give the Bochner type identity for the complex Laplacian of the second
fundamental form.

In Section 3, by estimating the Laplacian of the squared norm of the second
fundamental tensor and under our assumption concerning the Ricci curvature, we
prove that the second fundamental form is parallel. It follows that its scalar cur-
vature is also constant.

Finally, in Section 4 we introduce another proof of our Main Theorem by using

1

Ros’s theorem for the holomorphic pinching condition H > 5.

2. Kihler Submanifolds

In this section we recall some basic facts about complex submanifolds of a Kihler
manifold. First of all, the basic formulas for the theory of complex submanifolds
are prepared.

Let M’ be an (n + p)-dimensional Kéhler manifold with Kidhler structure
(g, J'). Let M be an n-dimensional complex submanifold of M’ and let g be
the induced Kihler metric tensor on M from g’. We can choose a local field
{Ua} = {U;, U} = {U,, ..., Uy} of unitary frames on a neighborhood of M’ in
such a way that, when restricted to M, the frames Uj, ..., U, are tangent to M and
the others are normal to M. Here and in the sequel, the following convention on
the range of indices will be used unless otherwise stated:

AB,...=1,...,n,n+1,...,n+ p;
ij,...=1...,m
X, y,...=n+1,....,n+p.

With respect to the frame field, let {ws} = {w;, w,} denote its dual frame fields.
Then the canonical forms w4 and a connection form wup of the ambient space M’
satisfy the following structure equations:

da)A—FZCOAB/\CUB:O» a)AB+d)BA=05

dwsp + ) wac Awocs = @2.1)
C
QAB = Z KABCD('()C A (I)D.
C,D

Here Q' 5 (resp., K ) denotes the curvature form (resp., the components of the
Riemannian curvature tensor K') of M’; see [2; 3].
Restricting these forms to the submanifold M yields

wy =0, (2.2)

and the induced Kéhler metric tensor g of M is givenby g =23, w; ® @;. Then
{U;} is a local unitary frame field with respect to the induced metric and {w;} is
a local dual frame field due to {U;}, which consists of complex-valued 1-forms
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of type (1,0) on M. Moreover, {w1,...,w,,®1,...,®,} are linearly independent,
and {w;} is the set of canonical forms on M. It follows from (2.2) and Cartan’s
lemma that the exterior derivative of (2.2) gives rise to

Wyi = Z hiw;,  h = hi. (23)

The quadratic formh =}, ;  hj;w; ® ®; ® U, with values in the normal bundle
NM on M in M’ is called the second fundamental form of the submanifold M.
The structure equations for the Kihler submanifold M are similarly given by

da)i—}-Zwij/\a)j:O, wij—i—c?)ji:O,
J

dwij + Z wix N ©kj = K23 24
k

Qij = E K;jkl‘a)k/\(z)l.
k1

From (2.1), (2.3), and (2.4), it follows that the Gauss equation between the Rie-
mannian curvature tensors K and K’ of M and M’ (respectively) is given by

King = Kiyg Zh;‘khi‘l 2.5)

Now let the ambient space M’ = CP"*P(c) be an (n + p)-dimensional com-
plex projective space of constant holomorphic sectional curvature ¢ > 0. Then
from (2.5) we have that the curvature tensor K, the Ricci tensor S, and the scalar
curvature r of a Kéhler submanifold M in CP"*?(c) are given (respectively) by

C _
Kijr = 5 @i + 8idj) — > hihy, (2.6)
¢ 2
S = 5(n + D8 — h, 2.7)
and
r=n(n+1)c—2h,, (2.8)

where the tensor’s components S,-]f and hlzj, the function %,, and the scalar curva-

_ 2 i _ 2 _
ture r are defined by S;; = >, Ky, hl:]-, = i hihiho =3 b andr =
23", S;;. Moreover, we know that

hint = (hx Skt + i + by )
=Y (hSh + W+ kiR (2.9)
ny

Then the Laplacian of the function 4, can be given by
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Ahy = 2Z(hz)k,;

= (n+2)chy —4hy —2Te A2+ 2 Y hi 0

ik (2.10)

i,j,k,x

where hy = ), h2 h2 TrA> =), . Afoc, and Ay =), hxhy.

3. Proof of Main Theorem

Before giving a complete proof of our Main Theorem, we prove the following
lemma.

LEmMMA 3.1. Let M be an n-dimensional complete Kdhler submanifold of an
(n+ p)-dimensional complex projective space CP"P(1) of constant holomorphic
sectional curvature 1. If the Ricci curvatures are greater than or equal ton/2, then
the second fundamental tensor is parallel and the scalar curvature is constant.

Proof. Now let us denote by S; the Ricci curvature of M defined in such a way that

n—+1
Ji 2 — N

where we have used (2.7) and hlzj = A;0;;. By the assumption that S; > n/2 we
then know the eigenvalue

3.1

which means that

From (3.1) we assert that the matrix {7 — (h% )} is a positive semidefinite Her-
mitian matrix. Moreover, we know that the matrlx (h2 ) is a positive semidefinite

Hermitian matrix. Because such matrices can be transformed simultaneously by
a unitary matrix into a diagonal matrix, it follows that the matrix

({31 = ()} = (3h; = h5)

can be transformed into another positive semidefinite Hermitian matrix. From
this, contracting i = j and summing up yields

%/’lz —h4 > 0.

Then, by this formula and (2.10), the Laplacian of the function i, = ) i jx hl’jhj;
can be estimated in such a way that

Ahy =2 "(hy)gz = 2| VRI* + (n + 2)hy — 4hy — 2Tr A?
k

> (n42)hy — 2hy — 2h3
= ha{n —2h3} > 0, (3.2)
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where A denotes the matrix A = (A}), which is a positive definite Hermitian
matrix given by A} = 3 ik hj)jﬁjivk and where A’s eigenvalues A} = 1,8} are
nonnegative functions on M. We have used the fact that h% > Tr A? (see [2]) in
the third inequality.

The Ricci curvature §; for any j is bounded from below (by assumption) and
s0, by a theorem of Myers (see Kobayashi and Nomizu [3]), we assert that the
complete Kéhler manifold M is compact. Then we are able to apply Hopf’s max-
imum principle to such a situation, so we know that the function % is constant on
M. Hence, by (3.2) either h, = 0 or h, = n/2. This means that Ah, = 0 and,
given the second equality in (3.2), that the second fundamental form is parallel.
Of course, we know that the scalar curvature is constant. O

By Lemma 4.1 and Theorem B, we assert that a complete Kéhler submanifold M
in CP™*7(1) is an imbedded submanifold congruent to one of the seven types M;,
i =1,...,7, mentioned in Theorem B.

On the other hand, from the condition in our Main Theorem its scalar curvature
is bounded from

r—ZZS > n?, (3.3)

where we have put ¢ = 1. Then, among all seven types, only some of the three
types My, M3, and M, are candidates that could satisfy condition (3.3). As men-
tioned in Section 1, the Ricci curvatures of M3 are givenby S, ; = (n—s+1)/2 or
(s + 1)/2. Then the condition S, ; > n/2 impliesn = 2 and s = 1. Hence M3 =
CP'(1) x CP'(1) and should be Einstein; the others, M; = CP"(1) and My =
Q", are also Einstein. From this we complete the proof of our Main Theorem.

4. Another Proof of Main Theorem

In a communication with some differential geometers we have learned of some
works by Zheng [9; 10; 11] that are concerned with Kdhler—Einstein manifolds and
their bisectional curvatures. Using Zheng’s notation, it is not difficult to show the
implication from the condition “the Ricci curvature is greater than or equal to n”
mentioned in our Main Theorem to the holomorphic pinching that we shall de-
scribe. That is, the holomorphic sectional curvature H of M in CP""7(c) can be
given by ¢/2 < H < c. Here, if we assume that ¢ = 2 (resp. ¢ = 1), then the
holomorphic pinching of H is givenby 1 < H < 2 (resp. % < H <) as follows.

Let M be a complex n-dimensional compact Kéhler manifold in a complex pro-
jective space CP"*7(2) with constant holomorphic sectional curvature ¢ = 2. Let
TM be the holomorphic tangent bundle and let i: TM x TM — TM+ be the sec-
ond fundamental form of M in CP"*7(2). At any point p € M, let X and Y be two
complex vectors in T, M and let {ey,...,e,} be any unitary basis of 7, M. Then,
by the Gauss equation, the totally real bisectional curvature of M in CP"*7(2) is
given by

Ryxyy = IXIPIYI? + g(X,Y)* — [|A(X, V)%,
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where g denotes the Kihler metric on M induced from CP"*7(2). Then the Ricci
curvature of M in the direction of X is given by

n
Ric(X) =n+1- > |Ih(X,e)|* = n,
i=1
where we have put || X || = 1. Thus the condition that “the Ricci curvature is greater
than or equal to n”” means

D Ih(X el < 1.

i=1

In particular, if we pick {e;} so that e; = X then ||h(X, X)||*> = 1. Therefore, the
holomorphic sectional curvature in the direction of X is

H(X) = Ryyxx =2 — Ih(X. X)|I* € [1,2].

Within this scenario we may recall the following theorem of Ros [8] with regard
to the holomorphic pinching.

THEOREM C. Let M be an n-dimensional compact Kdhler submanifold of an
(n + p)-dimensional complex projective space CP"TP(1) with the holomorphic
sectional curvature H > % Then M is an imbedded submanifold congruent to the
same type as in Theorem B.

Using this theorem, (3.3), and the same method given in Section 3, we can show
that CP"(1), CP'(1) x CP'(1), and Q" are the only Kihler-Einstein submani-
folds satisfying the conditions of our Main Theorem.
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